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Abstract. We consider several explicit examples of solutions of the differential equation
B2 (2) + 2 (2) + ®2(2) = d?(2) of meromorphic curves in C* with preset infinitesimal ar-
clength function d(z) by nonlinear differential operators of the form (f,h,d) — V(f, h,d),
V = (®1, P2, P3), whose arguments are triples consisting of a meromorphic function f, a mero-
morphic vector field h, and a meromorphic differential 1-form d on an open set U C C or, more
general, on a Riemann surface ¥. Most of them are natural in the sense of 'natural operators’
as considered in [8].

The special case d(z) = 0 related to minimal curves in C3 and minimal surfaces in R? is of
main interest. We start with the invariant construction of a sequence V(™) of natural operators
assigning to each pair (f,h) consisting of a meromorphic function f and a meromorphic vector
field h on ¥ a minimal curve V(") (f,h): ¥ — C3. The operator v©® s bijective and equivariant
on a generic set of pairs (f, h).

Algebraic representation formulas of minimal surfaces that arise from evolutes and caustics
of curves in R? in connection with the Bjorling representation formula are discussed.

We apply the computer algebra system Mathematica to handle big algebraic expressions
describing these differential operators and to provide graphical examples of minimal surfaces
produced by them.

1. Introduction. We define a minimal curve in C3 as a meromorphic mapping ® :
¥ — C? of a Riemann surface X into C3 such that (d®,d®) = 0, where (.,.) is the
bilinear extension of the ordinary Euclidean scalar product of R3 to C3. Let us denote
by Miny, the set of all minimal curves defined on 3. Two elements of Miny, that differ by
a constant vector are considered as identical.

Minimal curves are in close relation to minimal surfaces in R3: The set of real
parts M? = {R(®(p))|p € T\ {poles of ®}} C R? is a minimal surface with isolated
branch points and any local holomorphic chart z of ¥\ {poles of ®} defines a conformal
parametrization of the corresponding open part of M? (see [1], [3], [7], [9])-
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110 H. GOLLEK

DEFINITION 1. Let U C C be an open subset and Ay the field of meromorphic func-
tions on U. A local algebraic representation formula (ARF) in one function for minimal
curves is a (nonlinear) differential operator R : Ay — Mingy . More precisely, R is an ARF
if there exists a 3-dimensional vector V.= V (z,y0,¥1,. .., Ym) of meromorphic functions
of m + 2 variables such that R(f)(z) = V(z, f(2), f'(2), f"(2),..., f™)(z)) for all z € U,
where m is the order of R. Algebraic representation formulas on U in k functions, k& > 1,
are defined as differential operators R : Ay X - -+ x Ay — Miny in an analogous way.

k

We mention two simple examples of algebraic representation formulas: The Study
formulaR1(f)(z) is obtained from the Weierstraf formula (2.2) by replacing the argument
function d by f"’. Another one, denoted by Ra(f)(2), is an adaptation of an algebraic
solution of the differential equation ((y'(z))? + (2/(z))? = 1 found in [2] (page 53). Rz
is established there with the help of normal forms of Pfaffian systems. It appears also
as a special case of a deformation operator Ag j of minimal curves ®, defined below in
section 4. Substituting in (4.3) for ® the minimal curve ®(z) = (cos z,sin z, —i z) of the
catenoid yields the formula R.

~2f(2) +22 f'(2) = (:* = 1) f"(2)
Ri(f)z)=| i(@2-2:f()+(+1)f"(2) |,
2(z f"(2) = f'(2))
sin(z) h”(2) — cos(z) W' (2)
Ra(h)(z) = | cos(z) h”(z) + sin(z) b/ (2)
i (h(2) + 1"(2))

We give in section 2 an invariant definition of a sequence P(") of operators that assign
to each pair (f,h) consisting of a meromorphic function f and a vector field h on an
arbitrary Riemann surface a meromorphic differential 1-forms w such that f* w is exact
for 0 < k < n. Combined with the Weierstrafl formula they provide invariantly defined
ARF’s V(") In section 3 we look for algebraic generalizations of the sequence P,
replacing the field of meromorphic functions by an arbitrary commutative C-algebra A,
the vector space of meromorphic differential 1-forms by a free A-module of rank 1 and
the complex exterior differential by a differentiation D : A — L. We derive under these
general assumptions some properties of injectivity and equivariance.

In section 4 we show that i V(®) agrees with an ARF discussed in two of our earlier
papers. In section 5 we discuss an ARF V(f, h, w) for meromorphic curves with arbitrary
preset arc length differential w(z) # 0 and establish an algebraic bijection 2 between the
invariants ’curvature’ and ’torsion’ of V(f, h,w) and the invariants of the minimal curves
determined by f and h. The operator V(f, h,w) gives rise to an ARF for meromorphic
minimal curves in C*.

Section 6 is devoted to the fact that the arclength functions of the evolute and of
certain caustics of a planar curve «(t) are algebraic expressions in «, the curvature and
the arc length element of a. These expressions give ARF’s in combination with the
Bjorling representation formula.

For proofs we refer several times to our Mathematica packages. We end with some
concrete graphical examples in section 7.
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2. Natural representation formulas. Let ¥ be a connected Riemannian surface,
Ay the field of meromorphic functions, Xy the space of meromorphic vector fields, Ly

the space of meromorphic differential 1-forms on ¥ and
T s t

My(rys,t) =As X - X Ag x X X - X Xy X Ly X -+ X Ly

Put k =r+ s+t In alocal chart ¢ : V C £ :— U C C elements of Mx(r,s,t) are
described as k-tuples (f1,..., fr,h1,...,hs,d1,...,d;) of functions on U that transform
under changes of coordinate systems in the usual way as functions, vector fields and
differential forms respectively.

DEFINITION 2. A local ARF R(g1,...,gx) acting on k-tuples (g1,...,9x) € Ag X+ X
Ac of meromorphic functions is called natural of type (r, s, t) if for any Riemann surface X
there exists a differential operator Ry, : Mx(r, s,t) — Miny, such that for any local chart
p:V CX—UCcCC and for any element (fi,...,f.hy,... hyw,...,w;) € Mx(r, s,t)

RZ(fla"'7f7‘h17"'7hsvw17"'7wt)08071 :R(fl?"'afrahla"'7h57d17"‘7dt)7

where (f1,..., fr,h1,...,hs,d1,...,d;) are the local expressions of the global objects
(f1,...,f,hy, ..., hg wi, ..., w) with respect to .

