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1. Introduction. The Riemann curvature tensor contains a great deal of information
about the geometry of the underlying pseudo-Riemannian manifold; pseudo-Riemannian
geometry is to a large extent the study of this tensor and its covariant derivatives. It is
often convenient to work in a purely algebraic setting. We shall say that a tensor is an
algebraic curvature tensor if it satisfies the symmetries of the Riemann curvature tensor.
The Riemann curvature tensor defines an algebraic curvature tensor at each point of the
manifold; conversely every algebraic curvature tensor is locally geometrically realizable.
Thus algebraic curvature tensors are an integral part of certain questions in differential
geometry.

The skew-symmetric curvature operator is a natural object of study; there are other
natural operators and we refer to [4] for a survey of this area. In the present paper,
we examine when the (complex) Jordan normal form of the skew-symmetric curvature
operator is constant either in the real or complex settings. In Section 2, we give the basic
definitions and notational conventions we shall need. We also review the basic results in
the real setting. In Section 3, we discuss a natural generalization to the complex setting.

2. IP algebraic curvature tensors, Let (M, g) be a connected pseudo-Riemannian
manifold of signature (p, ¢) and dimension m = p+q. Let V be the Levi-Civita connection.
The curvature operator and associated curvature tensor are defined by:

(1) QR(X,Y) =VxVy —VyVyx 7V[X,Y]a
YIR(X,Y,Z,W):=g(R(X,Y)Z,W).
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This tensor has the following symmetries:

(2) gR(X,Y,Z,W):—gR(KX,Z,W),
(3) IR(X,Y,Z,W) = IR(Z,W, X,Y), and
(4) YR(X,Y, 2, W) +R(Y, Z, X,W) + 9R(Z, X, Y, W) = 0.

Let V be a finite dimensional real vector space which is equipped with a non-degene-
rate inner product (-, -) of signature (p, q). We say that a 4 tensor R € ®*V is an algebraic
curvature tensor if R satisfies the symmetries given in equations (2-4). Note that we do
not impose the second Bianchi identity; algebraic curvature tensors measure second order
phenomena. We say that (M, g) is a geometric realization of an algebraic curvature tensor
at a point P if there is an isometry ¥ : TpM — V so that YRp = U*R.

Let {e1, ez} be an oriented basis for a 2 plane @ C V and let h;; := (e;, e;) describe
the restriction of the inner product (-,-) to m. We shall say that 7 is non-degenerate
if h;; is non-degenerate, i.e. det(h) := hijthes — h3, # 0. We say that « is timelike,
mized, or spacelike according as the quadratic form h;; is negative definite, indefinite, or
positive definite, respectively. We may decompose the Grassmannian of all oriented non-
degenerate 2 planes as the disjoint union of the oriented timelike, mixed, and spacelike 2
planes.

Let R be an algebraic curvature tensor on V. Let {e1, ez} be an oriented basis for a
non-degenerate spacelike 2 plane 7 C V. The skew-symmetric curvature operator

R(7) := det(h)"Y2R(e;, ¢;)

is independent of the particular oriented basis for m which was chosen. We say that R is
spacelike Jordan IP if the complex Jordan normal form of the operator R(r) is constant on
the Grassmannian Gr ("{ 5(V) of oriented spacelike 2 planes. The notions of timelike Jordan
IP and mized Jordan IP are defined similarly using the Grassmannians Gr ;O(V) and
Grfl(V) respectively. In the Riemannian setting (p = 0), this is equivalent to assuming
that the eigenvalues of R(7) are constant on Gr 25’2) (V). In the pseudo-Riemannian setting
(p > 0) a bit more care must be taken as there are examples where R(7) has only the
zero eigenvalue but where the rank of R(7) varies with 7; we refer to [7] for details. We
note that there are examples of algebraic curvature tensors which are spacelike Jordan
IP but not timelike Jordan IP; again see [7]. We say that a pseudo-Riemannian manifold
(M, g) is spacelike Jordan IP if the associated curvature tensor 9R is spacelike Jordan TP
at every point of M; the eigenvalues and Jordan normal form are allowed to vary with
the point.

