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Abstract. The paper starts a series of publications devoted to the theory of topological radicals
(TRs) of normed algebras. It contains results on general properties of TRs and their domains,
considers TRs close to the Jacobson radical, presents a theory of tensor TRs (they are connected
with the problem of calculating the radical of a projective tensor product), introduces and studies
TRs related to the notion of joint qusinilpotence.

1. Introduction. Studying some property, say P, of associative algebras it is sometimes
possible to single out the smallest ideals that accumulate P (or the largest ideals of alge-
bras that have P). This means that the quotients by these ideals are free of P in the sense
that they do not have nonzero ideals that possess P. Thus one obtains two, with respect
to P, classes of algebras (usually called P-radical and P-semisimple) which can be inves-
tigated separately and then joined by means of the extension theory. The first important
examples were related to the nilpotence and some close properties, namely lower and
upper nil radicals, quasi-regular radical, etc. The intensive development of this approach
brought to a rich and fruitful branch of the modern algebra, the general theory of radicals
[5, 22|, as maps associating to an algebra its ideal and satisfying some special axioms.
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A topological analog of this theory, namely the theory of topological radicals of normed
algebras, was initiated by P. G. Dixon [7]. This work contained a well thought-out ax-
iomatics, topological versions of some basic constructions and many interesting examples.
What is especially important, [7] proposed a radical theory approach to one of difficult
problems of the Banach algebra theory, the problem of the existence of topologically irre-
ducible representations of Jacobson radical Banach algebras. The solution of this problem,
obtained by C. Read [16], was stimulated by Dixon’s approach.

Here we start a series of works on topological radicals of normed (in particular Ba-
nach) algebras. They are related to some known problems of Banach algebra theory
and operator theory: the existence of non-trivial ideals, radicality of tensor products,
joint quasinilpotence of topologically nil algebras, invariant subspaces, scarcity of spec-
tra, spectral theory of multiplication operators and so on. Most of them will be com-
pletely settled only in the presence of the (weakest possible) compactness type condi-
tions, but many partial results will be obtained without such assumptions. We are aimed
also in the intrinsic development of the theory, not related directly to the outer prob-
lems.

The present paper consists of three sections. The first one, Section 2, considers the
basic properties of topological radicals (TRs) and their domains, the ground and universal
classes of normed algebras. We establish some useful general properties of TRs, classify
TRs with respect to some more special conditions, present, compare and investigate
examples of TRs related to the Jacobson radical (which itself is not a TR if considered
on the class of all normed algebras). It is worth mentioning that the developed theory of
TRs finds its first applications in the difficult problem of distinguishing some universal
classes (see Subsection 2.9). A part of the section is devoted to the study of extensions.
They are understood in two different senses: the stability of a ground class with respect
to the forming of extensions (does an algebra belongs to the ground class if this class
contains its ideal and the quotient?) and the possibility to extend a TR to a larger ground
class. The first direction is of technical use (but some results seem to be valuable themself,
for example the extension stability of the class of all -algebras). The second one is of
central importance and is related to many further topics of our project (starting with
tensor products). The situation can be described as follows: dealing with a radical on a
ground class it is very useful to know if it can be extended (with preservation of some
special properties) to wider (presumably universal) classes. This (apart from the intrinsic
beauty of the subject) justifies our interest in non-complete algebras: the class of Banach
algebras is not universal.

Section 3 considers the behavior of a TR with respect to the forming of projective
tensor products of Banach algebras. It was stimulated by the unsolved problem of radi-
cality of a tensor product of a (Jacobson) radical Banach algebra and an arbitrary one.
We define the general class of tensor TRs, and construct the tensor radical R! related to
a given TR R (coinciding with R iff R is tensor). More precisely we find some conditions
under which R! is a TR and satisfies some additional properties. Then we restrict our
attention to the case that R = Rad, the Jacobson radical on the class of all Banach al-
gebras, describe the properties of Rad’ and relate it with a kind of joint quasinilpotence
(with respect to an I!-version of the joint spectral radius).
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Recall that a bounded subset M of a normed algebra is called jointly quasinilpotent if
||Mk||1/k — 0 as k — oo, where MF is the set of all products of k elements from M and
the norm of a set is defined as supremum of norms of its elements. It is an open problem if
in a radical Banach algebra each finite (or each precompact) set is jointly quasinilpotent.
In Section 4 we construct and study topological radicals related to the properties of joint
quasinilpotence and investigate their connections to Rad’. In subsequent publications we
will return to these notions and problems.

The authors would like to express their gratitude to Maria Fragoulopoulou for a
consultation on ()-algebras.

1.1. Preliminaries. In what follows all linear spaces and algebras are complex. For a lin-
ear space X, L(X) denotes the algebra of linear operators on X. If X is normed, B(X) de-
notes the subalgebra of L(X) consisting of all bounded operators on X. The completion of
anormed space X is denoted by X. If X is a subspace of a normed space Y then X is iden-
tified as a rule with the closure of X in Y. So the closure of X in Y can be written as XNY'.

The ‘unitization’ A' of an algebra A is defined as A itself if A is unital and as A ® C,
with standard operations, otherwise. The term ‘ideal’ means a two-sided ideal; note that
all ideals of A are simultaneously ideals of A'. If I is an ideal of A then ¢; denotes the
canonical epimorphism of A onto the quotient A/I. Sometimes instead of g;(a) (resp.
qr(M)) we write a/I (resp. M/I) for every a € A (resp. M C A).

Let irr A denote the set of all strictly irreducible representations of A. If A is normed,
let irrp A (resp. irr,, A) denote the set of all continuous representations in irr A by bounded
operators on Banach (resp. normed) spaces. Two representations 7 and 7 in irr A on X,
and X, respectively, are called equivalent if there exists an isomorphism 7" : X, — X,
such that 7(a)T = Tw(a) for every a € A. It is known that any strictly irreducible
representation of an algebra A is equivalent to the left regular representation 7 on the
quotient space A/M, where M is a maximal modular left ideal. Let Prim A denote the
set of primitive ideals of A (i.e. the kernels of representations in irr A). By definition,
the Jacobson radical rad(A) is the intersection of all ideals in Prim A'. There are many
equivalent algebraic characterizations of rad(A); in particular it is equal to the intersection
of all modular maximal left ideals. Also, rad(A) is the largest quasi-regular ideal (i.e. all
its elements are quasi-invertible; a € A is quasi-invertible if 1 — a is invertible in A!).

The spectrum c4(a) of an element a € A is the set of all A\ € C for which a — A
is not invertible in A! (this definition agrees really with one via quasi-inverses in [13,
Section 2.1]). The algebraic spectral radius pa(a) is defined as sup{|A\| : A € ca(a)}.
If A is a normed algebra then o4(a) is always nonempty ([13, Theorem 2.2.2]). In this
case one defines also the topological spectral radius p(a) = lim |la™||'/™ = inf ||a™||*/". In
general p(a) < pa(a) and p(a) = px(a) by Gelfand’s spectral radius formula, where A is
the completion of A. If p(a) = 0, we say that a is quasinilpotent. A (one-sided) ideal is
topologically nil [13] if it consists of quasinilpotent elements.

2. Topological radicals, classes of normed algebras, and the Jacobson radical.
In this section we investigate the properties of TRs defined on various classes of normed
algebras. First of all we consider normed @Q-algebras.



296 V. S. SHULMAN AND YU. V. TUROVSKII

2.1. Q-algebras. A normed algebra A is called a Q-algebra if the set of all invertible
elements of A' is open. Several equivalent characterizations of this important property
can be found in [13]. In particular, the following are equivalent [13, Proposition 2.2.7] for
normed algebras.

(Q1) A is a Q-algebra.

(Q2) pa(a) =p(a) for any a € A.
(Q3) > ,-0a™ converges for any a € A with [ja| < 1.

It follows that in any ()-algebra the norm is spectral, i.e., pa(a) < ||a||; conversely,
an algebra with spectral norm is a (Q-algebra. If A is a subalgebra of an algebra B, A is
called a spectral subalgebra of B [13, Definition 2.5.1] if 0 4(a)\{0} = o5(a)\{0} for every
a € A.

Our aim here is to prove that ()-algebras can be conveniently characterized in terms
of their strictly irreducible representations.

THEOREM 2.1. For a normed algebra A, (Q,) is equivalent to the following conditions.

(Q,) Each mazimal modular left ideal of A is closed.
(Qs) Each strictly irreducible representation of A is equivalent to a continuous repre-
sentation (by bounded operators on a normed space).

Proof. The implication (Q1)=-(Q4) is well known [4, Theorem 2.2.8]. (Q4)=-(Qs5) follows
from the fact that any strictly irreducible representation of A is equivalent to some
representation 7, where M is a maximal modular left ideal of A. If M is closed then
the space A/M obtains the quotient norm with respect to which 7 is clearly continuous.

Now let (Q5) hold; we will show (Q5)=(Qz2). It suffices to prove that A is a spectral
subalgebra of A. Let a € A and, for some nonzero A € C, a — \ be non-invertible in A'.
We should prove that it is not invertible in B!, where B = A.

If a— )\ is not left invertible in A® then there is a maximal left ideal M of A! containing
a— X Letz=1+M € A'/M. Then

aM(a)z = Az

Since 7 (A) # 0, the restriction of 7 to A is strictly irreducible. We proved that
there is a strictly irreducible representation 7 of A such that A is an eigenvalue of 7(a).
By the assumption, we can suppose that 7 is a continuous representation by bounded
operators on a normed space X. Let Y = X, the completion of X, and let 7 be the
representation of A on Y such that 7(a) is the extension of 7(a) by continuity, for any
a € A. Again T extends by continuity to a representation 7 of B which in its turn extends
to a representation 7/ of B' on the same space. It is easy to see that \ is an eigenvalue
of 7/(a). But this means that the element a cannot be left invertible in B'.
So we may suppose that a — ) is left invertible in A':

cla—N) =1
for some ¢ € Al. If @ — )\ is invertible in B! then

(a—ANb=1
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for some b € B!, whence
c=cla—A)b=b

and accordingly b € A!, a contradiction. This shows that A is a spectral subalgebra
of A. m

We continue the list of conditions equivalent to (Q1).

(Qs) A is a spectral subalgebra of A.
(Q7) Every strictly irreducible representation of A extends to a representation of A.

The equivalence of the conditions (Qg) and (Q7) is a special case of Schweitzer’s The-
orem [13, Theorem 4.2.10], the equivalence of (Qg) and (Q1) is well known (for instance
see [12, Lemma 20.9]).

Looking at the condition (Qs) of Theorem 2.1 as a possible definition of a Q-algebra
it is natural to consider normed algebras whose strictly irreducible representations are
equivalent to continuous representations (by bounded operators) on Banach spaces. We
call them Qp-algebras. Being related to a special radical introduced in [7], these algebras
play an important role in what follows.

2.2. Classes of normed algebras. Let (N A) denote the class of all normed algebras. The
following definitions will be useful.

A class A C (NA) is called image closed (resp. preimage closed) if conditions B =
f(A) for a continuous isomorphism f and A € A (resp. B € A) imply B € A (resp.
A € A). Recall that a continuous isomorphism is a topological isomorphism if its inverse
is also continuous.

A class A C (NA) is called ideal stable (resp. closed ideal stable) if it contains all
normed algebras topologically isomorphic to ideals (resp. closed ideals) of every A € A.
A class A C (NA) is called quotient stable if it contains all normed algebras topologically
isomorphic to quotients of every A € A by closed ideals.

A class A C (VA) is called a ground class if it is closed ideal and quotient stable, and
a universal class if it is ideal and quotient stable. Note that ground and universal classes
of normed algebras are natural domains of topological radicals.

In many cases the properties of synthetic kind are important. For 4 C B C (NA), A
is called extension stable in B if conditions A € B, I is a closed ideal of A and A/I,I € A
imply A € A. We say that A is linear in B if every A € B with a dense sum of its ideals
I,, that belong to A belongs to A itself. In both cases we do not mention B if B = (N A).

Let us now consider some examples of ground classes.

o The class (BA) of all Banach algebras. It is an easy exercise that the class is
extension stable, not linear and not ideal stable.

o The class (QA) (resp. (QvA)) of all normed (-algebras (resp. Q,-algebras). Classes
(QA) and (Q,A) are universal (see Theorem 2.5).

o The smallest universal class (BA)“ containing all Banach algebras.

o The class (CNA) of all commutative normed algebras. The class is universal, not
extension stable and not linear.

o The class (C*EA) of all C*-equivalent algebras. The class is not universal. We will
investigate it elsewhere.
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Restricting “dimension” of algebras in a ground class we get another ground class. In
this way one obtains the classes (SBA) and (SN A) of all separable Banach and, respec-
tively, normed algebras and the class (FFNA) of all finite-dimensional normed algebras.
There are many possibilities to form new ground classes starting from the given ones.

PROPOSITION 2.2. Unions and intersections of arbitrary families of ground (resp. uni-
versal) classes are ground (resp. universal) classes.