A local ARF R(g,--.,gxr) is natural of type (r,s,t) (where k = r 4+ s+ t) if and only
if for any holomorphic transformation 7 : Uy — Us between open subsets Uy, Us C C and
for any k meromorphic functions f1,..., fr, h1,...,hs,d1,...,d; one has

(21) R(fh...,fr,hl,...,hs,dl,...,dt)OT
hio hg o
:R(f1 oT, ..., froT, — IT,..., u /T,T’(dlOT),...,T/(dtOT)>.
T T
We are going to construct an infinite sequence of natural ARF’s by a direct procedure.
Denote by M%(1,0,1) C Mx(1,0,1) the subset of pairs (f,w) € As x Ly such that w,
fw and f?w are exact, i.e., we demand that there exist functions g, 1,92 € Asx with
dp; = fiw for i = 0,1,2. The Weierstral formula

z d(() ) 1- f22(<)
(22) Wit = [ S e |
o 2f(C)

satisfies W(f o71,7'(do 7)) = W(f,d) o 7. This is a special case of (2.1). We therefore
consider W as a (nonalgebraic) natural representation formula W : M%(1,0,1) — Miny,
of type (1,0, 1).

Now we define a sequence P("™) : Mx(1,1,0) — Lx = Mx(0,0,1) of operators with the
following property: Writing the first argument as index, we have (f, IP’gn) (h)) e M%(1,0,1)
for all (f,h) € Asx x Xs and n > 3. P is given recursively by

. ]P)(n—l) h
(2.3) P\”(h) = [df,h] df and P{(h)=d (fdif() .
where [.,.] denotes the pairing of differential 1-forms with vector fields and the quotient

P;nil)(h) /df denotes the unique meromorphic function ¢ such that Pgnfl)(h) = pdf.
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In a local chart z : V. C ¥ — U C C on X, putting f = 2*f = foz"! and h = z,h

. 0 1 n
the recursion formula (2.3) becomes IP’E,)(h) = f"?h, P;)(h) = (f'h)" and IE”Sc )(h) =
(IP’;”_)l( fyh)/f")". The local expressions of the first members of the sequence ]P’;n) (h) are

f/ 1% f// _ hf//2 + f/2 h' hf/ f(3)

B () = ' + k)", PP (h) e ,

1 .
}P’;g)(h) _ F(?) ' u f//2 + 3hf113 + 2f/2 B f(d)
N 11t p(3) 13 1,(3) 12 £(4)
20 ARF P FO 4 R o ),
ngl)(h) _ %(h f/3 f(5) 15 R f//3 o 15hf//4 . 3f/2 f//2 B
+ 25hf/ f//? f(B) + 2f13 K f(S) _ 4hf/2 (f(3))2 _ 2f/3 f// h(3)

+ 3f/3 h/ f(4) o 7hf/2 f/l f(4) + f/4 h(4) —~16 f/2 h/ f/l f(S))

Before going on with the construction, let us turn to the question of inverting P(™).

Obviously, each ]P’E”) (h) is C-linear in h and the equation Pg") (h) = w is an ordinary linear

differential equation of order n. It can be solved by inverting the recursion procedure
defining P(").
Choose a fixed f € Ay, and assume that we have assigned to the operator d : Ay, — Ly

a right inverse w € L¢ — [w € Ay, defined on a linear subspace Ly C Lx. By means of

)

this integral a sequence Qgcn) of right inverse operators to ]P’;n is defined recursively by

QSP) (W) = w/f?, Qgcnﬂ)(w) = (@Scn) (f" [w). These operators satisfy IP’SC”)( gp”) (W) =w
for all exact forms w € Ly.

PropPoOSITION 2.1. Q;n) can be computed with the following explicit formula:

e = (E e (D) [+ g o).

=0

where cg, . ..,cn_1 are constants of integration.

Proof. We show that (2.5) satisfies the condition Q;”H)(w) = (@5{’) (f" [w). Integra-
tion by parts gives

/(ﬁf/@)ziiloﬂﬁ/w—/u%mo+ai1),i:m“wn_L

where ¢,_;_1 € C are constants of integration. Therefore

0 )- o) o ) Eer)
Hem o)

—A-B+C,
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with
1 = 1 (n—1
A= f’(n—l)'lz_;(_l)lz-i—l( i )f"/o.),
1 ! , 1 =1\ .. _, i1
B () o e
e | i1 .
C:W§<‘1)i+1( . )cn,lf +ai f.
Finally, the equation =7 (") = +(,1,) yields

T BZW%?‘”@”/(W

1
C has again the form C =" ¢} ¢} f* with some new constants ¢} resulting from ¢,_;_;
and ¢;. Altogether A — B+ C = Q(nH (w). m

REMARK 1. Equation (2.5) can also be applied to the case when ¥ is not simply
connected and when the forms have poles. By proposition 2.2 below, if w = ]P’gn) (h), then
all forms fiw, i = 0,...,n — 1, are exact. Therefore it is possible to choose L¢ as the
image of P{") and define [ on L¢ [ : L¢ C £ — Aso that [od = Idq(a)

We will show that for n > 3 the following special kind of composition of P(™) with the
Weierstrafl formula

£,h)—(£,P{™) (h
Ma(1,1,0) ——ERZER ) M(1,0,1)

Minz

gives natural ARF’s.

It is directly clear from the construction that each P(") maps Msx(1,1,0) to Ly. We
show that each pair (f,P{"”(h)) belongs to M%(1,0,1), i.e., that fOP{" (h), £ P (h)
and f? Pﬁ")(h) are exact forms. We have even more.

PROPOSITION 2.2. The 1-forms f* IP’g")(h) are exact for all 0 < k < n —1 and all
(f,h) € As; x A5,

Proof. We have to show that there exist functions ¢y ,(f,h) € As, depending on
(f,h) € Mx(1,1,0), with depy(£,h) = £5P{"™ (h). From (2.3) we infer that P (h) =
d [df,h] and, consequently, ¢o1(f,h) = [df,h]. For n > 1 the functions ¢g ,(f,h) =
Pgn_l)(h)/df satisfy dgo»(f,h) = Pﬁ")(h). Moreover, the product rule gives

(n—1) (n—1)
P h P h _
(2.6) B (h) = £d (f df( )) =d <f’c T df( )> — kB (),

This shows that the operators ¢y », : Mx(1,1,0) — Ay, defined for 0 <k <n recursively by

o BE V()

@7 N e T

have the desired property. m

— kok—1,n—1(f, h)
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We have in particular

Pl V) PY Y (w)

o1 n(f,h)=f f — and
(28) 1 ( df;) Cif 2) (n—3)
_ P (h) P~ (h) P (h)
po.n(f,h) =1 aF —2f IF +2 T
Local expressions of ¢y 3(f, k) for k =0,1,2 are
<p073(f, h) = f/(12)3 (f/ h’ f// _ hf”2 + f/2 h// + hf,f(B)),
1
pralfih) = s FAR A fRf O~
(2.9) —h f/2 f// + ff/ 1Y f// o fhf”Q),
1
pas(f.h) = W(%f"‘ —2f W —2fh "
PP SR SRR P O).