Let p = 0. The study of the skew-symmetric curvature tensor was initiated in this
context by Stanilov and Ivanova [16]; we also refer to related work by Ivanova [11]-[15].
Subsequently, Ivanov and Petrova [10] classified the spacelike Jordan IP metrics in the
Riemannian setting for m = 4; for this reason the notation ‘IP’ has been used by later
authors. The classification in [10] was later extended by P. Gilkey, J. Leahy, and H.
Sadofsky [5] and by Gilkey [2] to the cases m > 5 and m # 7. We refer to Gilkey and
Semmelman [6] for some partial results if m = 7. Zhang [17] has extended these results
to the Lorentzian setting (p = 1); see also Gilkey and Zhang [8] for related work.
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We say that R has spacelike rank r if Rank (R(7)) = r for every spacelike 2 plane
7. The following theorem, which shows that » = 2 in many cases, was proved using
topological methods [5, 17].

THEOREM 1. Let R be an algebraic curvature tensor of spacelike rank r on a vector
space of signature (p,q).

1) Letp<1. Let q=5,q=6, or ¢ >9. Thenr =2.
2) Let p=2. Let ¢ > 10. Assume neither g nor ¢+ 2 are powers of 2. Then r = 2.

In light of Theorem 1, we shall focus our attention on the algebraic curvature tensors
of rank 2. Let V be a vector space of signature (p, q). We say that a linear map ¢ of V
is admissible if ¢ satisfies the following two conditions:

1. ¢ is self-adjoint and ¢? =1d, or ¢? = —Id, or ¢? = 0.
2. If ¢(x) =0, then (z,x) <0, i.e. ker ¢ contains no spacelike vectors.

Let ¢ be admissible. If ¢? = Id, then ¢ is an isometry, i.e. (¢z,¢y) = (x,y) for all
x,y € V. If ¢* = —1d, then ¢ is a para-isometry, i.e. (¢px, py) = (—x, —y) for all z,y € V;
necessarily p = ¢ in this setting. If 2 = 0, then the range of ¢ is totally isotropic, i.e.
(¢px, py) = 0 for all x,y € V. We define:

Ry(x,y)z := (¢y, z)¢x — (¢, 2)dy, and
R¢(x,y, Z7w) = (¢ya Z)((bl‘,UJ) - (QZS.Z‘, Z)((bva)

We showed in [7] that R, is an algebraic curvature tensor with range(Ry (7)) = ¢m if
is a spacelike 2 plane. The eigenvalue structure of R, () is given by:

1. Suppose that ¢? = £Id. Then Rg4(m) is a rotation through an angle of 90 degrees
on the spacelike (¢? = Id) or timelike (¢> = —Id) 2 plane ¢m, Ry(m) vanishes on
¢mt, and Ry has two non-trivial complex eigenvalues £+/—1.

2. Suppose that ¢? = 0. Since ker ¢ contains no spacelike vectors, Ry (m) has rank 2.
The 2 plane ¢ is totally isotropic. We have {R,(r)}? = 0.

Thus CRy is a spacelike rank 2 Jordan IP algebraic curvature tensor for any C # 0.
Conversely, we have the following classification result [7]:

THEOREM 2. Let V be a vector space of signature (p,q), where ¢ > 5. A tensor R is
a spacelike rank 2 Jordan IP algebraic curvature tensor on 'V if and only if there exists a
non-zero constant C' and an admissible ¢ so that R = CRgy.

3. Almost complex Jordan IP algebraic curvature tensors. Algebraic cur-
vature tensors have been studied by many authors in the complex setting; we refer to
Falcitelli, Farinola, and Salamon [1] and Gray [9] for further details concerning almost
Hermitian geometry.

Let J : V — V be a real linear map with J? = —Id. We use J to provide V with a
complex structure: (a++/—1b)v = av+bJv. Thus a real linear map S of V' is complez if and
only if SJ = JS. We shall assume that J is pseudo-Hermitian, i.e. (Jvy, Jva) = (v1,v2);
necessarily both p and ¢ are even.
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A 2 plane 7 is called a complez line if Jm C 7. If 7 is non-degenerate, then 7 is either
spacelike or timelike, there are no mixed complex lines.