Proof. Clear. u

In particular the intersection of any ground class with (C N A) is often important.
It is easy to see that

(C*EA) C (BA) C (BA)" C (QA,) C (QA) C (NA).

2.3. Classes (QA) and (QyA). The algebraic parts of the following two lemmas belong to
the folklore and we are mainly interested in the topological aspect. Let A be an algebra,
and let I be its ideal. Put irr; A = {r € irr A : 7] =0} and irr A = {7 € irr A : «] # 0}.
Let g; be the standard epimorphism A — A/I, and let qfl (a) be the preimage of a € A/I.

LEMMA 2.3. Let A € (NA), and let I be its closed ideal. If A belongs to (QpA) (resp.
(QA)) then so does A/I. If AJ/I € (QvA) (resp. (QA)) then every representation from
irry; A is equivalent to a continuous representation in irry A by bounded operators on a
Banach (resp. normed) space.

Proof. Consider first A and I in the pure algebraic context (i.e. without any topology).
For arbitrary m € irr A/I and 7 € irr; A, put 7 = mqr and 7 = 7¢; '. Clearly 7 € irr; A
and T € irr A/I. If 7/ is equivalent to 7 and 7 is equivalent to 7 then 7’ is equivalent to
7. Indeed, identifying the representation spaces pairwise, one can identify the actions of
7/ and 7. Similarly, if 7’ is equivalent to m and 7 is equivalent to 7 then 7’ is equivalent
to 7.

If A is normed, I is closed and 7 (resp. 7) is a bounded representation by bounded
operators on a normed (or a Banach) space, we have that 7 (resp. T) is a representation
by bounded operators and is bounded. Indeed, ||7|| < ||7|| [l¢z]| and, for every a € A,

IF(@) || < ||| inf{|[b]| : b€ g7 *(a)} < |7l |all,
whence ||7]| < ||7||. =

LEMMA 2.4. Let A € (NA), and let I be its ideal. If A belongs to (QpA) (resp. (QA)) then
so does I. If I € (Q,A) (resp. (QA)) then every representation from irr! A is equivalent
to a continuous representation in irr’ A by bounded operators on a Banach (resp. normed)
space.

Proof. Consider first A and I in the pure algebraic context. For arbitrary 7 € irr! A and
7 € irr I, let 7|1 be the restriction of 7 to I and, for arbitrary nonzero « € X, y = 7(b)z
with b € I, let 7, be defined as 7,(a)y = 7(ab)x for every a € A. The definition of 7, is
correct: if y = 0 then 7(I)7(ab)x = 7(Ia)y = 0, whence 7(ab)z = 0. Clearly «|; € irr ]
and 7, € irr! A, and, for fixed 7, all 7, are pairwise equivalent.
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If 7’ is equivalent to 7 and |; is equivalent to T then 7’ is equivalent to 7., for every
x. Indeed, identifying 7’ with 7 and 7 with 7|;, one can assume that the representations
act on the same space, say X and, for every y = 7(b)x = 7|;(b)x = 7(b)x € X withbe I
and for every a € A, we have

Tz(a)y = 7(ab)x = 7| (ab)x = w(ab)x = w(a)y.

Similarly, if 7’ is equivalent to T and 7, is equivalent to 7w then 7’ is equivalent to 7|;.
Indeed, identifying 7/ with 7 and 7, with 7, one can assume that the representations act
on the same space, say X and, for every y = 7(b)z € X with b € I and for every a € I,
we have

7lr(a)y = w(a)y = 7o(a)x = 7(ab)x = 7(a)y.
If A is normed and 7 (resp. 7) is a bounded representation by bounded operators on a
normed (Banach) space X, we have that 7|; (resp. 7,) is a representation by bounded
operators and is bounded. It suffices to check boundedness for 7, if 7 is bounded. For
every y € X, put

Wl = {0 b e T, () =y},
Then y — |[ly[|; ,, determines a new norm on X. Indeed, if ||y[/;,) = O then [jy|| =

l=(®)x|| < |71l |6]l ||z]] implies |ly|] = 0, i.e. y = 0; the other properties of norm are
obvious for y — |ly[|; ,)- We have that, for every a € 4,

172 (@)yll (1 2y < IT(ab)ll ;o) < [labl] < [l oIl

whence
HTz(a)yH(z,z) < |all ||3/H(1,z)» HTx(a)H(Lz) < all, ||Tx||(1,z) < L

If X is a Banach space, take I instead of I and 7, the continuous extension of 7 to I by
bounded operators on X, instead of 7. Then the above estimates hold, and it remains
to show that (X, |-[|(7 ) is complete. Indeed, (X, ||-[|(7 ,,) is isometrically isomorphic to

the quotient 1/M, where M = {b € I : 7(b)x = 0}, and hence is complete. =
Now we are in a position to describe the basic properties of (QpA4) and (QA).

THEOREM 2.5. (QpA) and (QA) are extension stable, preimage closed, linear universal
classes.

Proof. It follows from Lemmas 2.3 and 2.4 that (Q,A) and (QA) are extension stable
and universal.
Let A€ (NA), B e (QA) and f(A) = B for some continuous isomorphism f. Then

pla) = p(f(a)) = pp(f(a)) = pala)
and therefore p4(a) = p(a) for every a € A. Thus A € (QA).

Suppose now that B € (Q,A). Take an arbitrary 7 € irr A. Then the representation
nf~! € irr B is equivalent to some 7 € irr, B. Hence 7f € irr, A. Indeed, 7f(a)z =
7(f(a))x for every a € A and x € X, whence 7f(a) € B(X;) and also ||[7f|| < ||7]| | f]l-
It is easy to see that 7 is equivalent to 7f. So A € (QpA). This shows that (QyA) and
(QA) are preimage closed.
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Let A € (NA) be the closure of sum of its ideals I, € (QyA) (resp. (QA)), and let
m € irr A be arbitrary. Then there exists an index [ such that 73 # 0. By Lemma 2.4, 7
is equivalent to a continuous representation in irr’? A by bounded operators on a Banach
(resp. normed) space. Therefore A € (Q,A) (resp. (QA)). We proved that (Q,A) and
(QA) are linear. m

The facts that (QA) is universal and preimage closed are known [13]. Also, I. Kaplan-
sky [11, Lemma 3] proved that (QA) is extension stable. An ideal of a normed algebra is
called a Q-ideal (resp. Qp-ideal) if it is a (Q-algebra (resp. Q,-algebra).

COROLLARY 2.6. Every normed algebra has the largest Q-ideal (resp. Qy-ideal); the latter
is closed.

Proof. Let A € (NA) and let J be the closure of sum of all Q-ideals (resp. Qp-ideals) I,
of A. Then every I, is also an ideal of J. It follows from Theorem 2.5 that J € (QA)
(resp. (QvA)). m

Extension stability and linearity of (QA) solve in the context of normed algebras some
Palmer’s questions on spectral algebras [13, Page 234].

2.4. Topological radicals and their elementary properties. Recall that an epimorphism
f: A — B of normed algebras is open (i.e., the images of open sets are open) iff there is
a constant C' > 0 such that for any b € B there is a € A with f(a) = b and ||a]| < C||b].
An example of an open continuous epimorphism is a quotient map ¢; : A — A/I, where
I is a closed ideal of A. It is not difficult to check that any open continuous epimorphism
f is the composition of a topological isomorphism and the quotient map gyer f-

Let R be a map associating with any algebra A in a ground class A its closed ideal
R(A). It is called a topological radical on A (A-radical, for short) if the following conditions
are satisfied.

(1°)  R(R(A)) = R(A), for any A € A.

(2°) R(A/R(A)) =0, for any A € A.

(3°)  f(R(A)) = R(B), for any topological isomorphism f: A — B with A, B € A.
(4°) qr(R(A)) C R(A/I), for any closed ideal I of A € A.

(5°) If an ideal I of A € A belongs to A then

(69) R(I) is an ideal of A.

(53) R(I) C IN R(A).

If the class A is obvious we simply say that R is a topological radical (TR). A TR

R is called a hereditary topological radical (HTR) if it satisfies the following condition
stronger than (5°):

(6°) R(I)=INR(A), for any ideal I € A of A € A.

If R satisfies the conditions (1°), (3°), (4°) and (5°) (respectively (2°), (3°), (4°), (5°))
then it is called an under topological radical (UTR) (respectively over topological radical
(OTR)). If (6°) holds then a UTR is also called hereditary (note that a hereditary OTR
is really an HTR).

The terms UTR and OTR were suggested by P. G. Dixon in virtue of [7, Theorem
6.11]; [7, Theorems 6.6 and 6.10] also clarified the reason for this terminology (note that
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the prefixes ‘lower’ and ‘upper’ are overloaded, while the prefixes ‘sub’ and ‘super’ usually
mean something else).

Let R be an A-radical. An algebra A € A is called R-semisimple if R(A) = 0; A is
R-radical if R(A) = A. Clearly the ideals of R-semisimple algebras are R-semisimple and
quotients of R-radical algebras by closed ideals are R-radical. If R is an HTR then the
ideals of an R-radical algebra are R-radical. The converse is always true: any R-radical
ideal of A is contained in R(A). This can be formulated in the following way.

LEMMA 2.7. Let R be a TR on a ground class A. Then, for each A € A,

(i) R(A) is the largest R-radical ideal of A.
(i) R(A) is the smallest closed ideal of A with R-semisimple quotient.

Proof. (i) If R(I) = I then the inclusion I C R(A) follows from (5°).
(i) If R(A/I) =0 then, by (4°), ¢;(R(A)) =0and R(A) C I. =

COROLLARY 2.8. Let R be a TR on a ground class A.

(i)  The closure of an R-radical ideal is R-radical.
(ii) If I is a closed R-radical ideal of A then q;(R(A)) = R(A/I).

Proof. Let I be an R-radical ideal of an algebra A € A, and let J be the closure of I in
A. Then J is a closed ideal of A, in particular J € A, and [ is an R-radical ideal of J.
Since R(J) is closed in J and contains an ideal dense in J, R(J) = J. This proves (i).

For (ii), suppose that I is a closed R-radical ideal of A. Then I C R(A) and there
is an open continuous epimorphism p : A/I — A/R(A) such that qr4) = pgr. Hence
p(R(A/I)) C R(A/R(A)) = 0, whence R(A/I) C kerp = q;(R(A)). The converse inclu-
sion follows from (4°). m

The following results on radicals will be useful.

THEOREM 2.9. Let R be a TR on a ground class A.

(i) The class of all R-semisimple (resp. R-radical) algebras is extension stable in A.

(i) If A € A and every nonzero quotient of A by a closed ideal contains a nonzero
R-radical ideal then A is R-radical.

Proof. (i) Let I be a closed ideal of a normed algebra A.

Suppose that A/I and I are R-semisimple. Since A/I is R-semisimple, I contains
R(A) by Lemma 2.7. Hence R(A) is an ideal of an R-semisimple algebra I. So R(A) is
R-semisimple, R(A) = R(R(A)) =0.

Suppose that A/I and I are R-radical. Since [ is R-radical, it is contained in R(A)
by Lemma 2.7. Let p : A/I — A/R(A) be the open continuous epimorphism such that
qr(a) = pqs- Then

A/R(A) = p(A/I) = p(R(A/I)) C R(A/R(A)) =0,
whence R(A4) = A.

(ii) If A is not R-radical then A/R(A) is R-semisimple and contains a nonzero R-
radical, a contradiction. =
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THEOREM 2.10. Let R be a TR on a ground class A.

(i) The class of all R-radical algebras is linear in A.
(ii) If A is universal and I is a sum of R-radical ideals I, of A € A then I is R-radical.

Proof. Let I € A be the closure of a sum of R-radical ideals I, in the case (i), or simply
a sum of ones in the case (ii). In both cases I € A. Since J, is an ideal of I, then
I, = R(I,) C R(I) for every «. Therefore R(I) is dense in I (and also closed in I),
whence I = R(I). m

THEOREM 2.11. Let R be a TR on a ground class A. Let A € A be arbitrary, I, closed
ideals of A and I = NI,. If A/I, is R-semisimple for every o then A/I is R-semisimple.

Proof. Since I C I, there exists an open continuous epimorphism p,, : A/I — A/I, such
that g7, = pagr. By (3°) and (4°),

pa(R(A/I)) C R(A/Ia) =0,
whence R(A/I) C kerp, = I,/I and ¢; '(R(A/I)) C q; '(I./I) = I,, for every a. So
gr "(R(A/T)) C NIy =1
and accordingly R(A/I) =0. =

We remark that the quotient of an R-semisimple algebra by a closed ideal need not
be R-semisimple [2, Page 135|, for a TR R.

