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Abstract. We prove the existence of solutions to the evolutionary Stokes system in a bounded
domain @ C R®. The main result shows that the velocity belongs either to W;*****1(Q") or
to B25251(Q") with p > 3 and s € Ry U {0}. The proof is divided into two steps. First the
existence in W§k+2’k+1 for k € N is proved. Next applying interpolation theory the existence in
Besov spaces in a half space is shown. Finally the technique of regularizers implies the existence
in a bounded domain. The result is generalized to the spaces W2**(Q") and B2%° with p > 2
and s € (1/2,1).

1. Introduction. In a bounded domain 2 C R3 with boundary S we consider the Stokes
equations with the following initial and boundary conditions

O —vAv + Vq = f(z,t) in QT
dive = G(z,t) in QF,
(1.1) n-DW) 7 +yv-7=b (i=1,2) on ST,
v-n = bs on ST,
V|t=0 = o in O

)

where D(v) = {v(0;v; + 8]‘”%‘)};2'3@ is the deformation tensor, v(z,t) (i = 1,2,3) is the
velocity vector, ¢(z,t) the pressufé, v the constant viscosity coefficient, v is a positive
constant (slip coefficient), 7 the external normal vector to the boundary S, 7; (i = 1,2)
are the tangent vectors to boundary S. The aim of this paper is to prove the existence
of regular solutions of (1.1).

The main results of this paper are the following theorems.
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THEOREM 1. Letp > 2, § € W23, f € B255(QT), G € B25H5(Q7), vy € Boog = 2P (),
b, € BRSPSt (9T (j = 1.2), by € B2SF2TUP w41 1/21’(57“) for s € Ry U {0}.
Assume that there exist functions A, B € Bgqu(QT), diamsupp A < A, such that the
following compatibility conditions hold
DAY G — div(DSEY f) = div(D8) B) + D29y A,

for all a, 8 > 0 such that |a| + 23 < [2s]. Then there exists a unique solution to the
problem (1.1) such that v € B25t»st1(QT), Vq € B2%*(QT) and the following estimate
holds

(12) ol gzegrens @y + Vel sz gy < (1 sz + 1Bl sz oy
Al sz r) G g2y + Wbill gzopa-smesaren gr
[s-1]

+ Hbg||Bz;s;2—l/p,s+1—l/2p(sT) + ||/U0||B§:9;—2—2/p(ﬂ) + ZO Hatifh:o‘lBifq—Q/p—Qi(Q)).
i=

Here, Bgfg’m spaces can be replaced by ng’m spaces.

The above theorem presents the existence of regular solutions in the Besov spaces with
the Schauder type estimates (the optimal regularity). To prove the result we need the
existence in the standard Sobolev spaces W2™™(Q") with m € N. Next the interpolation
theory applied for model problems in the half space will yield the result in the Besov
classes. Another approach to this subject, i.e. interpolation between the regular and
weak solution to the Stokes system, implies the next theorem.

THEOREM 2. Let p > 2, ps > 1 for s € (0,1) o € (0,1), p« is calculated from (6.58).
3—1/p T 1,007 2s—2/p
Assume that S = 0Q € Wy, , f e Ly(Qh), G e W), vo € Wy (), b; €
Wgs_l_l/p’s_l/Q_l/Qp(ST) (1=1,2), bs € W;S_l/p’s_l/Qp(ST). Assume that there exist
functions A, B € L,(QT), such that the following compatibility condition holds
G,—divf=divB+ A,

Then there exists a unique solution to problem (1.1) such that v € WES’S(QT), q €
NZO(QT) see (Notation, and (6.58)) and the following estimate holds
(1.3) HU||W§S=S(QT) + HqHNg;O(QT) < c(Ifllz,r) + A AL, @)

+ 1Bz, @r) + [Gllyroqr + ||biHWgs—l—l/pvs—lﬂ—l/?p(sT)

+ ||b3HWp2571/p,571/2p(ST) + ||7)0||W5572/p(9)).

where spaces ng,m can be replaced by Besov spaces Bgrg’m.
;