An algebraic curvature tensor R is said to be almost complexif JR(x, Jx) = R(x, Jx)J
for all  in V, i.e. R(x, Jx) is complex linear. Such an R is said to be almost complex
spacelike Jordan IP if R(w) (regarded as a complex linear map) has constant Jordan
normal form for every spacelike complex line; the notion of almost complex timelike Jordan
IP is defined similarly.

Theorem 2 controls the eigenvalue structure of a spacelike Jordan IP algebraic cur-
vature tensor in the real setting. There is a similar result in the complex setting which
we describe as follows. Let p = 0 and let R be an almost complex spacelike Jordan 1P
algebraic curvature tensor. The operator JR(w) is a self-adjoint complex linear map and
is therefore diagonalizable. Let {);, u;} be the eigenvalues and multiplicities of JR(:),
where po > p1 > ... > pe; M € R and ¢ = 2(pg + ... + pe). We refer to [3] for the proof of
the following result which controls the eigenvalue structure in the Riemannian setting; it
is not known if a similar result holds in the higher signature setting.

THEOREM 3. Let R be an almost complex spacelike Jordan IP algebraic curvature
tensor on a Riemannian vector space of signature (0,q). Let {\;, u;} be the eigenvalues
and multiplicities of JR(-), where pg > ... > pe > 0. Suppose £ > 1. If m = 2 mod 4,
then £ =1 and py = 1. If m = 0 mod 4, then either { =1 and pu; < 2 or £ = 2 and

p1 = pp = 1.
We say that (¢, J) is an admissible pair if ¢ is admissible, if ¢J = +J¢, and if J is a

pseudo-Hermitian almost complex structure on V.

THEOREM 4. Let V' be a vector space of signature (p,q). If (¢,J) is an admissible
pair, then Ry is an almost complex spacelike Jordan IP algebraic curvature tensor.

Proof. By Theorem 2, Ry is a spacelike rank 2 Jordan IP algebraic curvature tensor.
Since J¢ = e¢pJ for e = £1, we may compute:
JRy(x, Jx)z = (¢pJx, 2)Jpx — (px, 2)JpJx
Ry(z, Jx)Jz = (pJz, J2)px — (¢, J2)pJ
= —(JoJx, z)px + (Jozx, z)pJx
= X(¢pJx, 2)Jpx — % (¢, 2) JpJx = JRy(x, Jx)z.

This shows that R is almost complex. m

Let V be a vector space of signature (p,q). We say that (¢1, do, J) is an admissible
triple if the following conditions are satisfied:

1. ¢1 and ¢, are admissible and either ¢2 # 0 or ¢3 # 0;
2. J is a pseudo-Hermitian almost complex structure on V;

3. Jo1 = ¢1J, Jpo = —¢2J, and g1 + 9192 = 0.

LEMMA 5. Let V' be a vector space of signature (p,q). Let {¢1, d2, J} be an admissible
triple on V.



COMPLEX IP CURVATURE TENSORS 199

1. If © is spacelike, then the set {12, P1Jx, pox, o Jx} is orthogonal and linearly
independent.
2. For any x € V, we have that:
Ry, (x,Jx)Ry,(x, Jx) = Ry, (x, JT) Ry, (z, Jx) = 0.
Proof. To show that {¢p1x, ¢1Jx, pox, poJa} is an orthogonal set, we compute:

(p12, 1 Jx) = e1(rz, Jgrz) = —e1(J 1z, p12) = —(d1Jz, 1),
(P17, p27) = (P17, 7) = — (P12, ¥) = —(d27, P12),

(012, p2Jx) = —(Jpat1z,7) = e182(d1¢2J,2) = — (P2 Sz, 1),
(1 Jz, pox) = —(x, JP1927) = e162(x, P21 J2) = — (P27, ¢1J ),
(p1Jz, p2Jx) = (P21 Jw, Ja) = —(d1d2 ), Jx) = — (P2, $1 ),
(f2z, p2Jx) = €2(d2m, Jpox) = —€2(J dox, pox) = —(d2Jx, dox).

