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Abstra
t. We prove the existen
e of solutions to the evolutionary Stokes system in a boundeddomain Ω ⊂ R

3. The main result shows that the velo
ity belongs either to W 2s+2,s+1
p (ΩT ) orto B2s+2,s+1

p,q (ΩT ) with p > 3 and s ∈ R+ ∪ {0}. The proof is divided into two steps. First theexisten
e in W 2k+2,k+1
p for k ∈ N is proved. Next applying interpolation theory the existen
e inBesov spa
es in a half spa
e is shown. Finally the te
hnique of regularizers implies the existen
ein a bounded domain. The result is generalized to the spa
es W 2s,s

p (ΩT ) and B2s,s
p,q with p > 2and s ∈ (1/2, 1).1. Introdu
tion. In a bounded domain Ω ⊂ R

3 with boundary S we 
onsider the Stokesequations with the following initial and boundary 
onditions
(1.1)

∂tv − ν∆v + ∇q = f(x, t) in ΩT ,

div v = G(x, t) in ΩT ,

n̄ ·D(v) · τ̄i + γv · τ̄i = bi (i = 1, 2) on ST ,

v · n̄ = b3 on ST ,

v|t=0 = v0 in Ω,where D(v) = {ν(∂ivj + ∂jvi)} i=1,2,3
j=1,2,3

is the deformation tensor, v(x, t) (i = 1, 2, 3) is thevelo
ity ve
tor, q(x, t) the pressure, ν the 
onstant vis
osity 
oe�
ient, γ is a positive
onstant (slip 
oe�
ient), n̄ the external normal ve
tor to the boundary S, τ̄i (i = 1, 2)are the tangent ve
tors to boundary S. The aim of this paper is to prove the existen
eof regular solutions of (1.1).The main results of this paper are the following theorems.2000 Mathemati
s Subje
t Classi�
ation: 35E99, 76D07.The paper is in �nal form and no version of it will be published elsewhere.
[21]



22 W. ALAMETheorem 1. Let p≥ 2, S ∈W 2s+3
p , f ∈B2s,s

p,q (ΩT ), G ∈B2s+1,s
p,q (ΩT ), v0 ∈B2s+2−2/p

p,q (Ω),
bi ∈ B

2s+1−1/p,s+1/2p
p,q (ST ) (i = 1, 2), b3 ∈ B

2s+2−1/p,s+1−1/2p
p,q (ST ) for s ∈ R+ ∪ {0}.Assume that there exist fun
tions A,B ∈ B2s,s

p,q (ΩT ), diam suppA < λ, su
h that thefollowing 
ompatibility 
onditions hold
Dα

x∂
β+1
t G− div(Dα

x∂
β
t f) = div(Dα

x∂
β
t B) +Dα

x∂
β
t A,for all α, β ≥ 0 su
h that |α| + 2β ≤ [2s]. Then there exists a unique solution to theproblem (1.1) su
h that v ∈ B2s+2,s+1

p,q (ΩT ), ∇q ∈ B2s,s
p,q (ΩT ) and the following estimateholds

‖v‖B2s+2,s+1
p,q (ΩT ) + ‖∇q‖B2s,s

p,q (ΩT ) ≤ c
(

‖f‖B2s,s
p,q (ΩT ) + ‖B‖B2s,s

p,q (ΩT )(1.2)

+ ‖A‖B2s,s
p,q (ΩT ) + ‖G‖B2s+1,s

p,q (ΩT ) + ‖bi‖B
2s+1−1/p,s+1/2p
p,q (ST )

+ ‖b3‖B
2s+2−1/p,s+1−1/2p
p,q (ST )

+ ‖v0‖B
2s+2−2/p
p,q (Ω)

+

[s−1]
∑

i=0

‖∂i
tf |t=0‖B

2s−2/p−2i
p,q (Ω)

)

.Here, B2m,m
p,q spa
es 
an be repla
ed by W 2m,m

p spa
es.The above theorem presents the existen
e of regular solutions in the Besov spa
es withthe S
hauder type estimates (the optimal regularity). To prove the result we need theexisten
e in the standard Sobolev spa
esW 2m,m
p (ΩT ) with m ∈ N. Next the interpolationtheory applied for model problems in the half spa
e will yield the result in the Besov
lasses. Another approa
h to this subje
t, i.e. interpolation between the regular andweak solution to the Stokes system, implies the next theorem.Theorem 2. Let p > 2, ps > 1 for s ∈ (0, 1) σ ∈ (0, 1〉, p∗ is 
al
ulated from (6.58).Assume that S = ∂Ω ∈ W

3−1/p
p , f ∈ Lp(Ω

T ), G ∈ W 1,0
p (ΩT ), v0 ∈ W

2s−2/p
p (Ω), bi ∈

W
2s−1−1/p,s−1/2−1/2p
p (ST ) (i = 1, 2), b3 ∈ W

2s−1/p,s−1/2p
p (ST ). Assume that there existfun
tions A,B ∈ Lp(Ω

T ), su
h that the following 
ompatibility 
ondition holds
G,t − div f = divB +A,Then there exists a unique solution to problem (1.1) su
h that v ∈ W 2s,s

p (ΩT ), q ∈
Nσ,0

p∗
(ΩT ) see (Notation, and (6.58)) and the following estimate holds

‖v‖W 2s,s
p (ΩT ) + ‖q‖Nσ,0

p∗ (ΩT ) ≤ c(‖f‖Lp(ΩT ) + λ‖A‖Lp(ΩT )(1.3)

+ ‖B‖Lp(ΩT ) + ‖G‖W 1,0
p (ΩT ) + ‖bi‖W

2s−1−1/p,s−1/2−1/2p
p (ST )

+ ‖b3‖W
2s−1/p,s−1/2p
p (ST )

+ ‖v0‖W
2s−2/p
p (Ω)

).where spa
es W 2m,m
p 
an be repla
ed by Besov spa
es B2m,m

p,q .2. Notation. In our 
onsideration we use the following Sobolev-Slobodetskii and Besovspa
es. Sobolev-Slobodetskii spa
es W k,l
p (QT ) where k, l ∈ R+, p ≥ 1, QT = Q × (0, T )where Q is either Ω or S, have the norm

‖v‖W k,l
p (QT ) = (‖v‖p

W k,0
p (QT )

+ ‖v‖p

W 0,l
p (QT )

)1/p,where
‖v‖p

W k,0
p (QT )

=

∫ T

0

‖v‖p
W k

p (Q)
dt, ‖v‖p

W 0,l
p (QT )

=

∫

Q

‖v‖p
W l

p(0,T )
dx
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‖v‖p

W k
p (Q)

=
∑

|α|≤[k]

‖Dα
x v‖p

Lp(Q) +
∑

|α|=[k]

∫

Q

∫

Q

|Dα
x v(x, t) −Dα

y v(y, t)|p
|x− y|s+pσ1

dxdy,

‖v‖p
W l

p((0,T ))
=
∑

i≤[l]

‖∂i
tv‖p

Lp((0,T )) +
∑

|i|=[l]

∫ T

0

∫ T

0

|∂i
tv(x, t) − ∂i

t′v(x, t
′)|p

|t− t′|1+pσ2
dtdt′,where s ≡ dimQ, σ1 = k− [k], σ2 = l− [l], [m] the integral part of m, Dα

x ≡ ∂α1
x1
. . . ∂αs

xs
,where α = (α1, . . . , αs) is a multiindex. We will use the Fourier-Lapla
e transform

Ft,x[φ](ξ, ξ0) ≡ φ̂(ξ, ξ0) where
φ̂(ξ, ξ0) =

1

(2π)s/2

∫ ∞

0

e−st

∫

Rs

e−iξ·xφ(x, t)dxdtand the inverse transformation equals
F−1

t,x [φ̂](x, t) =
1

(2π)s/2

∫ ∞

0

est

∫

Rs

eiξ·xφ̂(ξ, ξ0)dξdξ0,where s = iξ0, ξ = (ξ1, . . . , ξs), x = (x1, . . . , xs) and x · ξ =
∑s

j=1 xjξj .Let us introdu
e the following spa
es, ◦

W 2m,m
p (QT ) and ◦

B2m,m
p,q (QT ) where

◦

W 2m,m
p (QT ) = {v : v ∈W 2m,m

p (QT ), v|t=0 = 0},
◦

B2m,m
p,q (QT ) = {v : v ∈ B2m,m

p,q (QT ), v|t=0 = 0}.We introdu
e also Nσ,0
p (Qt) and Besov spa
es Bm,n

p,q (QT ), where
Nσ,0

p∗
(QT ) =

{

f ∈Mσ,0
p∗

(QT ) :

∫

Q

fdx = 0

}

,for
Mσ,0

p∗
(QT ) =

{

f :

∣

∣

∣

∣

∫ T

0

∫

Q

∫

Q

|f(x, t) − f(x′, t)|p∗

|x− x′|N+σp∗
dxdx′dt

∣

∣

∣

∣

<∞
}

for σ ∈ [0, 1]. Now we introdu
e Besov spa
es as
Bm,n

p,q (QT ) = {v : QT → R
s, ‖v‖Bm,n

p,q (QT ) <∞}for
‖v‖Bm,n

p,q (QT ) = ‖v‖Lp(QT ) +
∑

|α|≤k

‖|h|−(m−k)∆l
hD

αv‖L∗
q(Qδ,Lp(0,T ))

+
∑

|β|≤t

‖|h|−(n−t)∆l
h∂

β
t v‖L∗

q((0,δ),Lp(Q))for ∆l
hg = ∆l−1

h ∆hg = ∆l−1
h (g(x+ h) − g(x)) and

L∗
q(A) ≡

{

φ :

∣

∣

∣

∣

( ∫ ∞

0

‖φ(τ )‖q
A

dt

t

)1/q

<∞
}

,where
‖φ‖L∗

q(Qδ,Lp(QT )) ≡
(∫

Qδ

‖φ‖q
Lp(QT )

dxdt

|t||x|s
)1/q



24 W. ALAMEfor
Qδ ≡ {(x, t) : x = (x1, x2, . . . , xs) : 0 < xi < δ, 0 < t < δ}.In the proofs we will use the following resultsTheorem 2.1 (see [1℄). Let p > 3, S ∈ W

2−1/p
p , f ∈ Lp(Ω

T ) v0 ∈ W
2−2/p
p (Ω), bi ∈

W
1−1/p,1/2−1/2p
p (ST ), (i = 1, 2), b3 ∈ W

2−1/p,1−1/2p
p (ST ), G ∈ W 1,0

p (ΩT ). Suppose thatthere exist fun
tions A,B su
h that A,B ∈ Lp(Ω
T ), diam suppA < λ, and G,t − div f =

A+ divB. Then there exists a unique solution of system (1.1) su
h that v ∈ W 2,1
p (ΩT ),

∇q ∈ Lp(Ω
T ) and the following estimate holds

‖v‖W 2,1
p (ΩT ) + ‖∇q‖Lp(ΩT ) ≤ c(‖f‖Lp(ΩT ) + ‖B‖Lp(ΩT ) + λ‖A‖Lp(ΩT ) + ‖G‖W 1,0

p (ΩT )

+ ‖bi‖W
1−1/p,1/2−1/2p
p (ST )

+ ‖b3‖W
2−1/p,1−1/2p
p (ST )

+ ‖v0‖W
2−2/p
p (Ω)

).Lemma 2.2 (see [11℄). Let (A0, ‖ ·‖A0
), (A1‖ ·‖A1

) be Bana
h spa
es. Let us 
onsider thefollowing fun
tional K(s, a, A0A1) = infa=a0+a1
(‖a0‖A0

+ s‖a1‖A1
), for s ∈ (0,∞). Let

1 ≤ q ≤ ∞ and θ ∈ (0, 1). We de�ne the following spa
e
(A0, A1)θ,q = {a|a ∈ A0 +A1 : ‖a‖(A0,A1)θ,q

<∞},where A0 + A1 ≡ {a|a ∈ H and a = a0 + a1: ai ∈ Ai} A0, A1 ⊂ H is a Hausdor� linearspa
e,
‖a‖(A0,A1)θ,q

=

(∫ ∞

0

(s−θK(s, a, A0, A1))
q ds

s

)1/q

for 1 ≤ q <∞ and
‖a‖(A0,A1)θ,∞

= sup
0<s<∞

s−θK(s, a, A0, A1)for q = ∞. Then K(s, a, A0, A1) is a norm in A0 +A1 and (A0, A1)θ,q is a Bana
h spa
esu
h that the following topologi
al embeddings hold
A0 ∩A1 ⊂ (A0, A1)θ,q ⊂ A0 +A1.Proposition 2.3 (see [4, 8, 9℄). Let 1 ≤ pi ≤ ∞, 0 < θ < 1 and ki ∈ Z+ ∪ {0} i = 0, 1.Then the following interpolation holds

(W 2k0,k0

p0
(RN+1

+ ),W 2k1,k1

p1
(RN+1

+ ))θ,p = W 2s,s
p (RN+1

+ )

k0 6= k1, for s = (1 − θ)k0 + θk1, 1
p = 1−θ

p0
+ θ

p1
, and

(W 2k0,k0

pi
(RN+1

+ ),W 2k1,k1

pi
(RN+1

+ ))θ,q = B2s,s
pi,q (RN+1

+ )for k0 6= k1 and s = (1 − θ)k0 + θk1; R
m
+ = R

m−1 × (0,∞).Theorem 2.4 (see [3, 5, 6, 7, 11℄). Let A0, A1 be an interpolation 
ouple of Bana
hspa
es. Let T be a linear 
ontinuous operator T : A0+A1 → B0+B1 su
h that T : Aj → Bjas a restri
tion is also 
ontinuous and linear. Assume that (A0, A1)θ,p and (B0, B1)θ,p arewell de�ned interpolation spa
es. Then for v ∈ (A0, A1)θ,p there exists Tv ∈ (B0, B1)θ,p,
T : (A0, A1)θ,p → (B0, B1)θ,p is a linear 
ontinuous and the following estimate holds

‖Tv‖(B0,B1)θ,p
≤ c‖v‖(A0,A1)θ,p

,where 
onstant c is equal ‖T‖1−θ
A0→B0

‖T‖θ
A1→B1

.



