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Abstract. The notion of an implicit Hamiltonian system—an isotropic mapping H : M —

(TM,w) into the tangent bundle endowed with the symplectic structure defined by canonical

morphism between tangent and cotangent bundles of M —is studied. The corank one singularities

of such systems are classified. Their transversality conditions in the 1-jet space of isotropic

mappings are described and the corresponding symplectically invariant algebras of Hamiltonian

generating functions are calculated.

1. Introduction. Let (M,w) be a symplectic manifold. A Hamiltonian system is an
isotropic section F' : M — T M of the tangent bundle T'M endowed with the symplectic
structure defined by the canonical morphism 3 between tangent and cotangent bundles

of M appearing in the commuting diagram (cf. [16])

M —E (TM, &) —2> (T M, d6)

N

We have F*& =0 and F = o F, w = 371(df).
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If we consider F' to be a smooth isotropic regular mapping of another manifold N
(dimN = dim M) into TM then F is a parametrization of a Hamiltonian system in
(TM,&), which in general if F has singularities (cf. [12]) is an implicit Hamiltonian
system (see e.g. [1, 2, 5, 6, 10, 11, 15]). For each isotropic mapping F' there exists at least
locally a generating Hamiltonian function h : N — R such that (8o F')*0 = —dh. In this
paper we study the symplectically invariant algebra of Hamiltonian generating functions
determined by the mapping F or more precisely by its singularity type. In the corank
one singularity case this algebra is defined by the ideal generated by the determinant of
the Jacobi matrix of F. The algebra of generating Hamiltonian functions in the general
corank case singularity of F is calculated and conditions on an isotropic map F ensuring
that the one-jet extension j'F is transversal to the corank one stratum in the isotropic
1-jet space of mappings are derived. These conditions are obtained if, first, F' has corank
one singularity and then corank k singularity with £ > 2.

2. Isotropic mappings. Let (R?",w) be a Euclidean symplectic space, w = Yoy dyi A
dz; in canonical Darboux coordinates (x,y) = (Z1,.. ., Tn, Y1, - Yn)-

Let 6 be the Liouville 1-form on the cotangent bundle T*R?". Then d# is the standard
symplectic structure on T*R?". Let 3 : TR?® — T*R?" be the canonical bundle map
defined by w,

B:TR* 3 v wlv, ) € T*R*™.

Then we can define the canonical symplectic structure & on TR?",

n

@ =0 = d(5°0) = > _(diji Ada; — di; A dys),

i=1
where (z,y,2,y) are local coordinates on TR?" and 3*0 = > (y;dx; — @;dy;).
Throughout the paper if not otherwise stated all objects are germs at 0 of smooth

functions, mappings, forms etc. or their representatives on an open neighbourhood of 0
in R2",
DEFINITION 2.1. Let F : (R?" 0) — TR?" be a smooth map-germ. We say that F is
isotropic if F*w = 0.
PROPOSITION 2.2. A smooth map-germ F : (R*,0) — TR2" is isotropic if and only if
there exists a smooth function-germ h : (R*",0) — R such that

(Bo F)*0 = —dh. (2.1)

For each smooth isotropic map-germ F such a function-germ h is unique up to an additive
constant.

Proof. We assume that F : (R?>" 0) — TR2?" is isotropic, then the differential of the
1-form (B30 F)*6 defined on some contractible open neighbourhood U C R?" of () vanishes,

d(Bo F)*0 = F*3*d0 = F*i = 0.

Thus (8o F)*0 is a closed 1-form on U. By the Poincaré Lemma, there exists a smooth
function h : R?™ D> U — R such that (8o F)*@ = —dh. For each smooth isotropic map-
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germ F : (R?" 0) — TR?" there exists a unique (up to an additive constant) smooth
function-germ h : (R?",0) — R such that (2.1) is fulfilled. m

Let (u,v) = (u1,...,Upn,v1,...,v,) denote coordinates of the source space U C R?".
In local coordinates we define F' = (f,g,f,q) : R DU — TR*", and F = no F =
(f,g9) : R?™ D U — R?", where 7 denotes the canonical projection 7 : TR?" — R?". By

B of  of
J(F>=<2;; 3;)

we denote the Jacobi matrix of F, i.e. the matrix of the tangent map dF, and by I,, the
unit matrix of dimension n.