2.5. Strong, strict and strictly hereditary radicals. The properties (3°) and (4°) describe
the behavior of a TR under ‘morphisms’: they both can be written as

(47)  f(R(A)) C R(B)

whenever B = f(A). In our setting morphisms are the compositions of topological isomor-
phisms and quotient maps, i.e. open continuous epimorphisms. It is sometimes reasonable
to choose a wider class of morphisms, P. G. Dixon [7] considered all continuous epimor-
phisms as morphisms in (N A). This increases the strength of a radical, but considerably
reduces the list of radicals. On the other hand in some cases it is natural to consider more
special morphisms, for example *-epimorphisms on the class (C*A) of all C*-algebras.
This class will be investigated later on.

Now we give some related definitions. Let us say that a TR R is a strong radical on
a ground class A if

(7°) f(R(A)) C R(B) for each continuous epimorphism f of algebras in A.
We say that a TR R is a strict radical on a ground class A if

(8°) f(R(A)) = R(B) for every continuous isomorphism f : A — B of algebras in A.

It is not difficult to see that every strict radical is strong. It follows from the Open
Mapping Theorem that all topological radicals on (BA) are strict. The following result
shows that for radicals on (VA) this condition means actually the algebraic nature of a
radical.

THEOREM 2.12. Let R be a TR on the class (NA). Then R is strict iff R does not
depend on the choice of a morm, and iff (8°) holds for any algebraic isomorphism of
normed algebras.
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Proof. Suppose that R is strict. Let ||-||; and |-||, be norms on an algebra A; we define
anorm |[-|| on A setting |la| = max(||a|, ,||a|,). Let A, Ay and A, be the corresponding
normed algebras. Taking the identity map as a continuous isomorphism from A to A,,,
m = 1,2, we get

R(A1) = R(A) = R(Ay).

Therefore R does not depend on a norm.

Now if f: A — B is an algebraic isomorphism of normed algebras then, denoting by
Ay the algebra A with norm |[al|; = ||f(a)|, we have that f is a topological isomorphism
from Ay onto B and

R(B) = f(R(Ay)) = f(R(A)).
So (8°) holds for algebraic isomorphisms.
The converse is evident. m

In some applications (for instance for extensions of radicals, tensor products etc.) it
is useful to consider as a ‘morphism’ A — B a continuous homomorphism of A onto an
ideal of B. We need to introduce the corresponding definitions. A TR R on a ground
class A is called ideally strong if

(72) f(R(A)) C R(B) for each continuous epimorphism f of an algebra A € A onto an
ideal of an algebra B € A.

Also, a TR R on a ground class A is called strictly hereditary if

(8) f(R(A)) =1n R(B) for each continuous isomorphism f of an algebra A € A onto
an ideal I of an algebra B € A.

Clearly every strictly hereditary TR is ideally strong. Also, every strictly hereditary
TR is strict and hereditary (to see it, take A = I and the identity map f from A onto
I in (89), for an ideal I of B), and every ideally strong TR is strong. The converse also
holds if A is universal.

THEOREM 2.13. Let R be a TR on a universal class A. If R is strong (resp. strict and
hereditary) on A then R is ideally strong (resp. strictly hereditary) on A.

Proof. 1t is an easy checkup. =

Recall that, by definition, a radical on the class of rings satisfies the axioms above in
which topological restrictions are omitted (see [7, Section 6] and [5]; see also axioms of
radicals in the sense of Amitsur and Kurosh in [22]).

THEOREM 2.14. Let R be a radical (resp. hereditary radical) on the class all algebras.
If R(A) is closed for every algebra A in a ground class A C (NA) then R is an ideally
strong TR (resp. strictly hereditary TR) on A.

Proof. Clear because R satisfies axioms with algebraic ‘morphisms’ applied to the alge-
bras from A. =

The most popular and important example of a hereditary radical on the class of all
algebras (even rings) is the Jacobson radical rad. It should be stressed that rad is not a
topological radical on (N A), because there are normed algebras A with non-closed rad(A)
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[7, Example 10.1]. For Q-algebras this obstacle disappears: since every maximal modular
left ideal of a Q-algebra A is closed, rad(A) is also closed. As a consequence, we obtain
the following statement.

COROLLARY 2.15. rad is a strictly hereditary TR on (QA).

Since a union of ground (resp. universal) classes is again ground (resp. universal),
there exists a maximal ground (resp. universal) class on which rad is a TR. Let us denote
it by (rad)? (resp. (rad)"). It is interesting to explore the properties of these classes.

2.6. TRs connected with the Jacobson radical. Following the standard notation, we de-
note the restriction of rad to (BA) by Rad. In the Banach algebra theory, Rad-semisimple
(resp. Rad-radical) algebras are traditionally called semisimple (resp. radical). Now we
consider two HTRs on (N A) that coincide with rad on wider varieties of normed algebras.
Given an algebra A € (NA), let rady(A) (resp. rad,(A4)) be the intersection of the
kernels of all representations in irr,(A') (resp. irr,(A')). It was shown in [7, Theorem
10.5] that rad, is a strong HTR on (NA) and all representations in irry(A) are strictly
dense. We show the same for rad,,. The following lemma generalizes [7, Theorem 10.2].

LEMMA 2.16. For a normed space X, every strictly irreducible algebra A C B(X) is
strictly dense.

Proof. The proof of [3, Corollary 1.2.5.4] given for a Banach space is valid for a normed
space. m

As a consequence, any strictly irreducible representation of a (not necessarily topo-
logical) algebra by bounded operators on a normed space is strictly dense.

THEOREM 2.17. (i) rad, is a strong HTR on (NA).
(ii) For every A € (NA), rad, (A) contains every (one-sided, not necessarily closed)
topologically nil ideal of A.

Proof. (i) Let I be an ideal of a normed algebra A. The equality rad, (I) = I Nrad,(A)
follows immediately from Lemma 2.4. Setting I = rad, (A), we deduce rad, (rad,(A)) =
rad, (A). Let again I = rad,(A), and set B = A/I. It follows from Lemma 2.3 that if
b € rad(B) and a € b then a € I, whence b = 0. We proved that B is rad,-semisimple.

It remains now to prove the equality f(rad,(A)) C rad,(B), for any continuous
epimorphism f : A — B. But this immediately follows from the fact that = f € irr,, A for
every 7 € irr,, B.

(ii) Let I be a topologically nil right ideal. Suppose that, for = € irr, A, b € T and
x € Xy, y =m(b)x # 0. There exists a € A such that 7(a)y = x, whence 7(ba)y = y and

1/n 1/n 1/n
iyl =l (b))l ™ < (U Iyl [|(Ba)" | — 0
as n — oo, since ba € I. So y = 0, a contradiction. We obtain that 7/ = 0 for every
m € irr, A.
If I is a topologically nil left ideal, we use the equality m(ab)x = x and the same

argument as above. =

THEOREM 2.18. rad, = rad on (QpA) and rad,, =rad on (QA).
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Proof. 1t is immediate (since equivalent representations have the same kernels). m

Since rad(A) is a quasi-regular ideal, then, for a normed algebra A, rad(A) is a topo-
logically nil ideal of A. As a consequence, we obtain the following well-known assertion.

COROLLARY 2.19. For an algebra A € (QA), rad A is the largest (one-sided; two-sided)
topologically nil ideal of A. Moreover, the closure of a sum of topologically nil ideals of A
is a topologically nil ideal of A.

Proof. The statement follows from Theorems 2.17 and 2.18 (see also [13]). =

2.7. Uniform TRs. An A-radical R is called uniform if all subalgebras of an R-radical
algebra that belong to A are R-radical.

It follows that rad is a uniform HTR on (QA). It is also ‘non-unital’ in the sense
that no unital algebra can be radical. We show that rad is the largest TR of (QA)-
radicals that share these properties. Note that, for a commutative normed algebra A and
a representation w € irr,, A, mA is a normed division algebra and, by the Gelfand-Mazur
Theorem, is one-dimensional.

PROPOSITION 2.20. If R is a uniform non-unital (QA)-radical then R(A) C rad(A), for
every A € (QA).

Proof. Let us prove first that if a (Q-algebra A is R-radical then it is radical (i.e. A =
rad(A)). If not then A contains a non-quasinilpotent element and therefore there is a
maximal non-radical commutative subalgebra B of A. Since clearly B is a spectral sub-
algebra of A, B is a Q-algebra. There is a maximal ideal I of B with one-dimensional
B/I (I = ker for some 7 € irr,, B). It follows that B/I is unital and is not R-radical.
Then B is not R-radical that contradicts the assumption of uniformity of R.

Now for arbitrary A € (QA) one has that R(A) is radical and

R(A) =rad(R(A)) Crad(A). m

It should be noted that the same statement with actually the same proof holds for

(BA)-radicals. In Section 4 we consider examples of topological radicals that are uniform
on (NA).

2.8. Regular TRs. We touch the important problem of extending of a TR to a wider
ground class, in particular from (BA) to (NA). The following simple construction gives
one of possible solutions for hereditary radicals.

Let R be a map on a ground class A D (BA). For A € (NA) set

R'(A) = An R(A).
We call R’ the regular extension of R to (NA); R is called regular on A if R = R’ on A.

THEOREM 2.21. Let A be a ground class and (BA) C A. If R is a TR on A then R’ is
an OTR on (NA); if R is an HTR on A then so is R’ on (NA).

Proof. Clearly R'(A) is a closed ideal in A, for every normed algebra A.
Let us first prove that, for an ideal I of A, R'(I) is an ideal of A. Indeed, if a € R'(I)
and b € A then ab € I and ab € R(I), since R(I) is an ideal of A. So ab € R'(I) and,
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similarly, ba € R'(I). We have
R(I)=INRI)CINRA) =INANR(A) =1nNR(A), (2.1)
so (5°) is proved.
_ For (2°), set I = R'(A). Identifying A/I with ¢7(A) (for ¢7 : A — A/I), we identify
A/I with A/I. Hence
RI(A/T) = r(A) N REA/T).
Since I is R-radical by Corollary 2.8(i), we obtain, by Corollary 2.8(ii), that R(A/I) =
¢7(R(A)). Thus
R'(A/I) = q7(A) N ¢7(R(A)) = a7(AN R(A)) = q7(I) = 0.
The second equality in the above chain follows from the inclusion I C R(A). Indeed
if ¢7(z) € ¢7(A) N g7(R(A)), then there are elements a,b € I such that z +a € A,
z+b€ R(A). Hence x + a € R(A) + 1 = R(A) and ¢7(z) = ¢7(z + a) € ¢7(AN R(A)).
The property (3°) is evident, and it remains only to prove (4°): we have to show that
qr(R'(A)) € R'(A/T)
for a closed ideal I of A. Identifying ¢;(A) and g;(R'(A)) with ¢7(A) C A/T and ¢7(R'(A))
respectively, we obtain that
q1(R'(4)) = q7(R'(A)) = qp(R(A) N A) C q7(R(A)) N q7(A)
C R(A/I)Ng7(A) = R'(A/I).
We proved that R’ is an OTR on (N A).
Now let R be an HTR. Then R'(I) = I N R'(A) for every ideal I of an algebra A.
Indeed, since R(I) = R(A) NI, we have
R(I)=RI)NI=RA)NINI=RANANT=R(A)NI.
Applying the proved equality to I = R'(A) we get (1°):
R'(R'(A)) = R'(A).
Therefore R is an HTR on (NA). m
Note that in general R’ is not a strong TR on (N A) even if R is a strong HTR on (BA)

[7, Remark 10.8]. Let us say that an (N A)-radical R is semi-regular if R(A) C R(A).
Then clearly the regular extension is the largest semi-regular extension for a given TR.

Following [7], let Too(A) (resp. T1,(A), for m € N) be the intersection of the kernels
of all continuous strongly dense (resp. topologically m-transitive) representations (of A')
on Banach spaces. Recall that a continuous representation 7 of A on a Banach space X is
called topologically m-transitive if the map a — (7(a)z1,...,7(a)z,), a € A, has a dense
image in the direct sum X™ for every linearly independent system z1,...,z,, € X, and
strongly dense if this property holds for every m € N. Note that T, and 7,,, are strong
HTRs on (NA) [7, Theorem 8.1], for every m.

PROPOSITION 2.22. T, and T,, are regular HTR on (N A), for every m.

Proof. For a normed algebra A, the maps m +— 7, the continuous extension of 7 of
the algebra A to A, and 7 — 7|4, the restriction of 7 of the algebra A to A, determine
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bijections between the sets of continuous strongly dense (resp. topologically m-transitive)
representations of A and of A, respectively. Hence it is easy to see that 7., = 77, and
T,, =T,, for every m. m

Clearly a Banach algebra is radical iff it is topologically nil. It follows that
Rad’(A) = {a € A: p(ab) =0, Vb € A}

for every A € (NA). So Rad’(A) is a closed topologically nil ideal of A, and, for every
A€ (QA), Rad’(A) C rad(A) by Corollary 2.19.

2.9. Universal envelopes. Now we find out a natural universal class of normed algebras
on which rad,, rad,, and Rad’ coincide. The comparison of these radicals on the different
classes will be done in the next subsection.