2. Notation. In our consideration we use the following Sobolev-Slobodetskii and Besov
spaces. Sobolev-Slobodetskii spaces VV’c QT where k,l € Ry, p>1,Q7 =Q x (0,7)
where @ is either € or S, have the norm

1
H’UHWZf’Z(QT) = (HUHp kO(QT + ||U||€V£Z(QT)) /p,

where

T
9y poigry = [ Tt Tl gr = / -~
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and

|Dgv(=,t) — Dyv(y, t)|”
p @, ||P
iy = 3 10800+ 3 / [ O ey

|| <[k lo]=
7 7 \|p
||UHWz((o ) ~ Z 18]I, L) T Z / / 1930z, t) t’ﬁiz’]"(?x 2l dtdt’,

i<[l] li|=[I]
where s = dim Q, 01 = k — [k], 02 = [ — [l], [m] the integral part of m, Dy = 951 ...05°,
where a = (aq,...,a5) is a multiindex. We will use the Fourier-Laplace transform
Ft,$[¢] (5760) = Qg(£7£0) where

B(&, &) = 5/2/ 7“/; T (g, t)dadt

and the inverse transformation equals
~ 1 o0 . A
Fip[o)(.t) = @) /0 et / STR(E, Eo)dedg,
where s =i, £ = (&1,...,&s), ¢ = (21,...,25) and x- § = 377 ;.
Let us introduce the following spaces, V?/im’m(QT) and égfg’m(QT) where
W2nm(QT) = {v: v € W2m™(QT), vlimy = O},
B2 (@QT) = {v: v € B (QT), vlemo = 0},

We introduce also NJ°(Q") and Besov spaces By, (Q"), where

NOQT) = {feM”0 Q") /fdx—O}

= (| [ [, [ e v < )

for o € [0,1]. Now we introduce Besov spaces as

Byt Q") = {v: Q" — R, vl gy @y < oo}

for

for
vl Bzm @ry = lvllL, @) + Z [|R|~(m=R) AL D> 2(Q8,L,(0,T))
lal<k
+ 3 R ALD V] L 0.6),2, (@)

|B]<t

for Al g = AL_lAhg = Az_l(g(x + h) —g(z)) and

s ={or [([Trewm®) " <o),

dxdt
||¢||L;(Q5,LP<QT>>E( / 191%, @) e >

where
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for
Q= {(z,t) 1z = (x1,22,...,25) : 0 < 1; < 0,0 <t <}

In the proofs we will use the following results

THEOREM 2.1 (see [1]). Let p > 3, S € Wi /P, f € L,(Q7) v, € Wy 2/P(Q), b; €
W, PRI (ST (= 1,2), by € Wy PITVRP(ST), G e WEO(QT). Suppose that
there exist functions A, B such that A, B € L,(Q7T), diamsupp A < ), and G ; —div f =
A+ div B. Then there exists a unique solution of system (1.1) such that v € Wg’l(QT),
Vq € L,(QT) and the following estimate holds

[llwz1 @ry + IVallp@r) < el fllp@r) + [ Bllp@r) + AlAllLp@r) + 1Gllwieqr
+ ||b7;‘|W;71/p,1/271/2p(ST) + Hbg”wgfl/p,lfl/hn(srr) + ||’U0||W§—2/p(9)>.
LEMMA 2.2 (see [11]). Let (Ao, || ||a,), (A1ll-|l4,) be Banach spaces. Let us consider the

following functional K(s,a, AgA1) = infa—ay+a, (ol 4, + sllailla,), for s € (0,00). Let
1<g<oo0andfe(0,1). We define the following space

(AOaAl)(97q = {ala € Ag+ Ay : ||a||(A0’A1)9,q < OO}’
where Ag + A1 = {ala € H and a = ap + a1: a; € A;} Ag, A1 CH is a Hausdorff linear

space,
® ds\ 4
o, = ([ (7K 0 A0 402

for1 <q < oo and

||aH(A07A1)9,(x, = 0<SUE S_QK(S70,,A0,A1)
s<00

for ¢ =o00. Then K(s,a, Ao, A1) is a norm in Ag+ Ay and (Ao, A1)gq is a Banach space
such that the following topological embeddings hold

AO N A1 C (AO;Al)G,q C Ao + Al.