NONSTATIONARY STOKES SYSTEM 25Lemma 2.5 (see [12℄). Assume that v0 ∈ W
2k+2−2/p
p (R3) for k ∈ N. Then exists anextension φ of v0 su
h that φ ∈ W 2k+2,k+1

p (R4), φ|t=0 = v0 and the following inequalityholds
‖φ‖W 2k+2,k+1

p (R4) ≤ c‖v0‖W
2k+2−2/p
p (R3)

.

3. Problem in half spa
e. The �rst step to solve the problem (1.1) in a Besov spa
eis to 
onsider this system in the half spa
e x3 ≥ 0,
(3.1)

v,t − ν∆v + ∇q = f(x, t),

div v = G(x, t),

v1,x3
+ v3,x1

|x3=0 = b1(x
′, 0, t),

v2,x3
+ v3,x2

|x3=0 = b2(x
′, 0, t),

v3|x3=0 = b3(x
′, 0, t),

v|t=0 = v0(x),for x = (x1, x2, x3); x′ = (x1, x2).Lemma 3.1. Let f ∈ W 2k,k
p (D4

T ), G ∈ W 2k+1,k
p (D4

T ), v0 ∈ W
2k+2−2/p
p (R3

+), bi ∈
W

2k+1−1/p,k+1/2−1/2p
p (R3

+) (i = 1, 2), b3 ∈ W
2k+2−1/p,k+1−1/2p
p (R3

+), for k ∈ Z+. As-sume that there exist fun
tions A,B ∈ W 2k,k
p (D4

+) su
h that the following 
ompatibil-ity 
onditions Dα
x∂

β+1
t G − divDα

x∂
β
t f = divDα

x∂
β
t B + Dα

x∂
β
t A, where |α| + 2β ≤ 2khold. Then there exists a unique solution of problem (3.1) su
h that v ∈W 2k+2,k+1

p (D4
T ),

∇q ∈W 2k,k
p (D4

T ) for D4
T = R

2 ×R+ ×R+; R+ = (0,∞) and the following estimate holds
‖v‖W 2k+2,k+1

p (D4
T ) + ‖∇q‖W 2k,k

p (D4
T ) ≤ c(‖f‖W 2k,k

p (D4
T ) + ‖B‖W 2k,k

p (D4
T )(3.2)

+ ‖A‖W 2k,k
p (D4

T ) + ‖G‖W 2k+1,k
p (D4

T ) + ‖bi‖W
2k+1−1/p,k+1/2−1/2p
p (R3

+
)

+ ‖b3‖W
2k+2−1/p,k+1−1/2p
p (R3

+
)
+ ‖v0‖W

2k+2−2/p
p (R3

+
)
).Proof. We need �rst to 
onsider the following problem

(3.3)

v,t − ν∆v + ∇q = 0,

div v = 0,

v1,x3
+ v3,x1

|x3=0 = b1,

v2,x3
+ v3,x2

|x3=0 = b2,

v3|x3=0 = b3,

v|t=0 = 0,for bi ∈ W
2k+1−1/p,k+1/2−1/2p
p (R3

+), b3 ∈ W
2k+2−1/p,k+1−1/2p
p (R3

+) (i = 1, 2). Next, we
onsider formally the following system
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(3.4)

ṽ,t − ν∆ṽ + ∇q̃ = 0,

div ṽ = 0,

ṽi,x3
+ ṽ3,xi

|x3=0 = b̃i,

ṽ3|x3=0 = b̃3,

ṽ|t=0 = 0,where ṽ = ∂α
x′v, q̃ = ∂α

x′p, b̃j = ∂α
x′bj , (j = 1, 2, 3) ∂α

x′ = ∂|α|

∂
α1
x1

∂
α2
x2

; |α| = α1 + α2, for
|α| ≤ 2k. Now using Theorem 2.1 we arrive at the following
(3.5) ‖ṽ‖W 2,1

p (D4
T ) + ‖∇q̃‖Lp(D4

T ) ≤ c‖bi‖W
1−1/p,1/2−1/2p
p (R3

+
)
+ c‖b3‖W

2−1/p,1−1/2p
p (R3

+
)
.At this point we need to estimate the derivatives with respe
t to x3, t and the mixedderivatives of the form Dα

x∂
i
tv, Dα

x∂
i
tq for |α| + 2i ≤ 2k. In order to do it we write q̃ and

ṽ in expli
it form. From [1℄ we have q̃ = F−1
t,x′(ˆ̃q), where

(3.6)

ˆ̃q =
2
∑

j=1

iξi
|ξ′|

ˆ̃bje
−|ξ′|x3 +

(|ξ′|2 + r2)

|ξ′|
ˆ̃b3e

−|ξ′|x3 ,

ṽ =
1

(2π)3/2

∫ ∞

0

est

∫

R2

eix′ξ′ ˆ̃v(ξ′, s, x3)dξ
′dξ0,where ˆ̃v(ξ′, s, x3) = ˆ̃viēi for

ˆ̃v1 =

[

(

1

r
+
ξ21
s

(

1

|ξ′| −
1

r

))

e−rx3 +
ξ21
s

|ξ′| − r

|ξ′|

(

e−|ξ′|x3 − e−rx3

|ξ′| − r

)]

ˆ̃b1

+

(

1

|ξ′| −
1

r

)

ξ1ξ2
s

ˆ̃b2e
−rx3 +

ξ1ξ2
s

(|ξ′| − r)

|ξ′|

(

e−|ξ′|x3 − e−rx3

|ξ′| − r

)

ˆ̃b2

+
iξ1
r

ˆ̃b3e
−rx3 +

(

1

r
− 1

|ξ′|

)

iξ1(|ξ′|2 + r2)

s
e−rx3ˆ̃b3

− (|ξ′| − r)

|ξ′|
iξ1(|ξ′|2 + r2)

s

(

e−|ξ′|x3 − e−rx3

|ξ′| − r

)

b̂3,

ˆ̃v2 =

(

1

|ξ′| −
1

r

)

ξ1ξ2
s

ˆ̃b1e
−rx3 +

ξ1ξ2
s

|ξ′| − r

|ξ′|

(

1

|ξ′| − r

)

(e−|ξ′|x3 − e−rx3)ˆ̃b1

− 1

r
ŝ
ˆ̃
b2e

−rx3 +
ξ2
s

(

1

|ξ′| −
1

r

)

e−rx3ˆ̃b2 +
ξ22
s

(|ξ′| − r)

|ξ′|

(

e−|ξ′|x3 − e−rx3

|ξ′| − r

)

ˆ̃
b2

+
iξ2
r

ˆ̃b3e
−rx3 +

(

1

|ξ′|2 − 1

r2

) |ξ′|2(|ξ′|2 + r2)

s
ˆ̃b3e

−rx3

+
(|ξ′| − r)(|ξ′|2 + r2)

s

(

e−|ξ′|x3 − e−rx3

|ξ′| − r

)

ˆ̃b3,

ˆ̃v3 =
iξ1
r2

ˆ̃b1e
−rx3 +

(

1

|ξ′|2 − 1

r2

)

iξ1
s
|ξ′|2ˆ̃b1e−rx3 +

iξ1
s
|ξ′|2 |ξ

′| − r

|ξ′|2

(

e−|ξ′|x3 − e−rx3

|ξ′| − r

)

ˆ̃b1
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+
iξ2
r2

ˆ̃
b2e

−rx3 +

(

1

|ξ′| −
1

r2

)

iξ2
s
|ξ′|ˆ̃b2e−rx3 +

iξ2|ξ′|
s

|ξ′| − r

|ξ′|

(

e−|ξ′|x3 − e−rx3

|ξ′| − r

)

ˆ̃
b2

− |ξ′|2
r2

ˆ̃b3e
−rx3 +

(

1

|ξ′|2 − 1

r2

) |ξ′|2(|ξ′|2 + r2)

s
ˆ̃b3e

−rx3

+
(|ξ′| − r)(|ξ′|2 + r2)

s

(

e−|ξ′|x3 − e−rx3

|ξ′| − r

)

ˆ̃b3,where r2 ≡ |ξ′|2 + s, and r ∈ (−π
4 ,

π
4

), s = iξ0. First we 
onsider ∂j
t∇q̃, for |α|+2j ≤ 2k;

|α| = α1 + α2. This implies
∂i

t∇q̃ =
1

(2π)3/2
∇∂i

t

∫ ∞

0

est

∫

R2

eix′ξ′ ˆ̃p(ξ′, s, x3)dξ0dξ
′(3.7)

= ∇∂j
tF

−1
t,x′

(

2
∑

j=1

iξj
|ξ′|

ˆ̃bje
−|ξ′|x3

)

+ ∇∂i
tF

−1
x,t

(

(|ξ′|2 + r2)

|ξ′|
ˆ̃b3e

−|ξ′|x3

)

= ∇
[

F−1
t,x′

(

(|ξ′|2 + r2)

|ξ′| (iξ0)
jˆ̃b3e

−|ξ′|x3

)

+
2
∑

m=1

F−1
t,x

(

iξm
|ξ′|

ˆ̃bm(iξ0)
je−|ξ′|x3

)]

= ∇
[

f−1
t,x′(iξ0)

jˆ̃b3 ∗ F−1
t,x′

(

(|ξ′|2 + r2)

|ξ′| e−|ξ′|x3

)

+

2
∑

m=1

F−1
t,x′((iξ0)

jˆ̃bm) ∗ F−1
t,x′

(

iξm
|ξ′| e

−|ξ′|x3

)]

= ∇
[

∂j
t
ˆ̃b3 ∗ F−1

t,x′

(

(|ξ′|2 + r2)

|ξ′| e−|ξ′|x3

)]

+ ∇
[ 2
∑

m=1

∂j
t
ˆ̃bm ∗ F−1

t,x′

(

iξm
|ξ′| e

−|ξ′|x3

)]

,where ∗ denotes 
onvolution.Inserting gk ≡ ∂j
t b̃k (k = 1, 2, 3) one 
an see from [1℄ that

‖∇∂j
t q̃‖Lp(D4

T ) ≤ c(‖gi‖W
1−1/p,1/2−1/2p
p (R3

+
)
+ ‖g3‖W

2−1/p,1−1/2p
p (R3

+
)
)(3.8)

≤ c(‖∂j
t b̃i‖W

1−1/p,1/2−1/2p
p (R3

+
)
+ ‖∂j

t b̃3‖W
2−1/p,1−1/2p
p (R3

+
)
)

≤ c(‖bi‖W
2k+1−1/p,k+1/2−1/2p
p (R3

+
)
+ ‖b3‖W

2k+2−1/p,k+1−1/2p
p (R3

+
)
).In this same way we �nd the estimates of ∂j

t ṽ. The next step is to �nd the estimate of
∂α3

x3
∇q̃ for α1 + α2 + α3 ≤ 2k. First, we 
al
ulate ∂α3

x3
q̃, where

∂α3

x3
q̃ =

2
∑

m=1

∂α3

x3
F−1

t,x′

(

iξm
|ξ′|

ˆ̃
bme

−|ξ′|x3

)

+ ∂α3

x3
F−1

t,x′

( |ξ′|2 + r2

|ξ′|
ˆ̃
b3e

−|ξ′|x3

)

=
2
∑

m=1

F−1
t,x′

(

iξm
|ξ′|

ˆ̃bm(−1)α3 |ξ′|α3e−|ξ′|x3

)

+ F−1
t,x′

( |ξ′|2 + r2

|ξ′|
ˆ̃b3(−1)α3 |ξ′|α3e−|ξ′|x3

)

∼ 1

(2π)3/2

∫ ∞

0

est

∫

R2

eix′·ξ′ |ξ′|α3+1ˆ̃b3e
−|ξ′|x3dξ0dξ

′

+
1

(2π)3/2

2
∑

m=1

∫ ∞

0

est

∫

R2

eix′·ξ′ |ξ′|α3ˆ̃bme
−|ξ′|x3dξ0dξ

′,where ∼ means proportional to the 
onstant.