Let A be a class of normed algebras. Let A9 (resp. A") be the smallest ground (resp.
universal) class containing A. We call A9 (resp. A") the ground (resp. universal) envelope
of A. Also, let A’ (resp. .A%) be the class of all normed algebras topologically isomorphic
to ideals (resp. dense ideals) of algebras in A.

LEMMA 2.23. Let A be a ground class. Then so is A" and A* = A%,

Proof. For A ¢ A% it suffices to note that if A € A’ then A is identified with an ideal
of some algebra B € A. Let A be the closure of A in B. Then A is a closed ideal of B
(hence A € A) and A is an ideal of A. Therefore A € A%. This shows that A’ c A%
and the converse is evident.

Now let I be a closed ideal of A. Let I be the closure of I in A. Then I is a closed
ideal of A so that I € A, and I = I N A. Note that JAU Al C IN A = I, also

IT=(InAIcIINAICINA=1
and, similarly, IIC I, i.e., I is an ideal of Ie A, whence I € A°.

It remains to show that A/I € A‘. But it is easy: A/I is isometrically isomorphic to
a dense ideal of A/I € A, whence A/I € A'. u

Let A be a class of normed algebras. Put A® = A9 and A™+1) = (AM)i for
m=20,1,....

THEOREM 2.24. A" = U,,50 A,

Proof. Tt is clear that A" contains A(°) = A9, and if A" contains .A(™) then it contains
A"+ Therefore A* > UA™). To the converse it suffices to show that UA(™) is univer-
sal. Since every A(™) is ground then UA(™) is a ground class by Proposition 2.2. Further,
if A e UA™ sayif A e A®) for some k, then every ideal of A is contained in A*+1),
So UA(™) is universal. m

THEOREM 2.25. Let R and Ry be HTRs on a universal class B. If Ry = Ry on a ground
class A C B then Ry = Ry on A".

Proof. Tt is clear that A* C B. Note that Ry = Ry on A©) . Suppose that Ry = R, on
AR 1f A € A®TD then A is identified with an ideal of some B € A®). Since R; and
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Ry are HTRs on A%, we have

Ri(A) = Ri(B)NA=ANRy(B)=Ry(A).
Therefore Ry = R, on A*+1) hence on UA(™) = A%, u
COROLLARY 2.26. Rad’ = rad,, = rad, = rad on (BA)".

Proof. Recall that these radicals are HTRs on (QA) and clearly (BA)* C (QA). Apply
Theorem 2.25. m

Note that (BA)* C (Q»A) because (QpA) is a universal class containing (BA). We
will show in the next subsection that the inclusion is strict.

2.10. Comparison of the radicals. Let us write R; < Rz on a class A if R1(A) C Ry(A),
for each A € A; if, for some A € A, the inclusion is strict we write R; < Ry on A.
It is clear that rad,, < rad, on (N A); we will prove that they differ already on (QA).

PROPOSITION 2.27. The inclusion (QpA) C (QA) is strict and rad,, < rad, on (QA).

Proof. It will be sufficient to construct an algebra A € (QA)\(Q»A) with rad,(A) #
rady(A).

Let H be a separable Hilbert space. Given a basis we identify an operator on H with a
matrix. Let A be the algebra of all matrices with only a finite number of nonzero entries,
equipped with the operator norm. Every element of A generates a finite-dimensional
subalgebra, whence ), a™ converges, for |[a|| < 1. So A is a Q-algebra.

Note that A has no nonzero proper ideals. Indeed, if I is such an ideal, then I contains
an operator with only one nonzero entry and therefore all operators in A, i.e. coincides
with A, a contradiction.

Clearly A is the union of a sequence of finite-dimensional subalgebras A,,. So, for a
nonzero representation 7 of A on a Banach space X, 7(A)z has a countable Hamel basis
for every vector x € X and cannot coincide with X if dim X = oco. If dim X < oo then
ker 7 is a nonzero proper ideal of A, that is impossible. Hence A has no strictly irreducible
representations on Banach spaces, whence A = rad,(A4).

On the other hand, the linear span Hy of the basis is invariant for A and the restriction
of A to Hy is a strictly irreducible representation. Hence A ¢ (Q»A) and rad,,(A) =0. m

PROPOSITION 2.28. Rad’ < rad, on (NA); moreover, Rad’ < rad on (QuA) and the
inclusion (BA)" C (QpA) is strict.

Proof. Since Rad’(A) is a topologically nil ideal of a normed algebra A, Rad’ < rad,, on
(NA) by Theorem 2.17(ii).

Now we show that Rad’ < rad on (Q,A). Dixon |7, Example 9.3] constructed a radical
Banach algebra A and a continuous isomorphism ¢ : A — C onto a dense subalgebra C' of
a semisimple Banach algebra B. Then C is radical (C = rad(C)), hence is a Q-algebra.
On the other hand, Rad’(C') = C N Rad(A) = 0.

We see that the inclusion (BA)" C (QpA) is strict because Rad’ = rad on (BA)* by
Corollary 2.26. m

This indicates that R’ need not be a maximal extension of an HTR R, and, as a
consequence, an HTR on (N A) need not be semi-regular.
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PROPOSITION 2.29. T, < Rad’ on (NA).

Proof. Clearly T,, < Rad on (BA) because strictly irreducible representations of Banach
algebras are strictly dense; the inequality is strict by [7, Theorem 9.2 and example 9.3].
By regularity, 7, < Rad’ on (NA). =

As a consequence of the results, we have strict inclusions in the following chain of
universal classes:

(BA)" C (@A) C (QA).
Let us also write together the strict inequalities obtained for radicals on (N A):

Ts < Rad’ < rad,, < rady.

2.11. Topologically characteristic and symmetric radicals. The following notion can be
of use in dealing with Lie subalgebras of normed algebras.

A TR R is called topologically characteristic on a class A if, for every A € A and
every bounded derivation D of A, DR(A) C R(A).

LEMMA 2.30. All (BA)-radicals are topologically characteristic.
Proof. Let R be a TR on (BA). If D is a bounded derivation on a Banach algebra A
then exp(AD) is an automorphism of A for every A € C, whence
exp(AD)R(A) = R(A).

Since R(A) is closed in A,

;E%(exp()\D)a —a)/X € R(A)
for every a € R(A), whence D(a) € R(A). m
THEOREM 2.31. Let A be a class such that (BA) C A. Any regular TR R on A is
topologically characteristic.

Proof. Indeed, for every bounded derivation D on an algebra A € A, we have

DR(A)=D(ANR(A)) C DANDR(A) CANR(A)=R(A). n
In particular Rad’, T, and T}, are topologically characteristic on (N A), for every m.
THEOREM 2.32. rad, and rad,, are topologically characteristic on (NA).

Proof. Let D be abounded derivation on an algebra A € (N A), and let a € rad,(A) (resp.
rad, (A)) be arbitrary. By [21, Lemma 2.1], 7(Da) is quasinilpotent for every = € irr, A
(resp. irr, A). If y = w(Da)x # 0 for some 7 and © € X, then there is an element b € A
such that w(b)y = =, Hence

m(D(ab))y = 7(Da)w(b)y + w(a)w(Db)y = w(Da)xr =y
and also ab € rady(A) (resp. rad,(A)), a contradiction. Therefore rad, and rad, are
topologically characteristic on (NA). m

Many of the TRs considered were defined in an asymmetric way: by using represen-
tations. For instance the ‘left-defined’ TRs are rad,, rad,, T, etc. On the other hand,
using anti-representations for definition of similar, ‘right-defined’ radicals is also a right
way. So, we consider the opposite TRs for asymmetric TRs in the general setting.
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Let A°P be the same algebra A, but with the opposite multiplication. Recall that A°P
is called an opposite algebra. The ‘identity’ anti-isomorphism a — a°® maps an element
a to the same element but in A°P; note that a®?b°P = (ba)°P for all a,b € A and every
homomorphism f : A — B induces the opposite homomorphism f°P : A°? — B°P by
formula f°P(a°P) = (f(a))°P, for every a € A. Clearly (f°P)°P = f.

Let A C (NA), and let A°P be the class of all algebras A such that A°P € A. Clearly
(A°P)°P = A; we call A°P an opposite class. All properties considered above are inherited
by the opposite class. A class A is called symmetric if A = A°P. Note that (BA) and
(QA) are symmetric. Moreover, all closed subalgebras of a ()-algebra are -algebras. This
is not clear for Qp-algebras. Is (Q,A) symmetric? Does it contain all closed subalgebras
of its algebras?

Let A be a ground class. Then clearly AP is a ground class. If R is defined on 4, one
can define R°P on A°P by

R°P(A°P) = R(A)°P

for every A € A. We call R°? opposite to R. If A is symmetric, R is called symmetric on
A if R(A) = R°P(A) for every A € A.
PROPOSITION 2.33. Let R be a TR or HTR on a ground class A. Then so is R°P on
A°P.
Proof. For (1°), we have

ROP(A%) = R(A)™ = R(R(A)) = R (R(A)*P) = R (R°P(A™)),
The easy checkup of the other properties is left to the reader. m

Note that Rad’ is symmetric on (N A) and rad,, on (QA). Are rad,, and rad, symmetric
on (NA)?

3. Tensor radicals. In this section we consider the behavior of a topological radical
with respect to the fundamental operations: direct sum @ and projective tensor product
® of algebras.

3.1. Radicals on direct sums. For direct sums the problem is easy.
THEOREM 3.1. Let A be a ground class. If R is a TR on A and A®B € A for some
A,B € A then R(A®B) = R(A)®R(B).
Proof. Let f; and fo be the epimorphisms of A®B onto A and B respectively, defined
as the natural projections (which are open and continuous). Then, by (4%), projections
of R(A®B) are contained in R(A) and R(B), respectively. Hence

R(A@B) C R(A)®R(B).
On the other hand, if one considers the ideals I; = A®0 and I> = 0B and applies (5°)
then the inclusions R(A®0) C R(A®B) and R(0&B) C R(A®B) will be established.
But f; defines a topological isomorphism of A®0 onto A, whence (3°) gives R(A®0) =
R(A)®0 and, similarly, R(0&B) = 0dR(B). So

R(A)®R(B) C R(A®B)

and we are done. m
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3.2. Tensor and weakly tensor radicals on (BA). The second question is much more
difficult. We will consider it only for topological radicals on (BA) because the projective
tensor product is a Banach space operation, i.e. for A and A the result is the same.

Let us denote by A®B the algebraic tensor product of Banach algebras A and B.
Clearly A®B can be considered as a linear manifold of AQB. For all subsets M C A
and N C B that are not linear manifolds, it is convenient to denote by M®QN the set
{a®@be A® B:a€ M,bec N} If one of them is a linear manifold, let M ® N be the
linear span in A®QDB of all elements a@lzl/a € M, be N.In any case, M®N can be also
considered as a subset of A®B. Let M®N denote the closure of M@N in ARB.

A topological radical R on (BA) is called tensor if

R(A)®B C R(A®B),
for any Banach algebras A, B. For a wide class of TRs this condition admits a convenient
reformulation.
THEOREM 3.2. An ideally strong radical R on (BA) is tensor if and only if the tensor
product of an R-radical algebra and arbitrary Banach algebra is R-radical.

The proof will be given after some preliminary work.

If J is a closed ideal in a Banach algebra A then, for any Banach algebra B, the
‘identity’ map i4 : J®B — A®B is contracting. The following lemma is probably known,
but we could not find a precise reference.

LEMMA 3.3. Let A,B € (BA), and let J be a closed ideal of A.

(i) ia(J®B) is a two-sided ideal (non-necessarily closed) of AQB consisting of all ele-
ments that can be represented in the form > a,®b, with a, € J and

> lanllllbn]l < oo

(ii) There exists a unique contractive epimorphism 7y : (A/J)®B — (A®B)/U, where
U is the closure of io(J®B) in ARB, such that
77((a+ J)®b) = a®b + U
for everya € A, b€ B.
Proof. (i) is evident.
(ii) Let E = A®B/U and, as usual, qy : A®B — E the canonical epimorphism. We
define a linear map 7: (A/J)®B — E by

T(Z(an + J)®bn) — qU(Zan@an).

To justify the definition, note first that it does not depend on the choice of representatives:
if a, + J = a,, + J for every n then Y a,®b, — > a),®b, € J®B and therefore

qu ( Z an®bn) =qu ( Z a%@bn).

So it suffices to check the bilinearity which is easy.
Now we have to prove that 7 is contractive. For any T € (A/J)®B and any £ > 0,
there exist a, € A, b, € B (n=1,...,m) such that T' = > (a,, + J)®b,, ||bn]| = 1 and

> lan + T < IT|| +e.
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Choosing a!, € a, + J with
lapll < llan + J|| +&/m,

we get that

Il = [|av (D anebn)

<||T|| + 2e.

