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Abstract. We define a procedure of reduction of locally conformal symplectic structures. We
find a necessary and sufficient condition for this reduction to hold in terms of a special kind of
de Rham cohomology class (tangent to the characteristic foliation) of the Lee form.

1. Introduction. Let M be a smooth even-dimensional manifold, dim M = 2n > 2. Let
2 be a smooth nondegenerate 2-form on M. If there exist an open cover {U, : a € A} of
M and smooth positive functions f, on U, such that

(1) Qo = fallu,

is a symplectic form on U, for a € A then  is called a locally conformal symplectic form.
Equivalently (see [11]) € satisfies the following condition:

(2) dQ=wAQ,

where w is a closed 1-form. w is uniquely determined by 2 and is called the Lee form of
Q. (M,Q,w) is called a locally conformal symplectic manifold.
If 2 satisfies (1) then w|y, = d(In f,) for all @ € A. If f, is constant for all a € A then
Q is a symplectic form on M. The Lee form of the symplectic form is obviously zero.
Locally conformal symplectic manifolds are generalized phase spaces of Hamiltonian
dynamical systems since the form of the Hamiltonian equations is preserved by homoth-
etic canonical transformations [17].
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Two locally conformal symplectic forms €2y and Q25 on M are conformally equivalent
if Q9 = Q4 for some smooth positive function f on M. A conformal equivalence class of
locally conformal symplectic forms on M is a locally conformal symplectic structure on
M ([3))-

Let @ be a smooth submanifold of M. Let ¢ : Q — M denote the standard inclusion.
We say that two locally conformal symplectic forms €2; and Q3 on M are conformally
equivalent on @Q if 1*Qs = f1*Q; for some smooth positive function f on Q.

Clearly the Lee form of a locally conformal symplectic form is exact if and only if 2 is
conformally equivalent to a symplectic form [17]. Then the locally conformal symplectic
structure is globally conformal symplectic.

Locally conformal symplectic forms were introduced by Lee [11]. They have been
intensively studied in [17], [8], [9], [10], [3].

In [18] the symmetry of the Lyapunov spectrum in locally conformal Hamiltonian
systems was studied. It was shown that Gaussian isokinetic dynamics, Nosé-Hoovers
dynamics and other systems can be treated as locally conformal Hamiltonian systems. A
kind of reduction was applied to obtain these results.

In [10] (see Section 3) a reduction procedure of a locally conformal symplectic form is
defined using the general definition of reduction (see [12]). But the conditions for reduc-
tion of locally conformal symplectic form are very restrictive (see Proposition 1 in [10]
and Proposition 4 in Section 4). There are local obstructions, a locally conformal sym-
plectic form on a germ of a generic smooth hypersurface cannot be reduced using this
procedure (see Example 1). The procedure of reduction of a locally conformal symplec-
tic form has no application to reduction of systems with symmetry defined in Section 5
of [10].

In this paper we show a different approach to this problem. We propose to reduce
a locally conformal symplectic structure (the conformal equivalence class of a locally
conformal symplectic form) instead of a locally conformal symplectic form. This procedure
of reduction can be applied to a much wider class of submanifolds. There are no local
obstructions to this procedure. But there are global obstructions. We find a necessary
and sufficient condition for this reduction to hold in terms of a special kind of de Rham
cohomology class (tangent to the characteristic foliation) of the Lee form.

2. De Rham cohomology tangent to a foliation. Let ) be a smooth manifold and
let F be a foliation in ). We denote by Q7 (Q) the space of differential p-forms on Q. By
QP(Q, F) we denote the space of p-forms w satisfying the following condition:

wlg(v1,...,vp) =0

for any ¢ € @ and for any vectors vy, ..., v, tangent to the foliation F at ¢. It means that
w € QP(Q,F) if and only if 1jw = 0 for any ¢ € Q, where i, : F; — @ is the standard
inclusion of the leaf F, of the foliation F into Q.

OP(Q,F) is a subcomplex of the de Rham complex Q*(Q). This follows from the
relation (pdw = digw.
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We define the factor space

OP(F) = Q(Q)/27(Q, F).