LEMMA 2.3. A smooth map-germ F : (R?",0) — TR?" is isotropic if and only if there
exists a smooth function-germ h : (R?",0) — R such that

oh of of Of _ '
<§z>=<2: 2;)(? o) (1) (2.2
v u v " g
Proof. Equivalence of (2. 1) and (2 2) can be verified by comparing (5 o F)*G(a%i) and

(8o F) (= -) with dh(z> -) = T and dh(z> -) = g—Z respectively. For we get

e () =ros( ) = (S ) ()
:égjdwj_fjdyj)(w( V) o3 (2 )

j=1

and in the same way

N (0f; . 0Og; .
verro() -5 (S~ 32)

In general F' can be regarded as a vector field along F, i.e. a section of the induced
fiber bundle F*TR2?". By & (Epan-respectively) we denote the R- algebra of smooth
function germs at 0 on U C R?" (and on "the target space" R?" respectively). From
Proposition 2.2, for each isotropic map-germ F along F' there exists a unique h belonging
to the maximal ideal my of &, which we call a generating function-germ for F.

Let F : (U,0) — TR?" and G : (U,0) — TR?" be two isotropic map-germs along
F : (U,0) — R?> and G : (U,0) — R2" respectively. Now we introduce the natural
equivalence groups acting on isotropic mappings through a natural lifting of diffeomorphic
or symplectomorphic equivalences of F' and G (cf. [8, 9]).

DEFINITION 2.4. 1. Let F : (U,0) — TR?" and G : (U, 0) — TR?" be two isotropic map-
germs. We say that F' and G are Lagrangian equivalent if there exist a diffeomorphism-
germ ¢ : (U,0) — (U,0), and a symplectomorphism-germ ¥ : (TR?",0) — (TR?",0),
U*w = w, preserving the fibering 7 such that G = Vo F o .
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2. Let F : (U,0) — TR?" and G : (U,0) — TR?" be two isotropic map-germs along
F : (U,0) — R> and G : (U,0) — R2" respectively. We say that F and G are L-
symplectic equivalent if there exist a diffeomorphism-germ ¢ : (U,0) — (U,0), and a
symplectomorphism-germ ¥ : (TR?",0) — (TR?",0), U*& = W, preserving the fibering
7 and a symplectomorphism-germ @ : (R?",0) — (R?",0), ®*w = w, 1o ¥ = ® o7, such
that G = Wo F oy and G = ® o F o . In this case we call F and G symplectomorphic
or symplectically equivalent.

To F' we associate the symplectically invariant algebra Rz of all generating function-
germs (cf. [8]),

Rp = {h € &y : h generates an isotropic map-germ along F'}
= {h €&y :dh € 5Ud(F*gR2n)}.

It is easy to check that if F' has a maximal rank then Ry = &y. The aim of this
section is to study the case when F has no maximal rank and establish the structure
of RF’

Now we assume that F' is a corank one map-germ at 0 € U. Let e € ToU span the
kernel of the Jacobi matrix J(F) at zero. By Ay we denote the determinant of J(F) and
by 0. the derivation in e-direction.

THEOREM 2.5. Let F : (R?",0) — TR?" be a smooth map-germ such that F has corank
one singularity at 0.

1. If F is isotropic then there exists a unique generating function-germ h : (R*" 0) —
R, h(0) = 0 such that O.h € (Ap), where (Ap) is the ideal generated by Ap
in Egzn.

2. Conversely, for every smooth function-germ h : (R®* 0) — R such that 0.h € (Afp)
there is a unique isotropic map-germ F : (R®" 0) — TR?" such that F = wo F and
(Bo F)*0 = —dh.