<[ S,

ot

Since ¢ is arbitrary, ||7(T)|| < ||T||- The linearity and multiplicativity of 7 are evident.
Denote by 7; the contractive homomorphism of (A/J)®B to E that extends 7 by

continuity. Then
TJ ( Z(an + J)®bn) =qu ( Z an®bn)
1 1

whenever Y ||a,|| ||bn]|| < co. Hence 7 is surjective. m
LEMMA 3.4. A topological radical R on (BA) is tensor iff

ia(R(A)®B) C R(A®B),
for all Banach algebras A, B.

Proof. Follows from the evident inclusions

R(A)®B C is(R(A)®B) Cc R(A)®B
(the latter is, as usual, the closure of R(A)®B in A®B) and the fact that R(A®B) is
closed. m

Proof of Theorem 8.2. If R is tensor and A is R-radical then
A®B = R(A)®B C R(A®DB),

whence A®B C R(A®B) and accordingly A®B is R-radical.

Conversely, let R be ideally strong and suppose that the tensor product of an R-radical
algebra and arbitrary Banach algebra is R-radical. Let A, B € (BA) be arbitrary. The
map iy : R(A)®B — A®B is a continuous epimorphism onto the ideal i4(R(A)®B) of
A®B (see Lemma 3.3) and the algebra R(A)®B is R-radical by our assumptions. Hence

ia(R(A)®B) = is(R(R(A)®B)) C R(A®B).
Using Lemma 3.4, we conclude that R is tensor. m

We will say that a (BA)-radical R is weakly tensor if A®B is R-radical, for any R-
radical algebra A and arbitrary algebra B. So Theorem 3.2 states that a weakly tensor,
ideally strong radical is tensor.

Recall that the class (BA)® of all normed algebras topologically isomorphic to ideals of
Banach algebras is a ground class (Lemma 2.23) and that all (BA)-radicals are strong. The
following simple assertion underlines the important role of existence of strong extensions
of weakly tensor (BA)-radicals to (BA)".

PROPOSITION 3.5. Let R be a weakly tensor TR on (BA). If R admits an extension to
(BA)! as a strong TR then R is tensor.
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Proof. Indeed, in this case R is ideally strong and hence tensor by Theorem 3.2. =m

Some examples of tensor or weakly tensor radicals will be given in this and the next
sections as well as in subsequent publications of our project.

3.3. The radical R'. In general, given a TR R on (BA), one can try to construct a
related tensor radical R? in the following way:

R'(A)={ac A:a®B C R(A®B), VB¢ (BA)}. (3.1)

It follows from the above arguments that if R’ is a TR then it is a tensor one (because of
the associativity of tensor product) and that R itself is tensor iff R = R'. It is important
to know conditions under which R! is a TR. We will obtain now some results in this
direction.

Let I be a closed ideal of a Banach algebra A. For a Banach algebra B, the homo-
morphism i4 : I® B — A®B is injective if, say, I has a bounded approximate identity.
Moreover, in this case ¢4 is bounded from below. Indeed, given a b.a.i. ey in I with
8 = sup ||ex ||, define a net of operators Sy on I®B by Sy (a®b) = exa®b. Then Sy — 1 in
the strong operator topology. Now if G € I®B and F = i A(G) then, for any presentation
of F' in the form F =} a,,Qb,, one has

IS\GI < leaanll 1ball < B llanll 1ball

It follows that ||S\G|| < G| F|| and, passing to the limit, |G| < G| F|-
In general i4 can have a non-zero kernel K = K (A, I, B). The algebras K(A, I, B)
will be called tensor pathological algebras.

THEOREM 3.6. Let R be an HTR on (BA). Then

(i) RY(A) is a closed ideal of A, for any Banach algebra A.

(i) If R is ideally strong then R' satisfies conditions (2°), (3°), (4°) and (53).

(iii) If R is strictly hereditary and if all tensor pathological algebras are R-radical then
R' is an HTR on (BA).

Proof. (i) Let I = {a € A: a®B C R(A®B) for every unital B € (BA)}. Then I is an
ideal of A: if a®b € R(A®B) then
(ca)®b = (c®1)(a®b) € R(A®B).

Clearly R'(A) C I. We will prove that I = R'(A).

Note first that if B is a non-unital Banach algebra and j the natural homomorphism
of A®B to A®B! then j is isometric and j(A®B) is a closed ideal of A©B' (here AR B'
is the product of A and B*).

Indeed, if F € A®B and j(F) has a representative > a,®(b, + \,) with \, scalar
multiplies of the unit such that, given ¢ > 0,

FE +& > D llanll 15n + Aall = D llan] (1oall + 1An])

(using the standard norm in B @ C = B') then Y \,a,, converges to 0 since ARB is a
complemented subspace of AQB', whence F' = 3" a,,®b,, and

I E) +& > D llanllliball = [1F]].
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It follows that ||5(F)|| > || F||. The converse inequality is evident. Hence clearly j(A®DB)
is a closed ideal of A®B*.
If a € I then a®B' C R(A®BY),

j(a®B) C j(A®B) N R(A®B') = R(j(A®B)) = j(R(A®B))

(we used (6°) and (3°) for R), whence a®B C R(A®B) and a € R'(A). Thus I = R*(A)
is an ideal of A, obviously closed.

(ii) Let I be a closed ideal of a Banach algebra A. If @ € R(I) then, for each B €
(BA) and each b € B, a®b € R(I®B). By Lemma 3.3, the image of the continuous
homomorphism i, : [&B — A®B is an ideal of A® B. Since R is ideally strong, i 4 (a®b) €
R(A®B), that is, a®b € R(A®B). This means that a € R*(A), whence R*(I) C INR'(A).
We proved that R’ satisfies (53).

Now let us show that q;(R*(A)) € R'(A/I). Let a € R'(A). Then a®b € R(A®B)
for each B € (BA). Let f : A®B — (A/I)®B be the epimorphism defined by f(z®y) =
(x + I)®y for every x € A, y € B. Then

f(a®b) € R((A/T)®B), (a+ @b e R((A/I)®B),

whence a + I € RY(A/I), and therefore R' satisfies (4°).

The property (3°) is evident and we have to prove (2°). Denote R'(A) by J for brevity.
Let, as in Lemma 3.3, U be the closure of i4(J®B) in A®B and 7; the epimorphism
of (A/J)®&B onto (A®B)/U. Since i(J®B) is an ideal of A®B (Lemma 3.3) and R is
ideally strong, the ideal U is R-radical. Using Corollary 2.8(ii), we get that

R((A®B)/U) = qu(R(A®B)). (3.2)
Furthermore, it follows from (7°) (that holds for R) that
77(R((A/J)®B)) C R((A®B)/U). (3.3)

Therefore, it follows from (3.2) and (3.3) that
77(R((A/J)®B)) C qu(R(ASB)).
Let now a + J € RY(A/J). Then (a + J)®b C R((A/J)®B), whence
77((a+ J)@b) € qu(R(ABB)),
and a®b + U € qu(R(A®B)). Since U C R(A®B), we conclude that a®b € R(AB).
Hence a € R*(A) = J and a + J = 0. This shows that (2°) holds for R'.

(iii) Suppose now that R is strictly hereditary and all tensor pathological algebras
are R-radical. We need only prove the property (6°) (which implies (1°) and (5%)). Let
again I be a closed ideal of a Banach algebra A. Fix B € (BA) and denote by K the
kernel of the homomorphism i 4 : I @B — A®B and by h the induced homomorphism of
(I®B)/K to A®B. Note that i = hqy. It is important that h is injective and its image
is an ideal of ARB.

Let now a € INR!(A). Then, for each b € B, the element i 4(a®b) belongs to R(A&B)
(here we consider a®b as an element of I QAZJB). Since R is strictly hereditary,

h(R((I®B)/K)) =ia(I®B) N R(A®B),
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whence
ia(a®b) € (R(I®B)/K)).
Since the algebra K is tensor pathological, it is R-radical and, by Corollary 2.8(ii),
R((I®B)/K) = qx (R(I®DB)).
Thus
ia(a®d) € h(gx(R(I®B))) = ia(RUI®B)),

whence
a®b— F € keriy

for some F € R(I®B). Since keriy = K is R-radical, it is contained in R(I®B), that
gives
a®b € R(I®B).

Therefore a € R*(I). We proved the inclusion I N R!(A) C R!(I). The converse inclusion
was established from (55). m

3.4. Tensor properties of the Jacobson radical. We know that the Jacobson radical Rad
is strictly hereditary (see Corollary 2.15). But the result of Theorem 3.6 cannot be imme-
diately applied to R = Rad because we do not know if the tensor pathological algebras
are radical. The proof of the fact that Rad’ is an HTR will be finished by means of a
technique related to the notion of joint quasinilpotence.

The most interesting and important problem is one of the coincidence of Rad’ and
Rad. In the form “is the projective tensor product of a radical Banach algebra A and arbi-
trary Banach algebra B radical?” it in fact goes back to [1], where the case of commutative
B was solved. Being unable to solve it in full generality, we consider its particular aspects.

Let us call a Banach algebra A tensor radical if A = Rad’(A) that is if A®B is the
Jacobson radical for arbitrary Banach algebra B; A is called tensor perfect if ARB is
radical, for any radical Banach algebra B.

In what follows it is convenient to deal with ‘generalized subsets’ of a normed algebra.

Let G be an arbitrary set, M = (aq)aca and N = (bg)secq families of elements of G.
We write M C N if there exists an one-to-one map ¢ from A in 2 such that b,,) = aa
for every « € A, and M ~ N if M C N and N C M. The relation ~ is clearly an
equivalence relation on the set of all families of elements of G. We call the classes of
equivalence by generalized subsets of G. For brevity we sometimes do not distinguish
between a generalized subset and its arbitrary representative.

It is useful to interpret generalized subsets of G as follows. If M is a generalized subset
of G with a representative (aq)aca then one can clearly identify M with the set M* of
all pairs (a,t), where a € A and t = card{a € A : aq, = a} > 0. Considering all such
pairs (a,t) for t > 0, we also identify M with the cardinal-valued function s : a +— ¢t
defined on G. We call sz); the functional representation of M. It is clear that one can
regard usual subsets as generalized ones: their functional representations coincide with
their indicators. This justifies the term ‘generalized subset’.
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In terms of the functional representations the inclusion M C N for generalized subsets
of G turns into the inequality
#u(a) < »n(a)
for every a € G. It is convenient to define the union M U N and the intersection M N N
via their functional representations as follows:

syon (@) = max{seps(a), sen(a)}
and

synn (@) = min{seps(a), sen(a)}
for every a € (G. The union and intersection of a collection of generalized subsets are
defined similarly.

Now let A be a normed algebra, and let M, N be generalized subsets of A. Let (aq)aca
and (bg)geq be representatives of M and N, respectively. Then we define MN as a
generalized subset of A with the representative (aabg)(a,3)cax- Note that

soun (a) = > st (b)sen ()
(b,c)EAXA, be=a
for every a € A.
Given a generalized subset M of A, set
1My = llaqll (34)
a€A
(the sum is calculated as supa - Y ,en llaall, where A runs over all finite subsets of A).
Clearly ||M]|; does not depend on the choice of a representative of M. If ||M|; < oo,
we say that M is summable. Note that if M is summable then the set M* is (finite or)
countable, s/ (a) < oo for every a € A and
1My = senr(a)al- (3-5)
acA
Furthermore, clearly
[MNI]y < [M][1[INT]1,
whence, setting M"™ = MM --- M (n times),
A < M ]| Al (3-6)

for every n,m € N. It follows from (3.6) that, for every summable generalized subset M
of A, there exists a limit

p1(M) = Lim([|M"[|1)"/" = inf (|| M"]|1)"/". (3.7)
Note that (M™)" = M™" for every n,m € N, whence
pr (M) = (i (| (M™)" 1)1/ /™ = Hm([ M7 )Y = oy (M) (3.8)

If f is a map from A into a normed algebra B, fM denotes the generalized subset of
B with the representative (fa,)qca; in particular, if T is a closed ideal of A then M/I
denotes the generalized subset of A/I with the representative (a, + I)qca. Note that

)= Y o)

a€A, fa=b
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for every b € B. If f is a bounded homomorphism then
pr(fM) = im([|(fFM)"|1)/™ < T | £ (| [ )Y™ < pr (M), (3.9)

Since we consider here usual subsets of A as generalized ones, we may calculate p; for
them (if they are summable). Of course in these calculations the power of a subset must
be understood in the above sense (that is, we multiply subsets as generalized subsets).

A normed algebra A is called 1-quasinilpotent if p;(M) = 0 for every summable
subset M of A. Multiplying elements of a summable generalized subset M of A by dif-
ferent numbers of modulus 1, it is easy to point out a summable subset N of A such
that |M™||; = ||[N"|; for every n € N, in particular pi(M) = p1(N). So, if A is 1-
quasinilpotent then p; (M) = 0 for every summable generalized subset M of A.
THEOREM 3.7. For a Banach algebra A the following conditions are equivalent.