PROPOSITION 2.3 (see [4,8,9]). Let 1 <p; <o00,0<0<1andk; €Z,U{0} i=0,1.
Then the following interpolation holds

(iR 1), Wb (RY ) = W3 (R

ko # ki, for s = (1 — 0)ko + k1, ;:1;—09+§1, and

(W koY), Wi R ), = B3 (R

for ko # ki and s = (1 — 0)ko + 0k ; R = R™ 1 x (0, 00).

THEOREM 2.4 (see [3, 5, 6, 7, 11]). Let Ao, A1 be an interpolation couple of Banach
spaces. Let T' be a linear continuous operator T : Ag+A; — Bo+By such thatT : A; — B;
as a restriction is also continuous and linear. Assume that (Ao, A1)e,, and (Bg, B1)gp are
well defined interpolation spaces. Then for v € (Ag, A1)a,p there exists Tv € (By, B1)g p,
T : (Ao, A1)ep — (Bo,B1)e,p s a linear continuous and the following estimate holds

HTU”(Bo,Bl)Sm < C||v||(A0,A1)9,p7

where constant ¢ is equal \|T||}4;iBO||T\|%1ﬁBl.
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LEMMA 2.5 (see [12]). Assume that vy € W3k+272/p(R3) for k € N. Then exists an
extension ¢ of vy such that ¢ € W5k+2’k+1(R4), @li=0 = vo and the following inequality
holds

H¢”W§k+2*k+1(ﬂg4) < CHUOHWI)%*Z*WP(R?,)'

3. Problem in half space. The first step to solve the problem (1.1) in a Besov space
is to consider this system in the half space x3 > 0,

vy —vAv+ Vg = f(z,t),
dive = G(z,t),

V1,25 + V3.2 lws=0 = b1(2",0,1),
V2,25 + U305 las=0 = b2(2',0,1),
V3] z3=0 = b3(2',0,1),

U|t:0 = Uo(x)’

for z = (1,9, 73); ¥’ = (21, 22).

LEMMA 3.1. Let f € W2HF(D4), G € WHHLH(DL), vy € W PP 2P(RY), b, €
ngﬂ*l/p’kﬂ/z*l/%(Ri) (1 =1,2), b3 € ngﬁ*l/p’kﬂfl/zp(Ri), fork € Z,. As-
sume that there exist functions A,B € ng’k(Di) such that the following compatibil-
ity conditions D20 TG — div D28 f = div D20 B + D29 A, where |a| + 28 < 2k
hold. Then there exists a unique solution of problem (3.1) such that v € W2k+2k+1(D3,),
Vq € W2HH(D3) for D} = R? x Ry x Ry ; Ry = (0,00) and the following estimate holds

(3.2) ||U||W§’C+2=’C+1(D4T) + ||VQ‘|ijvk(D4T) < C(Hf”ijﬂ(z)ﬁ}) + HB”WE’“’C(D%)
WAl ogy + 1GThponscogy + Ilygn-simsoss- s

+ Hb3||Wp2k+2—1/p,k+1—1/2p(]R3+) + ||UO||W§k+2—2/p(Ri)).

Proof. We need first to consider the following problem

vy —vAv+ Vg =0,
dive =0,

V1,25 + V3,2, los=0 = b1,
V2,5 + ,US,ZEQ‘Z'E}:O = bQ,
V3]z,—0 = b3,

U|t:0 = 07

for b; € ngJrlfl/p’kJrl/zf1/217(]1%3_), bs € W§k+271/p’k+171/2p(R‘1) (i = 1,2). Next, we
consider formally the following system
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{),t — VA’D-’-VQZ 0,

divo =0,
(34) 6i,13 + ’DS,a:i r3=0 = Bia
¥3]z=0 = b3,
ﬁ‘t:O = 0)
where ¥ = 93w, ¢ = 909D, lNJj =0%b;, (j = 1,2,3) 0% = %, la] = a1 + g, for

|| < 2k. Now using Theorem 2.1 we arrive at the following
(35)  ollwzr oy +1Valle, 1) < cllbillya-1marz-rrzn g ) + ellbsllyz-1ma-1/2m gs -