28 W. ALAMENow, we need to estimate ∇∂α3
x3
q̃ in the Lp-norm. First, we 
al
ulate ∇∂α

x3
q̃, where

∇∂α3

x3
q̃ ∼ 1

(2π)3/2

∫ ∞

0

est

∫

R2

eix′·ξ′ |ξ′|α3+2ˆ̃b3e
−|ξ′|x3dξ0dξ

′

+
1

(2π)3/2

2
∑

m=1

∫ ∞

0

est

∫

R2

eix′·ξ′ˆ̃
bme

−|ξ′|x3dξ0dξ
′.

Inserting b̂∗m ≡ |ξ′|α3
ˆ̃
bm (m = 1, 2, 3), we have the following quantity

∇∂α3

x3
q̃ ∼ 1

(2π)3/2

∫ ∞

0

est

∫

R2

eix′·ξ′ |ξ′|2b̂∗3e−|ξ′|x3dξ0dξ
′

+
1

(2π)3/2

∫ ∞

0

est

∫

R2

eix′·ξ′ |ξ′|b̂∗me−|ξ′|x3dξ0dξ
′, m = 1, 2and now using [1℄ we obtain

‖∇∂α3

x3
q̃‖Lp(D4

T ) ≤ c(‖b∗m‖
W

1−1/p,1/2−1/2p
p (R3

+
)
+ ‖b∗3‖W

2−1/p,1−1/2p
p (R3

+
)
)(3.9)

= c(‖Dα3

x′ b̃m‖
W

1−1/p,1/2−1/2p
p (R3

+
)
+ ‖Dα3

x′ b̃3‖W
2−1/p,1−1/2p
p (R3

+
)
),where b̃m = Dα′

x′ bm, b̃3 = Dα′

x′ b3, x′ = (x1, x2) α
′ = (α2, α2);Dα′

x′ = ∂|α′|

∂
α1
x1

∂
α2
x2

; |α′| = α1+α2.Due to the previous 
onsiderations, we are ready to estimate∇Dα
x∂

j
t q, where |α|+2j ≤

2k; |α| = α1 + α2 + α3, x = (x1, x2, x3); Dα
x = ∂|α|

∂
α1
x1

∂
α2
x2

∂
α3
x3

. Hen
e, it is seen that
(3.10) ‖∇Dα

x∂
j
t q‖Lp(D4

T ) ≤ c(‖b∗∗m ‖
W

1−1/p,1/2−1/2p
p (R3

+
)
+ ‖b∗∗3 ‖

W
2−1/p,1−1/2p
p (R3

+
)
),where b∗∗m ≡ Dα′

x′ ∂
j
t bm, for |α′| + 2j ≤ 2k and from the assumption of the lemma,

bm ∈W 2k+1−1/p,k+1/2−1/2p
p (R3

+) (m = 1, 2),

b3 ∈W 2k+2−1/p,k+1−1/2p
p (R3

+).These 
onsiderations imply that
(3.11) ‖∇q‖W 2k,k

p (D4
T ) ≤ c(‖bm‖

W
2k+1−1/p,k+1/2−1/2p
p (R3

+
)
+ ‖b3‖W

2k+2−1/p,k+1−1/2p
p (R3

+
)
).In a similar way we show that

‖v‖W 2k+2,k+1
p (D4

T ) ≤ c(‖bm‖
W

2k+1−1/p,k+1/2−1/2p
p (R3

+
)
+ ‖b3‖W

2k+2−1/p,k+1−1/2p
p (R3

+
)
).Next we have to 
onsider the following problem on the whole spa
e

(3.12)

v,t − ν∆v + ∇q = f,

div v = d,

v|t=0 = v0,for f ∈ W 2k,k
p (R4), d ∈ W 2k+1,k

p (R4), v0 ∈ W
2k+2−2/p
p (R3). The tra
e theorem providesus with the existen
e of a fun
tion φ ∈ W 2k+2,k+1

p (R4) su
h that φ|t=0 = v0 and thefollowing inequality holds
‖φ‖W 2k+2,k+1

p (R4) ≤ c‖v0‖W
2k+2−2/p
p (R3)

.



NONSTATIONARY STOKES SYSTEM 29We introdu
e a new fun
tion ω = v − φ, and 
onsider the problem on ω,
(3.13)

ω,t − ν∆ω + ∇q = f1 ∈W 2k,k
p (R4),

divω = d1 ∈W 2k+1,k
p (R4),

ω|t=0 = 0,where d1 = d− div φ, f1 = f − φ,t + ν∆φ.Now, we 
onsider the following problem
(3.14) ∆ψ = d1.We see that a solution of (3.14) exists and

‖∇ψ‖W 2k+2,k
p (R4) ≤ c‖d1‖W 2k+1,k

p (R4).If we take ω1 = ω −∇ψ system (3.13) redu
es to
(3.15)

ω1,t − ν∆ω1 + ∇q = f2,

divω1 = 0,

ω1|t=0 = 0.A solution to the above-mentioned problem has the expli
it form (see [6℄). We only needan estimate of ∇∂α
x ∂

j
t q in the Lp-norm. Making use of the expli
it form of the solutionto the problem (3.15) we have ∇∂α

x ∂
j
t q = ∇∂j

t q̃, where q̃ = ∂α
x q and |α| + 2j ≤ 2k; ∂α

x qand ∂α
xω1 are estimated from the problem (3.15) for all |α| ≤ 2k.Let us 
onsider

∇∂j
t q̃ = ∇∂j

tF
−1
t,x (ˆ̃q),where

ˆ̃q =
iξ1

ˆ̃f1
2 + iξ2

ˆ̃f2
2 − iξ3

ˆ̃f3
2

|ξ|2 ,and
ˆ̃f2 = ( ˆ̃f1

2 ,
ˆ̃f2
2 ,

ˆ̃f3
2 ), f̃2 = ∂α

x f2;This implies that
∇∂j

t q̃ ∼
1

(2π)2

∫

R

est

∫

R3

eix·ξsj(
ˆ̃
f1
2 +

ˆ̃
f2
2 − ˆ̃

f3
2 )dξ0dξ,and

‖∇∂j
t q̃‖Lp(R4) ≤ c‖∂j

t g̃2‖Lp(R4) ≤ c‖f2‖W 2k,k
p (R4).These 
onsiderations give the following inequalities

‖ω1‖W 2k+2,k+1
p (R4) + ‖∇q‖W 2k,k

p (R4) ≤ c‖f2‖W 2k,k
p (R4).Using representations of solutions to problem (3.12), v = ω1 + ∇ψ + φ we have theexisten
e of (v,∇q) su
h that v ∈ W 2k+2,k+1

p,loc (R4), ∇q ∈ W 2k,k
p,loc(R

4) and the followinginequality
‖v‖W 2k+2,k+1

p (R4) + ‖∇q‖W 2k,k
p (R4) ≤ c(‖f‖W 2k,k

p (R4)(3.16)

+ ‖d‖W 2k+1,k
p (R4) + ‖A‖W 2k,k

p (R4) + ‖B‖W 2k,k
p (R4) + ‖v0‖W

2k+2−2/p
p (R3)

).



30 W. ALAMETherefore, using the 
onsiderations for the system (3.3) and (3.12) with estimates (3.11)and (3.16) and using [1℄ we 
on
lude the proof of Lemma 3.1. Next we have to prove theexisten
e in Besov spa
es in a half spa
e but with zero initial data u|t=0 = 0, sin
e weneed this result to prove Theorem 1 in a bounded domain by applying the regularizerte
hnique. Obviously there exists a fun
tion ṽ ∈W 2k+2,k+1
p (R4

+) su
h as
(3.17) ṽ|t=0 = v0 and ‖ṽ‖W 2k+2,k+1

p (R4
+

) ≤ c‖v0‖W
2k+2−2/p
p (R3

+
)
.We assume that ω = v − ṽ. Then ω is a solution of the following homogeneous problem

(3.18)

ω,t − ν∆ω + ∇q = f − ṽ,t + ν∆ṽ ∈W 2k,k
p (D4

T ),

divω = G− div ṽ ∈
◦

W 2k+1,k
p (D4

T ),

ωi,x3
+ ω3,xi

|x3=0 = bi − n̄ ·D(ṽ) · τ̄i ∈
◦

W 2k+1−1/p,k+1/2−1/p
p (R3

+),

ω3|x3=0 = b3 − ṽ3 ∈
◦

W 2k+2−1/p,k+1−1/2p
p (R3

+),

ω|t=0 = 0,where ω ∈
◦

W 2k+2,k+1
p (D4

T ) and the following estimate holds
‖ω‖W 2k+2,k+1

p (D4
T ) + ‖∇q‖W 2k,k

p (D4
T ) ≤ c(‖f‖W 2k,k

p (D4
T ) + ‖G‖W 2k+1,k

p (D4
T )(3.19)

+ ‖bi‖W
2k+1−1/p,k+1/2−1/2p
p (R3

+
)
+ ‖b3‖W

2k+2−1/p,k+1−1/2p
p (R3

+
)

+ ‖A‖W 2k,k
p (D4

T ) + ‖B‖W 2k,k
p (D4

T )) for k ∈ Z+.Using now Theorem 2.4, Lemma 3.1 we obtain the following result.Lemma 3.2. Let ṽ∈B2s+2,s+1
p,q (R4

+) be a fun
tion su
h that ṽ|t=0 =v0, v0∈B2s+2−2/p
p,q (R3

+)and ‖ṽ‖B2s+2,s+1
p,q (R4

+
) ≤ c‖v0‖B

2s+2−2/p
p,q

(R3
+). Suppose that f ′ = f − ṽ,t + ν∆ṽ, G′ =

G−div ṽ, b′i = bi− n̄ ·D(ṽ) · τ̄i|x3=0, b′3 = b3− ṽ3|x3=0, f ′ ∈ B2s,s
p,q (D4

T ), G′ ∈
◦

B2s+1,s
p,q (D4

T ),
b′i ∈

◦

B
2s+1−1/p,s+1/2−1/2p
p,q (R3

+), b′3 ∈
◦

B
2s+2−1/p,s+1−k/p
p,q (R3

+). Then problem (3.18) has aunique solution su
h that ω ∈
◦

B2s+2,s+1
p,q (D4

T ) and ∇q ∈ B2s,s
p,q (D4

T ) and
‖ω‖B2s+2,s+1

p,q (D4
T ) + ‖∇q‖B2s,s

p,q (D4
T ) ≤ c(‖f‖B2s,s

p,q (D4
T ) + ‖A‖B2s,s

p,q (D4
T )(3.20)

+ ‖B‖B2s,s
p,q (D4

T ) + ‖G‖B2s+1,s
p,q (D4

T ) + ‖v0‖B
2s+2−2/p
p,q (R3

+
)

+ ‖bi‖B
2s+1−1/p,s+1/2−1/2p
p,q (R3

+
)
+ ‖b3‖B

2s+2−1/p,s+1−1/2p
p,q (R3

+
)
).Proof. One 
an see that assuming A(1)

0 = Lp(D4
T ), A(2)

0 =
◦

W 1,0
p (D4

T ), A(3)
0 and A

(4)
0 =

◦

W
1−1/p,1/2−1/2p
p (R3

+), A(5)
0 =

◦

W
2−1/p,1−1/2p
p (R3

+), A(1)
1 =W 2k,k

p (D4
T ), A(2)

1 =
◦

W 2k+1,k
p (D4

T ),
A

(3)
1 and A

(3)
1 =

◦

W
2k+1−1/p,k+1/2−1/2p
p (R3

+), A(5)
1 = W

2k+2−1/p,k+1−1/2p
p (R3

+), B(1)
0 =

◦

W 2,1
p (D4

T ), B(2)
0 = Lp(D4

T ), B(1)
1 =

◦

W 2k+2,k+1
p (D4

T ), B(2)
1 = W 2k,k

p (D4
T ), and denoting

A0 =
∏5

j=1A
(j)
0 , A1 =

∏5
j=1A

(j)
1 , B0 =

∏2
k=1B

(k)
0 , B1 =

∏2
k=1B

(k)
1 there exist wellde�ned operators T0 and T1 su
h that T0 : A0 → B0, T1 : A1 → B1 whi
h are linearand 
ontinuous if a0, a1 are elements of spa
es A0 and A1. Moreover T0(a0) = (v,∇q) ∈

B0, T1(a1) = (v,∇q) ∈ B1 satisfy estimate (3.19) whi
h follows from Lemma 3.1 with