The operator dj, : QP(F) — QPTYHF), dy(w) = dw is well defined since dQ2(Q,F) C
OP+L(Q, F). Therefore one has the following differential complex

(Q°(F), d) : Q°UF) =% QUF) -8 Q*(F) -% ...
The cohomology of this complex
HP(F) = HP(Q"(F), d) = kerdy, /imd, 1

is called the de Rham cohomology tangent to foliation F (see [16] for a similar construc-
tion).

Directly from the definition of the cohomology HP?(F) we get the following proposi-
tions.

PROPOSITION 1. HP(F) =0 for p greater than the dimension of the leaves of the folia-
tion F.

PROPOSITION 2. Let w € QP(Q) such that dw € QPTHQ,F). If [w] = 0 in HP(F) then

[taw] = 0 in HP(F,) for any q € Q.

We define a special kind of contractions along a foliation.

DEFINITION 1. We say that @ is contractible to a submanifold S along the foliation F
if there exists a family of maps F; : @ — @, t € [0,1] which is (piecewise) smooth in ¢,
such that F} is the identity map, Fy(Q) C S, Fy|s = idg and Vg € Q Fi(F,) C F, for
all ¢ € [0,1]. We call the family F} a (piecewise) smooth contraction of @ to S along the
foliation F.

Using the analog of the homotopy operator for the above contraction we prove the
following theorem.

THEOREM 1. Let S be a smooth submanifold of @ transversal to a foliation F. If Q is
contractible to S along the foliation F then the cohomology groups HP(F) and HP(FN.S)
are isomorphic.

Proof. Since F is transversal to S then F NS is a foliation on S. Let F; be a (piecewise)
smooth contraction of @) to S along the foliation F. Let w be a p-form on @ such that
dw € QPTH(Q, F) and i : S — @Q be the standard inclusion of S in Q. Then

1 1
d
w— (Fj oi")(w) :Fl*w—Fgw:/ EFt*wdt:/ Ff (Ly,w)dt
0 0

= /1 Ff(Vildw + d(Vi]w)) dt = /I[Ft*(Vtde) + d(Fy (Vi ]w))] dt
0 0

where V; o Fy = % and Ly, is the Lie derivative along the vector field V;.
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For any ¢ € () and any (uq,...,u,) tangent to F, we have

/F;‘(thdw)dt(ul,...,up):/ Fr(Vi|dw)(uq, . .., up)dt
0 0

dF,

1 1
:/ dw(VtoFt,Ft*ul,...,Ft*up)dt:/ dw<E,Ft*u1,...,Ft*up) dt =0,
0 0

since Fy(F,) = F, and dw € QP+1(Q, F). This implies that [ Fy(V;]dw)dt € QP(Q, F).
Finally we obtain
w— (Fy 0 ")(w) = B+ day,
where § € QP(Q,F) and o = fol F}(V;]w)dt. Thus
[w] = [(Fg " (w)] € HP(F).
This implies that F{j o t* = idgr(F).
On the other hand, v* o Fj = idy»(Frns), since Fp ot = idg. Thus F{ is the required
isomorphism between cohomology groups HP(F N .S) and HP(F). m

3. Integrability of a characteristic distribution. Let () be a submanifold of a locally
conformal symplectic manifold (M,Q,w), dimM = 2n. Let ¢ : Q@ — M denote the
standard inclusion of @ in M. Let

(T,Q)" = {v € T,M|Q(v,w) = 0 Yw € T,Q}.

We assume that dim(7,Q)*N7T,Q is constant for every ¢ € Q . By (TQ)?NTQ we denote
the characteristic distribution (J qEQ(TqQ)Q N T,Q which is a subbundle of the tangent
bundle to ). Now we prove

PROPOSITION 3. The characteristic distribution (TQ)* NTQ is involutive.