(i) A is tensor radical.
(ii) A is 1-quasinilpotent.
(iii) A®B is 1-quasinilpotent, for any Banach algebra B.
Proof. The implication (iii)=-(i) is evident.
(i)=(i) Let T = 3 a,®by, € A®B. We may suppose that ||by| = 1 and 3 ||lax|| < oco.

Thus the generalized subset M with the representative {aj; : k = 1,...} is summable. By
our assumption, p; (M) = 0. Now we have

1T =1 an, - an, @b, - b, | < D Mgy - ean, || = M7 (3.10)
and accordingly p(T") < p1(M) = 0.
(i)=(ii) Let G = S1(W) be the free unital semigroup with a countable set W =
{wg }r>1 of generators. That is, G = U, >0Wiy,, where Wy = 1, the direct product
W =W xWx---xW

is the set of ‘words’ wg, wy, . ..wy,, of length m, and the multiplication is lexical. Let
B = 1'(G) be the corresponding semigroup algebra. We show that if A®B is radical then
A is 1-quasinilpotent.

Indeed, for any summable (generalized) subset M of A with a representative {ay :
k=1,2,...}, we define the element Th; € A®B by

Ty =Y ar@wy. (3.11)
Then
TXZ = Zakl c Ok, QWE, W

Since A®I'(G) is isometrically isomorphic via the map 7 : (a®f)(g) — f(g9)a to the
Banach algebra ['(G, A) of all summable A-valued functions on G, one has

T3 =" Nlaky - ak, | = [ M™]]1. (3.12)
It follows that
p(Ths) = pr(M) (3.13)
and p1 (M) = 0.
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(1)=-(iii) Since A is tensor radical, the algebra (AR B)®C = A®(B&C) is radical, for
any B and C. Hence A®B is tensor radical. Applying to A®B the implication (i)=(ii),
we see that A®B is 1-quasinilpotent. m

COROLLARY 3.8. A Banach algebra A is tensor radical (= 1-quasinilpotent) if and only
if AQIY(QG) is radical, where G is a free unital semigroup with countable set of generators.

Proof. “Only if” is evident, “if” follows from (3.13). m

Thus the problem of 1-quasinilpotence of all radical Banach algebras reduces to the
problem of tensor perfectness for a single algebra, namely for I1(G).
Now we characterize Rad’(A) in terms of p;.

THEOREM 3.9. Let A € (BA). For a € A the following conditions are equivalent.

(i) a € Rad’(A).

(ii) p1(aM) =0, for any summable subset M of A.

(iii) a®1 € Rad(ASI'(G)), where G = S; (W) is the free unital semigroup with countable
set W of generators.

Proof. (i))=(i) Let B € (BA),and let T =Y a;®b; € ARB with ||b;|| = 1 and 3_ ||a;|| <
co. Then
(a®@b)T = Z aa;bb;

for arbitrary b € B. Multiplying by numbers of modulus 1, one can assume that a; # a;
if i # j; Let M be a subset of A consisting of all a;. Then aM has the representative
{aa; : i > 1} and

p((a2b)T) < |[bllpr(alM)

(the estimate is similar to (3.10) in the proof of Theorem 3.7). Since p;(aM) = 0, (a®b)T
is quasinilpotent. Since this holds for arbitrary T € A®B, a®b € Rad(A®DB). Therefore
a € Rad’(A).

(i)=(iil) is evident.

(iii)=-(ii) Let M be a summable subset of A with a representative {aj : k > 1}. Then
the element Ty, = > (aa,@wy) of ARIY(G) is quasinilpotent because T,5; = (a®1)Thy
(see the definition of Tjs in (3.11)). By (3.13), p1(aM) = 0 and this shows that a
satisfies (ii). m

THEOREM 3.10. Rad’ is a symmetric uniform tensor HTR on (BA).

Proof. Tt follows from Theorem 3.6 that to see that Rad’ is an HTR we need only prove
the inclusion I N Rad’(A) C Rad’(I). This easily follows from Theorem 3.9. Indeed, if
a € TNRad’(A) then p,(aM) = 0, for every summable subset of I, because it is true for
subsets of A.
The fact that Rad’ is a tensor radical whenever it is a radical was mentioned before.
Since a (closed) subalgebra of a 1-quasinilpotent algebra is clearly 1-quasinilpotent,
Rad’ is uniform. It is clear that Rad’ is symmetric. m

COROLLARY 3.11. Rad’(A) is the largest tensor radical ideal of a Banach algebra A.

Moreover, it is closed and contains all (one-sided, non-necessarily closed) 1-quasinilpotent
ideals of A.
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Proof. The first part is a consequence of Theorem 3.10 and general properties of a TR
(Lemma 2.7). The last statement follows immediately from the part (ii) of Theorem 3.9. m

Using the extension property of topological radicals (Theorem 2.9), one obtains

COROLLARY 3.12. Let A € (BA), and let I be its closed ideal. If A/I and I are 1-
quasinilpotent then so is A.

Now we will show that p;(M) can be calculated in the algebra A/ Rad’(A) for every
summable family M of elements of A.

THEOREM 3.13. For any summable generalized subset M of elements of a Banach alge-
bra A,
pL(M) = p1(M/ Rad'(4)).
Proof. Let J = Rad’(A) and B = [*(G), where G is the free semigroup with countable
set of generators. The ideal i4(J®B) of A®B is contained in Rad(A®B) and the same is
true for its closure U. Let F = T); € A® B, where T} is defined by (3.11), and F = E+U
the image of E in (A®B)/U. Then p(FE) = p(F) since U C rad(A®B). This and (3.13)
imply py (M) = p(F). Let 75 : (A/J)®B — (A®B)/U be the epimorphism introduced in
Lemma 3.3. Then clearly F' = 7;(T)/s), whence
p1(M) = p(F) = p(r1(Try5)) < p(Taiyg) = pr(M/J).

We proved that p; (M) < p1(M/J). The converse inequality is evident. m

Note that the theorem fails when formulated for usual subsets of A and their “usual”
(non-generalized) images in A/Rad’(A).

3.5. Tensor radical and tensor perfect algebras. Our next result shows that the class of
tensor perfect algebras is extension stable.

THEOREM 3.14. If a closed ideal J of a Banach algebra A and the quotient A/J are
tensor perfect then A is tensor perfect.

Proof. Let B be a radical Banach algebra and 7 € irr(A@B). We have to prove that
7 = 0. Since the algebra J® B is radical and i 4 (J& B) is its homomorphic image, i 4(J®B)
consists of quasinilpotent elements. Being an ideal of A® B, it is contained in Rad(A®B).

Therefore the closure i4(J®B) C kerm. This allows one to define a representation 7’

of (A®B)/is(J®B) with the same range as 7. It follows from Lemma 3.3 that the
representation 7"/ = 7’/ o7 of (A/J)®B also has the same image as 7. Therefore we have
that 7 € irr((A/J)®B). Since (A/J)®B is radical, 7"/ = 0 and 7 = 0. =

In what follows we list some classes of tensor radical and tensor perfect algebras.
Stronger and more general results will be obtained in the next section and further parts
of the project.

LEMMA 3.15. Any nilpotent Banach algebra is tensor radical.

Proof. Evidently follows from the fact that the tensor product of a nilpotent algebra and
an arbitrary algebra is nilpotent. =

PROPOSITION 3.16. Any Banach algebra with dense socle is tensor perfect.
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Proof. Let p be a minimal idempotent in A (in the sense that dim(pAp) = 1) and C = pA.
The ideal J = C(1 — p) of C is nilpotent and consequently tensor perfect. The quotient
C/J, being isomorphic to Cp = pAp, is one-dimensional and hence tensor perfect. By
Theorem 3.14, C is tensor perfect. Let B be a radical Banach algebra. The ideal i ,(C®B)
of AR B consists of quasinilpotent elements (being a homomorphic image of C' @B). Hence
i4(C®B) C Rad(A®B). In particular pa ® b € Rad(A®B) for all a € A, b € B. Since
any element of soc(A) is a linear combination of elements of the form pag, where a € A,
p and ¢ are minimal idempotents, we have that a ® b € Rad(A®B), for any a € soc(A),
b € B. By the density assumption, a ® b € Rad(A®B), for all a € A, b € B. This means
that A®B is radical. =

LEMMA 3.17. A Banach algebra A is tensor perfect iff
ip(A® Rad(B)) C Rad(A®B),
for every Banach algebra B.
Proof. Suppose that A is tensor perfect. Then as above, ip(A® Rad(B)), being a ho-

momorphic image of A® Rad(B), consists of quasinilpotent elements. Hence this ideal is
contained in Rad(A®B). The converse implication is evident. m

The following result can be deduced from [1]. Its proof for the case of unital algebras
is similar to one of [1, Theorem 4.4.2]; we present the proof because its ‘non-unital’ part
[1, Corollary 4.4.1] seems to be written too briefly.

LEMMA 3.18. If a Banach algebra A is commutative then, for any Banach algebra B,
ia(Rad(A)®B) Uip(A®Rad(B)) C Rad(A®DB) (3.14)

Proof. Suppose first that A and B are unital. For any 7 € irr(A®B), let 7 (a) = m(a®1),

m2(b) = m(1 ® b), then 71 (A) commutes with m1(A) and 72(B). This means that m(A)

is contained in the centre of 7(A®B). Strict irreducibility of 7 implies that the centre of
7(A®DB) is one-dimensional, i.e. in fact 71 (a) = h(a) for a character h of A. Hence

7r( 3 an®bn) =3 h(an)ma(ba) = m ( 3 h(an)bn). (3.15)

Therefore 7(A®B) = mo(B) and 7 € irr B. It follows that m(Rad(B)) = 0 and, by
(3.15),
7(ig(A® Rad(B))) = 0.
Similarly, since h(Rad(A)) = 0, we have that
m(ia(Rad(A)®B)) = 0.
Since 7 is arbitrary, the equality (3.14) is proved.

In the general case, the ideals J; = i41(Rad(A)®B") and Jy = igi (A'® Rad(B'))
are contained in Rad(A'®B'), whence they are topologically nil. Since A and B are
complemented subspaces in A' and B! respectively, the algebra AQB is topologically
isomorphic to its canonical image J in A'@B' (in particular J is an ideal of A'®B').
Hence J; N J and Jo N J are topologically nil ideals of J and this clearly implies our
assertion. m

The following statement is an obvious consequence of our results and Lemma 3.18.
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COROLLARY 3.19. Any commutative Banach algebra is tensor perfect, and any radical
commutative Banach algebra is tensor radical.

4. TRs related to the joint quasinilpotence. Let A be a normed algebra. If N C A,
let N denote the closure of N in A and abs(NV) the closure of absolutely convex hull of
N. We define here the (usual) sum and product of subsets M and N of A by

M+ N={a+b:ac M,bec N}
and
MN ={ab:a € M,be N}, (4.1)

respectively; similarly for several subsets and for a power M", n € N. The set S(M) =
Un>1M™ is called the semigroup generated by M. If A is unital, put S1 (M) = S(M)U{1}.
In what follows we denote by M(A), M.(A) and M;(A) the classes of all finite,
precompact and bounded subsets of a normed algebra A, respectively. For M € M;(A),
one sets
|M]| = sup [lal|
a€eM

(the norm of M) and
p(M) = inf [[A"]['/".
Since the norm is submultiplicative,
p(M) = inf [ M"Y/ = tim | M7V (4.2)
The number p(M) is called [18] the joint spectral radius of M. It is clear that
p(M) = p(M”)l/” for every n € N,

p(AM) = |\ p(M) for every A € C, (4.3)

p(MN) = p(NM) for every N € My(A).

The definition of product of subsets of a normed algebra given here differs from the
one for generalized subsets defined earlier (in Subsection 3.4). However calculating p(M)
by rules of generalized subsets gives the same result as in (4.2) because, for a generalized
subset M of A, the norm ||M|| = sup{|la|| : (a,t) € M*} does not depend on cardinal
numbers and coincides with the norm of the usual set {a : (a,t) € M*}. So we prefer to

use (4.1) in what follows whenever possible.
We need the following known properties of p.

LEMMA 4.1. Let A be a normed algebra and N, M € My(A).
(i) Then p(L) < p(M) = p(abs(M)) for any L C abs(M). In particular p(M) = p(M).
(ii) If every element of N commutes with every element of M then
p(M U N) = max{p(M), p(N)},
p(M + N) < p(M) +p(N), p(MN) < p(M)p(N).
Proof. (i) The equality p(M) = p(abs(M)) was proved in [19, Proposition 2.6|, the other

properties are evident.
(ii) was proved in [19, Lemma 2.13|. »
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THEOREM 4.2 ([19, Theorem 3.5]). Let A be a normed algebra, and V' C C be open. Let
F be a family of analytic functions from V into A such that

Jimy sup {[[f () = FAII+ € F} =0
for every A € V and all M(X) = {f(\) : f € F} € My(A). Then X — log p(M (X)) and
A= p(M(X)) are subharmonic on V.