NONSTATIONARY STOKES SYSTEM 31homogeneous initial data 
onditions. Using interpolation (A0, A1)θ,q and (B0, B1)θ,q wehave the existen
e of an operator T su
h that T : (A0, A1)θ,q → (B0, B1)θ,q, where T is
ontinuous and linear. Moreover we have
(

◦

W 2,1
p ,

◦

W 2k+2,k+1
p )θ,q =

◦

B2s+2,s+1
pq ,where s = (1 − θ) + θk, θ ∈ [0, 1].These 
onsiderations 
on
lude the proof of the lemma.4. The problem in a bounded domain. To solve the problem (1.1) in a boundeddomain Ω we have to de�ne a partition of unity. We take two 
olle
tions of open sets:

{ω(k)} and {Ω(k)} su
h as ω̄(k) ⊂ Ω(k) ⊂ Ω, ⋃k ω
(k) = Ω and ⋃k Ω(k) = Ω with k ∈

M∪N . If k ∈M then Ω̄(k) ∩ S = ∅ and if k ∈ N then ω̄(k) ∩ S 6= ∅.We assume that supk diamΩ(k) ≤ 2λ for some λ small enough. Let ζ(k) be a smoothfun
tion su
h that 0 ≤ ζ(k) ≤ 1 and
ζ(k)(x) =

{

1 for x ∈ ω(k),

0 for x ∈ Ω/Ω(k),and
|Dν

xζ
(k)(x)| ≤ c

λ|ν|
and 1 ≤

∑

k

(ζ(k)(x)|2 ≤ N0.Let
Π(k) =

ζ(k)

∑

i(ζ
(i))2

.We see that Π(k)(x) = 0 for x ∈ Ω \Ω(k), |Dν
xΠ(k)(x)| ≤ c

λ|ν| and ∑k Π(k)(x)ζ(k)(x) = 1.We denote by ξ(k) a �xed point of ω(k) for k ∈ M, and of ω(k) ∩ S for k ∈ N . Let us
onsider a lo
al 
oordinate system y = (y1, y2, y3) with the 
enter at ξ(k). If k ∈ N thenthe boundary part S̃(k) = S ∩ Ω̄(k) is des
ribed by y3 = F (y1, y2). We 
hoose the lo
alsystem su
h as F (0) = 0, ∇F (0) = 0.From S ∈ W 2s+3
p we have F ∈ W

2s+3−1/p
p . We extend F to F̄ is su
h a way that

F̄ (y1, y2, 0) = F (y1, y2) and F̄ ∈ W 2s+3
p as well as F̄ ∈ C2s+1+α with 0 < α < 2 − 3/pand |∇(2s+1)(F̄ )| ≤ cλα.Now we 
an transform Ω(k) into the half spa
e by

Z = Φk(y) = (Id− F̄ )(y).Let y = Yk(x) be a transformation to the lo
al 
oordinates y whi
h 
onsists of translationsand rotations. We 
onsider the following problem in a bounded domain Ω:
(4.1)

v,t − ν∆v + ∇p = f in ΩT ,

div v = G in ΩT ,

n̄ ·D(v) · τ̄i + γv · τ̄i|sT = bi (i = 1, 2) on ST ,

v · n̄|sT = b3 on ST ,

v|t=0 = 0 in Ω.Let us 
onsider new variables ṽ = v · ζ(k), p̃ = pζ(k), f̃ = fζ(k), G̃ = Gζ(k), b̃i = biζ
(k),

b̃3 = b3ζ
(k). Assume �rst that k ∈ M . Then we have problem (4.1) without boundary
onditions after multiplying (4.1) by ζ(k).



32 W. ALAMEFirst we 
onsider the following problem with ζ(k) ≡ ζ

(4.2)

ζv,t − νζ∆v + ζ∇q = f̃ ,

ζ div v = G̃,

ṽ|t=0 = 0.Now system (4.2) implies the following problem
(4.3)

ṽ,t − ν∆ṽ + ∇q̃ = f1,

div ṽ = G1,

ṽ|t=0 = 0,where f1 ≡ f̃ − 2ν∇ζ · ∇v − νv∆ζ + p∇ζ, G1 = G̃+ v · ∇ζ.Now, we obtain a 
ondition on the new fun
tions f1, G1 and 
ompute fun
tions Aα,i,
Bα,i satisfying the 
ompatibility 
onditions
(4.4) ∂α

x ∂
i+1
t G1 − div ∂α

x ∂
i
tf1 = div ∂α

x ∂
i
tB + ∂α

x ∂
i
tA,where Aα,i = ∂α

x ∂
i
tA, Bα,i = ∂α

x ∂
i
tB. First we have to 
al
ulate the following terms

∂α
x ∂

i
tG1, ∂α

x ∂
i
tf1, where

∂α
x ∂

i
tG1 = ∂α

x ∂
i
t [v · ∇ζ] + ∂α

x ∂
i
tG̃ = ∂α

x (ζ∂i
tG) + ∂α

x (∇ζ∂i
tv) = I1 + I2,where |α| + 2i ≤ [2s]

I1 =
α
∑

j=0

(

α

j

)

∂j
xζ∂

α−j
x ∂j

tG, I2 =
α
∑

j=0

(

α

j

)

∇∂xζ∂
α−j
x ∂i

tv.Next, we 
al
ulate
∂α

x ∂
i
tf1 = ∂α

x ∂
i
t f̃ − 2ν∂α

x ∂
i
t(∇ζ · ∇v) − ν∂α

x ∂
i
t(v∆ζ) + ∂α

x ∂
i
t(q∇ζ)(4.5)

=
α
∑

j=0

(

α

j

)

∂j
xζ∂

α−j
x ∂i

tf − 2ν
α
∑

j=0

(

α

j

)

∂j
x∇ζ∂α−j

x ∂i
t∇v

− ν

α
∑

j=0

(

α

j

)

∂j
x∆ζ∂α−j

x ∂i
tv +

α
∑

j=0

(

α

j

)

∂j
x∇ζ∂α−j

x ∂j
t q,whi
h implies that

∂α
x ∂

i
tf1 =

α
∑

j=0

(

α

j

)

∂j
x∇ζ(∂α−j

x ∂i
t)(q − 2ν∇v)

+

α
∑

j=0

(

α

j

)

∂j
xζ∂

α−j
x ∂i

tq − ν

α
∑

j=0

(

α

j

)

∆∂j
xζ∂

α−j
x ∂i

tv.Then, we obtain
I1 + I2 =

α
∑

j=0

(

α

j

)

[∂j
xζ∂

i
tG+ ∇∂j

xζ∂
α−j
x ∂i

tv]and
∂α

x ∂
i
tf1 =

α
∑

j=0

(

α

j

)

[∂j
x∇ζ∂α−j

x ∂i
t(q − 2ν∇v) + ∂j

xζ∂
α−j
x ∂i

tt− ν∆∂j
xζ∂

α−j
x ∂i

tv].



NONSTATIONARY STOKES SYSTEM 33Let us �rst assume that |α|+ i = 0. Then on the basis of the 
ompatibility 
onditions weget
(4.6) G1,t − div f1 = (G̃+ v · ∇ζ),t − div f̃ −∇ ◦ (q∇ζ − 2ν∇ζ · ∇v − νv∆ζ).First we 
onsider G̃,t + v,t · ∇ζ − div f̃ = J , where J is equal to
(4.7) ζ(G,t − div f) − f · ∇ζ + v,t · ∇ζ,From (4.1) and (4.7) we have

J = ζ(divB +A) + ∇ζ(f −∇p+ ν∆v − f)

= ζA+ div(ζB) −B · ∇ζ + (ν∆v −∇q) · ∇ζ.Then we get
(4.8) J = Ã+ div B̃ −∇ζ ·B + ∇ · (ν∇ζ × rot v − q∇ζ) + q∆ζ.Using (4.6) and (4.8) we obtain

G1,t − div f1 = Ã−∇ζ ·B + q∆ζ + ∇ · (B̃ + ν∇ζ × rot v(4.9)

+ 2ν∇ζ · ∇v + νv∆ζ − 2q∇ζ).From (4.9) we 
an de�ne new fun
tions A1 and B1 by
(4.10)

A1 ≡ Ã−∇ζ ·B + q∆ζ,

B1 ≡ B̃ + ν∇ζ × rot v + 2ν∇ζ∇v + νv∆ζ − 2q∇ζ,and the following 
ompatibility 
ondition holds
(4.11) G1,t − div f1 = divB1 +A1,where A1, B1 are 
al
ulated expli
itly. Let us put Gα,i ≡ ∂α

x ∂
i
tG1; Gα,i ≡ ∂α

x ∂
i
tf1, Aα,i =

∂α
x ∂

i
tA1, Bα,i = ∂α

x ∂
i
tB1. Then using (4.4)�(4.11) we have the 
ompatibility 
onditions

∂tGα,i − divFα,i = divBα,i +Aα,i where Bα,i and Aα,i are 
omputed from (4.10). Thenwe have
(4.12) Aα,i =

α
∑

j=0

(

α

j

)

[∂j
xζ∂

α−j
x ∂j

tA−∇∂j
xζ∂

α−j
x ∂j

tB + ∂j
x∆ζ∂α−j

x ∂i
tq]and

Bα,i =
α
∑

j=0

(

α

j

)

[∂j
xζ∂

α−j
x ∂j

tB + ν∇∂j
xζx rot ∂α−j

x ∂j
t v

+ ν∆∂j
xζ∂

α−j
x ∂i

tv −∇∂j
xζ∂

α−j
x ∂i

tq],

|j| = j1 + j2 + j3.where |α| + 2i ≤ [2s] and A1, B1 ∈ B2s,s
p,q , Aα,i and Bα,i belongs to B2s−α−i,s−2i−α/2

p,q .Now in order to prove the existen
e of solutions for the problem (4.1) we need thefollowingLemma 4.1. Let 0 < ε1, ε2 < 1
2 . Assume that v ∈ B2s+2,s+1

p,q (ΩT ) with v|t=0 = 0. Thenthe following inequality holds
(4.13) ‖v‖

B
2s+1,s+1/2
p,q (ΩT )

≤ c(T 1/p + Tχ)‖v‖B2s+2,s+1
p,q (ΩT ),



34 W. ALAMEwhere χ =
[

s+1− ε2

2

]

−
[

s+ 1
2 + ε1

2

]

+ ε2+ε1

2 − 1
2 > 0, ΩT = Ω× (0, T ) and [n] ≡ max{k ∈

Z+|k ≤ n}.Proof. One 
an see that the following embeddings hold
B2s+2,s+1

p,q (ΩT ) ⊂W
2s+2−ε2,s+1−

ε2
2

p (ΩT ) ⊂W
2s+1+ε1,s+ 1

2
+

ε1
2

p (ΩT ) ⊂ B2s+1,s+1/2
p,q (ΩT ).This implies the following inequality

‖v‖
W

2s+1+ε1,s+1/2+
ε1
2

p (ΩT )
=

(∫ T

0

‖v‖p

W
2s+1+ε1
p (Ω)

dτ +

∫

Ω

‖v‖p

W
s+1+

ε1
2

p (0,T )
dx

)1/p

,where
(4.14)

(∫ T

0

‖v‖
W

2s+1+ε1
p (Ω)

dx

)1/p

≤ T 1/p sup
t

‖v‖
W

2s+1+ε1
p (Ω)

≤ cT 1/p‖v‖B2s+2,s+1
p,q (ΩT ).Next it is enough to 
onsider the following integral

(∫

Ω

∫ T

0

∫ T

0

|∂j
t v − ∂i

t′v|p
|t− t′|1+pσ

dxdtdt′
)1/p

≡M,where σ = s+ 1
2 + ε1

2 −
[

s+ 1
2 + ε1

2

]. Then we obtain
M =

(∫

Ω

∫ T

0

∫ T

0

|∂i
tv − ∂i

t′v|P
|t− t′|1+pσ

|t− t′|pχ

|t− t′|pχ
dxdtdt′

)1/p

(4.15)

≤ Tχ

(∫

Ω

∫ T

0

∫ T

0

|∂i
tv − ∂i

t′v|P
|t− t′|1+pσ̃

dxdtdt′
)1/p

,where σ̃ = σ + χ and χ are de�ned in the assumption of the lemma. This implies that
(4.16) M ≤ CTχ‖v‖

W
2s+2−ε2,s+1−ε2/2m
p

≤ cTχ‖v‖B2s+2,s+1
p,q

.Adding (4.14) and (4.16) we obtain Lemma 4.1. This ends the proof.Next, we have the following resultLemma 4.2. Suppose that S ∈ W 2s+3
p , p ≥ 2, f ∈ B2s,s

p,q (ΩT ), G ∈
◦

B2s+1,s
p,q (ΩT ), bi ∈

◦

B
2s+1−1/p,s+1/2−1/2p
p,q (ST ) (i = 1, 2), b3 ∈

◦

B
2s+2−1/p,s+1−1/2p
p,q (ST ). Then for system 4.1in a bounded domain we have a unique solution (v, p) su
h that v ∈

◦

B2s+2,s+1
p,q (ΩT ),

∇q ∈ B2s,s
p,q (ΩT ), where the following 
ompatibility 
onditions hold

∂tFα,i − divFα,i = divBα,i +Aα,i for |α| + 2i ≤ [2s],where A,B ∈ B2s,s
p,q (ΩT ) and ψα,i ≡ ∂α

x ∂
i
tψ for |α| + 2i ≤ [2s]. Moreover the followingestimates hold

‖v‖B2s+2,s+1
p,q

+ ‖∇q‖B2s,s
p,q (ΩT ) ≤ c(‖f‖B2s,s

p,q (ΩT ) + ‖A‖B2s,s
p,q (ΩT ) + ‖B‖2s,s

p,q (ΩT )

+ ‖bi‖B
2s+1−1/p,s+1/2−1/2p
p,q (ST )

+ ‖b3‖B
2s+2−1/p,s+1−1/2p
p,q (ST )

),where
(4.17) ‖Bα,i‖B2s−α,s−2i

p,q
≤ c(‖B‖B2s,s

p,q
+ ‖A‖B2s,s

p,q
+ γ1)and

‖Aα,i‖B2s−α,s−2i
p,q

≤ c(‖B‖B2s,s
p,q

+ ‖A‖B2s,s
p,q

+ γ2),where γi are de�ned in (4.18).