At this point we need to estimate the derivatives with respect to x3,t and the mixed
derivatives of the form D$d}v, D20;q for |a| + 2i < 2k. In order to do it we write ¢ and
 in explicit form. From [1] we have § = F,_}(q), where

Qv

2
€2 e, (€22
Bipiel€las 4 bye 1€ 173
25 e

]5 / st /R2 eiz/£/§(§/7$7x3)d£/d§07

(3.6)

where 0(¢', s, 23) = 0;¢; for

s & 1 R U AN
n (7“+8 <@_?>>e Tl ( G b
1 G625 ey | 018 (€1 -7) eml€les _ gmras
11 . :
(=) b+ 820 ( o= )P
+ éb s (1 _ L) (€ +72)
ro ¢ s
(€= iR +r?) (e
|§/| S ‘€/|77, 3
o (1IN & ., &l - 1 les  —ranr
o= (g 5) She SR (g -
L oy & 1\ . G| —r) (el —gmran ) 2
- = b 3 - _Z sb i
e <f’l 7“> e ( el—r )"
€05 rey (L LYIEPOEP )5 o,
T ’ <|5'|2 ‘72) s e
LR ) (€l o) o
E GEE

L 72’5_1: —Trx3 ]- . 'Lgl —rag 1 na |§/| —r 67‘§I‘13 _ ef'r'zs ~
v3 = 2 bie + (|§/|2 r2> =2 1¢)? b e + \g | e T by
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i 1 / "N — —|€/\$3 __ p,—TX3 ~
+ Bt (- ) e 2L TC ‘ )@
S

N € €=
JERG ey (2 PO +7)5 g
e () S
S (e N A T
s €=

where 7% = [¢/|2 + s, and r € (—%, %), s = i&y. First we consider a{vq, for |a| +25 < 2k;
|| = a1 + ao. This implies

i ~ 1 i > s iz’ € 2
(3.7) 9;Vq = ant/ e t/R2e Sp(E, s, xs)dEode’

= vagﬂ;%(Z réj bje \&’\zs) + VO F; (7(5 |2€j|_ . >b3 _lé,m)

:V{thxl,(%(i&ygge—&wm) ZFW(Z?L (iEo)ie &mﬂ

M —¢ |€I?3>
EH

+ZE$@2> ()]
_v[ang,* tl,(““?ﬁ%” -l¢ Ird>}+v[i 8 tx/(Z?,T —|¢ 13>:|7

where * denotes convolution.

= |:ft x’ (250)]1)3 * F t r’(

Inserting g, = 855;@ (k=1,2,3) one can see from [1] that
(3.8) IV dllL, 1) < cllgillyz-rrmarz=sranzs ) + Igsllyz-s/ma-1r20 gs )
< C(||3tjl~7i||W;—1/p,1/2—1/2p(R§r) + ||3gl~73||Wp2—1/p,1—1/2p(Ri))
< C(||bistkﬂ—1/p,k+1/2—1/2p(Ri) + ||b3”Wj’““*l/p*’c“*”?"(ﬂ@i))'

In this same way we find the estimates of 8j17 The next step is to find the estimate of
073V q for aq + az + ag < 2k. First, we calculate 932 ¢, where

1|2 2,
8a3q_ Zaadth/<Z§m —|¢ Is) —l—(i‘)ad tx/<|€| ;|‘7‘ b3 Y :03)
& €]
i€ 2 ot ton 1€ - N2 42 o
_ Z tr’( g/ m(f]-) 3|£" 3¢ [€'] 3) +Ft,x1’<|£ bg( ) 3‘€/| 3¢ 1€’ 3>
&1 €'
1 N AP 2 ’
Nﬂﬁﬁéiﬁ”mw%ﬁ“mw

2
1 > s iz &' ozr2 —|¢ |z
* G E/O et/me ¢lg' |2 by eI 172 dgy e,
m=1

where ~ means proportional to the constant.