Proof. Let X,Y be smooth sections of (TQ)*NTQ. We show that [X, Y] is also a section
of (TQ)? NTQ. By the well-known formula, for a smooth vector field Z on Q we have

dUX,)Y,Z)=X(QY,2)) - Y(QUX,Z2))+ Z(QX,Y))
+Q([X, 2],Y) - QX,Y], Z2) - Q([Y, Z], X)
= _Q([X>Y]7Z)7
because X,Y are smooth sections of (TQ)® N TQ. On the other hand dQ = w A Q.
Therefore
dUX,Y, Z) = w(X)QY, Z) + w(Y)QZ, X) +w(Z)Q(X,Y) = 0.

Thus we obtain Q([X, Y], Z) = 0 for every smooth vector field Z on Q. On the other hand
[X,Y] is a section of TQ, since X,Y are sections of TQ. Therefore [X,Y] is a smooth
section of (TQ)*NTQ. w

4. Reduction of locally conformal symplectic forms. By Frobenius’ theorem and
Proposition 3, (TQ)? N TQ is integrable and defines a foliation F, which is called a
characteristic foliation. Let N = @/F be the quotient space obtained by identification
of all points on a leaf. Assume that N = @/F is a smooth manifold and the canonical
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projection 7 : @ — N = @Q/F is a submersion. If Q is a symplectic form then there exists
a symplectic structure 7 on N such that
(3) ' =0"Q,
where ¢ : @ — M denotes the standard inclusion of @ in M (see [13], [1], [2], [7], [12],
[15], [4] and many others).

In [10] the reduction procedure for locally conformal symplectic manifolds that satis-
fies condition (3) is proposed.

A necessary and sufficient condition for existence of a conformal symplectic form on
the reduced manifold N = @Q/F, which satisfies condition (3), is presented in the following
theorem (see also Section 3 in [10]).

PROPOSITION 4. Let @@ be a submanifold of a locally conformal symplectic structure
(M,Q,w), let v : Q — M denote the standard inclusion of Q in M and let F be the
characteristic foliation of the characteristic distribution TQ® N TQ of constant dimen-
sion. If N = Q/F is a manifold of dimension greater than 2 and the canonical projection
m:Q — N =Q/F is a submersion then there exists a locally conformal symplectic form
7 on N such that 77 = *Q if and only if

(4) Cw(X)=0
for every smooth section X of TQ® N TQ.

Proof. Assume that there exists a locally conformal symplectic form 7 on N such that
w1 = 1*Q. Then
mrdr = dQ = w A Q.
Therefore, for every smooth section X of TQ% NT'Q we have
X|(wA Q) = X|(r"dr) =0,

because 7. (X) = 0. But ¢*Q # 0 and X |/*Q = 0, therefore ¢*w(X) = 0.
Now assume that t*w(X) = 0 for every smooth section X of TQ® NTQ. Then

X|d*Q = X]|(*w A" Q) =0.
Hence
Lx*Q=X|(d*Q)+d(X]|*Q) =0

for every smooth section X of TQ® N T'Q. Therefore Q2 is constant on every leaf of the
characteristic foliation F. Now we define the form 7 by the formula

' = Q.
7 is well-defined, because 7 is a submersion. It is nondegenerate, because the kernel of
1 is TQY NTQ = kern,. From the definition of 7 we obtain

(5) T dr =dQ =oAL =Cw AT
We define « by the formula
™o = w.
« is a well-defined closed 1-form on IV, because 7 is a submersion and w is closed. From
(5) we have dT =aAT. m
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Notice that a generic hypersurface on M does not satisfy assumption (4) (even locally).

ExXAMPLE 1. Let H be a smooth hypersurface on a locally conformal symplectic manifold
(M,Q,w).

By the Darboux theorem the germs at ¢ of (M, 2, w) and H are locally diffeomorphic
to the germs at 0 of (R?", f " | dz; Ady;,df) and {(z,y) € R*™ : 1 = 0}, where f is a
smooth function-germ on R at 0 and dim M = 2n.

Then the characteristic distribution T{(z,y) € R?" : z; = 0}% is spanned by %.
The reduced manifold can be locally identified with {(z,y) € R?" : 7 = y; = 0}.

There exists a locally conformal symplectic structure 7 on the reduced manifold sat-
isfying condition (3) if and only if g—y’jhzlzo} =0.