NONSTATIONARY STOKES SYSTEM 35Proof. Using (4.2)�(4.12) and Lemma 4.1 we 
an estimate Aα,i and Bα,i in Besov spa
es.It 
an be shown that

(4.18)

‖Aα,i‖B2s−α,s−2i
p,q

≤
α
∑

j=0

(

α

j

)

c

λ|j|
‖∂α−j

x ∂i
tA‖B2s−α,s−2i

p,q

+
α
∑

j=0

(

α

j

)

c

λ|j|+1
‖∂α−j

x ∂i
tB‖B2s−α,s−2i

p,q

+
α
∑

j=0

(

α

j

)

c

λ|j|+2
‖∂α−j

x ∂j
t q‖B2s−α,s−2i

p,q
;

‖Bα,i‖B2s−α,s−2i
p,q

≤
α
∑

j=0

(

α

j

)

c

λ|j|
‖∂α−j

x ∂j
tB‖B2s−α,s−2i

p,q

+

α
∑

j=0

(

α

j

)

c

λ|j|+1
‖ rot ∂α−j

x ∂i
tv‖B2s−α,s−2i

p,q

+
α
∑

j=0

(

α

j

)

c

λ|j|+2
‖∂α−j

x ∂i
tv‖B2s−α,s−2i

p,q

+

α
∑

j=0

(

α

j

)

c

λ|j|+1
‖∂α−j

x ∂i
tq‖B2s−α,s−2i

p,q
.We also need the estimate for A1 and B1 in B2s,s

p,q .Now using Lemma 3.2 to problem (4.3) we get
‖ṽ‖B2s+2,s+1

p,q (D4
T ) + ‖∇q̃‖B2s,s

p,q
≤ c(‖f1‖B2s,s

p,q (D4
T ) + ‖G1‖B2s+1,s

p,q
+ ‖A1‖B2s,s

p,q
(4.19)

+ ‖B1‖B2s,s
p,q

+

[2s]
∑

|α|+2i=0

|α|,2i≥0

(‖Bα,i‖B2s−α,s−2i
p,q

+ ‖Aα,i‖B2s−α,s−2i
p,q

);where
‖F1‖B

B
2s,s
p,q

≤ c

(

‖f‖B2s,s
p,q

+
T 1/p + Tχ

λ2s+2
‖v‖B2s+2,s+1

p,q
+

1

λ2s+1
‖q‖B2s,s

p,q

)

;(4.20)

‖A1‖B2s,s
p,q

+ ‖B1‖B2s,s
p,q

≤ c

(

‖A‖B2s,s
p,q

+
c

λ2s+1
‖B‖B2s,s

p,q
+

c

λ2s+2
‖q‖B2s,s

p,q
(4.21)

+
1

λ2s+1
‖v‖B2s+1,s

p,q
+

1

λ2s+2
‖v‖B2s,s

p,q
+

1

λ2s+1
‖q‖B2s,s

p,q

)

.One 
an see that (4.18) 
an be estimated by r.h.s. of (4.21). Choosing λ su�
iently smallwe need to �nd an estimate of the r.h.s. of (4.21). In order to do it we have to 
onsiderthe following problem on pressure q:
(4.22)

∆q = 0,

∂q

∂n
|S = g where g = νφ− b3,t and

φ = α1vn + α2vτi,τi
+ α3vzi

+ α4vzi,τi
+ α5bi,τi

+ α6b3,τiτi

+ γv + aβbβ,τi
− aβv · n̄,τi

for (i = 1, 2)



36 W. ALAMEand v = vn · n̄+ viτi (see [1℄). The system (4.22) implies that
(4.23) ‖q‖B2s+2,0

p,q
≤ c‖v‖B2s+1,0

p,q
.Using Lemma 4.1 we obtain

(4.24)
1

λ2s+1
‖q‖B2s,s

p,q
≤ c

λ2s+1
(T 1/p + Tχ)‖v‖B2s+2,s+1

p,q
.Choosing T small enough we obtain the estimate

(4.25) ‖ṽ‖B2s+2,s+1
p,q

+ ‖∇q̃‖B2s,s
p,q

≤ c(‖f‖B2s,s
p,q

+ ‖G‖B2s+1,s
p,q

+ ‖B‖B2s,s
p,q

+ ‖A‖B2s,s
p,q

).We would like to have a similar estimate for k ∈ N . We write system (4.1) in z--
oordinates:
(4.26)

ṽ,t − ν∆z-ṽ + ∇z-q̃ = f1 + L1(∂z- −∇F̄ · ∂z-)(ṽ, q̃)
− L1(∂z-)(ṽ, q̃) ≡ f2,

divz- ṽ = G1 + ∇F̄ · ∂z-ṽ ≡ G2,

ēz-3 ·D(ṽ) · τ̄i + γṽ · τ̄i = Φ(n̄(η,ivj + η,jvi) · τ̄i)
+ ∇F̄ ·D(ṽ) ≡ b∗i ,

ṽ · ēz-3 = b∗3,where L1(∂x)(v, q) = v,t − ν∆xv + ∇xq.We need to �nd new fun
tions A2, B2 whi
h satisfy the 
ompatibility 
ondition
(4.27) G2,t − div f2 = divB2 +A2.First we 
an see that

G1,t − div f1 = divB1 +A1.From (4.26)2 we have
(4.28) F̄i,j ṽj,i = ∂z-i(F̄i,j ṽj) − ṽjF̄i,ji.In order to obtain the new B2 we have to 
onsider the following problem
(4.29)

∆h = ṽj,tF̄i,ji,

h|z-3=0 = 0,

h→ 0 as z-3 → ∞.We see that
(4.30) ‖∇h‖B2s+1

p,q (R3
+

) ≤ c‖ṽj,tF̄i,ji‖B2s
p,q(R3

+
) ≤ cε‖ṽ‖B2s+2,s+1

p,q (R) + c(ε)λα‖ṽ,t‖B2s,s
p,q (R).Then we de�ne A2 and B2 by

(4.31) B2 = B1 − (L1(∂z- −∇F̄ · ∂z-)(ṽ, q̃) − L1(∂z-)(ṽ, q̃)) + F̄i,j ṽj −∇h,
A2 = A1. We also need estimates for 
omponents of B2. Hen
e we examine

‖L1(∂z- −∇F̄ · ∂z-)(ṽ, q̃) − L1(∂z-(ṽ, q̃))‖B2s,s
p,q (D4

T )(4.32)

≤ c‖|∇2F̄ ||∇ṽ|‖B2s,s
p,q (D4

T ) + c‖|∇F̄ | · |∇2ṽ|‖B2s,s
p,q (D4

T )

+ c‖|∇F̄ ||q̃|‖B2s,s
p,q

≤ (δ + c(δ)T a + (T 1/2 + Tχ) + λα)‖v‖B2s+2,s+1
p,q

,

‖F̄i,j ṽj‖B2s,s
p,q

+ ‖∇h‖B2s,s
p,q

≤ (ε+ c(ε)λα + (T 1/2 + Tχ))‖ṽ‖B2s+2,s+1
p,q

.(4.33)



NONSTATIONARY STOKES SYSTEM 37Using (4.26)�(4.33) we obtain

(4.34)

‖f2‖B2s,s
p,q

≤ ‖f1‖B2s,s
p,q

+ cλα‖∇q̃‖B2s,s
p,q

+ (δ + c(δ)T a + (T 1/2 + Tχ))‖ṽ‖B2s+2,s+1
p,q

,

‖G2‖B2s+1,s
p,q

≤ ‖G1‖B2s+1,s
p,q

+ (ε+ c(ε)λα + (T 1/2 + Tχ))‖ṽ‖B2s+2,s+1
p,q

,

‖b∗i ‖B
2s+1−1/p,s+1/2−1/2p
p,q

≤ c

(

T 1/2 + Tχ

λ2s+1
+ λα

)

‖ṽ‖B2s+2,s+1
p,q

,

‖b∗3‖B
2s+2−1/p,s+1−1/2p
p,q

≤
(

T 1/2 + Tχ

λ2s+2

)

‖ṽ‖B2s+2,s+1
p,q

,

‖A1‖B2s,s
p,q

≤ ‖A1‖B2s,s
p,q

,

‖B2‖B2s,s
p,q

≤ ‖B1‖B2s,s
p,q

+ (δ + ε+ c(δ)T a

+ ((ε)λα + (T 1/2 + Tχ))‖ṽ‖B2s+2,s+1
p,q

+ λα‖∇q̃‖B2s,s
p,q

.Using Lemma 3.2 and (4.34) we obtain
‖ṽ‖B2s+2,s+1

p,q
+ ‖∇q̃‖B2s,s

p,q
≤ c

(

‖f1‖B2s,s
p,q

+ ‖G1‖B2s+1,s
p,q

(4.35)

+ ‖B1‖B2s,s
p,q

+ ‖A1‖B2s,s
p,q

+ (δ + c(δ))T a + ε+ c(ε)λα + (T 1/2 + Tχ)

+
T 1/2 + Tχ

λ2s+1
+
T 1/2 + Tχ

λ2s+2
+ λα

)

(‖ṽ‖B2s+2,s+1
p,q

+ ‖∇q̃‖B2s,s
p,q

).Let us de�ne dx = JΦ−1 dz-, where J is the Ja
obian matrix and |JΦ−1 − I| ≤ cλα. Thus,if we denote ṽ(λ) = ζ(λ)v and q̃(λ) = ζ(λ)q we get
(4.36) ‖v‖B2s+2,s+1

p,q (ΩT ) + ‖∇q‖B2s,s
p,q (ΩT )

≤
∑

λ∈M∪N

‖ṽ(λ)‖B2s+2,s+1
p,q (ΩT ) +

∑

λ∈M∪N

‖∇q̃(λ)‖B2s,s
p,q (ΩT ).Then, by (4.35) and properties of ζ(λ) we obtain

‖v‖B2s+2,s+1
p,q (ΩT ) + ‖∇q‖B2s,s

p,q (ΩT ) ≤ cN0(‖f‖B2s,s
p,q (Ωt)(4.37)

+ ‖B‖B2s,s
p,q (ΩT ) + ‖A‖B2s,s

p,q (ΩT ) + β(‖v‖B2s+2,s+1
p,q (ΩT ) + ‖∇q‖B2s,s

p,q (ΩT ))

+ γ(‖G‖B2s+1,s
p,q

, ‖bi‖B
2s+1−1/p,s+1/2−1/2p
p,q

, ‖b3‖B
2s+2−1/p,s+1−1/2p
p,q

)).where
β ≡ δ + c(δ)T a + ε+ c(ε)λα + (T 1/2 + Tχ) +

T 1/2 + Tχ

λ2s+1
+
T 1/2 + Tχ

λ2s+2
+ λα.We 
hoose λ and T = T ∗ so small that cN0β < 1

2 . Then we arrive at a solution (v, q)su
h that v ∈
◦

B2s+2,s+1
p,q (ΩT ), ∇q ∈ B2s,s

p,q (ΩT ) and
(4.38) ‖v‖B2s+2,s+1

p,q (ΩT ) + ‖∇q‖B2s,s
p,q (ΩT )

≤ c(‖f‖B2s,s
p,q (ΩT ) + ‖B‖B2s,s

p,q (ΩT ) + ‖A‖B2s,s
p,q (ΩT ) + γ).where

(4.39) γ ≡ ‖G‖B2s+1,s
p,q (ΩT ) +N0(‖bi‖B

2s+1−1/p,s+1/2−1/2p
p,q (ST )

+ ‖b3‖B
2s+2−1/p,s+1−1/2p
p,q (ST )

).It �nishes the proof of Lemma 4.2.