Proof. Since we have assumed that the corank of F' = (f, g) : (U,0) — R?" is one at the
origin, we can choose coordinates in U such that

filu,v) =u;, i=1,...,n,

gilu,v) =v;, i=1,...,n—1, (2.3)
99y
—(0,0)=0
811"( 0) ’
and e = %. Then
I, O 0
J(F) = O I, 0
9gn 9gn 9gn
ou ov Vo,

where v = (v1,...,Vn-1).
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Since f, ¢ in the equation (2.2) are smooth, we can write equivalently

_ n u v U
; - _ O 0 oh
9 L O Ju 9 e

o I I, 0 -%/Ag oh

_ n \ ou

- ( -1, O ) O It —32/Ap ( oh )
0 0 /A7

ov

S — B Ap
- O In Oh _ Ogn Oh A = (2 4)
“\ L. O ov o v, | TF : )
n Oh JA
vy, | —F
Thus in order that the right hand side of (2.4) should be smooth we get
Ooh
A= 2.5
67}n € < F> ( )

so we proved item 1. If we have h which fulfills the condition (2.5) then by the formula

; ./ Of 9f \ '/ oh

A dg B Oh

9 In 0 B_Z B—Z ov
we construct F' in a unique way. m

COROLLARY 2.6. The algebra Rg of all generating function-germs (which is also an
Egan-module) for a smooth map F of corank one, at the origin, is given by

RF‘ = {h €&y :0.h € <AF>}

If F: (U,0) — (R?",0) is a corank 1 C* stable map-germ, then by B. Morin’s
classification theorem [14] F is diffeomorphic to one of the following so-called A type
singularities, 0 < k < 2n:

k—1
k+1 k—i
(Ugy ..., u2p) — (ul, e Ugp—1, Uy F E uiuznz) (2.6)
i=1

We call a C* stable map-germ diffeomorphic to the normal form of Ay type singularity
also an Ay type singularity. In this note, we classify corank 1 C'*° stable map-germs
F : (U,0) — (R?",0) under the symplectomorphic equivalence.

THEOREM 2.7. Let F : (U,0) — (R?",0) be an Ay type singularity. Then F is symplec-
tomorphic to the following map-germ:

k-1
w=(Uy,...,up) — (ul, e, UDp—1, ugil + Z ai(u)uggl), (2.7)
i=1
where ay(u),...,ax—1(uw) are smooth function-germs such that day,...,dag—1 and dus,

are linearly independent at the origin.

Proof. Let F : (U,0) — (R?",0) be an A;, type singularity. Let (wy,. .., ws,) denote the
standard coordinates in U. Then there exist diffeomorphism-germs ¢ = (¢1,...,day) :
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(U,0) — (U,0) and 9 = (21,...,19,) : (R?*,0) — (R?",0) such that
Y0 Fod(wy,... wep) = w;, 1=1,2,...,2n — 1,

Pon 0 Fog(wr, ..., wap,) —wgrfl—i—Zwlw% . (2.8)

Since di)s,, does not vanish at the origin, there exists a symplectic coordinate system
(901’ sy Pon = 1/)271) with g, = 1bay. Set

:(piOFO¢(’w17...7w2n)7 2'21,27...,2’)1—1,
U2n = W2np. (29)

Note that the map-germ ® = ((p1,...,¢2,) : (R*",0) — (R?",0) is a symplectomor-
phism.

Now we show that (ui,...,us,) is a new coordinate system in (U,0). In fact for
functions a4, ..., ar and variables wy, ..., w,,, let us denote the Jacobian matrix at the
origin of aj, ..., ax with respect to wq,...,w,, by

J(al,...,ak ) (0).

Wiyeeoy W

Then, since both of ¥ = (¢1,...,%9,) and (¢1,...,p2,) are local coordinate systems in
the target space, we have

rankJ(splo O¢a y P2n © O¢> (0)

Wi, ..., Wan-1

1/110F0¢7-~-a¢2n013‘°¢) (0) =2n — 1.

Wi,y ..., Wonp—1

= rank J(

Since @9, = 19, and since

J<W> (0):J<W> (0) = (0,...,0),

Wi, ..., W2n—1 Wi, ..., Wan—1
we have
ULy, U2n—1
rank J (#> (0)
Wi, ..., W2n—1
proFop,...,pam_10F 0@
:rankJ< e (0) =2n—1.
Wi, ... Wap—1
Thus (ug,...,Usn—1, U2, = Way) is a coordinate system.