Observe that ¢, (f, h) is C-linear in A for all f and all k& < n.
THEOREM 2.1. Define V(™ : Mx(1,1,0) — Ming by

(2.10) V) (£, h) = W(f, P{" (h)).

For n > 3 the operators V™) are natural ARF’s of type (1,1,0).

The proof follows directly from the construction. The explicit form of V(™ is

Po.n(f,h)(2) = pan(f, h)(2)
(2.11) VO£ R)(2) = 5 | i (von(f )(2) + @20, h)(2))
le)n(f, h)(z)

The operators V(™ can be expressed in terms of P~ P(=2) P(=3) by means
of (2.8):
(1—£2) P Y (h) + 2£P 2 (h) — 2B (h)
i ((1 +£2) PV (h) — 26 PP (h) + 2P§"—3>(h))
2 (2" (h) - P{" ) (b))

1
2.12 —
( ) 2df
V) is of special importance. Since the Weierstra$ formula (2.2) involves powers of f
up to order 2 it is by proposition 2.2 the first algebraic one among the operators V(™. A
second peculiarity is that V(3) is equivariant and a bijective map from a generic subset

Msx(1,1,0) onto the set of minimal curves ® with d®; — i d®s # 0, as will be seen in
sections 3 and 4. Moreover, all V(") with n > 3 can be expressed by V©):

PROPOSITION 2.3. For each n > 3 the operator V™) satisfies the equation V(™ (f h)
= VO)(f, h,), where the sequence h,, of meromorphic vector fields is defined by hy = h,

(2.13) h, = [d [df, h,_,],f] OF
and where Of denotes the dual vector field of df defined by [0f, df] = 1.
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Proof. It is sufficient to prove in a local coordinate system that ]P’}n)(h) = P;S)(hn)
where f,h, h, are the local expressions oﬁ f,h and h, respectively. The local version
of (2.13) is hy, = (f'hn_1)" /f">. We have P;s)(h) =pt3 (h3) by assumption. Assume that

f
P (h) =P (hn-y). Since

(2.14) P (h) = (—P(fnl)(h))/ = (PL(h"l)/,

it is sufficient to show that the equation

(3)
(2.15) Py ()N gy (7 haa)
: f! f f/2
holds for arbitrary functions f and h,_1. This can be done with the explicit form of P(3)
given in (2.4) and will become difficult. We have instructed the Mathematica program

with the commands

OP[1][£_,h_1[z_]1:=D[D[f[z],z]*h[z],z]
OP[n_Integer] [f_,h_][z_]:=D[0OP[n-1][£f,h] [z]/D[f[z],z],z]

instead, encoding in this way the recursive definition (2.3 ) of P}n) (h)(2) as a Mathematica
expression 0P [n] [£,h] [z]. Typing equation (2.15) as follows:

OP[3] [f,DIDLf [#],#]1xh[#],#]1/DLf[#],#]2&] [z]-
D[OP[3] [f,h] [z]/D[f[z],z],z]//Expand

one obtains zero. m

3. Algebraic generalizations, injectivity and equivariance of V(™). We are
going to study properties of invertibility and equivariance of the operator V(). In view
of the algebraic character of the constructions of section 2 further considerations are
performed under more general assumptions. Let us replace Ay, Ly, and Xs, by an arbitrary
commutative C-algebra A, a free A-module L of rank 1 and the dual L* of L respectively.
The operator d of exterior differentiation is replaced by a 1-st order differential operator
D: A — L, ie., a C-linear map such that D(f1fz) = £2D(f1) + f1D(f2) for all f;,f; € A.
We assume that D # 0.

L* consists of all A-linear mappings of L into A. Since we assume, that A acts freely
and L is of rank 1, for any two elements w1, ws € L, ws # 0, there exists a unique element
Q(wi,w2) € A such that Q(wy,w2)ws = wi. Asamap @ : L x (L\ {0}) — A, Q is
A-linear in its first argument. We denote Q(w1,ws) by wi/ws. For w € L, w # 0, we will
denote by w* € L* the A-linear mapping defined by [w*,w] = 1, where [,] denotes the
dual pairing between L* and L. Then we have [w*, w;] = wy /w for any wy € L.

Our aim is the construction of a sequence of algebraic solutions V(™ : A \ Ker(D) —
A x A x A of the following equation, generalizing the differential equation of minimal
curves in C3:

(3.1) (Do V)2 4 (Do VM) + (Do V)2 =0,

where (Do VZ(") (f))? e Loa L, f € A\ Ker(D) denotes the tensor product of Do Vgn)(f)
with itself and V(™) = (V§")7 V;n)a Vgn))-
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These assumptions on A, L are rather strong and the only interesting model that we
can provide is given by d : As, — Lyx. We hope to weaken these assumptions in the future
and that applications to other models become possible.

We define at first the sequence P : A \ Ker(D) — L recursively by choosing P(©)
as an arbitrary map and putting

P(”*l)(f)
(n) — R S >
(3.2) P D( D) ) for n > 1.
A double sequence 6y, of mappings 6x, : A\ Ker(D) — A is defined for n > 0,
0<k<nandfeA\Ker(D) by
P("*l)(f)
D(f)

P(”*l)(f)

_ ¢k
and 0, (f) = £ ol

(3.3) Oo.n (F) = — kO 11 (D).

Then we obtain
PrRoOPOSITION 3.1. Forn > 0 and 0 < k < n we have
(3.4) D (B0 () = tF PMI(£).

Moreover, the operators Vg"),Vgn),Vén) : A\ Ker(D) — A, given as components of the
operator

Vi fon() = 0ol
(3.5) v = | v =5 | 0nlf) +02.(0) |,
V:())n)(f) 2917n(f)

satisfy for n > 3 the condition (3.1).
Proof. The relation (3.4) is proved by induction. Further we obtain from (3.4)

) PO (f) — 2P (f)
(3.6) DV (f)) = K (PO(f) + £2PM(f))
2P ™ (f)
Therefore,

(Do VI(£)2 + (Do V(1) + (Do VIV (£)2 =
(1= £2)% — (14 £2)2 + 4£2) (P (£))? = 0

for any f € A\ Ker(D). m

Assume that ® = (@, Py, P3) € A3 and that there exists an f € A\ Ker(D) with
V™) (f) = . Equation (3.6) implies
D(®s) D(®3)

(3.7) P (f) = D(®,) — iD(P) and f = P (f) - D(®,) — iD(P2)"

Consequently:

ProprosITION 3.2. The mapping
D(®Ps3)

VO (B, Dy, D f=— %
(@1, @2, 23) =~ = 5 G 3 —iD(@y)
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defined on the subset of A3 C A3 consisting of all triples (P, Py, P3) satisfying the
inequality D(®1) —iD(®y) # 0, is a left inverse of V™) i.e., we have VM* o V(™) =idy .
Therefore, V™) is a injective mapping of A \ Ker(P(™) into A3.