38 W. ALAME5. The proof of Theorem 1. Our aim is to show the existen
e of solution to theproblem (1.1),
(5.1)

v,t − ν∆v + ∇q = f in ΩT ,

divG = G in ΩT ,

n̄ ·D(v) · τ̄i + γv · τ̄i|sT = bi (i = 1, 2) on ST ,

v · n̄|ST = b3 on ST ,

v|t=0 = v0 in Ω.where the assumptions of Theorem 1 hold. From the theorems on tra
es we have the ex-isten
e of fun
tion ū0 ∈ B2s+2,s+1
p,q (ΩT ) su
h as ū0(x, 0) = v0(x) and ‖ū0‖B2s+2,s+1

p,q (ΩT ) ≤
c‖v0‖B

2s+2−2/p
p,q (Ω)

. Assuming that a solution of (1.1) has the form v = w + ū0 problem(1.1) redu
es to
(5.2)

w,t − ν∆w + ∇p = F1,

divw = G1,

n̄ ·D(w) · τ̄i + γw · τ̄i|sT = bi1 (i = 1, 2),

w · n̄|sT = b31,

w|t=0 = 0,where
(5.3)

F1 = f − ū0,t + ν∆ū0,

G1 = G− div ū0,

bi1 = bi − n̄ ·D(ū0) · τ̄i − γū0 · τ̄i (i = 1, 2),

b31 = b3 − ū0 · n̄,and the following 
ompatibility 
ondition holds
(5.4) G1,t − divF1 = G,t − div f − div ū0,t + div ū0,t − ν div ∆ū0 = divB +A− ν div ∆ū0.Then, we have the existen
e of fun
tions A1, B1 su
h that
(5.5) A1 = A, B1 = B − ν∆ū0 where G1,t − divF1 = divB1 +A1;where G1 ∈

◦

B2s+1,s
p,q (ΩT ), (B1A1, F1) ∈ B2s,s

p,q (ΩT ). Then using Lemma 4.2 we have theexisten
e of the solution to problem (5.2) su
h that w ∈
◦

B2s+2,s+1
p,q (ΩT ), ∇q ∈ B2s,s

p,q (ΩT ).Now using the representation v = w + ū0, where v|t=0 = v0, we obtain
‖v‖B2s+2,s+1

p,q (ΩT ) ≤ ‖w‖B2s+2,s+1
p,q (ΩT ) + +‖ū0‖B2s+2,s+1

p,q (ΩT )

≤ c‖v0‖B
2s+2−2/p
p,q (Ω)

+ ‖f‖B2s,s
p,q (ΩT ) + ‖G‖B2s+1,s

p,q (ΩT ) + ‖A‖B2s,s
p,q (ΩT )

+ ‖B‖B2s,s
p,q (ΩT ) + ‖bi‖B

2s+1−1/p,s+1/2+1/2p
p,q (ST )

− ‖b3‖B
2s+2−1/p,s+1−1/2p
p,q (ST )

+X)for
X ≡

[2s]
∑

i=1

|α|=0

‖∂i−1
t ∂α

x f |t=0‖B
2−2/p
p,q (Ω)

, |α| + 2i ≤ [2s].



NONSTATIONARY STOKES SYSTEM 39Then we have the existen
e of solutions of system (1.1) for T ≤ T0 where T0 = T ∗ and itis a small 
onstant (see (4.36)).Now it is enough to 
ontinue the solution to the intervals [T0, 2T0], [2T0, 3T0],
[2T0, 3T0], whi
h proves Theorem 1.
6. Proof of Theorem 2. Let us 
onsider problem (1.1) in a half spa
e in the followingform
(6.1)

v,t − ν∆v + ∇q = f in D4
T ,

div v = G in D4
T ,

v1,x3
+ v3,x1

|x3=0 = b1 on R
3
+,

v2,x3
+ v3,x2

|x3=0 = b2 on R
3
+,

v3|x3=0 = b3 on R
3
+,

v|t=0 = 0 in R
3
+,forD4

T = R
3
+×(0,∞)x3

×(0,∞)T . In order to solve (6.1) we �rst 
onsider the homogeneousproblem in a half spa
e 
ontaining only boundary 
onditions
(6.2)

v,t − ν∆v + ∇q = 0,

div v = 0,

v1,x3
+ v3,x1

|x3=0 = b1,

v2,x3
+ v3,x2

|x3=0 = b2,

v3|x3=0 = b3.From [1℄ we have an expli
it representation of a solution of (6.2) after Fourier transfor-mation of the following form
v̂i(ξ

′, x3, s) =

∫ ∞

0

e−st

∫

R2

e−ix′·ξ′

vi(x, t)dx
′dtfor x′ = (x1, x2), ξ′ = (ξ1, ξ2), s = iξ0, where bi are extended by zero for t < 0. We havethe following representation if ν = 1 (for simpli
ity). If b2 = b3 ≡ 0 then

(6.3)

v̂1 =
1

r
b̂1e

−rx3 +
ξ21
s

(

1

|ξ′| −
1

r

)

b̂1e
−rx3 +

ξ21
s

|ξ′| − r

|ξ′|

(

e−|ξ′|x3 − e−rx3

|ξ′| − r

)

b̂1,

v̂2 =

(

1

|ξ′| −
1

r

)

ξ1ξ2
s
b̂1e

−rx3 +
ξ1ξ2
s

|ξ′| − r

|ξ′|

(

1

|ξ′| − r

)

(e−|ξ′|x3 − e−rx3)b̂1,

v̂3 =
iξ1
r2
b̂1ē

rx3 +

(

1

|ξ′|2 − 1

r2

)

iξ1
s
|ξ′|2b̂1e−rx3

+
iξ1
s
|ξ′|2 |ξ

′| − r

|ξ′|2
(

e−|ξ′|x3 − e−rx3

|ξ′| − r

)

b̂1,

q̂ =
iξ1
|ξ′| b̂1e

−|ξ′|x3 .



40 W. ALAMEIf b1 = b3 ≡ 0 then

(6.4)

v̂1 =

(

1

|ξ′| −
1

r

)

ξ1ξ2
s
b̂2e

−rx3 +
ξ1ξ2
s

(|ξ′| − r)

|ξ′|

(

e−|ξ′|x3 − e−rx3

|ξ′| − r

)

b̂2,

v̂2 = −1

r
b̂2e

−rx3 +
ξ22
s

(

1

|ξ′| −
1

r

)

e−rx3 b̂2 +
ξ22
s

|ξ′| − r

|ξ′|

(

e−|ξ′|x3 − e−rx3

|ξ′| − r

)

b̂2,

v̂3 =
iξ2
r2
b̂2e

−rx3 +

(

1

|ξ′| −
1

r2

)

iξ2
s
|ξ′|2b̂2e−rx3

+
iξ2|ξ′|
s

|ξ′| − r

|ξ′|2
(

e−|ξ′|x3 − e−rx3

|ξ′| − r

)

b̂2,

q̂ =
iξ2
|ξ′| b̂2e

−|ξ′|x3 .Finally if b2 = b1 ≡ 0 then

(6.5)

v̂1 =
iξ1
r
b̂3e

−rx3 +

(

1

r
− 1

|ξ′|

)

iξ1(|ξ′|2 + r2

s
e−rx3 b̂3

− (|ξ′| − r)

|ξ|
iξ1(|ξ′|2 + r2)

s

(

e−|ξ′|2x3 − e−rx3

|ξ′| − r

)

b̂3,

v̂2 =
iξ2
r
b̂3e

−rx3 +

(

1

r
− 1

|ξ′|

)

iξ2(|ξ′|2 + r2)

s
b̂3e

−rx3

− (|ξ′| − r)

|ξ′|
iξ2(|ξ′|2 + r2)

s

(

e−|ξ′|x3 − e−rx3

|ξ′| − r

)

b̂3,

v̂3 =
−|ξ′|2
r2

b̂3e
−rx3 +

(

1

|ξ′|2 − 1

r2

) |ξ′|2(|ξ′|2 + r2)

s
b̂3e

−rx3

+
(|ξ′| − r)(|ξ′|2 + r2)

s

(

e−|ξ|x3 − e−rx3

|ξ′| − r

)

b̂3,

q̂ =
(|ξ′|2 + r2)

|ξ′| b̂3e
−|ξ′|x3 ,where r2 ≡ |ξ′|2 + s, s = iξ0. We show the followingLemma 6.1. Suppose that bi ∈ H2s−3/2,s−3/4(R3

+) for (i = 1, 2) b3 ∈ H2s−1/2,s−1/4(R3
+),where s ∈ ( 1

2 , 1
). Then system (6.2) has a unique solution (v, q) su
h that v ∈ H2s,s(D4

T ),
q ∈M2s−1

2 (D4
T ) and the following inequality holds

(6.6) ‖v‖H2s,s(D4
T ) + ‖q‖M2s−1

2
(D4

T ) ≤ c(‖bi‖H2s−3/2,s−3/4(R3
+

) + ‖b3‖H2s−1/2,s−1/4(R3
+

)).Proof. One 
an see the equivalen
e between
‖v‖H2s,s(D4

T ) + |q|M2s−1

2
(D4

T )and |(v, q)|X where
|(v, q)|2X =

∫

R+

∫

R
3
+

((1 + |ξ′|s−2)2 + (1 + |ξ0|s/2)2)2|v̂|2dξ′dξ0dx3(6.7)

+

∫

R+

∫

R
3
+

(|ξ′|2s−1|q̂|)2dξ′dξ0dx3.
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onsider only estimates of v11 and q under the assumption b2 = b3 = 0and for the pressure q with assumption b1 = b2 = 0, where v̂11 = 1
r b̂1e

−rx3 is the �rstterm of v̂1 and
v11 =

1

(2π)3/2

∫ ∞

0

est

∫

R2
+

eix′ξ′

v̂11dξ
′dξ0.We get the estimates in a similar way. From equivalen
e (6.7) there exists a 
onstant

c > 0 su
h that the following inequality holds
‖v11‖2

H2s,s(D4
T ) + |q|2

M2s−1

2
(D4

T )
≤ c|(v11,q)|2X .Then we obtain

|(v11, q)|2X =

∫

R+

∫

R
3
+

((1 + |ξ′|2s)2 + (1 + |ξ0|s)2)
∣

∣

∣

∣

b̂1
r
e−rx3

∣

∣

∣

∣

2

dξ′dξ0dx3(6.8)

+

∫

R+

∫

R
3
+

(

|ξ′|2s−1

∣

∣

∣

∣

iξ1
|ξ′| b̂1e

−|ξ′|x3

∣

∣

∣

∣

)2

dξ′dξ0dx3.Sin
e 1
r = 1√

ξ0+|ξ′|2
and ξ0 ≥ 0 we have

|(v11, q)|2X ≤ c

∫

R+

∫

R2

(

|ξ′|4s−2 + |ξ0|2s−1 +
1

|ξ′| +
1

|ξ0|1/2

)

|b̂1|2
(∫ ∞

0

e−2rx3dx3

)

dξ(6.9)

+

∫

R+

∫

R2

|ξ′|4s−2|b̂1|2
(∫ ∞

0

e−2|ξ′|x3dx3

)

dξ0dξ
′.Then (6.9) implies that

(6.10) |(v11, q)|X ≤ c‖b1‖H2s−3/2,s−3/4(R3
+

)whi
h holds from the Plan
herel theorem. Now we estimate (6.5)4 in the following form
q̂ = (|ξ′|2+r2)

|ξ′| b̂3e
−|ξ′|x3 . Then we get

(6.11)
∫

R+

∫

R
3
+

(|ξ′|2s−1|q̂|)2dξ0dξ′dx3 ≤ c

∫

R+

∫

R2

(

|ξ′|4s−2|ξ′|2|b̂3|2
∫ ∞

0

e−2|ξ′|x3dx3

)

dξ0dξ
′

≤ c

∫

R
3
+

|ξ′|4s−1|b̂3|2dξ = c

∫

R
3
+

(|ξ′|2s−1/2|b̂3|)2dξ ≤ c‖b3‖2
H2s−1/2,s−1/4(R3

+
).These 
onsiderations 
on
lude the proof of the lemma.Remark 1. M2s−1

2 (D4
T ) is not a Bana
h spa
e. We introdu
e M̃2s−1

2 (D4
T ) = {φ : φ ∈

M2s−1
2 (D4

T )|
∫

R
3
+

φdx = 0}. Then the spa
e M̃2s−1
2 (D4

T ) is a Bana
h spa
e.Remark 2. Let the assumptions of Lemma 6.1 hold. Suppose that ∫
R