Now, from (2.8) and (2.9), we have
p;oFo¢=uy, i=1,2,...,2n—17
. (2.10)
pan 0 Fo¢=us'! +sz“2n :
Setting a;(u) = w;, we obtain (2.7). This completes the proof of Theorem 2.7. m

COROLLARY 2.8 (Symplectomorphic normal form of folds). Let F : (U,0) — (R®",0) be
a fold singularity, i.e. an Ay type singularity. Then F is symplectomorphic to the normal
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form of the fold:
(ul,...,ugn) = (u17...7u2n,1,u§n). (211)
Thus the fold type singularities have only one symplectomorphic type.

For F = (f,g) with corank.J(F)(0,0) = k > 2 we get that F' can be reduced by
symplectomorphic equivalence to the form

filu,v) = uy, 1=1,....,n—ky,
gi(u,v):vi, izl,...,n—kg, k1+1€2:]€,k12]€2,
dfi .
0,0) =0 -k < <
auj(?) ) n 1 L]=n,
0fi
f(0,0)zO, n—k <i<nn—ky<j<mn, (2.12)
6vj
9gi
%(0,0) = 0, n—ky<i<nn—k <j<n,
8uj
9gi .
agj(oﬂo)zoa n_k2<27,7§na

i.e. up to a smooth coordinate change in U and a symplectomorphic coordinate transfor-
mation of (R?" w).

Below we will consider the special but representative case when F can be reduced by
symplectomorphic equivalence to the form

filu,v) = uy, 1=1,...,n,
gi(u,v) = v;, 1=1,....,n—k, (2.13)
9gi .
aij(0,0)zO, n—k<ij<n.
with k2 < 2n. The corresponding Jacobi matrix of F' can be written in the form
of  of I, O O
ou 5]
o= 9 Lnw O |, (2.14)
du v 9gi dg; dg;
Ouj vy OV
n—k<i<n1<j3<n,
1</<n—k<m<n.
and in blocks
of  of 1, O O
( o o ) = 0 L., O |. (2.15)
ou  Ov C Dy D,

In this case we can prove a more general version of Theorem 2.5.

THEOREM 2.9. Let F = (f,g,f,9) : (R*,0) — TR?" be a smooth map-germ such that
corankJ(F)(0,0) = k > 2 and F has the form (2.13). Then F is isotropic if and only if
there exists a smooth function h on U such that

oh t of of ¢
<§>=(§_Z ?g)(? é”)(f) (2.16)
v . dv n g
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which is equivalent to the condition that the component functions of the k-vector given by

“on oh
OVUn k41 ~ OVn k41
: =D, : (2.17)
oh Oh
GION Ov,
belong to (det J(f,9)) = (Ap),
oh .
0. € (detDy) = (detJ(f, g)) = (Ag), n—k<i<n, (2.18)

where Dy is the cofactor matriz of Ds.

Proof. By matrix calculations we have

. I
f o 5\ ¢ © gh
. = 7 0 0 I g 0 dh
g " C D1 D2 v
O(nfk)xn Iy _tDl thl dh
— Oixn  Okx(n—p) tDyt ou (2.19)
—1I, Onx(nfk) e thl g
Thus we have
; dh dh
f1 dvy OV k41
: = : ~' D, 'D;* : : (2.20)
; dh
f’ﬂ*k B’L)nfk (’?Thv;
. oh
fn7k+1 OV — 1
: = Dyt : , (2.21)
f o
. oh oh
91 Our OVp kg1
=— : +t 0Dyt ; : (2.22)
. dh o)
In D, W};

Since the map ( f ,g) is smooth, all the functions on the right-hand side must be smooth,
which holds if and only if

Oh t agn—k+1 .. 6gn7k+1 -1 Oh
OV — k41 T v, OV kg1
ty—1 . . .
D2 : = 3 . - 6 . : (2.23)
dh S 9dn dh
Do, Ovn k1 Ovn, v,

is smooth.
For a square matrix A of size k, let A denote the cofactor matrix of A, i.e. the matrix
whose (4, ) entry is the cofactor of the (j,¢) entry of A. Then we have