Let 7 := Span {x, Jz}. Then ¢;m and ¢o7 are orthogonal 2 planes. If ¢ = 41d, then
¢17 is non-degenerate so gom C ¢+ implies @17 N pom = {0} and assertion (1) follows;
the argument is the same if ¢3 = +Id.

To prove assertion (2), we compute:

Ry, (m) Ry, (m)z = Ry, (m){(p2Jx, 2)pow — (¢21, 2) 2}
= (p2Jz, 2){(d1J2, poz) P17 — (12, o)1 S}
—(p2, 2){($1 T, 2 Jx) P12 — (P12, P2 ) Pp1 S} = 0.
We argue similarly to show that Ry, (m)Rg,(7) =0. =

The following is the main result of this paper. It shows the estimates of Theorem 3
are sharp and provides a large family of non-trivial new examples.

THEOREM 6. Let V' be a vector space of signature (p,q). Let (¢1, pa,J) be an admis-
sible triple on V. Let A; be real constants. Then R := A\ Rg, +AaRg, is an almost complex
spacelike Jordan IP algebraic curvature tensor.

Proof. We assume A1 # 0 and Ao # 0; otherwise the proof follows directly from
Theorem 4. As the set of almost complex algebraic curvature tensors is a linear subspace
of the set of all 4 tensors, Theorem 4 shows that R is an almost complex algebraic
curvature tensor.

We complete the proof by discussing the complex Jordan form. Let {z, Jz} be an
orthonormal basis for a spacelike complex line 7. We use Lemma 5 to see that ¢;7 and
¢om are orthogonal complex lines and that Rank (R(7)) = 4. Also by Lemma 5 we have:

R(ﬂ-)2 = )‘§R¢1 (77)2 + )‘ngm (71-)2'

Suppose that ¢? = +Id and that ¢3 = +Id. The metric restricted to ¢1m & gorr is
non-degenerate. Let

Vo := (1w @ gom) -
We have an orthogonal direct sum decomposition

V=o1m® pam ®& W
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which is preserved by R(7). The map R() has 4 non-trivial purely-imaginary eigenvalues
+X;v/—1; Vo = ker(R(m)). The map R(w)? is diagonalizable. Thus R is almost complex
spacelike Jordan IP because:
R(
R(
R(m)? = —=)\Z% on ¢y
Suppose that ¢? = £Id and ¢3 = 0; the argument is similar if 3 = 0 and ¢2 = +Id .
By assumption ker ¢ contains no spacelike vectors. Let Vj := (¢17)*. Then we have an

orthogonal direct sum decomposition V' = ¢ 7@ Vjy which is preserved by R(w). The map
R(m) has two non-zero eigenvalues +X;1/—1. The map R(7)? is diagonalizable;

R(m)*> =0 on Vp and R(w)* = —A] on ¢

Thus R is almost complex spacelike Jordan IP. m

)2 =0on Vp,

7)% = —)\? on ¢, and

We construct examples to show that all 8 cases of Theorem 6 can occur. Let

01 0 0 0 0 1 0
i 1 0 0 O 10 0 0 -1 (0,4)
el = 00 0 1 and ey := 1 0 0 0 n R ,
0 010 0 -1 0 0
. 0 1 (01 (0,2)
Jo.—(l 0> anda.—(l 0) on RV,
o 0 1 . 1 -1 (1,1)
6.(_1 O> and7.<1 _1) on R ,
be matrices satisfying the relations
e] = ey, es = eg, e% =1d, e% =1Id, ejes+ege; =0,
Jg = —Jo, JO2 =-Id, o*=a, o’=1d, Joa = —ady,

gr=p, p=-Id, ~* =4, 7?2 =0 Rangey = ker~.
Define the matrix 7; by:

Id ®1d if §; = +1,

We construct (¢1, ¢2,J) admissible so
$? = 611d and ¢35 = 5,Id
by setting:
¢1:=e1 ®1d ® 7,
P2 :=e3 @ a® 19, and
J=Id ® Jy®Id.
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The tensor

R = /\1R¢1 + )\2R¢2

is then both almost complex spacelike Jordan IP and almost complex timelike Jordan IP.
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