In the next section we propose a procedure of reduction of locally conformal symplectic
structures and find a sufficient and necessary condition for this reduction to hold in terms
of a cohomology class of the restriction of w to the coisotropic submanifold in the first
cohomology group tangent to its characteristic foliation.

5. Reduction of locally conformal symplectic structures. Let (M, 2, w) be a lo-
cally conformal symplectic manifold. Let ) be submanifold of M, let ¢ : Q — M denote
the standard inclusion of @ in M and let F be the characteristic foliation of the charac-
teristic distribution TQ® N TQ of constant dimension smaller than dim Q.

PROPOSITION 5. If ' is a locally conformal symplectic form conformally equivalent to
Q on Q then the characteristic foliation F' of TQY NTQ coincides with F. If o' is the
Lee form of Q' then [1*w] = [t*w'] in HY(F).

Proof. If Q and Q' are conformally equivalent on (Q then there exists a positive function
f on @ such that

(6) Q= fur.
Thus it is obvious that F = F, since TQY NTQ = ker*Q = keri*Q = TQL N TQ.
Differentiating (6) we obtain

CwA Q= furo  ACQ Hdf A Y
Using (6) again we have

(Fw— 1" —d(n f)) AL Q' =0

Let v be a vector tangent to a foliation. Then

v](w— 1w —d(In f)) AQ = 0.
But ¢*Q # 0 and v]*Q = 0, therefore

Cw() = Fw'(v) — d(In(f))(v) = 0.
This implies that [t*w] = [t*w'] in HY(F). m

Proposition 5 means that the cohomology class [t*w] in H'(F) is an invariant of the
restriction of a locally conformal symplectic structure to Q. In the next theorem we use
this class to state a necessary and sufficient condition for a reduced locally conformal
symplectic structure to exist on a reduced manifold.
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THEOREM 2. Let Q be a submanifold of a locally conformal symplectic manifold (M, Q,w),
let v : Q@ — M denote the standard inclusion of @ in M and let F be the characteristic
foliation of the characteristic distribution TQ® NTQ of constant dimension.

If N = Q/F is a manifold of dimension greater than 2 and the canonical projection
m:Q — N =Q/F is a submersion then there exist a locally conformal symplectic form
7 on N and a smooth positive function f on Q such that
(7) 't = f1'Q
if and only if [*w] =0 € HY(F).

Proof. Assume that there exists a locally conformal symplectic form 7 on NV and a positive
smooth function f on @ such that 7*7 = f1*Q). Then

7dr =df ACQ+ f15dQ = fd(In(f)) + cFw) A Q.
Therefore, for any ¢ € () and any vector v tangent to 7, we have

o) (¢ + d(n(£))) A Q) = v] (”]?) —0,

since m,(v) = 0. But ¢*Q # 0 and v[*Q = 0, therefore
Vw(v) +d(In(f))(v) = 0
for any v tangent to JF,. This implies that [t*w] = 0 € H!(F).
Now assume that [t*w] = 0 € H(F). Then there exists a function g on @ such that
*w(v) = dg(v) for any ¢ € @ and any vector v tangent to F,. Thus

v]d(exp(—g)1™Q) =
exp(—g)(—dg(v) + t*w(v))*Q — exp(—g)(—dg + *w) Av]*Q = 0.
Hence
Lx exp(—g)*Q = X |d(exp(—g)*Q) + d(X | exp(—g)c*Q) =0

for every smooth section X of TQ® N TQ. Therefore exp(—g).*Q is constant on every
leaf of the characteristic foliation F. Now we define the form 7 by the formula

7' = exp(—g)t* Q.
7 is well-defined, because 7 is a submersion. It is nondegenerate, because the kernel of
exp(—g)t*Q is TQ® NTQ = ker . From the definition of 7 we obtain
(8) mrdr = d(exp(—g)*Q) = (*w — dg) Aexp(—g)t*Q = (L'w —dg) AT
We define « by the formula

™o = 1"w — dg.