AA = AA = detA I,.
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Then the formula (2.23) is equal to

oh
OV — k1
1 -
tD
detD2 :
Oh
Ovy,
Let us denote the i —n+ k-th component of D t(#hk“, e 66711) by g—:i (forn—k+1 <
i <n),
oh “on_
_ OVp— k1 OVp— k41
"Dy : = :
oh T
Ovnp v,
Thus the right-hand side of (2.19), as a result of (2.20)—(2.22), is smooth if and only if
oh
g € (detDs) = (detJ(f, g)) = (AR), n—k<i<n. m (2.24)
Vi

3. Transversality of isotropic mappings. We find a condition on an isotropic map-
germ F ensuring that j!F is transversal to the corank 1 stratum in the isotropic 1-jet
space of mappings when F has corank 1 at the origin. The case of corank k singularity
of F when k > 2 will also be considered. But the case k = 2 we leave to the forthcoming
paper.

Let us identify the space of 1-jets J(R?", TR?") with R?" x TR?" x M (4n, 2n), where
M (4n,2n) is the set of 4n x 2n matrices,

Jl (IRQTL7 TRQW,) — RQTL X TRQn X M(4n, 2n) — RQTL X TR2n X RQTLX‘UL.

Let (a,b,¢,d) = (a1, ,an,b1,...,bp,C1,...,¢pn,d1,...,dy) denote the canonical co-
ordinates of R*" = TR?" endowed with the symplectic structure

& =Y (dd; A da; — de; A db;).
i=1
Let A = t(aij,bij,cij,dij) S M(4n,2n), 1 < 7 < Tl,l < j < 2n and t(aj,bj,cj,dj)
denotes the j-th column of A, 1 < j < 2n. Then
A s isotropic if  W(*(a;, bi, e, di))! (aj,b),¢j,d;)) =0,

for all 1 <i,j < 2n, where

n

w(*(ai bi,ci,d;),! (aj,bj,¢j,d;)) == E ((arjdri — aridr;) — (brjcki — brick;)).
k=1
We define the subsets

I=1I(4n,2n) ={A € M(4n,2n) : A is isotropic},
I, = I (4n,2n) = {A € I(4n, 2n) : corankA = k}.
By I, we denote the topological closure of I,

I, =1, Ul U---Uly,.
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I(4n,2n) has singularities along I and I(4n,2n) — I is a codimension n(2n — 1) smooth
submanifold of M (2n,4n). Let J}(R?", TR?") denote the space of 1-jets of isotropic maps
with corank at most 1, i.e.

JH(R?™ TR?™) = R*™ x TR*" x (I(4n,2n) — I).

Let F : R?® 5 U — TR?" be a smooth isotropic map such that F and F = 7o F
have a corank 1 singularity at (0,0) € R?" and F has the form (2.3) in local coordinates
(u,v). Consider the 1-jet extension j'F : U — J}(R?", TR?*") given by j'F(u,v) =
(u,v, F(u,v), J(F)(u,v)). Thus, j1F is transversal to the corank 1 stratum R?" x TR?" x
I, if and only if J(F) : U — I(4n,2n) — I is transversal to I;. Now we seek a genericity
condition for F' in order that J(F') be transversal to I.

If F is isotropic, then by Theorem 2.5 for its generating function h we have

%(u,v) = a(u,v)Ap (3.1)

for some smooth function a(u,v).

PROPOSITION 3.1. The corank of J(F)(u,v) is 1 if and only if

Ap(u,v) =0 and %(u,v) =0.
Proof. For the purpose of this proof we use the notation (ws,...,wa,) = (u1,...,un,
V1,...,vp). Since the corank of J(F)(0,0) is 1, corankJ(F)(u,v) < 1. Thus in order that
corankJ (F')(u,v) = 1, it is necessary that Az(u,v) = 0. So, under the assumption that
Az (u,v) =0, we prove that the corank of J(F')(u,v) is one if and only if a(zgn (u,v) =0.
If corankJ (F')(u,v) = 1 then we have
0= On (u,v) = da (u,v).

- 8w2n

o a’wgn

Thus we have 822,, (u,v) =0.