In addition to this, P("~3) can be reconstructed from V(™ (f) in the following way:

PROPOSITION 3.3. Define in analogy to (4.5) an algebraic version W(f) € (L*)* of
the Weierstraf$ formula by

i(1-1?)
(3.8) W(t) = 5 —1—f2 | D(f)* for f € A\ Ker(D).
2if
For any f € A\ Ker(D) and any n > 3 we have
(39) (V0. WD) = —57— DO

where (.,.) : A3 x (L*)® — L* denotes the bilinear map given by
((f1,fa, f3), (w1, w2, w3)) = frw + fows + f3ws.
Proof. We derive from (3.3) the following analogue of (2.8):
P(nfl) f P(n72) f
rnlh) = o o -
D(f) D(f)
P(n—l) f (n—2) (n—3)
LPUTD(E PO R
D(f) D(f) D(f)
Substituting these expressions in (3.5) yields the following analogue of (2.12):

and

(3.10)

Oan(f) =1

1
(3.11) v = W(P(”_l)(f) Fi + P 2(f)Fy + PO3(f) Fy),
where
i(1-1?) if —i
(3.12) Fi=g| -1- 2 |, Fo=| f and F3 = | —1
2 f —i 0

But (F1,W(f)) = (F2,W(f)) = 0 and (F3, W(f)) = D(f)*. Therefore, equation (3.9)
follows. m

To take into account the dependence of P(™)(f) on P (f) we put
(3.13) PO (f) = [h, D()] D(f) for some element h € L*.

Then P becomes an operator that depends on a second argument h € L*. We write
P(™(f,h) to indicate this. Similarly V(™) and 6}, become operators V() (f h) and
Ok »(f,h) acting from (A \ Ker(D)) x L* to A%. P, ¢, and V(™ are linear in the
second argument. As a corollary to proposition 3.3 we obtain the following assertion
about surjectivity of P®):

COROLLARY 1. Under the above assumptions we have

(3.14) (VO(£,h), W(f)) = —ih.
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Moreover, for fized f € A\ Ker(D) the kernel of the linear mapping
(3.15) DoV :heL* - DoV (fh) e A

is the C-vector subspace Ker(D o Vgg)) = {(co + c1f + cof?2)D(f)*; co, c1, co € Ker(D)} of
L*. We denote the kernel of D o VES) by Ks.

The proof of the second assertion is based on (3.6) and similar to that of proposi-
tion 2.5.

THEOREM 3.1. For each f € A\ Ker(D) the operator V) maps the kernel K¢ bijec-
tively onto Ker (D)* C A® via

Co +C2
(3.16) VO (£, (co + erf + caf?) D()*) = | —ico+ico

—C1

Let K = Usea Kt € A x L* be the union of all kernels K. V©) s a bijective map from

(A\ Ker(D)) x L* \ K onto the subset A3 C A3 consisting of all triples (®1, P2, 3)
satisfying D(®1) — iD(Py) # 0.

Proof. The first assertion is obtained from (3.5) in the following way. Let h =
(co + cif + cof2)D(f)*. We obtain PO (f h) = (co + cif + cof?)D(f), PU(f,h) =
(co + 2cof)D(f) and PP(f,h) = 2c¢,D(f). From (3.3) or (3.10) we infer 003 = 2cq,
91’3 = —C1 and 9273 = —200.

Next, let (fi,hy), (f2,he) € (A \ Ker(D)) x L* \ K be given with V@) (f; h;) =
V&) (fy, hy). From proposition 3.2 we obtain f; = f,. Corollary 1, equation (3.14), im-
plies hy = hy. Therefore V) is injective on (A \ Ker(D)) x L* \ K.

In order to prove surjectivity of VG let & = (1, Do, <I>3)—r S Al be given, define f
and h by (3.7) and h = i (®, W(f)) respectively. Let the vectors F1,Fs, F3 be given as
in (3.12) in terms of this f. The determinant of the 3 x 3-matrix formed by the column
vectors F1,Fy, F3 is 1. Therefore, there exist uniquely determined coefficients a,b,c € A
SU.Ch that D((I)) = aF1 + bF2 + CFg.

A direct computation with the defining equation (3.7) of f shows

(317) <D((I))’F1> = <D((I))’F2> =0, and <D(CI)>7F3> = _iD<®1) - D((I)2>

All scalar products (F;, F;) are zero, except for (F1,F3) = —(F2,F3) = 1. Thus, looking
at the scalar products of the equation D(®) = a F; + bFy + cF3 with F1, Fa, F3 we find
a=—iD(®) —D(P2) and b=c=0, i.e., D(®) = — (i D(Py) + D(P3)) F;.

On the other hand, D (V) (f,h)) = —i P (f, h) Fy by (3.6). Therefore, it is sufficient
to prove that P®)(f, h) = D(®1) —i D(®2) to obtain D (®) = D (VE)(£, h)). We compute
P (f,h) for i = 0,1,2,3 recursively with (3.2). Observe that W(f) = F,D(f)*, D (F;) =
—D(f) F2 and D (FQ) = —D(f) F3.

PO(f,h) =i [h, D) D(f) =i
=i [(®,F1)D(f)", D(f)] D(f) = i (P, F1)D(f),

~
—~
o
=
—+
~—
~
j>)
—~
—+
=
>}
—~
)
~—
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(0)
PO (f,h) =D (%) =iD (D, F1)) =i (D(®),Fy) +i (D, D(Fy))
=1 <(I)7 D(f) F2> =—i <(I)7 F2> D(f)7
(1)
PP (f,h) =D (%) =—iD((®,Fy)) =i (P, F3)D(f),
(2)
PO (f,h) = D (%) — iD((®,F3)) = D(d1) — i D(Ps).

Therefore D(®) = D (VE)(£,h)), i.e. ® — VE(f,h) = &= (co, c1,¢2) " with ¢; € Ker(D).
Finally, since —ih = (&, W(f)) = (V) (f,h), W(f)), we have (¢, W(f)) = 0. This im-

plies (¢, F1) = 0. Applying the operator D to this equation and using D (F1) = —D(f) Fa,

D (Fy) = —D(f) F3, we get (¢, Fy) = (¢,F3) = 0. Therefore ¢ =0 and ® = VO (f h). =

The following considerations are concerned with equivariance of V(3). We assume that
A is a field as in the case of As. Then we have C C A. An action of the group S1(2,C)
on A\ C is defined by

af+b a b
—— €A A= 1(2,C).
cfrdC VG (c d)ES(,(C)

(A, f) € S1(2,C) x (A\C) —

On the other hand, the action of the complex conformal group CO(3,C) on L? given

by matrix multiplication leaves the equation (3.1) invariant, i.e., for w = (wy,ws,ws3)" €

L3 B € 0(3,C), w* = Bw the equation w; ® w; + wy ® Wy + w3 ® w3 = 0 implies
wg ®cut11 +wg ®wg +w§®w§ =0.