3
+

qdx = 0. Then,there exists a unique solution to the problem (6.2) su
h that v ∈ H2s,s(D4
T ) and pressure

q ∈ M̃2s−1
2 (D4

T ) with the following estimate
‖v‖H2s,s(D4

T ) + ‖q‖M̃2s−1

2
(D4

T ) ≤ c(‖bi‖H2s−3/2,s−3/4(R3
+

) + ‖b3‖H2s−1/2,s−1/4(R3
+

)).(6.12)



42 W. ALAMEOur next step is to show the existen
e of solutions in the whole spa
e R
4 of thefollowing problem

(6.13)

v,t − ν∆v + ∇q = f,

div v = G,

v|t=0 = 0.The following lemma holds:Lemma 6.2. Let f ∈ L2(R
4), G ∈ H1,0(R4), s̃ ∈ ( 1

2 , 1
), ∫

R3
qdx = 0 and the 
ompatibility
onditions hold. Then there exists a unique solution (v, q) in the whole spa
e su
h that

v ∈ H2s̃,s̃(R4), q ∈ M̃2s̃−1
2 (R4) and the following estimate holds

(6.14)

‖v‖H2s̃,s̃(R4) + ‖q‖M̃2s̃−1

2
(R4) ≤ c(‖f‖L2(R4) + λ‖A‖L2(R4) + ‖B‖L2(R4) + ‖G‖H1,0(R4)).where A,B are fun
tions su
h that

G,t − div f = divB +A,for supp A < λ.Proof. Let us 
onsider the following elipti
 system
(6.15) ∆φ(x, t) = G(x, t) in R

4.From (6.13)3 and the representation of the solution (6.15) in the form
φ(x, t) = c

∫

R3

G(y, t)

|x− y|dywe have that the initial data φ|t=0 equal to zero. Let us assume that the r.h.s. of (6.15)is in H1,0(R4).Using the Fourier transform applied to system (6.15) we obtain
(6.16)

|ξ|2φ̂ = Ĝ(ξ, t), Ĝ(ξ, 0) = 0 where

ψ̂(ξ, t) ≡ 1

(2π)3/2

∫

R3

e−ix·ξψ(x, t)dx, for x · ξ =
3
∑

j=1

ξjxj

Then (6.16) implies that φ̂(ξ, t) = F̂ (ξ,t)
|ξ|2 .Now we 
onsider the following integral

∫

R3

(|ξ|3φ̂)2dξ =

∫

R3

(|ξ|Ĝ)2dξ ≤ c‖G‖2
H1(R3),Then using the Plan
herel theorem we obtain

(6.17)

∫

R

‖φ‖2
H3(R3)dτ ≤ c

∫

R

‖G‖2
H1(R3)dτ ≤ c‖G‖2

H1,0(R4).This implies that if G ∈ H1,0(R4) then we get the following estimate ‖∇φ‖H2,0(R4) ≤
c‖G‖H1,0(R4), where ∆φ = G, φ|t=0 = 0. Let us represent solutions to (6.13) in the form
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v ≡ w + ∇φ. Then we obtain the problem on w,
(6.18)

w,t − ν∆w + ∇q = f1,

divw = 0,

w|t=0 = 0,where f1 ≡ f −∇φ,t + ν∆∇φ.Let ∇φ,t = ∇φ(1)
,t +∇φ(2)

,t , then we get ∆φ
(1)
,t = div(F +B), ∆φ

(2)
,t = A. One 
an seethat this implies the following estimate

(6.19) ‖∇φ(1)
,t ‖L2(R4) + ‖∇φ(2)

,t ‖L2(R4) ≤ c(‖f‖L2(R4) + ‖B‖L2(R4) + λ‖A‖L2(R4)).Adding (6.17) and (6.19) we obtain
‖∇φ‖H2,1(R4) ≤ c(‖∇φ‖H2,0(R4) + ‖∇φ‖H0,1(R4))(6.20)

≤ c

(

‖G‖H1,0(R4) +

√

∫

R4

|∇φ|2dxdτ + ‖∇φ,t‖2
L2(R4)

)

≤ c(‖G‖H1,0(R4) + ‖f‖L2(R4) + ‖B‖L2(R4) + λ‖A‖L2(R4)).Using (6.18) and (6.20) we have
(6.21) ‖f1‖L2(R4) ≤ c(‖f‖L2(R4) + ‖G‖H1,0(R4) + λ‖A‖L2(R4) + ‖B‖L2(R4)).Now it is enough to solve the system (6.18). Applying the Fourier transform to theproblem (6.18) we obtain the following equations
(6.22)

sû+ ν|ξ|2û+ iξq̂ = f̂1,

3
∑

j=1

ξj ûj = 0,

u|t=0 = 0.Let r2 = |ξ|2 + s. Then equations (6.22) 
an be expressed in the matrix form AX = F ,where
(6.23) A =









r2 0 0 iξ1
0 r2 0 iξ2
0 0 r2 iξ3
ξ1 ξ2 ξ3 0









, X =









û1

û2

û3

q̂









, F =











f̂1
1

f̂1
2

f̂1
3

0











Solving this problem we have the solution X in the following matrix form X = A−1F ,where
(6.24) A−1 =

















ξ2
2+ξ2

νr2|ξ|2 − ξ1ξ2

νr2|ξ|2 − ξ1ξ3

νr2|ξ|2
ξ1

|ξ|2

−ξ1ξ2

νr2|ξ|2
ξ2
1+ξ2

3

νr2|ξ|2
−ξ2ξ3

νr2|ξ|2
ξ2

|ξ|2

−ξ1ξ3

νr2|ξ|2
−ξ2ξ3

νr2|ξ|2
ξ2
1+ξ2

2

νr2|ξ|2
ξ3

|ξ|2

−iξ1

|ξ|2
iξ2

|ξ|2
−iξ3

|ξ|2
iνr2

|ξ|2

















.



44 W. ALAMEFrom (6.24) we obtain
(6.25)

û1 =
(ξ22 + ξ23)f̂1

1 − ξ1ξ2f̂
1
2 − ξ1ξ3f̂

1
3

νr2|ξ|2 ,

û2 =
−ξ1ξ2f̂1

1 + (ξ21 + ξ23)f̂1
2 − ξ2ξ3f̂

1
3

νr2|ξ|2 ,

û3 =
−ξ1ξ3f̂1

1 − ξ2ξ3f̂
1
2 + (ξ21 + ξ22)f̂1

3

νr2|ξ|2 ,

q̂ = − iξ1f̂
1
1 + iξ2f̂

1
2 + iξ3f̂

1
3

|ξ|2 .From [5℄ with p = 2 we have the existen
e of system (6.18) so that the velo
ity ve
tor wbelongs to H2,1(R4) and w is estimated by f1 in L2(R
4) norm. We only need to estimatepressure q in M̃2s̃−1

2 (R4). One 
an see the following inequality
∫

R4

(|ξ|2s̃−1|q̂|)2dξdξ0 ≤ c

∫

R4

|ξ|4s̃−2 |f̂1|2
|ξ|2 dξdξ0(6.26)

≤ c

∫

R4

(|ξ|2s̃−2|f̂1|)2dξdξ0 ≤ c‖f1‖H2s̃−2,0(R4).for s̃ ∈ ( 1
2 , 1
). Now using the embedding L2(R

4) ⊂ H2s̃−2,0(R4) for 2s̃ ≤ 2 we have that
(6.27) ‖q‖M̃2s̃−1

2
(R4) ≤ c‖f1‖L2(R4).Using the fa
t that the solution of problem (6.13) has the form v = w + ∇φ, where wand φ are solutions to the problems (6.18) and (6.15) we have that v ∈ H2s̃,s̃(R4) andthe following estimate holds

(6.28) ‖v‖H2s̃,s̃(R4) ≤ ‖w‖H2s̃,s̃(R4) + ‖∇φ‖H2s̃,s̃(R4) ≤ c(‖f1‖L2(R4) + ‖∇φ‖H2,1(R4)),where
(6.29) ‖∇φ‖H2,1(R4) ≤ c(‖G‖H1,0(R4) + ‖f‖L2(R4) + λ‖A‖L2(R4) + ‖B‖L2(R4)).Using (6.27)�(6.29) we obtain
96.30) ‖w‖H2s̃,s̃(R4) + ‖q‖M̃2s̃−1

2
(R4)

≤ c(‖f‖L2(R4) + ‖G‖H1,0(R4) + λ‖A‖L2(R4) + ‖B‖L2(R4)).This 
on
ludes the proof of the lemma.From Lemma 6.1, 6.2 and Remark 1�2 we haveLemma 6.3. Let f ∈ L2(D4
T ), G ∈ H1,0(D4

T ), bi ∈ H2s̃−3/2,s̃−3/4(R3
+) (i = 1, 2),

b3 ∈ H2s̃−1/2,s̃−1/4(R3
+) and let there exist fun
tions A,B ∈ L2(D4

T ) su
h that diam supp
A < λ. Let ∫

R
3
+

pdx = 0 and suppose the following 
ompatibility 
ondition holds
G,t − div f = divB +A,where D4

T = R
3
+ × R+. Then system (6.1) has a unique solution (v, q) su
h as v ∈

H2s̃,s̃(D4
T ), q ∈ M̃2s̃−1

2 (D4
T ) for s̃ ∈ (1/2, 1) and the following estimate holds

‖v‖H2s̃,s̃(D4
T ) + ‖q‖M̃2s̃−1

2
(D4

T ) ≤ c(‖f‖L2(D4
T ) + ‖G‖H1,0(D4

T )(6.31)

+ λ‖A‖L2(D4
T ) + ‖B‖L2(D4

T ) + ‖bi‖H2s̃−3/2,s̃−3/4(R3
+

) + ‖b3‖H2s̃−1/2,s̃−1/4(R3
+

)).
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tions su
h that the domain of w1 is R
4, the domain of w2 is

D4
T , where w1 is the solution to the problem (6.13) and w2 is the solution of the system(6.2), for wi = (vi, qi); (i = 1, 2). One 
an see that there exist restri
tions on fun
tions

v1, q1 su
h that
(6.32)

‖ṽ1‖H2s̃,s̃(D4
T ) ≤ c‖v1‖H2s̃,s̃(R4),

‖q̃1‖M̃2s̃−1

2
(D4

T ) ≤ c‖q1‖M̃2s̃−1

2
(R4),for v̄1(x, t) = v1(x, t)|(x, t) ∈ D4

T and q̄1(x, t) = q1(x, t) for (x, t) ∈ D4
T . In a similar waywe 
an introdu
e restri
tions of f , G, A, B su
h that

(6.33)
‖f‖L2(R4) ≤ c‖f̃‖L2(D4

T ), ‖G‖H1,0(R4) ≤ c‖Ḡ‖H1,0(D4
T ),

‖A‖L2(R4) ≤ c‖Ā‖L2(D4
T ), ‖B‖L2(R4) ≤ c‖B̄‖L2(D4

T ).If we put v = ṽ1 + v2, q = q̃1 + q2, It is seen that it is a solution to our problem and thefollowing estimate holds
‖v‖H2s̄,s̄(D4

T ) + ‖q‖M̃2s̄−1

2
(D4

T ) ≤ ‖ṽ1‖H2s̃,s̃(D4
T ) + ‖q̃1‖M̃ s̃−1

2
(D4

T )(6.43)

+ ‖v2‖H2s̃,s̃(D4
T ) + ‖q2‖M̃2s̃−1(D4

T ) ≤ c(‖v1‖H2s̃,s̃(R4)

+ ‖q1‖M̄2s̄−1

2
(R4)) + ‖bi‖H2s̄−3/2,s̄−3/4(R3

+
) + ‖b3‖H2s̄−1/2,s̄−1/4(R3

+
),where

‖v1‖H2s̄,s̄(R4) + ‖q1‖M̃2s̄−1

2
(R4) ≤ c(‖f‖L2(R4) + ‖G‖H1,0(R4) + ‖B‖L2(R4) + λ‖A‖L2(R4)

≤ c‖f‖L2(D4
T ) + ‖G‖H1,0(D4

T ) + λ‖A‖L2(D4
T ) + ‖B‖L2(D4

T )).From (6.33) and (6.34) we get
‖v‖H2s̄,s̄(D4

T ) + ‖q‖M̃2s̃−1

2
(D4

T ) ≤ c(‖f‖L2(D4
T ) + ‖B‖L2(D4

T )(6.35)

+ ‖G‖H1,0(D4
T ) + λ‖A‖L2(D4

T ) + ‖bi‖H2s̃−3/2,s̃−3/4(R3
+

) + ‖b3‖H2s̃−1/2,s̃−1/4(R3
+

)).These 
onsiderations �nish the proof.Now using Proposition 2.3, Theorem 2.4 and Lemmas 6.1�6.3 we have the next lemma.Lemma 6.4. Let f ∈ Lp(D4
T ), G ∈ W 1,0

p (D4
T ), A,B ∈ Lp(D4

T ), ∫
R3 pdx = 0, bi ∈

◦

W
2s−1−1/p,s−1/2−1/2p
p (R3

+) (i = 1, 2), b3 ∈ W
2s−1/p,s−1/2p
p (R3

+), for p > 1
s , s ∈ (0, 1).Assume that the following 
ompatibility 
ondition holds

