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Abstract. We give some optimal estimates of the height, curvature and volume of compact

hypersurfaces in R" 11

with constant curvature bounding a planar closed (n — 1)-submanifold.

1. Introduction. The compact hypersurfaces of constant positive curvature K in
R+ (K-hypersurfaces) have been the principal objects of interaction between differential
geometry theory of convex bodies and elliptic partial differential equations, specially those
of Monge-Ampere type. Although many problems about their existence and uniqueness
seem far from being understood, here we pose the problem of clarifying some properties
about the geometry and topology of a K-hypersurface.

Since closed K-hypersurfaces are round spheres, the K-hypersurfaces of interest to us
bound a connected submanifold of codimension 2 which lies in a hyperplane.

Let S be a compact n-manifold with a nonempty connected boundary 95 and z : S —
R"*! be a K-hypersurface such that I' = 2:(9S5) lies in a hyperplane P of R"*!. First, we
recall some elementary facts about K-hypersurfaces. Let N and 7 be unit normal vector
fields along S and 95 in R™*! and P, respectively. Then, (up to sign) we have that

(dN,dz) = (N,n){dn,dz),

along 9S. This means that asymptotic directions on I' are also asymptotic on z(S5).
We conclude that I' must be locally strictly convex and P meets z(S) transversally.
Moreover, if n > 3, then the normal vector field n : S — S™~! along 0S in P is a
global diffeomorphism and I' must be a hyperovaloid in P. Now, if I" is embedded, then
by using for instance the results of Ghomi, see [6], we can find a connected hypersurface
M in R™! such that (S) + M is a hyperovaloid in R"*!. Consequently, there exists a
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convex body U in R"! with U = z(S) + M. Particularly, z(S) must be embedded and
it lies in one of the halfspaces determined by P.

Our goal in this paper is to prove some optimal estimates of the height, curvature
and enclosed volume of hypersurfaces with positive constant curvature.

In §2 we prove two elliptic PDE’s associated with the second fundamental form of the
immersion which help us get height estimates for K-hypersurfaces (Theorems 1 and 2).

In §3 we derive a balancing formula which lets us obtain optimal curvature estimates
of K-hypersurfaces bounding a connected (n — 1)-hyperovaloid in P (Theorem 3).

Finally in §4 we prove an estimation of the volume enclosed by a graph with constant
curvature and boundary lying in a hyperplane.

2. Height estimates. In order to get an estimation of the maximum height at which
a hypersurface with constant curvature can rise above a hyperplane, we calculate the
laplacian with respect to the second fundamental form of the immersion and its Gauss
map.

LEMMA 1. Let S be an orientable n-manifold and x : S — R™! an immersion with
Gauss map N : S — S™ and a non-degenerate second fundamental form, c = —(dN,dzx).
Then, the curvature of the immersion is constant if and only if

(1) A% = nN, A°N = —nHN,

where H is the mean curvature of the immersion and A° denotes the laplacian of the
second fundamental form.

Proof. Let V and V7 be the Levi-Civita connections of the usual metric of R"*! and o,
respectively, and consider {E1, ..., E,} an orthonormal moving frame in a neighbourhood
of p € S, parallel at p for the metric o, that is, o(E;, E;) = €;0;5, Ve, E = 0, where
g; = £1 and d;; the Kronecker delta.

Using that (Vg N, E;) = —o(E;, Ej) = —¢,;0;; we can calculate (AN, E;) at p:

(2) (A°N, E;) Zsz i(Ei(N)),Ej) =Y (Ve Ve, N, E))

=1

—Z& (Ve N, Ej) = (Vi N, Vi, Ej))

= Z€i<—inN, VE1E3>

Moreover, if G = (gii) = ((E, E)) and G~ = (g'*) is its inverse matrix, then

(3) — VEZN = Ze’:‘igilEl.
=1

Since the Lie bracket [E;, E;](p) = 0, from (2), (3) and Koszul formula, we obtain
n n
- 1
(AN E;) =Y g" =3 > 9" (Ei(E;, By) + E;(E;, Ey) — Ei(E;, Ej))

1,0=1 i,l=1

)
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N)Ir—l

Z UE(ga) ;trace(G’lEj(G)):%Ej(log(det(G))),

where det denotes the usual determinant.
As the curvature K satisfies |K|det(G) =1

(4) (AN, ;) = 3 B;(1og | K]).

Thus, it is clear that the tangent part of A% N vanishes if, and only if, K is constant.
On the other hand, using (3)

(5) (AN, N) Zsz i(Ei(N)),N) = > &i(VE,Vg,N,N)
1=1

= Zsl (Ve N,N) — (Vig,N,VgN))

n

Z gil<Elain Z g 8 511 - Zg”at

il=1 il=1
= —nH.