PROPOSITION 3.4. Assume that PO is given by PO (f) = [h, D(f)] D(f), where h €

L* is a fized element. Denote by p = GI(2,C) — O(3,C) the group homomorphism sending
a matric A = (Z 2) € Gl(2,C) to the matriz B = p(A) € CO(3,C) given by

2= —-+d>  i(a®+b*—c*—d?) 2cd—2ab
i - +d*—ad?) A+ +AE+d? 2i(ab+ cd)
2bd — 2ac —2i (ac + bd) 2 (be + ad)

1
(3.18) B= 2ad —59

The operator V™ is equivariant with respect to p, i.e., for all f € A \ Ker(D),

af+b

1 v
(319) (cf—i—d

) — p(AVOE), A= ( . Z ) e Si(2,C).

Proof. Tt is sufficient to prove (3.19) for the transformations f — 1/f and f — a + bf,
a,b € C. The transformation f — 1/f corresponds to the matrix A (? (1)) and p(A) is
the diagonal matrix B = diag(1, —1, —1). From our assumption P (f h) = [h, D(f)] D(f)
and the recursive definition (3.2) we infer

PO (1 h) _POMED) Lo <1 h) ~2PO)(f,h)  PW(f,h)
£77) ’ -

£ £ B

1 2P(1)(f h) 2P(O)(f h)
2 ] 2 ] ) )
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Computing V) (1/f h) with (3.11) and replacing P (1/f,h) for i = 0,1,2 by these
terms one obtains BV(®)(f, h).
The verification of (3.19) for the transformation f — a + bf is similar. =

4. A universal natural algebraic representation formula. We are going to dis-
cuss relations of the natural algebraic representation formula V() (f,h) to deformations
of minimal curves and minimal surfaces considered in two earlier papers and in unpub-
lished Mathematica programs that can be found in [4] and to our Mathematica packages
min.m and n-dimwei.m to be found under the electronic web adress given in [4]. These
relations reveal geometric properties of V(3)(f ,h).

We confine our considerations to minimal curves ®(z) in Minc and assume that
®(2) is generally curved, i.e., that &', ®” & are linearly independent. Basic differential
invariants of ®(z) are the canonical parameter p(z) and the minimal curvature ke (z).
The latter is also called Study parameter. One can define them by

3 3
(4.1) P(2) = i /[@7(2), 97()) and w3 (p) = <ddi§p)» ddi))gp)>

respectively (see for instance [1] or [10]).

Locally, ®(z) can be reparametrized to p. In the sequel we will denote by &', ®”, ... the
derivatives with respect to p. Then we have (®”, ®"”) = —1, (®"", ®"") = k2. From these
equations and the minimality condition (®’,®’) = 0, all scalar products (®®), &) of
higher derivatives of ® can be computed by successive differentiation. The scalar products
(@@ (p), @) (p)) depend only on k2(p) and its derivatives. The first 4 x 4 of them are
arranged in the following matrix.

0 0 1 0
4 . 0o -1 0 —k2(2)
(4.2) (@9, 0D))i;_, =
1 0 K2(2) k(z) K'(2)
0 —r%(2) w(2)K'(z2) —rK*(2)

PROPOSITION 4.1. For any minimal curve ® the equation ®¥ = k k' & + k> & holds
and for any meromorphic function h the new curves

(4.3) App = (—hKd + 0D — 10" + hd® and Vg ), = @ + Ag
are again minimal curves. Moreover, the tangent vector Afb’h 1s parallel to ®', namely
(4.4) on = (N kj —hrery+h") P

Proof. Starting with an ansatz ®®) = ¢ ®' + b®” + ¢ ®", the coefficients a, b, ¢ are
obtained by computing the scalar products <<I>(4), <I>(i)>, 1 = 1,2,3, with the appropri-
ate entries of the matrix (4.2). In the same way, the equations (Ag j,Ag ) = 0 and
(Yo n, Vo p) =0 are verified. m

We call Ag, the variation and Vg the deformation of ® by means of h. Since
the variation involves only derivatives of ®, one can assume that ® is given by an ar-
bitrary representation formula that may contain integrations (for instance the Bjorling
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formulas (6.1) or (6.2)) to produce algebraic formulas. Let ®(z) be the minimal curve
®(z) = (cos z,sin z,iz) whose associated minimal surface is the catenoid. A direct com-
putation shows that up to signs, Ag  ,—, agrees with the ARF R2(h)(2) on page 110.

Substituting g(z) = i/f'(z) in the Weierstra} formula (2.2), a non-natural integral
representation formula W;‘c of Weierstrafl type is obtained:

(4.5) W?(Z)=/Z#'(O(l—fQ(C)v—(l+f2(C)),2f(<))dC

The curve W3 (z) is parametrized by its canonical parameter and W* is a bijection
onto the set of all minimal curves (®1, @2, 3) in canonical parametrization satisfying the
inequality @] # i®5.

The Study parameter of W} (z) is the Schwarzian derivative

"2 2) — "y (3) -
(4.6) s () = 55(2) = 217 fzgf)< ) f9)

THEOREM 4.1. (i) The differential operator V : Ac x Ac — Ming given by V(f,h) =
Aw;,h is a natural algebraic representation formula of type (1,1,0). V is C-linear in h.
Moreover, V.= i V®)  where V(") is the sequence of ARF’s defined in proposition (2.1).

(ii) Let K C Ac x Ac be the subset, consisting of all pairs (f,h) such that h =
(co+crf+eaf?)/f, co.c1,co € C. V is a bijection of the complement of K onto the
subset Ming C Ming of minimal curves ® such that ) — i @5 # 0.

(iii) 'V is equivariant with respect to a certain Lie group homomorphism i of G1(2,C)
onto CO(3,C) extending the double covering (3.18) p : S1(2,C) — SO(3,C) (see (3.18)).
Here it is assumed that a matriv M € Gl(2,C) with entries a;; acts on Ac x Ac by
assigning to (f,h) € Ac X A the pair (f*,h*) given by f* = (a11 + a12 f)/(az1 + ass f)
and h* = det(M)h. The complex conformal group G1(2,C) acts on Ming in the usual
way by matrix multiplication

Proof. Most of these assertions have been proved in our papers [5] and [6]. The equality
between V and i V®) can be proved by direct evaluation of the operator OP [n] [f,h] [z]
of section 2 and comparing it with the explicit form of V(f, h) given below.