For subharmonicity, see [10]. An important general problem of the joint spectral ra-
dius theory is to express p for precompact sets of operators in B(X) via their spectral
characteristics; see some partial results in [23, 19, 20].

4.1. Joint quasinilpotent algebras and ideals. A normed algebra A is called finitely quasi-
nilpotent (resp. compactly quasinilpotent; boundedly quasinilpotent) if p(M) = 0, for every
M € Mj;(A) (resp. M. (A); My(A)). For brevity, we write that A is f-quasinilpotent
(resp. c-quasinilpotent; b-quasinilpotent).
LEMMA 4.3. Let A be a normed algebra.

(i) If A is c-quasinilpotent or b-quasinilpotent then the same is true for its completion A.
(ii) Let ¢ : A — B be a continuous homomorphism. If A is f-quasinilpotent then ¢(A)
is f-quasinilpotent.

Proof. (i) follows from the fact that any bounded (precompact) subset of A is contained
in the closure of a bounded (respectively precompact) subset of A.

To see (ii) it suffices to note that any M € M(4(A)) is of the form ¢(NN), for some
N € My (A), whence || M"| < ||| N"|| for every n € N and p(M) =0. m

Boundedly quasinilpotent algebras are usually called topologically nilpotent [6, 8, 9].
Part (i) of the previous lemma, for this case, is mentioned, for example, in [14]. For
x € {f,c,b}, an ideal of a normed algebra is called a x-quasinilpotent ideal if it is a
x-quasinilpotent algebra.

4.2. Ideals Ry, R. and R;,. We set, for * € {f, ¢, b},

R.(A)={a€ A:p({a} UM) =p(M), VM € M.(A)}.
Clearly the condition p({a} U M) = p(M) can be rewritten in the form

p({a} UM) < p(M)

because the reverse inequality is evident.
LEMMA 4.4. If a € R.(A) then Aa € R.(A), for any A € C.
Proof. Indeed,

p({Aa} U M) = p(\({a} UA"LM)) = [Ap({a} UA"1M)

= o\ LM) = p(M).

LEMMA 4.5. a € R.(A) iff sup{p({\a} UM) : X € C} < o0 for every M € M.(A).

Proof. The function f(A\) = p({\a} U M) is subharmonic by Theorem 4.2 and bounded
on C; by [10], it is constant. Hence

p({at U M) = f(1) = f(0) = p(M). =
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Our next lemma shows that one may assume A to be unital.
LEMMA 4.6. R.(A) = R.(A").

Proof. Any set M € M, (A') is contained in a set of the form N + L, where N € M, (A)
and L € M, (C). Therefore it suffices to show that the function \ — p({Aa} U (N + L))
is bounded, for any a € R.(A). Without loss of generality, we may assume that 0 € L.
Hence
{M}UN+L)C {Ma}UN)+L
and, by Lemma 4.1,
p({Aa} U (N + L)) < p(({Aa} UN) + L)
< p({Aa} UN) + L[| = p(N) +[|L] . =
By induction we have
LEMMA 4.7. If N is a finite subset of R.(A) then p(N U M) = p(M), for any M €
M. (A).
LEMMA 4.8. R.(A) is a linear subspace of A.

Proof. For a,b € R.(A), set N = {a,b}. Since {(a+b)/2} UM C abs(N U M), we obtain
from Lemmas 4.1 and 4.7 that

p({(a+)/2} UM) < plabs(N U M)) = p(N UM) = p(M),

for any M € M, (A). This shows that (a +b)/2 € R.(A) and it remains to use Lemma
44. =

LEMMA 4.9. R.(A) is an ideal of A.

Proof. By Lemma 4.6, one may assume that A is unital. Let a € R.(A), b€ A, M €
M., (A), X € C. Setting N = {\a,b, 1}, we get

p(NUM) < B =p({b,1} U M).
It follows that p((N U M)?) < 2. But (N U M)? contains {\ab} U M. Hence
sup p({\ab} U M) < % < oo,
AeC

whence ab € R,(A) by Lemma 4.5. Similarly ba € R,(A). =
THEOREM 4.10. R.(A) is a closed ideal of A.
Proof. Note that if a € R.(A), M € M,(A) then, for any b € A,
p({(a +5)} U M) < p(abs({20, 20} U 1))
— p({24,26} U M)) = p({2b} U M)
< {26} U M| = max{2][o]], | M][}.

—_~

Now if ¢ € R.(A) then there are a € R.(A), b € A with ¢ = a + b, ||b]| < ||M]|/2.
Therefore

p({cy U M) < max{2][b|, [[M][[} = [[M].
Changing ¢ by Ac and applying Lemma 4.5, we conclude that ¢ € R.(A) and R.(A) is
closed. m
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4.3. Properties of the ideals Ry, R. and R;,. Clearly all R, (A) are topologically nil ideals
of a normed algebra A. Hence, for any normed algebra A, R.(A) C rad,(A) by Theorem
2.17(ii) or, more transparently,

Ry(A) C R.(A) C Rf(A) C rad,(A). (4.4)
Moreover
R.(A) C Rad'(4).
This is a consequence of the following ‘regularity’ property:
LEMMA 4.11. Let A be a normed algebra. Then

(i) Rb(A) =AN Rb(Z_)

(i) Ro(A) = AN R.(A).

Proof. The statements follow from Lemma 4.3 and the fact that any bounded (resp.
precompact) subset of A is contained in the closure of a bounded (resp. precompact)
subset of A. m

LEMMA 4.12. Let * € {c,b}, and let A be a normed algebra. If N is a precompact subset
of R.(A) then p(N UM) = p(M), for any M € M,(A).

Proof. Let G(A\) = ANUM, for X\ € C. By [17, Lemma 8.2.2], there is a sequence (a,) in
R.(A) convergent to 0 with N C abs{a,, : n € N}. Let F,, = {a, : n = m}, for m € N.
Then ||F,,|| — 0 as m — co. By Lemmas 4.1 and 4.7,

P(G(N) = pAN U M) < p(A(abs Fy) U M) < p(abs(AF; U M)

=p(AFLUM) =p({ra1,...,Aam_1} UAF,, UM)

= p(AEm UM) < [[AFy U M| = max{[A[ || Fnl|, | M|}
for every m € N. Take m such that || F,,| < |[A|”'. Then

p(G(A)) < max{1, [|M]]},
for every A € C. Being a subharmonic function on C by Theorem 4.2, A — p(G()\)) is
constant. Hence
p(M) = p(G(0)) = p(G(1)) = p(N U M). u

PROPOSITION 4.13. Let A be a normed algebra. Then
(1) Rs(A) is f-quasinilpotent.
(ii) R.(A) is c-quasinilpotent.
Proof. The statements follow trivially from Lemmas 4.7 and 4.12. =

The ideal R,(A) is not necessarily b-quasinilpotent. To show this, let us look at the
case that A is commutative.

PROPOSITION 4.14. Let A be a commutative normed Q-algebra. Then rad(A) = R,(A).

Proof. By Theorem 2.18 and (4.4), it suffices to show that rad(A) C Ry(A). If a € rad(A)
and M € My(A) then

p({ra} U M) = max{p(Aa), p(M)} = p(M)
by Lemma 4.1, for every A € C, whence a € Ry(A) by Lemma 4.5. »
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It is known that there exist commutative radical Banach algebras which are not b-
quasinilpotent, for example the norm-closed algebra generated by the Volterra integration
operator (see [14], where many other examples can be found). On the other hand, each
commutative radical Banach algebra A is c-quasinilpotent because it follows from the
above proposition that R.(A) = Rad(A).

Recall that S; (M) denotes the unital semigroup generated by a subset M of a normed
algebra.

THEOREM 4.15. Let A be a unital normed algebra and N, M C My(A). If N§1(M) is
bounded and p(NS1(M)) =0 then p(N U M) = p(M).

Proof. Let G = &1(M) and v = max{||M||, 1}. By the assumption, for any ¢ > 0 there is
B = B(e) such that
[(NG)"[| < Be™,

for all n. Given a number A\ € C, set Ey = AN U M. We choose ¢ < |\|~!. Let » =
T1%2 ... Ty € (E))™ and let exactly k of the elements x; belong to AN. Then

z=Nzyye g,
where all y; € NG, z € G and ||z|| < ™. It follows that
]l < [A[*Bry™ < By
This shows that ||[(E))"| < 7™ for all n, whence
p(Ex) <7

for every A\ € C. Being a subharmonic function on C, A\ — p(E)) is constant, whence
p(E71) = p(Ep) which is what we need. m

LEMMA 4.16. Let * € {c,b}, and let J be an (one-sided) x-quasinilpotent ideal of a
normed algebra A. If N € M. (J) then p(N U M) = p(M), for any M € M,(A).

Proof. Let J be a right ideal of A. One may suppose that A is unital. Suppose first that
||M]| < 1. Then NS (M) € M. (J), so that p(NS;(M)) = 0. By Theorem 4.15,

p(N U M) = p(M).
If | M| > 1, take ¢t > || M||. Then
p(NUM) =tp(t *NUt M) =tp(t M) = p(M).
If J is a left ideal of A, use (4.3) with the same argument. m

LEMMA 4.17. Let x € {f,c,b}, and let A be a normed algebra. Suppose that J is R.(A)
for x € {f,c} or an (one-sided) b-quasinilpotent ideal of A for x = b. If M, N € M. (A)
and M C N + J then p(M) < p(N).

Proof. For any a € M, denote by o’ an element of J such that a —a’ € N. Set K = {da’:
a € M} and, for any A € C, N(\) = {a — Aa’ : a € M }. Then the sets K and N()\) are
in M,(A4), K C J and

N(1) C N.
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The function f(A) = p(N()\)) is subharmonic on C by Theorem 4.2. Since N(\) C
2abs(AK U M), we have, by Lemma 4.1 and one of Lemmas 4.7, 4.12 and 4.16 corre-
sponding to * € {f, ¢, b},
p(N(N)) < 2p(abs(AK UM)) = 2p(AK U M) = 2p(M).
Thus f(\) is constant and
p(M) = £(0) = £(1) = p(N(1)) < p(N). =

Recall that if J is a closed ideal of A then, for any M C A, we denote by M/J the

image of M under the canonical epimorphism ¢y : A — A/J.

THEOREM 4.18. Let x € {f,c,b}, and let A be a normed algebra. Suppose that J is R.(A)
forx € {f,c} or a closed b-quasinilpotent ideal of A for x =b. Then p(M) = p(M/J) for
every M € M. (A).

Proof. Let M € M.,(A). For any ¢ > 0, take n = n(c) such that ||M™/J||*/™ < p(M/J)+
e. It is a general geometric fact that, for arbitrary § > 0, there are sets N and @ in M, (A)
with M" C N+ Q, Q C J and ||[N| < ||[M"™/J|| + ¢ (note that this is evident for x = f
and * = b, the proof for * = ¢ may be found in [19, Lemma 6.9]). Hence, by Lemma 4.17,

p(M™) < p(N +Q) < p(N) <[IN| < [[M"/J] + 6.
Since § is arbitrary,
p(M)" = p(M") < [|[M" /|| < (p(M/J]) + )",
whence p(M) < p(M/J) + e. It follows that
p(M) < p(M/.J).
The converse inequality is evident. m

It should be noted that the theorem does not hold for J = R, and every M € M, (A)
(see (4.8) in the end of this subsection). However, this theorem implies the equality
p(M) = p(M/Ry(A)),
for every precompact subset M of A. Indeed, since Ry(A) C R.(A), we have that
p(M) = p(M/R.(A)) < p(M/Ry(A)) < p(M).

The next lemma shows in particular that elements of R, (A) have the properties similar
to ones of elements of the Jacobson radical.

LEMMA 4.19. Let x € {f,c,b}, and let A be a normed algebra. Suppose that J is R.(A)
forx € {f,c} or ab-quasinilpotent ideal of A for x = b. Then p(NM) =0 and p(N+M) =
p(M) if one of the following conditions holds.

(i) NeM.(J)and M € M,.(A).

(ii) N is a precompact subset of Ry(A) and M is a bounded subset of A.

Proof. Let (i) hold. Then N+ M € M, (A). One may suppose that J is closed by Lemma
4.3 in the case * = b. It follows from Theorem 4.18 that

p(N + M) = p((N + M) /.J) = p(M/J) = p(M). (4.5)
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Furthermore, since NM C (N U M)?,
P(NM) < p((N UM)?) = p(N U M)? = p(M)? (46)
by one of Lemmas 4.7, 4.12 and 4.16 corresponding to * € {f,c,b}. Changing N to AN

we get that
p(NM) = 0. (4.7)
Now let (ii) hold. Note that (4.6) and (4.7) are valid since p(AN U M) = p(M) by
Lemma 4.12. Further, if G(A\) = M U (AN + M) then G(\) C 2abs(AN U M), whence
p(G(XN)) < 2p(abs(AN U M)) = 2p(AN U M) = 2p(M)

by Lemma 4.12. Since the function A\ — p(G()\)) is bounded and subharmonic on C, it is
constant, whence

p(N + M) < p(G(1)) = p(G(0)) = p(M).
Changing M to —(IN + M) in that inequality, we obtain that

p(M) < p(N — (N + M)) < p(—(N + M)) = p(N + M),
whence p(N + M) = p(M). =
THEOREM 4.20. Let A be a normed algebra. An element a € A belongs to Ry(A) (resp.
R.(A)) iff p(aM) = 0, for any bounded (resp. precompact) set M C A.