In that way, from (4) and (5), K is constant if and only if A°N = —n H N and we
conclude the first assertion of the Lemma.
Now, the Codazzi equation gives

<inN;ijEk>:<VE,<N’VE,,E1€>; iajak:]-a"'an
and from (2), (3) and (4) we obtain:
(6) (A7, E;) = > el Ei(Ei(x)),Ej) = Y _ei(VE, Vi, E;)
i=1

=1
n

=> eV Ei Ej) = Y ciengjn(Ve Ei, ~VE,N)
ik=1

=1

= Z ci€kgjk(Ve, Ei,—VEN) = Zf‘:kgjk<AgNa Ey)

ik=1 k=1
1 n
=-3 Z ergjrEr(log | K1).
k=1
Moreover,
(7) (A%z,N) =Y &(Bi(Ei(2)),N) =Y (Vg Vg, N)
i=1 i=1

n n
= Zfi<inEiaN> = Zai<Ez‘7_inN> = n.

i=1 i=1
Since the matrix (e,g;,) has non-zero determinant, from (6) and (7), K is constant if
and only if A2 = nN. =
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As a consequence of the above Lemma we obtain (see [2], [3])

COROLLARY 1. An orientable hypersurface in R™! with non-degenerate second fun-
damental form has constant curvature if and only if its Gauss map is harmonic for o.

Lemma 1 and the Alexandrov reflection principle let us get estimates of the maximum
height at which K-hypersurfaces can rise above a hyperplane. We also characterize the
spherical caps as the unique graphs that reach those bounds.

Let S be a compact n-manifold with a connected boundary 95 and consider a K-
hypersurface x : S — R™*! such that

I =2(98) C P={p e R™ | (p,a) = 0, |a| = 1}.

THEOREM 1. If z is an embedding, then the mazimum height at which x(S) can rise
above P is 2/ VK.

Proof. Up to an isometry, we can assume that a = (0,---,1) and z(S) lies in PT =
{p € R"™! | (p,a) > 0}. Since z(S) is compact, there exists a point where every principal
curvature has the same sign. Thus, o is definite.

By using, in a standard way, the Alexandrov reflection principle with respect to par-
allel hyperplanes to P coming down from the highest point, z(S) must be a graph, at
least until the hyperplane is halfway down to P. Thus, it is sufficient to check that the
bound 1/ /K is satisfied if 2(S) is a graph.

We suppose x(S) is a graph and choose the inner normal N. Then, ¢ is positive
definite and
(8) A (VK (x,a) + (N,a)) = n(VEK — H)(N, a).

Since H > /K, see [8], and (N,a) <0
(9) A%(VK(z,a)+ (N,a)) >0 onS.

Now, bearing in mind that /K (z,a)+(N,a) < 0 on the boundary, we have /K (z,a)
+ (N,a) <0 on S and the inequality follows. m

THEOREM 2. If 2(S) is a graph on a compact domain in P and the Euclidean gradient
of height function, (xz,a), is bounded along OS (that is, there exists a real constant m such
that |V(z,a)] <m <1 on 8S), then (x,a) < (1 —+/1—-m?2)/VK.

Moreover, equality holds if and only if x(S) is a spherical cap.

Proof. As before we can assume that a = (0,---,1) and z(S) lies in P*. Consider the
inner normal N, then ( —/1—1|V{(z,a |2 Thus on the boundary of S

W(x,a) + (N,a) =(N,a) < —v/1-—m?
and then, from (9), we have, Y/ K (z,a) + (N,a) < —v1 —m?2 on S, that is,
—(N,a) —v1—m? < 1—+v1-—m?
K © VK
Moreover, if equality holds, then there exists an interior point on the domain where
VK (z,a)+ (N,a) = —v/1 — m2. Using again (9) and the maximum principle the equality
holds everywhere. Therefore, from (8), H = ¥/K and S is a spherical cap, see [8]. m

(10) (z,a) <
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3. Curvature estimates. Let S be a compact n-manifold with connected boundary
0S and z : S — R"*! an immersion such that the image of the boundary of S lies in the
hyperplane P = {p € R"*! | (p,a) =0, |a| = 1}. Then, the number

— 1
A:—/ (x x dex "~Y xdz, a)
n Joas

is called the algebraic area of x(0S). Moreover, the above number does not depend on
the parametrization of the immersion and if z(99) is embedded then |A] is the volume
enclosed by z(9S) in P.

Recall from the Introduction that if = is a K-hypersurface, then the curvature of 795
in P = R"” does not vanish at any point. Moreover, if n > 3, = is an embedding.

Now, we obtain a necessary condition for a connected (n — 1)-manifold lying in a
hyperplane P to be the boundary of a compact K-hypersurface.

THEOREM 3. If x : S — R is a K-hypersurface, then
nK|[A] < Kas dA = vol(S"~")deg(n),
a8

where 1 is the Gauss map of x : 0S — P and K, Kgs > 0 denote the curvature of S and
08 in R™! and P, respectively.
Moreover, equality holds if and only if x(S) is a hemisphere.

Proof. Choose N and 7 such that K and Kyg are positive. It is clear that
dANx M. xdN = K drx . xdx
and using that K is constant, we have
d(N x dNx =Y xdN) = d(K z x dex "~Y xdz).