G,t − div f = divB +A.Then there exists a unique solution to problem (6.1) su
h that v ∈
◦

W 2s,s
p (D4

T ), q ∈
Nσ,0

p∗
(D4

T ) for some σ ∈ (0, 1), and the following estimate holds
(6.36) ‖v‖W 2s,s

p (D4
T ) + ‖q‖Nσ,0

p∗ (D4
T ) ≤ c(‖f‖Lp(D4

T ) + ‖G‖W 1,0
p (D4

T )

+ ‖bi‖W
2s−1−1/p,s−1/2−1/2p
p (R3

+
)
+ ‖b3‖W

2s−1/p,s−1/2p
p (R3

+
)
+ λ‖A‖Lp(D4

T ) + ‖B‖Lp(D4
T ))for Nσ,0

p∗
(D4

T ) ≡ M̃σ,0
p∗

(D4
T ).Proof. We have to 
onsider the interpolations of Bana
h spa
es from the r.h.s. and l.h.s.of our problem. For our 
onsiderations we need only des
ribe two types of interpolations,
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(

◦

W 2s̃,s̃
2 (D4

T ),
◦

W 2,1
q (D4

T ))θ,p =
◦

W 2s,s
p (D4

T )for 1−θ
2 + θ

q = 1
p , (1 − θ)s̃+ θ = s, and

(N2s̃−1,0
2 (D4

T ), Nδ,0
q (D4

T ))θ,p = Nσ,0
p (D4

T )for δ whi
h must be found.Find δ ∈ (0, 1〉 su
h that the following integral inequality holds
∫

R+

∫

R
3
+

∫

R
3
+

|p(x, t) − p(x′, t)|q
|x− x′|3+δq

dxdx′dt(6.39)

≤ c( sup
i=1,2

‖bi‖W
1−1/q,1/2−1/2q
q (R3

+
)
+ ‖b3‖W

2−1/q,1−1/2q
q (R3

+
)
).In order to show su
h an estimate we need to 
onsider an expli
it form of q as a solutionof (6.1), where

(6.40) q = F−1
t,x′(q̂); q̂ =

2
∑

m=1

iξm

|ξ′| b̂me
−|ξ′|x3 +

|ξ′|2 + r2

|ξ′| b̂3e
−|ξ′|x3 .Now one 
an see that

q(x, t) =
1

(2π)3/2

(∫ ∞

0

est

∫

R2

|ξ′|2 + r2

|ξ′| b̂3e
−|ξ′|x3dξ0dξ

′(6.41)

+

2
∑

m=1

∫ ∞

0

est

∫

R2

iξm

|ξ′| b̂me
−|ξ′|x3dξ0dξ

′

)

,and using the Mar
inkiewi
z-Mikhlin Theorem [4℄ we only need to 
onsider
F−1

t,x′(|ξ′|b̂3e−|ξ′|x3 + b̂me
−|ξ′|x3)(6.42)

= F−1
t,x′(|ξ′|e−|ξ′|x3) ∗ b3 + F−1

t,x′(e
−|ξ′|x3) ∗ bm ≡ I(t, x)where I(t, x) = J1 + J2. For simpli
ity we use that (see [11℄) Hδ,0

q (D4
T ) ⊂ W δ,0

q (D4
T ), for

δ ∈ R+/Z+; q ∈ 〈2,∞), and this implies that
(6.43)

∫

R+

∫

R
3
+

∫

R
3
+

|q(x, t) − q(x′, t)|q
|x− x′|3+δq

dxdx′dt ≤ c(‖F−1
t,x′(|ξ′|δ q̂)‖Lq(D4

T ) + ‖∇q‖Lq(D4
T )).Therefore, it is enough to �nd δ su
h that

‖F−1
t,x′(|ξ′|δ q̂)‖Lq(D4

T ) ≤ c(‖bi‖W
1−1/q,1/2−1/2q
q (R3

+
)
+ ‖b3‖W

2−1/q,1−1/2q
q (R3

+
)
).So we get

F−1
t,x′(|ξ′|δ q̂) =

1

(2π)3/2

∫ ∞

0

est

∫

R2

eix′·ξ′ (|ξ′|2 + r2)

|ξ′| |ξ′|δ b̂3e−|ξ′|x3dξdξ(6.44)

+
1

(2π)3/2

2
∑

m=1

∫ ∞

0

est

∫

R2

eix′·ξ′ iξm|ξ′|δ
|ξ′| b̂me

−|ξ′|x3dξ0dξ
′.Using the Mar
inkiewi
z-Mikhlin theorem [4℄ we only have to estimate the followingintegrals
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c

∫ ∞

0

est

∫

R2

(|ξ′|δ+1b̂3 + |ξ′|δ b̂m)eix′◦ξ′

e−|ξ′|x3dξ0dξ
′(6.45)

∼ cF−1
t,x′(|ξ′|e−|ξ′|x3) ∗ F−1

t,x′(|ξ′|δ b̂s) + F−1
t,x′(e

−|ξ′|x3) ∗ F−1(|ξ′|δ b̂1)where
F−1

t,x′(|ξ′|e−|ξ′|x3) ∗ F−1
t,x′(|ξ′|δ b̂3) + F−1

t,x′(e
−|ξ′|x3) ∗ F−1(|ξ′|δ b̂1)(6.46)

=

∫

R2

F−1
t,x′(|ξ′|e−|ξ′|x3)(y′, x3)[F

−1
t,x′(|ξ′|δ b̂3)(x′ − y′, t) − F−1(|ξ′|δ b̂3)(x′, t)]dy′

+

∫

R2

F−1
t,x′(e

−|ξ′|x3)(y′, x3)[F
−1(|ξ′|δ b̂1)(x′ − y′, t) − F−1(|ξ′|δ b̂1)(x′, t)]dy′,where

F−1
t,x′(|ξ′|δ b̂k)(x′ − y′, t) − F−1

t (|ξ′|δ b̂k)(x′, t) = ∆(−y)F
−1
t,x′(|ξ′|δ b̂k)(x′, t)for (∆(a)T )(x) ≡ T (x+ a) − T (x). One 
an also 
al
ulate that

F−1
t,x′(e

−|ξ′|x3) =
x3

(x2
1 + x2

2 + x2
3)

3/2
≡ K,and

F−1
t,x′(ξje

−|ξ′|x3) = ∂xj
K =

x3xj

(x2
1 + x2

2 + x2
3)

5/2
, (j = 1, 2).Be
ause K as a fun
tion of xj , satis�es the following equality K(−xj) = K(xj), then

∂xj
K(−xj) = −∂xj

K(xj), and this implies that ∫ ∂xj
Kdx′ = 0, for x′ = (x1, x2).We 
an start now to estimate the �rst integral in the Lq-norm. Let

(6.47) A1 =

∫

R2

dy′∂,yj
K(y′, x3)[∆(−y)F

−1
t,x′(|ξ′|δ b̂3)](x′, t).Then we have

(6.48) ‖A1‖Lq(R3
+

) =

(∫

R
3
+

|A1|qdx′dt
)1/q

≤ c

∫

R2

|∂,yj
K(y′, x3)|R(y′)dy′,where

R(y′) ≡ ‖[∆(−y′)F
−1
t,x′(|ξ′|δ b̂3)](x′, t)‖Lq(R+×R

2

x′ )
.Using the de�nition of F−1

t,x′ one 
an see that
R(y′) ∼

(
∫

R+

∫

R
2
+

|b3(x′ − y′, t) − b3(x
′, t)|q

|y′|δq
dx′dt

)1/q

.Now we estimate ‖A1‖Lq(D4
T ). One 
an see that

‖A1‖q
Lq(D4

T )
≤ c

∫

R+

dx3

∫

R2

dy′
|yj |qx3

(y′2 + x2
3)

3/2+q
Rq(y′)

(∫

R2

x3dy
′

(|y′|2 + x3)3/2

)q/q∗

(6.49)

≤ c

∫ ∞

0

dx3

∫

R2

dy′
yq

jx3

(|y′|2 + x2
3)

q+3/2
|y′|αR

q(y′)

|y′|α .Let us examine the integral
∫ ∞

0

dx3

x3y
q
j |y′|α

(|y′|2 + x2
3)

q+3/2
.
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|y′| , we get
∫ ∞

0

dw
w|y′|q+2+α

|y′|2q+3(1 + w2)q+3/2
.Now we need to show independen
e of |y′|. This implies that α = q + 1. Using this wehave the following inequality

(6.50) ‖A1‖q
Lq(D4

T )
≤ c

∫

R+

∫

R
2
+

∫

R
2
+

|b3(t, x′ − y′) − b3(t, x
′)|q

|y′|α+δq
dx′dy′dt.From the assumption we have that b3 ∈W

2−1/q,1−1/2q
q (R3

+), where
‖b3‖W

2−1/q,1−1/2q
q (R3

+
)
∼
∫

R+

‖b3‖W
2−1/q
q (R2)

dτ +

∫

R2

‖b3‖W
1−1/q
q (R+)

dx′and
∫

R+

‖b3‖W
2−1/q
q (R2)

∼
∫

R+

(∫

R2

|b3|qdx′ +

∫

R2

|Dx′b3|qdx′

+

∫

R2

∫

R2

|b3(x′ − y′, t) − b(x′, t)|q
|y′|2+q(1−1/q)

dx′dy′

+

∫

R2

∫

R2

|Dy′b3(x
′ − y′, t) −Dx′b(x′, t)|q
|y′|2+q(1−1/q)

dx′dy′
)

dt.Using that there exists c > 0 su
h that
(6.51) |b3(x′ − y′, t) − b3(x

′, t)|q ≤ c|Dy′b3(x
′ − y′, t) −Dx′b3(x

′, t)|q|y′|q,we get the following inequality
∫

R+

∫

R
2
+

∫

R
2
+

|b3(x′ − y′, t) − b3(x
′, t)|q

|y′|α+δq
dx′dy′dt(6.52)

≤ c

∫

R+

∫

R
2
+

∫

R
2
+

|b3(x′ − y′, t) − b3(x
′, t)|q

|y′|2+q+q(1−1/q)
dx′dy′dt

≤ c‖b3‖W
2−1/q,1−1/2q
q (R3

+
)
,whi
h holds for α+ δq ≤ 2+ q+ q(1− 1/q), where α = q+1. This implies that inequality(6.50) holds for δ ≤ 1. Next we have to 
onsider the se
ond integral A2 where

A2 =

∫

R2

dy′K(y′, x3)[∆(−y′)F
−1
t,x′(|ξ′|δ b̂m)](x′, t),for m = 1, 2. Using (6.45) we have that

(6.54) A2 = F−1
t,x′(e

−|ξ′|x3) ∗ F−1
t,x′(|ξ′|δ b̂m) = F−1

t,x′(|ξ′|δe−|ξ′|x3) ∗ bm,and
(6.55) A1 = F−1

t,x′(|ξ′|δe−|ξ′|x3) ∗ F−1(|ξ′|b̂3) = F−1
t,x′(|ξ′|δe−|ξ′|x3) ∗ (Dx′b3),where we exploited properties of F−1

t,x′ and of the 
onvolution. From (6.39) we have that
Dx′b3 ∈W

1−1/q,1/2−1/2q
q (R3

+), and (6.52) with δ ≤ 1 yields
(6.56) ‖A1‖Lq(D4

T ) ≤ c‖Dx′b3‖W
1−1/q,1/2−1/2q
q (R3

+
)
.



NONSTATIONARY STOKES SYSTEM 49From (6.53)�(6.56) we get an estimate
(6.57) ‖A2‖Lq(D4

T ) ≤ c‖bm‖
W

1−1/q,1/2−1/2q
q (R3

+
)
,for δ ≤ 1.All these 
onsiderations imply that if δ = 1 (6.39) also holds. Now we 
an 
onsiderthe following interpolation spa
e Nσ,0

p (D4
T ), where

(6.58) Nσ,0
p∗

(D4
T ) = (N2s̃−1,0

2 (D4
T ), N1,0

q (D4
T ))θ,pfor some σ and p∗, and

N2s̃−1,0
2 (D4

T ) ∩N1,0
q (D4

T ) ⊂ Nσ,0
p∗

(D4
T ) ⊂ N2s̃−1,0

2 (D4
T ) +N1,0

q (D4
T ).Using that

◦

W 2s,s
p (D4

T ) = (
◦

W 2s̃,s̃
2 (D4

T );
◦

W 2,1
q (D4

T ))θ,pand (6.58) and 
onsiderations similar to those from the proof of Lemma 3.2 we showLemma 6.4. These 
onsiderations end the proof of the lemma.Using now Lemmas 6.1�6.4 and 
onsiderations similar to those in Chapters 4 and 5we �nish the proof of Theorem 2.A
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