Now suppose that 8’2)02‘ (u,v) = 0. From (3.1) we can write

ofi . Ph gy Ogn Do
8’U}j o 8wn+i8wj 8wn+i8wj 8wn+i awj’
Ofn  Oa

09; 0%h g, dg, O«

- — ) =1,...,2n.
8wj 811)1811)] * 8wi8wja 811)1 awj7 J y , 4l

Thus the j-th column a; of the jacobian matrix J(F') for j < 2n can be written in the

form

Ogn 0%h 0%g, dg, O«

%j’ Y 8wn+i8wj B awnﬂ-@wj ar 8wn+i 6—1113-’

LD Ch_ | Pon ag"a—o‘,...> (3.3)
ow; ow;0w;  Ow;0w; ow; Ow;

a; = (0,...,1,0,...,0,
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And the 2n-th column is

Ay, = t(O,...,O,...,O,AF,..., h g, g Do :
OWp i OWay,  OWpy;Oway, Wy 1; Oway,
O Oh O gn Ogn _Oa ) (3.4)
T Owsey, T Ow;Owse,  Ow;0way, ow; Owsyy,” ) N
Since F is isotropic, for j < n, we have
0=w(aj,as)
_ 0%h B 0%g, _ 0gn O +%67ai&aia
Oow;0wz,  Ow;0wsay, ow; Oway,  Owj Owap Fawj
9%h 8%gn, da
- Ow;0way, B 8wj8w2na B Fa—wj’
and
0= w(anyj,am)
B 9%h B 0%gn, _ 9gn Oa N Ogn  da da
B OWn 1 jOWan,  OWng 0wy, OWntj OWay,  OWnyj Oway Fawn+j
0%h 0%gn, (oo’

= — a—Ap—.
8wn+j 6w2n 6wn+j 8w2n F 8wn+j
Thus in both cases, we have
0%h 0%g, oo

= - —Ap——o.
8’U}j 611)2" 8wj 8’[1)2” @ F 811)]'

0= u'}(aj, agn)

Since Ap(u,v) =0, we have

2 2
Th () 2

(u,v)a(u,v) = 0.

8wn+j8w2n B 8wn+j8w2n
Now, since we assumed that ai‘;n (u,v) =0, from (3.2) and (3.4), for all i, we have
of; _ 9gi _
Do (u,v) =0, Do (u,v) =0.

Thus J(F')(u,v) has corank 1. m

We can write

(jF)l(Il){(u,v)eU:AF(u,v)O and — (u,v)O}

W2n
and by Proposition 3.1 we have
PROPOSITION 3.2. Let F : (U,0) — TR?" be an isotropic map-germ generated by a

smooth function-germ h satisfying (3.1) such that corank of JF(0,0) is equal to 1. Then
GLF : (U,0) — I(4n,2n) is transversal to I; at (0,0) if and only if

O
kJ|{ Am,— ](0,0) = 2.
ran < o 8vn>( )

Now we compare a generic property of a smooth Lagrangian submanifold L ¢ TR?"
generated by a versal Morse family germ with a corresponding one obtained for an
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isotropic mapping F. Let m|; : L — R?" denote the restriction of 7 : TR?*" — R2"
to L and

Yi(w|z) = {p € L : corankd(r|), = i}
It is well known that

1) the codimension of ¥!(r|z) in L is 1 and
2) the codimension of Xi(rx|z) in L is i(i +1)/2 > 3 if i > 2.

On the other hand for a map-germ F : (U,0) — R?" such that j'F is transversal
to the corank k stratum in the jet space for all £k = 0,...,2n we have a corresponding

property,

1) the codimension of ¥'(F) in U is 1 and
2) the codimension of X4(F) in U is 12 > 4 if i > 2.

Let us denote
YFR*™ R?) = {0 € JHR?",R*") : coranko = k}.
Then we have

LEMMA 3.3. Let L C TR?" be a Lagrangian submanifold. Let p € L and suppose that
the corank of the differential d(r|L), : T,L — TrR*™ is k > 2. Then j*(n|y) : L —
JY(L,R?™) is not transversal to Ek(L,RQ") c JYL,R?*™) at p.

And using Lemma 3.3 we get

THEOREM 3.4. Suppose that n > 2 and k > 2. Let F : (U,0) — R* be a smooth
map-germ such that j1F(0,0) € X* and that j'F is transversal to X¥(R?" R?"). Let
F : (U,0) — TR?" be a corank 1 isotropic map-germ along F. Then F is neither a
Lagrangian immersion nor a Lagrangian stable isotropic map-germ.