We mention that the inverse operator V=1 : Ming: — Ac x Ac is also a differential
operator. For ® = (&1, Py, ®3) € Ming it is given by V=1(®) = (f, h), where f =
P53/ (@) —iP5) and h = (P, W (z)). The explicit form of V(f,h) is

FLEFSPR 4 W — PR+ R — 2R+
h(—2f/4 + 2ff/2f// _ f//2 + f2f//2 T — f2f/f///>

i(f’(—2ff12h/ -‘rh’f” +f2h/f// -‘rf/h// +f2f/h”)+
h(2f/4 _ 2ff12f// _ f//2 _ f2f//2 + f/f/// + f2f/f///)>

2(f/2(fh// _ hf//) + ff/(h/f// + hf///)) . f/3h/ _ fhf”2

i
2713

5. Algebraic representation formulas for curves with arbitrary arc length
function. The formula (4.3) can be generalized to a representation formula of meromor-
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phic curves with arbitrary infinitesimal arc length element d(z). One simply appends the
summand d(z)®’(z) to Ag p, i.e. putting

5.1 A(®,h,d) = (=h k2 +1")® — K" + hd®) + 4o’
(3]

one obtains with the formula ®®) = k&’ & 4 k2 ®” of proposition 4.1

dA(®, h, d)
dz
and the equations (9, ®') = (@', ") = 0 and (P”, ") = —1 (compare (4.2)) give

<d£(q>,h,d)(z) dA(®, h, d)(z)> _ ),

(5.2) = (=h' K2 — hkgp K+ h" +d)® +d "

(5.3) dz ’ dz

DEFINITION 3. We specialize E(CI), h,d) to the case & = W7 and define a differential

operator V assigning a curve to three functions by V(f,h,d) = A(W%, h,d).

Considerations similar to those of proposition 4.1 show that V(f, h,d) is an algebraic
representation formula for curves with arbitrary arc length element ds? = —d?(z)dz?,
more precisely:

PROPOSITION 5.1. V(f, h,d) is a natural algebraic representation formula of type
(1,1,1) for curves of arbitrary arc length function d, i.e., the transformation rule
V(f,h,d)ot = V(fot,(hot)/t' t'(dot)) holds for arbitrary holomorphic parameter
transformations t. V(f, h,d) can be inverted by differential operators involving square
T001S.

Proof. The first part follows from the construction. Again we can refer to the Math-
ematica facilities that permit to prove naturality of V(f, h,d) by verifying the condi-
tion (2.1).

However, a more conceptual proof is obtained by following the lines of sections 2
and 3. One defines a natural version Vx(f, h,w) of V(f, h,d), i.e., a family of operators
Vy : Ags X Xy X Ly — As X As X Ay, for arbitrary Riemann surfaces X, whose local
versions with respect to any holomorphic chart on ¥ agree with V(f, h,d). One observes
that the derivative W’* of the Weierstrafl formula (4.5) for minimal curves in canonical
parametrization is the local version of a natural operator W& : Ay, — Xy X Xy x Xy
given by W (f) = (1 —£2,i (1 +£?),2f) 0f /2, where, as in proposition 2.3, f denotes
the vector field dual to df. In analogy to (5.1) Vg (f, h,w) is defined by V(f,h,w) =
i VO (f h) + [w, WE(F)], where [.,.] : Ly x (X x X x X) — A x A x A denotes the
pairing of meromorphic 1-forms with triples of meromorphic vector fields.

The operator Vs maps triples (f,h,w) € A x X x £ to meromorphic curves in C?
whose infinitesimal arc length is the given meromorphic 1-form w € Lyx. It has properties
of injectivity and equivariance similar to those of V®) and V. For the inverse operator
V1! see [6]. We describe it here in short for the convenience of the reader: Consider a
curve ® € Ac x Ac X Ac with components ® = (&1, @3, ®3) and its preimage V~1(®) =
(f,h,w) € Ac x X¢ x L. At first, we have w = /(®’, &’). Next, f can be computed by
[ = (95 —iw)/(®] —i®y). Finally, h is given by h = (W, @) =
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If d # 0 then for the curve V(f, h,d) the classical invariants ’curvature’ and ’torsion’
can be defined by the same analytic expressions as in the case of curves in R3. We are
going to show that there is a differential algebraic relation between curvature and torsion
of V(f,h,d) and the invariants ’canonical parameter’ and ’minimal curvature’ of the
minimal curve V(f, h). These can be mutually expressed by differential operators.

For this purpose denote by Cs; the vector space of all parametrized meromorphic
curves in C? defined on a Riemann surface ¥ and by Csx.q C Cx, the subset of curves with
infinitesimal arc length d € Ay. We have Miny, = Cx .

Denote by L5, C Ly the set of all nonzero differential 1-forms on ¥. On the subset
C{ = Cx \Miny, consider the mapping that assigns to a curve ¥ € C3; the triple (5, 7,d) €
A2 x L% consisting of its curvature &(z), its torsion 7(z) and its infinitesimal arc length
d(z). As in the case of curves in real Euclidean space R? this mapping is bijective up to the
choice of initial conditions for the solution of the system of Frenet equations. Similarly,
let (k,7) be the mapping assigning to a curve ® € Miny, the minimal curvature k(z) and
the derivative m(z) of its canonical parameter. In the same way as (K, 7, d), the minimal
curve is determined by r(z) and 7(z) (see [5]). Therefore there must exist a bijective
mapping 2 that makes the following diagram of differential operators commutative.

(R, 7,d)
cs A2 x L5
V(f,h,d)
As x Xg x LE L
V(f,h)xid (k,m) x id
Miny, x L% (As x L) x L3,

The mappings Q and Q! defined in this way are given by (5.3) and (5.4) below
respectively. More precisely, €2 maps the direct factor L3, onto itself by the identity and
As X Ly to Ag x Ay, by (5.4). Similarly, Q7! acts also on L% by the identity and maps
Agz to As X Ly, by (5.5).

THEOREM 5.1. The curvature k(z) and torsion 7(z) of V(f, h,d) can be expressed as
differential operators in the Study parameter kg of the minimal curve ® = W7 and the
canonical parameter m of the variation V(f, h) by

_, PPRL -7t —4n?d —3d% +4Adrn +2dd”
R = a

7 nd

1 , ,
(5.4) T:m{ﬂ6+6w4d’+1lﬁ2d’ 64+ dP Rl

—2d@Bnn +5nd 7 +272d" +3d d")+

2@ +2r7" +d® — k2 (72 +d'))}.
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The mapping (ks,7) — (K2,7) is inverted by another differential operator, namely by

3 d/ d7 ~/2 d EIQ 5% =14

_ 22 2 ~2
¢—dm+d7+d2 = +d7%2+4ﬁ4+
d// E//Z
5.5 2d7 — —
( ) T d l{27

d ~ EIZ
T = 3 (—2d7’—|— ?>

We refer the reader to a computer algebra system for a direct proof of these assertions.