Then, from Stokes’s theorem we obtain

nK|A| = K/ (z x dzx "7V xdz,a) dA :/ (N x dNx =Y xdN,a) dA,
oS8 oS5

where a is a unit normal vector to P such that the above integral is non-negative.
On the other hand, there exists a real function 8 such that N = cos 6 n+sin 6 a. Thus,
dN = df (—sinfn+ cosfa) + cos b dn and

(N x dNx "= xdN,a) = (cos0)"™ (n x dnx "~V xdn, a).

Therefore,

(11) nK|A|l = / (cos®)" KpsdA < Kas dA = vol(S™ Ydeg(n).
a8 as

Moreover, if equality holds then cos@ = 1 along 95 and N = ), that is, (N, a) =0 on
0S. Hence, 2(S) meets P orthogonally and x(.S) must be a graph on a convex domain in
Pifn>3.

In this way, for n > 3, using the Alexandrov reflection principle in any direction, v,
perpendicular to a, x(.S) must be symmetric with respect to a hyperplane with normal
vector v, see [11]. Therefore, x(S) is a revolution hypersurface.
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Since equality holds z(9S) must be a sphere of radius 1/ /K and using again the
Alexandrov reflection principle for graphs with the same boundary, z(S) must be a hemi-
sphere.

For n = 2, since (N,a) = 0, (9S) is a line of curvature and its geodesic curvature
vanishes identically. Thus, from the Gauss—Bonnet theorem

27rx(S):/SK > 0.

Therefore, the Euler characteristic of S, x(.5) is positive, that is, x(S) = 1 and using
Lemma 2 in [5], 2(S) is a hemisphere. m

REMARK 1. Under the conditions of the above theorem:
1. If S is a surface in R3, that is, n = 2, then
KAl < 7i(99)]

where i(0S5) is the rotation index of the curve z(95).
2. If n >3,
nK |A] < wol(S™1).

Now, we study compact graphs with non-zero curvature (not necessarily constant).

THEOREM 4. If x(S) is a graph with non-zero positive curvature on a compact domain
in the hyperplane P and the Euclidean gradient of the height function is bounded by a
real constant m along S (that is, [V{(x,a)| <m <1 on 9S), then

TLKO |Z‘ S m" KasdA
oS

where K, Kgs > 0 denote the curvature of (S) and x(9S) in R and P, respectively,
and Ky is the minimum of K on x(S).
Moreover, equality holds if and only if x(S) is a spherical cap.

Proof. We can consider x(S) C P*. By taking the inner normals N,7n along S and
0S5, respectively, and using the Stokes theorem

nKo|Al = K, / (x x dex "D xdr,a)dA < K (x x dex "7V xdz,a) dA
oS oS

/Kd((x x dzx "7 xdr,a)) dA = / d(N x dNx "~ xdN,a) dA
S S

:/ (N x dNx "=Y xdN,a) dA.
a8
Arguing as in the above theorem N = cosfn + sinf a along 0S and

nKy|Al < / cos”" 0 Kpg dA.
a8

Since sinf = (N,a) = —/1 — |V(z,a)|? on 85 and cosf > 0 then cos = |V(z,a)| <
m and the theorem follows.

If equality holds K = Ky on S and |V{z,a)| = m on dS. Thus, using the Alexandrov
reflection principle, as in the above theorem, x(.S) must be a spherical cap. m
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4. Volume estimates. In this section, we give an estimation for the volume enclosed
by a graph with constant curvature and planar boundary.
With the same notation as in §3 we have

THEOREM 5. If x(S) is a K-hypersurface such that it is a graph on a compact domain
in the hyperplane P with bounded Fuclidean gradient of the height function along 3S (that
is, there exists a real constant m such that |V{x,a)] <m <1 on dS), then

(a) forn =2
2 —V1—m2(2+m?)
r= VRS "

(b) form >3
n 1
nV < ”OZSH / Ja= &),
n V1=m?2

where V' is the volume enclosed by S and P.
Moreover, equality holds if and only if S is a spherical cap.

Proof. We can assume z(S) C PT and a = (0,---,1). Then,

h—
% :/ 7| dt
0

where h is the maximum height of the graph above P and A; is the algebraic area of
B, =Sn{{z,a) =t}
From (11),

h
nKV:/ < V{2, a)[" K, dAt> dt
0 By

curvature of By in {(z,a) = t}.
Then, from (10)
1= [V(z,a))? = (N,a)* > (V1 -m?+ VK (,0))*,

nKV</Oh (/Bt(l_<m+ (L/Et)Q)%KBtdA> dt
:/Oh(l—( 1-m2+ VK t)?)% (

But, [, Kp, dA= vol(S™™1) does not depend on ¢, consequently,

h
nKV< | (1-(1-—m2+ VKt)®)? dtvol(S"1),
0

and the theorem follows as in Theorem 4. m

and we have

K, dA> dt
By
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