In [8] G. Ishikawa classified Lagrangian stable isotropic map-germs of corank 1 and
named them open Whitney umbrellas (cf. [7, 12]). In our context, his theorem can be
stated as follows.

THEOREM 3.5 (Ishikawa [8]). Let F : (U,0) — TR?" be a Lagrangian stable isotropic
map-germ of corank 1. Then F is Lagrangian equivalent to one of the following normal
Jorms Fonx = (f.9. f.3) : (U,0) — TR2" defined by

filu,v) = uy = wy,
gl(u ’U) Vi = Wn+i, izla"'an_lv
,Uk+1 ,kal
( 51)) (k/’—’—l) +u1(k 1)' +"'+uk,—1vn7

k

. Upy
g’n(u; 'U) - wkﬁ +-- W2k —1Un,
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f-,(u V) = —1 wlg:i+1 + wlw];:—i_l R wk—lw;tl
I (k+i+ 1Dkl (k+i—1)(k—2)! i+1
fori with k <n+i<2k-—1,

T

fi(u,v) =0 for i with 2k < n + 1,
1 2k—i 2k—i—1

Gi(u,v) = . wk@zn + wkﬁjlw2n

(k=i Qk—=9)(k-1)!  (2k—i-1)(k—2)!

k—i+1
W2k —1Woy,, .
ooy Woko1Won <k-1

1 k+it1 k+i—1 it
gi(u,v) = — Yon + 1%2n g Dh1%n

d N\ (k+i+ DR (k+i—1)(k—2)! i+1

fork <i<2k—1,
gi(u,v) =0 for i > 2k,
where (Wi, ..., Wap) = (U1, ..., Up, V1y. .y V).

Proof of Theorem 3.4. First we show that if j1F(0,0) € X% and j1F : U — J*(R?",R?")
is transversal to ¥ at the origin (0,0) € R?® and F : (U,0) — TR?" is an isotropic map-
germ such that o F' = F, then the origin (0, 0) is a singular point of F. Indeed, suppose
that the origin (0,0) is a regular point of F. Then F : (U,0) — TR?" is a Lagrangian
immersion-germ, choosing U small enough if necessary. Set L = F(U). Then L is a
Lagrangian submanifold of TR2?". We see that 7o F' = F and j!(r|.) : L — JY(L,R?*")
is transversal to ¥* C JY(L,R?") at F(0,0) if and only if j1F : U — JY(U,R?") is
transversal to X¥ C JY(U,R?") at (0,0). But from Lemma 3.3 we know that j!(r|) :
L — JYL,R?") is never transversal to ¥* < JY(L,R??) at F(0,0). So we have got
a contradiction, thus the origin is a singular point of F' and F is not a Lagrangian
immersion.

The fact that F' is not a Lagrangian stable isotropic map-germ of corank 1 can be
seen as follows. For some symplectomorphism ¥ : TR2? — TR?", the composed map
moWo Fy,, of m, ¥ and an open Whitney umbrella F5, ;, may have corank k singular
points. However, from Ishikawa’s normal forms, it is easy to see that for none of them,
jim o W o Fy,, is transversal to X*(R?" R?*"). Therefore the isotropic map-germ F in
question is not symplectomorphic to any of Ishikawa’s normal forms Fs, , and F' is not
Lagrangian stable. m

REMARK 3.6. For k = 1, if the corank of the differential d(r|L), : TpL — Tr(,)R*™ at
p € Lis 1 and L is generated by a versal Morse family, then j!(nx|.) : L — JY(L,R*") is
transversal to X! C J*(L,R?") at p.

Now we find the condition for transversality to the corank 1 stratum of isotropic maps
with corank of J(F') greater than or equal to 2.