The operator V(f,h,d) can be easily extended to a natural representation formula
for minimal curves in C* by replacing the function d by its derivative d’ and appending
id(z) as a fourth component to the 3-dimensional vector V(f, h,d).

Simpler expressions for (5.3) and (5.4) are obtalned if the argument d in V(f, h,d)
is replaced by d(z) = —id(z) and h by h(z) = —Qf (d(2)/1'(2)), where Qf) is given
by (2.5) as the inverse operator of IP’;?’). The following results are given without proof.

They come from computations with the computer algebra facilities of Mathematica.

PROPOSITION 5.2. The two operators V and W® given by

6) V(f,d=V o (1Y) _iq d W d(¢ W50 4
(5 ) (f7 )_ fv_(@f ? y (Z) an dCz C
assigning to a pair (f,d) of meromorphic functions a meromorphic curve in C® are iden-

tical, up to a constant vector of C3.
In the case d # 0, the curvature K und torsion T of V(f,d) are given by

(5.7) R(z) = - *”:;(ZZ)) and 7 = 761(:)%?@)’

where ke (z) is the Study parameter of the minimal curve ® = W;i
The image of the operator V consists of curves whose infinitesimal arc length func-
tion d, curvature Kk und torsion T are subject to the condition
' (2)
k(2)
We solve the second of the equations (5.7) for d(z) and insert the resulting expression
as argument in V. This gives a representation formula

(5.9) V(7)) = (f, EM)

(5.8) id(2)°7(2) + d'(2) + d(2) =0.

dz

for curves with preset torsion 7. The infinitesimal arc length ds?(z), curvature %(z) and
torsion 7(z) of this curve also satisfy (5.8. One has

12

KBGO k()
&)= -Fee M RE =T

6. Algebraic representation formulas obtained from caustics. A surface strip
in R? is a pair (8(t),v(t)) of two parametrized curves such that ||y(t)|| = 1 and (3'(t),v(t))
= 0. One can imagine 3 as a curve on a surface F C R? and 7 the restriction of the normal
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vector field of F to . In this case we say that F is a surface passing through the strip
(B, 7).

By a classical result of H. A. Schwarz, through any analytic strip (5(t),(t)) passes a
unique minimal surface given by the real part of the minimal curve

(6.1) Bas () = () i | B0 x AO)dC

where x is the ordinary vector product extended to C3 and 3(¢),v(¢) are holomorphic
extensions of § and ~ to C. This is a (nonalgebraic) representation formula named after
E. G. Bjorling, who was the first to pose the problem of determining all minimal surfaces
passing through a given strip.

If a(t), b(t) are analytlc functlons O(t ) (a(t) b( )) the planar analytic curve defined
by them and ~(t) = (—b t))/+/a’%(t)) + b2(t)) its normal vector field, then (6.1)
applied to the plane curves ﬂ and y (that have to be considered as space curves under
the embedding R? C R3) yields the local representation formula

(6.2) Ba(z) = (a<z>,b<z>, - [ V@QrET <b'<<>>2d<> ,

that is not algebraic. However, it becomes algebraic when combined with several opera-
tions of forming envelopes of families of straight lines, mainly caustics of planar curves.

Let 0:(v) = a(t) + ve(t) be a l-parameter family of straight lines parametrized by a
planar base curve a(t) = (z(t),y(t)) and a director curve (t) = (£(t),n(t)). The envelope
of the family ¢ is the curve

(6.3) B(t) = aft) +

We consider the following special cases:

evolute — this is the envelope of the family of normal lines of «, i.e., the evolute is
obtained by putting e(t) = (—y'(t), z'(t)) in (6.3). We obtain 3(¢) = a(t)+v(t)/k(t),
where v and k are the oriented normal vector and the signed curvature respectively.
central caustic — the envelope of the family of light rays emanating from a center
P = (py,py) € R?, the light source, after reflection at the curve (). In this case

e(t) is the vector
() = (1) — 2fm o/ (1), where A(t) =a(t)P,

parallel caustic — the envelope of the family of parallel light rays after reflection at
the curve . We assume that the incoming light rays are parallel to the xz-axis. The
explicit formula for the parallel caustic comes out by putting (t) = (£(¢),n(t)) =
(z'(t)* — o/ (t)%,2/(¢) /' (t)) in (6.3). This is the limiting case of central caustic for
Pz — O0.

These 3 operations are more or less involved nonlinear differential operators in x(t)
and y(t). We will see that they give ARF’s if we consider them as operators mapping
planar curves to planar curves and compose them with the Bjorling formula (6.2). The
essential result will be that the arc length function
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5oy (t) = /t @2(7) § 02 (r)dr

figuring in (6.2) is an algebraic expression involving the components x(t) and y(t) of the
curve a(t) when a(7) and b(7) are the components of the evolute, the central caustic or
the parallel caustic of « respectively. We have explicitly:

PROPOSITION 6.1. Let a(t) be a planar curve in analytic parametrization (x(t),y(t)),

I/ y// _ y/ x// 1 7y/
=—F— andv=——= ,
<O/,O/>3/2 <O/,O/> x
the signed curvature and the oriented unit normal vector of a(t) respectively. Let B(t) =
(a(t),b(t)) be the analytic parametrization of any of the three types ’evolute’, ’central
caustic’ and ’parallel caustic’ of envelopes of families of lines associated with «. Up to an
additive constant the arc length function of B is given in terms of the functions x(t), y(t)
and its derivatives by the following table:

arc length function
type of envelope

Sl (7)]|dr
lut L
evolute o)
central caustic B 1 " (a(t),v(t) -
with light source (0, 0) @ 2]ja@®)]]? k(t)

b (t)

parallel caustic a(t) +
2 k() \/a2(t) + V'2(t)

Proof. The first assertion is due to the fact that the constructions of the evolute and
the involute of a curve are inverse to each other. We are not going to derive the two other
results from geometric facts in a similar way and recommend to verify them with the
help of a computer algebra system. In order to prove for instance the second assertion
with Mathematica, one could start by encoding the formula

g mex’y'Q—yQ(a:’2y’—|—a:y’a:"—xx'y”)—J:Q(y’3+ajy’a}"—xx’y")
n y2:c’3+x2:c’y’2 +y3 (a:’y”fy’x”)+:cy(xx’y”72x’2y’fa:y’x”) ’

where n = ym’g—mx’2y’—|—ya:’y’2—a:y’3—2x2y’x”—2y2y’x”+2w2x’y”—|—2y2x’y”,
for the central caustic of «(t) as a Mathematica command, called for instance
centralcaustic[alpha] [t]. Similarly, a command kappa2[alpha] [t] for the curvature
of a planar curve (see [7]) is needed. Applying the following instructions to Mathematica
yields 0. m

alphalt_] = {alt], bltl};

caustic[t_] = centralcaustic[alpha] [t];
cauprime[t_] = D[caustic[t], t];

ds2 = Sqrt[Simplify[cauprime[t].cauprimel[t]]];
testO = Module([{aap = D[alphalt], t],
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csa = Sqrtlalphalt].alphalt]], normale, templ,
normale = {-aap[[2]], aap[[1]1]}/Sqrt[aap.aap];
temp = normale.alphal[t]/(2*kappa2[alpha] [t]*csa”3) + 1/csa;
Simplify[-D[1/temp, t11];
Simplify[PowerExpand[ds2 - test0]]