« is a well-defined closed 1-form on IV, because 7 is a submersion and w is closed. From

(8) we have dr =aAT. m

By Proposition 5 and Theorem 2 it is easy to see that the reduction does not depend
of the choice of a locally conformal symplectic form from the conformal equivalence class.
Two locally conformal symplectic forms conformally equivalent on @ are reduced to the
same locally conformal symplectic structure on a reduced space. Thus Theorem 2 gives
a procedure of reduction of locally conformal symplectic structures.
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Now we show how this procedure of reduction works. Any germ of a coisotropic sub-

manifold can be reduced using the above procedure, since a locally conformal symplectic

manifold is locally equivalent to a symplectic manifold. The obstruction to existence of

a locally conformal structure on the reduced manifold is only global.

COROLLARY 1. Let Q be the germ at q of a coisotropic submanifold of a locally conformal
symplectic manifold (M, Q,w), let v : Q@ — M denote the germ of the inclusion of Q in
M and let F be the characteristic foliation of TQ® NTQ = T Q.

Then there exists a germ of a locally conformal symplectic form T on the germ of the

reduced manifold N = Q/F and a germ of a smooth positive function f on Q such that
71 = f1*Q where m: Q — N = Q/F is the germ of the canonical projection.

References

R. Abraham and J. E. Marsden, Foundations of Mechanics, 2nd ed., Benjamin/Cummings,
Reading, 1978.

V. 1. Arnold, Mathematical Methods in Classical Mechanics, Springer-Verlag, 1978.

A. Banyaga, Some properties of locally conformal symplectic structures, Comment. Math.
Helv. 77 (2002), 383-398.

W. Domitrz and S. Janeczko, Normal forms of symplectic structures on the stratified
spaces, Colloquium Mathematicum 68 (1995), 101-119.

W. Domitrz and S. Janeczko, On Martinet’s singular symplectic structures, in: Singulari-
ties and Differential Equations, Banach Center Publications 33, 1996, 51-59.

W. Domitrz, S. Janeczko and M. Zhitomirskii, Relative Poincaré lemma, contractibility,
quasi-homogeneity and vector fields tangent to a singular variety, Illinois J. Math. 48
(2004), 803-835.

V. Guillemin and S. Sternberg, Symplectic Techniques in Physics, 2nd ed., Cambridge
University Press, Cambridge, 1990.

S. Haller and T. Rybicki, On the group of diffeomorphisms preserving a locally conformal
symplectic structure, Ann. Global. Anal. Geom. 17 (1999), 475-502.

S. Haller and T. Rybicki, Integrability of Poisson algebra on a locally conformal symplectic
structure, Rendiconti del Circolo Matematico di Palermo, Serie II, suppl. 63 (2000), 89-96.
S. Haller and T. Rybicki, Reduction for locally conformal sympletic manifolds, J. Geom.
Phys. 37 (2001), 262-271.

H. C. Lee, A kind of even-dimensional differential geometry and its application to exterior
calculus, Amer. J. Math. 65 (1943), 433-438.

J. E. Marsden and T. Ratiu, Reduction of Poisson manifolds, Lett. Math. Phys. 11 (1986),
161-169.

J. Marsden and A. Weinstein, Reduction of symplectic manifolds with symmetry, Rep.
Mathematical Phys. 5 (1974), 121-130.

D. McDuff and D. Salamon, Introduction to Symplectic Topology, Oxford University Press,
1995.

J.-P. Ortega and T. Ratiu, Momentum Maps and Hamiltonian Reduction, Progress in
Mathematics 222, Birkh&user Boston, Boston, MA, 2004.

I. Vaisman, Cohomology and Differential Forms, Pure and Applied Mathematics, Marcel
Dekker, 1973.



REDUCTIONS OF LOCALLY CONFORMAL SYMPLECTIC STRUCTURES 53

[17] 1. Vaisman, Locally conformal symplectic manifolds, Internat. J. Math. & Math. Sci. 8

(1985), 521-536.

M. P. Wojtkowski and C. Liverani, Conformally symplectic dynamics and symmetry of
the Lyapunov spectrum, Comm. Math. Phys. 194 (1998), 47-60.

18]