Proof. Let x € {c,b}. If a € R.(A) then p(aM) = 0, for each M € M, (A) by Lemma
4.19.

Proving the converse implication, suppose first that ||M|| < 1. In this case S;(M) €
M, (A') and, moreover, S;(M)aS;(M) € M, (A). Hence

p(aS1(M))? = p((aS1(M))?) = p(aSi(M)aS1(M)) = 0,
whence p(aS;(M)) = 0. By Theorem 4.15,
p({a} U M) = p(M).
For ||M|| > 1, we take t > || M|| and get
p({a} UM) =tp({a/t} U (1/t)M) = tp((1/t)M) = p(M). =

COROLLARY 4.21. Let * € {c, b}, and let A be a normed algebra. Then R.(A) contains

all (one-sided) -quasinilpotent ideals of A and R.(A) is the largest c-quasinilpotent ideal
of A.

Proof. Note that R,(A) contains all (one-sided) *-quasinilpotent ideals of A by Lemma
4.16, and R.(A) is c-quasinilpotent itself by Proposition 4.13, thus it is the largest c-
quasinilpotent ideal of A. m

The following example shows that a Banach algebra need not have the largest b-
quasinilpotent ideal. Let A, denote the algebra of all strictly upper-triangular matrices
on n-dimensional Hilbert space H,,, for every n € N, and let A be the norm closure of the
algebraic direct sum B of all algebras A,, acting on the Hilbert space H = ©H,,. Clearly
B is a union of nilpotent ideals, whence the largest b-quasinilpotent ideal would be equal
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to A; in particular A = R,(A) by Corollary 4.21. On the other hand, if M is the unit ball
of A then ||[M"|| =1, for all n, hence A is not b-quasinilpotent. In particular
1= p(M) # p(M/Ry(A)) = 0. (4.8)

4.4. Radical-like properties of ideals R¢, R. and Ry
LEMMA 4.22. Let A be a normed algebra and I its ideal. Then
(1) IﬂRf(A) C Rf([).
(ii) INR.(A) = R.(I), for « € {c,b}.
Proof. The inclusions I N R.(A) C R.(I) are evident.

Furthermore, let a € R.(I) and M € M, (A), where x € {b,c}. Then (aM)? = aN,

where N = MaM € M.,(I). Hence p((aM)?) = 0 implies p(aM) = 0, whence a € R.(A)
by Theorem 4.20. We proved that R.(I) C R.(A). So R.(I) C R.(A)NI. m

LEMMA 4.23. Let A be a normed algebra. Then
() R.(R.(A)) = R.(A), for x € {f,c,b}.
(i) R.(A/R.(A)) =0, for € {f.c}.
Proof. The statement (i) is evident.

For (ii), let @ = a/R.(A) € R.(A/R.(A)). For every M € M, (A),set M = M/R,(A)
then, for x € {f,c},

p({a} UM) = p(({a} UM)/R.(A)) = p({a} U M) = p(M) = p(M)
by Theorem 4.18. This shows that a € R.(A) and accordingly @ = 0. =
LEMMA 4.24. If I is a closed ideal of a normed algebra A then q;(R.(A)) C R.(A/I) for
each x € {f,b,c}.
Proof. Clearly, for any M € M, (A/I), there is N € M,(A) with ¢;(N) = M. If a €
R.(A) then
p({rar(a)} U M) = p({Aar(a)} U gr(N)) < p({Aa} U N) = p(N)

for every A € C. By Lemma 4.5, g;(a) € R.(A/I). n

Summing up the results of the previous lemmas we obtain the central statement of
this subsection.

THEOREM 4.25. Ry satisfies properties (1°), (2°), (3°) and (4°) (from the definition of
a TR in Subsection 2.4), R. is an HTR and R, is a hereditary UTR on (NA).

Proof. The property (3°) clearly holds for all R,. The other properties follow from The-
orem 4.10 and lemmas of this subsection. m

We will apply for brevity the term ‘radical’ to all R, (keeping in mind that only R, is
proved to be a TR on (N A)). For instance, they are HTRs on the class of all commutative
normed (Q-algebras (see Proposition 4.14).

PROPOSITION 4.26. All R, are uniform and symmetric, Ry is strong and not semi-
regular, R. and Ry are reqular and not strong.
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Proof. Since a subalgebra of a R,-radical algebra is R,-radical, uniformity of all R, is
obvious. Also, it is clear that all R, are symmetric. The radicals R, and R; are regular
(Lemma 4.11) and in particular semi-regular. However R; is not semi-regular. Indeed,
there exists a normed algebra C' = ¢(A) for some continuous homomorphism ¢ : A — B
from a topologically nilpotent Banach algebra A to a semisimple Banach algebra B, and
C is dense in B [7, Example 9.3]. Note that R;(C) = C and R¢(C) = 0. On the other
hand, the same example shows that R. and R, are not strong radicals (in virtue of
A = R.(A) = Ry(A) and R,(C) C R.(C) C R.(C) C Rad(B) = 0), while R; is strong
by Lemma 4.3(ii). m

As a consequence of regularity, R. and R} are topologically characteristic on (INA)
by Theorem 2.31. Is Ry topologically characteristic on (NA)?

THEOREM 4.27. R, < Ry on (NA) and R, < R. on (BA). Moreover, Ry, is not a TR
on (BA).

Proof. Proposition 4.13 shows that to see the distinction between Ry and R. it suffices
to construct an f-quasinilpotent algebra which is not c-quasinilpotent. Let ¢ : A — B be
the continuous homomorphism of a radical Banach algebra A onto a dense subalgebra C
of a semisimple Banach algebra B constructed by P. G. Dixon [7, Example 9.3]. Recall
that A is topologically nilpotent, i.e. b-quasinilpotent, while C is f-quasinilpotent (by
Lemma 4.3) and not c-quasinilpotent (since its completion is not radical).

Let us prove that R, < R. on (BA). Let G be the free non-unital semigroup with
countable set {xg,x1,...} of generators. Let J be the ideal of G consisting of all words
which are not subwords of the infinite word

W = xox1x0T2 ... X0Lp_1T0Tn - - -
(P is a subword of W if W = RPH, where R € G and H is an infinite word). Then [!(.J)
is isometrically imbedded as an ideal into [}(G). Set A = [*(G)/I'(J) and denote by X;
the images of the generators z; in A. Note that Xy Xy = 0 and X;PX; = 0 for every
monomial P and 7 > 0. Hence X;AX,; =0 and
(X;M)>=0
for every bounded subset M C A and ¢ > 0. It follows from Theorem 4.20 that
X; € Ry(A) C R.(A)

for all i > 0. Let J be the closed ideal of A generated by N = {X; : i > 0}. By Lemma
4.22,

J= Rb(‘]) = Rc(‘])'
Further, A/J is a one-dimensional algebra generated by a nilpotent. So
A/J = Ry(A/J) = Rc(A/J).

Since R. is a TR, A = R.(A) by Theorem 2.9(i). But R,(A) # A since Xy ¢ Ry(A) in
virtue of
(XN [V = | Xo X1 -+ Xo X |/ =1
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for every n € N. This simultaneously proves that R; is not a TR on (BA) (otherwise
A = Rp(A) as in the case of R, a contradiction). =

The following questions are important. Do Ry and R, coincide on (BA)? Does Ry
coincide on (BA) with Rad?

4.5. Rad’ as a TR related to joint quasinilpotence. Since the tensor radical Rad’ is also
related to a kind of joint quasinilpotence it is natural to compare R, with Rad’.
Let us first prove that Rad’ can be defined in the same way as R,.

THEOREM 4.28. Let A be a Banach algebra. Then a € Rad'(A) iff p1({a}UM) = p1 (M)
for every summable subset M of A.

Proof. If a € Rad’(A) then, by Theorem 3.13,
pr({a} U M) = pi(({a} U M)/Rad'(A)) = p1(M/Rad"(A4)) = p1(M).
Conversely, if p1({a} U M) = p1(M) then
pi(({a} UM)?) = pi({a} UM)* = pi (M)?
by (3.8). Since aM C ({a} U M)? as generalized subsets, we have
pr(aM) < pi(M)>.
Replacing a by Aa (which clearly satisfies the same condition) for A € C, we get:
Alp1(aM) < p1(M)?,

whence p;(aM) = 0 and it remains to apply Theorem 3.9. =

Now we will prove that the radical R, is weakly tensor.

THEOREM 4.29. If A is a compactly quasinilpotent Banach algebra then AQB is com-
pactly quasinilpotent, for any Banach algebra B.

Proof. If M is a precompact set in A®B then by [17, Corollary 7.2.2] there exists a
sequence a,, ® b, with a,, — 0,b,, — 0 such that M C abs{a, ® b,, : n > 1}. Hence

p(M) < p(abs{a, ®b, :n > 1}) = p({a, @b, :n > 1}) < p(P @ Q),
where P = {a, :n > 1} and Q = {b, : n > 1}. But
(P& Q)" =P"eQ"|<[P"IQ"

whence p(P ® Q) < p(P)p(Q). In our assumptions p(P) = 0 because P is precompact.
Hence p(M) =0. n

It is clear that any summable set M of a normed algebra is precompact and
p(M) < pr(M) < || M]s.

Moreover, if M is finite then

where k = card(M). It follows that if M is summable with p; (M) = 0 then p(M) = 0,
and if M is finite with p(M) = 0 then p; (M) = 0.
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COROLLARY 4.30. R. < Rad’ < R; on (BA).

Proof. If a € Rad’(A) then p;({\a} U M) = p;(M) for every finite subset M of A and
A € C, by Theorem 4.28, whence

sup{p({Aa} UM) : X € C} <sup{p1({Aa} U M) : X e C} = pi(M).

By Lemma 4.5, a € Rf(A).
It follows from Theorem 3.2 that if A = R.(A) then A = Rad’(A). Then

R.(A) = Rad’(R.(A)) C Rad'(A)
because R.(A) is a closed ideal of A and Rad’ is a TR on (BA). =

So, it can be said that the problem of the tensor radicality of a radical Banach algebra
is “intermediate” between the problems of finite quasinilpotence and compact quasinilpo-
tence. It follows from Corollary 4.30 and Lemma 4.11 that

p1(M) =0

for every summable subset M of R.(A), for a normed algebra A.

4.6. p-quasinilpotent algebras. We will conclude this section by considering a natural
scale of joint spectral radii, including p and p; as polar extrema. For a close (but not
identical) notion see [15].

Let A be a normed algebra and p > 1. For a generalized subset M of A with a

representative (aq)acn, let
1/p
16, = (3 laal?)
aEA
As in the case p = 1, || M]|, does not depend on a representative. Moreover,
[MN|lp < [[M]lpl|N (4.9)

for generalized subsets of A (recall that the product M N and a power M" are defined
here by rules of generalized subsets; see Subsection 3.4). A generalized subset M of A is
called p-summable if | M ||, < co. For a p-summable generalized subset M of A, it follows
from (4.9) that there exists

pp(M) = Lim([| M™][,)!/" = inf(||M"[|,)"/".

Changing, as usual, sums to suprema for p = co, one can write that

p(M) = poo(M).
Clearly any p;-summable generalized subset M is po-summable if p; < po; moreover
[M]lp, = (| M]|p, -
It follows that
Pp1 (M) > Ppa (M) (410)

A normed algebra A is called p-quasinilpotent if p,(M) = 0, for every p-summable
subset M of A. It is clear that if A is p-quasinilpotent then p,(M) = 0 for every p-
summable generalized subset of A.
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THEOREM 4.31. Let A be a Banach algebra and p > 1. Then

(i) If A is p-quasinilpotent then A is 1-quasinilpotent.
(ii) If A is 1-quasinilpotent then p,(M) =0, for any 1-summable subset M of A.

Proof. (i) Note that the case p = co follows from Corollary 4.30. Let p < co. It suffices to
prove that A is Rad’-radical. Let B be an arbitrary Banach algebra and 7' = 3" a;, @ by, €
A®B with 3 ||lax| ||bx]| < oo. Multiplying by suitable scalars, one may suppose that
S |lagl]” < oo and 3 ||bg]|? < oo, where ¢ = p/(p — 1). It follows that

T || = H Zakl O, @by, L. by,

/ /
< (Sl e, 7Y (S o b, 19) 7 < 10277,

where M is a generalized subset with the representative (aj)r>1 and
1/q
8= (3 loelie)

7™M < B 1)

Thus

whence p(T') < pp,(M) = 0.
(ii) follows immediately from (4.10). m
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