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Abstract. We give a necessary and sufficient condition for a Codazzi structure to be realized
as a minimal affine hypersurface or a minimal centroaffine immersion of codimension two.

Let M be a simply-connected, oriented C∞-manifold of dimension n ≥ 2. A pair
(∇, h) of a torsion-free affine connection and a semi-Riemannian metric on M is called
a Codazzi structure if the (0, 3)-tensor field ∇h is symmetric. It can be observed that
Codazzi structures play important roles in information geometry (e.g. [1]). In fact, they
are often called statistical structures.

Let R∇ be the curvature tensor field of ∇:

R∇(X,Y )Z := ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z,

and Ric∇ the Ricci curvature tensor field of ∇:

Ric∇(Y, Z) := tr{X 7→ R∇(X,Y )Z}.
It should be remarked that the scalar curvature is a primary invariant for a Codazzi
structure:

Scal(∇,h) := trh{(X,Y ) 7→ Ric∇(X,Y )}.
We briefly review affine immersion theory to fix the notation. Let Rn+1 be the (n+1)-

dimensional affine space equipped with the standard affine connection D and the standard
volume form Det.

Let f : M → Rn+1 be an affine immersion with Blaschke normal vector field ξ. By
definition, the following hold: (1) At each point x of M , the tangent space Tf(x)Rn+1 is
decomposed as Tf(x)Rn+1 = f∗TxM ⊕Rξx. For any vector fields X,Y, Yj on M , we write

DXf∗Y = f∗∇XY + h(X,Y )ξ, DXξ = −f∗SX + τ(X)ξ,
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θ(Y1, . . . , Yn) := Det(f∗Y1, . . . , f∗Yn, ξ),

defining ∇, h, S, τ and θ. (2) h gives rise to a semi-Riemannian metric on M . (3) ∇θ = 0.
(4) θ coincides with the volume form Volh determined by h, and is compatible with the
orientation of M .

By the Codazzi equation, the pair (∇, h) gives rise to a Codazzi structure on M that
is said to be induced by f .

An affine immersion f : M → Rn+1 is said to be minimal if the affine mean curvature
H := 1/n trS vanishes identically. A minimal affine immersion is characterized as a
critical point of a variational problem for the volume with respect to θ.

Theorem 1. Let M be a simply-connected, oriented C∞-manifold of dimension n,
and (∇, h) a Codazzi structure on M . A necessary and sufficient condition for (∇, h) to
be induced by a minimal affine immersion of M into Rn+1 is the following:

1. ∇Volh = 0.
2. (∇, h) is dual-projectively flat.
3. The scalar curvature of (∇, h) identically vanishes.

The second condition means that the dual connection ∇ of ∇ with respect to h is
projectively flat, which is equivalent to trh{(Y, Z) 7→ (∇Y Ric∇)(Z,X)} = 0 for any
X ∈ TxM in the case that dimM = 2.

Theorem 1 directly follows from the generalized Radon theorem ([2], [4]). We should
only remark that the Gauss equation: R∇(X,Y )Z = h(Y, Z)SX − h(X,Z)SY , implies
Scal(∇,h) = 2H.

Returning to a review of affine immersion theory, we introduce centroaffine immersions
of codimension two in the manner of [7]. Let f : M → Rn+2 be a centroaffine immersion
with Blaschke normal vector field ξ. By definition, the following hold: (1) At each point x
of M , the tangent space Tf(x)Rn+2 is decomposed as Tf(x)Rn+2 = f∗TxM⊕Rξx⊕Rf(x).
For any vector fields X,Y, Yj on M , we write

DXf∗Y = f∗∇XY + h(X,Y )ξ + T (X,Y )f, DXξ = −f∗SX + τ(X)ξ + P (X)f,

θ(Y1, . . . , Yn) := Det(f∗Y1, . . . , f∗Yn, ξ, f),

defining ∇, h, T , S, τ , P and θ. (2) h gives rise to a semi-Riemannian metric on M . (3)
∇θ = 0. (4) θ coincides with the volume form Volh determined by h, and is compatible
with the orientation of M . (5) trh{(X,Y ) 7→ T (X,Y ) + h(SX, Y )} = 0.

In the same fashion, a centroaffine immersion f : M → Rn+2 is said to be minimal
if the affine mean curvature H := 1/n trS vanishes identically. A minimal centroaffine
immersion is also characterized as a critical point of a certain variational problem ([3]).

Theorem 2. Let M be a simply-connected, oriented C∞-manifold of dimension n,
and (∇, h) a Codazzi structure on M . A necessary and sufficient condition for (∇, h) to
be induced by a minimal centroaffine immersion of M into Rn+2 is the following:

1. ∇Volh = 0.
2. (∇, h) is conformally-projectively flat.
3. The scalar curvature of (∇, h) identically vanishes.
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The second condition means that there exist two functions φ and ψ on M such that
the pair (∇̃, h̃), defined by ∇̃XY := ∇XY + dφ(Y )X + dφ(X)Y − h(X,Y ) gradh ψ and
h̃ := eφ+ψh, gives rise to a flat Codazzi structure. In the case that dimM ≥ 4, it
is equivalent to the condition that the conformal-projective curvature tensor of (∇, h),
given by

WK(∇,h)(X,Y )Z := R∇(X,Y )Z − {n(n− 1)}−1 Scal(∇,h){h(Y, Z)X − h(X,Z)Y }
− {n(n− 2)}−1

· [h(Y, Z){Ric(∇,h)(X) + (n− 1) Ric(∇,h)(X)− Scal(∇,h)X}
− h(X,Z){Ric(∇,h)(Y ) + (n− 1) Ric(∇,h)(Y )− Scal(∇,h) Y }
+ {(n− 1) Ric∇(Y, Z) + Ric∇(Y, Z)− Scal(∇,h) h(Y, Z)}X
− {(n− 1) Ric∇(X,Z) + Ric∇(X,Z)− Scal(∇,h) h(X,Z)}Y ],

vanishes identically, where Ric(∇,h) is the (1, 1)-tensor field defined by h(Ric(∇,h)(X), Y )
= Ric∇(X,Y ).

Theorem 2 follows from the Matsuzoe-Kurose theorem ([6] and [5]), which is the
counterpart of the generalized Radon theorem in the theory of centroaffine immersions
of codimension two. We should only remark that the Gauss equation: R∇(X,Y )Z =
h(Y, Z)SX−h(X,Z)SY −T (Y, Z)X+T (X,Z)Y , together with the normalizing condition
(5) implies Scal(∇,h) = 2n(n− 1)H.

In a sense, we have given an intrinsic characterization for minimal affine immersions.
This problem was pointed out by Opozda at the problem session of the conference at the
Banach Center in 2000. The author wishes to express his gratitude to Professors Udo
Simon and Barbara Opozda for organizing such an instructive and exciting meeting. The
following problem is still open:

Problem 1. Give a necessary and sufficient condition for an equiaffine structure
(∇, θ) to be realized as minimal affine immersions.
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