As in Section 2, we consider an isotropic map-germ F' = (f, g, f',g) : (U,0) — TR?*"
with corankJ(F)(0,0) = k > 2 with F' = (f,g) of the form (2.12)—(2.15). Let h be a
generating function of F, i.e. it satisfies (2.16). Let
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%E(detD2>:<detJ(f,g)>:(Ap), n—k<i<n,

U

be the functions given by (2.17). Since (f,g) is given by (2.20)-(2.22), j'F meets the
codiml stratum if and only if

8(%7...,6\? ,gTh,,..., avah 7%/8vn,k+1,...,5ﬁ/8vn)
rank L n nok =k—1. (3.5)
a(vnfk+l7"'7vn)

Thus we have

THEOREM 3.7. Let F, h,é?z/@vi,n —k <1< n be as above:

— . -1
Oh : f o L% % o
8—WE<AF>,n—k<z§n and (g'):<—fn O) (gg % & .

du  Jv v
1) The corank of j1F at (0,0) is 1 if and only if

9%h L. 9%h
6u13vn,k+1 Bulavn
I o 9°h
OUp OV — k41 Oup Ovy,

9%h . 9%h
V10V, 41 Ov10vy,

rank (0,0) =k — 1. (3.6)
% _9h
OV 1 0Vn k41 OV Oy
92h o 9%h
OV — 410V — k41 OVp—k4+10Vn
__®h . _?h_
0V Oy 41 Ovy, Ovy,

2) The jet extension j'F : U — J}H(R?™, TR?") is transversal to the corank 1 stratum
if and only if

rankJ(k x k minors of the matriz (3.6)) = 2, (3.7)
where J(k x k minors of the matriz(3.6)) is the Jacobian matriz at (0,0) of the k x k
minors of the matriz (3.6) with respect to the variables wy, ..., Uy, v1,...,Vp.

Proof. 1) follows from (3.5). 2) is also straightforward by the fact that the corank 1
stratum is defined by the minors of the matrix (3.6) and the codimension of the corank
1 stratum is 2. =

References

[1] J. Basto-Goncalves, Implicit Hamiltonian equations, Mat. Contemp. 12 (1997), 123-137.

[2] P. A.M. Dirac, Generalized Hamiltonian Dynamics, Canadian J. Math. 2 (1950), 129-148.

[3] I Ekeland and H. Hofer, Symplectic topology and Hamiltonian dynamics, Math. Zeitschrift
200 (1989), 355-378.

[4] T. Fukuda, Local topological properties of differentiable mappings I, Invent. Math. 65
(1981), 227-250.



[5]
[6]

7]
8]
9]

[10]

11]

12]

[13]
[14]

[15]

[16]

SINGULARITIES OF HAMILTONIAN MAPPINGS 69

T. Fukuda and S. Janeczko, Singularities of implicit differential systems and their inte-
grability, Banach Center Publications 65 (2004), 23-47.

T. Fukuda and S. Janeczko, Global properties of integrable implicit Hamiltonian systems,
in: Proc. of the 2005 Marseille Singularity Theory School and Conference, World Scientific,
2007, 593—-611.

A. B. Givental, Lagrangian embeddings of surfaces and unfolded Whitney umbrella, Funk-
tsional. Anal. i Prilozhen. 20 (1986), 35-41 (in Russian).

G. Ishikawa, Symplectic and Lagrange stabilities of open Whitney umbrellas, Invent. Math.
126, (1996), 215-234.

G. Ishikawa, Determinacy, transversality and Lagrange stability, Banach Center Publ. 50
(1999), 123-135.

S. Janeczko, On implicit Lagrangian differential systems, Annales Polonici Mathematici
74 (2000), 133-141.

S. Janeczko and F. Pelletier, Singularities of implicit differential systems and Mazximum
Principle, Banach Center Publ. 62 (2004), 117-132.

J. Martinet, Singularities of Smooth Functions and Maps, Cambridge Univ. Press, Cam-
bridge, 1982.

J. N. Mather, Solutions of generic linear equations, in: Dynamical Systems, 1972, 185-193.
B. Morin, Formes canoniques des singularités d’une application différentiable, Comptes
Rendus de I’Académie des Sciences 260 (1965), 56625665, 6503—6506.

R. Thom, Sur les équations différentielles multiformes et leurs intégrales singuliéres, Col-
loque E. Cartan, Paris, 1971.

A. Weinstein, Lectures on Symplectic Manifolds, CBMS Regional Conf. Ser. in Math. 29,
AMS, Providence, RI, 1977.