7. Graphical examples. The helicoid is given in the canonical Weierstrafl repre-
sentation W*(f)(z) by functions of the form f(z) = e®#, where a € R is a non-zero
constant. The first 4 pictures show two examples of variations and deformations of a he-
licoid with elementary functions. The first with the function h(z) = €3# and the second
with h(z) = 22 €*/10. These surfaces can be defined by a simple Mathematica command
using the operator OP [n] [f,h] [z] defined in section 2 together with an implementation
of the Weierstrafl formulae (2.2) and (4.5). The commands
weierstr[f_,g_][z_]:=Integratel

{1-glzz] "2,I(1+g[zz] ~2) ,2*g[zz] }*f [z2]/2,2z]/ .zz->z
VAR[f_]1[h_][z_]:=Ixweierstr[0P[3] [f,h] [#]1&,f] [z]//Simplify;
DEF[f_1[h_][z_]:=VAR[£f] [h] [z]+

weierstr [I/(DLf [#],{#,1}1)&,£f][2z]//Simplify
are a quick way to define the variation and deformation operators of section 4 in Mathe-
matica.

The associated surface given as real part of a minimal curve ®(u+14v) is the imaginary
part of ®(u+14v). The next 4 pictures show two surfaces obtained from the deformations
and variations of the minimal curve

B(z) = (i sin(22), TZ,—%COSQ(@)T

with certain functions h(z) together with their associated surfaces. These deformations
and variations are computed directly with the formula (4.3) of proposition 4.1. If the
surface parameter v is near to 0 the corresponding part of the surface appears as a
localized distortion of the helicoid or the catenoid respectively.

If we define a Mathematica command centralcaustictominimalcurve encoding the
formula of proposition 6.1, we can study minimal surfaces that intersect the zy-plane
along central caustics of circles or ellipses. We present the caustic of the circle generated
by the light rays emanating from the center P = (19/11,0). The Bjorling curve associated
to this caustic is produced with

centralcaustictominimalcurve[{Cos[#],Sin[#]1}&,19/11,0] [z].

The result is
19 19 (1928 - 1881 Cos[z] + 209 Cos[3 z]) 722 Sin[z]
11 66 (-281 + 209 Cos[z]) 843 - 627 Cos[z]

3/2
4 T Sqrt[2] (241 - 209 Cos[z])

9273 - 6897 Cos[z]
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The pictures show the circle, the light rays emanating from P, the reflected rays,
their enveloping caustic and the minimal surface associated to the caustic by the Bjorling
formula (6.2). A second example shows the minimal surface of the caustic of the ellipse:
The command

phi[z_]=centralcaustictominimalcurve [{3*Cos[#],2*Sin[#]}&,3,-2] [z]
yields the minimal curve

198 — 369 cos(z) + 90 cos(2 z) — 15 cos(3 z) + 45sin(z) — 63sin(3 2)
B(z) = 28 — 30 cos(z) — 60 cos(2 z) + 62 cos(3 z) — 66sin(z) — 10sin(3 z)

-2 i\/2 (39 — 36 cos(z) + 5 cos(2 z) 4 16sin(z))?

where ® = —130 + 123 cos(z) — 30 cos(2 z) + 5 cos(3 z) — 33sin(z) — 5sin(3 2).

The fourth pair of pictures shows at the top the ellipse with semi axes a = 3, b = 2, the
light rays emanating from the point (3, —2), the reflected light rays together with their
caustic and on the bottom the minimal surface given by the minimal curve ® above.

7.1. Deformation and variation of the helicoid by means of an exponential function.
We put f(z) = e*# and h(z) = €37/7. The Weierstral formula applied to f yields a
helicoid. The first picture shows the deformation and the second the variation of this
helicoid with the function h. Mathematica commands that produce these pictures are
indicated.

ParametricPlot3D[

Re [DEF [Exp [4\#]\&] [

Exp [3\#]1/7\&] [u+I*v]]//
Evaluate,
{u,-0.2,0.2},{v,-Pi,Pi},
PlotPoints->{10,200},
ViewPoint->{2,3,6},
Axes->None,Boxed->False]
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ParametricPlot3D[

Re [VAR [Exp [4\#]\&] [

Exp [3\#]1/7\&] [u+I*v]]1//
Evaluate,
{u,-0.2,0.2},{v,-Pi,Pi},
PlotPoints->{10,200},
ViewPoint->{2,3,6},
Axes->None,
Boxed->False] ;

I -
A7

7.2. Variation of the helicoid. The picture shows the variation of the surface

R(WZ () (@ +iy)) by means of the function h(z) = 2% ¢e%/10.

ParametricPlot3D[

Re[VAR[E~# &] [#"2+xE"#/10 &][
u+I*v]]//Evaluate,
{u,-0.7,0.7},{v, -4Pi,4Pi},
PlotPoints -> {17, 211},
ViewPoint ->{2,3,6},

Axes -> None,

Boxed -> False]
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7.3. Deformations of the helicoid. The minimal curve of the helicoid can be defined
with the function f(z) = tan(z) in Mathematica via DEF [Tan[#] &][0&] [z]. The two
pictures show the surfaces whose minimal curves are DEF [Tan [#] &] [h] [z] for the func-

tions

(1+424) (1 — cos(z) i sin6(z).

h(z) = and h(z) =

26

22
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7.4. Deformations of the helicoid. We choose
(17 4 114) sin®(z)
he) = T
and draw the deformation Re[DEF [Tan[#] &] [h] [u+i*v]] and its associated surface
Im[DEF [Tan[#] &] [h] [u+i*v]]. Observe that the associated surface has the appearance
of a deformation of the catenoid.




132 H. GOLLEK

7.5. A caustic of a circle. The first plot shows the caustic of light rays emanating
from a point on the z-axis and the second one a minimal surface intersecting the xy-plane
in this caustic perpendicularly.
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7.6. A caustic of an ellipse and the minimal surface intersecting the xy-plane in this
caustic perpendicularly.

S
‘_‘\
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