28 W. ALAME

Now, we need to estimate VJ;2q in the L,-norm. First, we calculate V0y. g, where

s ~ 1 > s iz ¢’ a T |z
Vogsq~ (271.)3/2/0 € t/me C1e| 3 2hge I€] sdode’

2
1 o0 t . /_E/: Y

s ix'-£'p 1€ \zgd de’.

+ (27)3/2 m§—:1/0 € /R2 e m€ odg
Inserting b%, = [€/|%b,, (m = 1,2,3), we have the following quantity
1 o0 s ’ A ’

VO3 ~ st/ iz’ € /2b* —€ |m‘5d de’
ws 4 (2703/2/0 € Rze 1€']"bze SodE

1 o st ix/f/ 11 7.% —\§’|x3 / _
+W/O € /RZB |f |bm€ dfodf, m—1,2
and now using [1] we obtain
(39) V02l gy < ellbnlysrimrrm sy + By m 7o)

= C(||D;L/3Bm||W;71/p,1/271/2p(R’i) + ||D§:,3Z~)3||vaf1/1;,171/2117(R3+))7

~ ’ ~ ’ ’ ’ . ’ a|a/\ . ’
where b,, = DS by, bs = D bg, 2’ = (21, 22) &' = (a2, a2); DS = ERERE lo'| = a1 +as.

Due to the previous considerations, we are ready to estimate VD] q, where |a|+2j <

alel

2k; |a| = a1 + a2 + az, v = (z1, 22, 73); DY = PR

Hence, it is seen that

(3.10) VD20l pg) < Ui Ny -smsrnsimnqy ) + 185 Iyga-srmss/mm g )

where b} = Dg‘;&fbm, for |&'| + 25 < 2k and from the assumption of the lemma,
by, € W5k+171/p,k+1/271/2p(R21) (m =1, 2)’

k42-1/p,k+1—
b3 c W; +2—1/p,k+1 1/21}(Ri)
These considerations imply that
(3.11) ||quW§k,k(.D%) < C(Hbm||W§k+1—1/p,k:+1/2—1/2p(Ri) + ||b3||W3k+271/p,k+1—1/2p(R3—)).
In a similar way we show that
”UHWPM'*'Q”“'H(D%) < c(”bm”W§k+1—1/P,k+1/2—1/2p(R§r) + ||b3||W;k+2—1/p,k+l—1/2p(Ri)).

Next we have to consider the following problem on the whole space

vy —vAv+ Vg =f,
(3.12) dive =d,

U|t:0 = Vo,

for f € W§k>k(R4), de W§k+17k(R4), vy € Wp2k+2_2/p(R3). The trace theorem provides
us with the existence of a function ¢ € W2F2F+1(R*) such that ¢|,—o = vy and the
following inequality holds

H¢||ng+2,k+1(R4) S C||”U0||W§k+2—2/p(R3).
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We introduce a new function w = v — ¢, and consider the problem on w,
wy —vAw+ Vg = f1 € WHFRY),

(3.13) divw = dy € W2FTHE(RY),
wlt=0 = 0,

where dy =d —dive, fi = f — ¢+ +vAg.

Now, we consider the following problem
(3.14) Ay =d;.
We see that a solution of (3.14) exists and

||V1/)||W3k+2,k(R4) < CHd1||Wp2k+1.k(R4).

If we take w; = w — V1) system (3.13) reduces to

wi — VAwy + Vg = [,
(3.15) divw; =0,

wl‘tzo = O
A solution to the above-mentioned problem has the explicit form (see [6]). We only need
an estimate of V9%9/q in the Lj-norm. Making use of the explicit form of the solution
to the problem (3.15) we have V9$0/q = V9]q, where § = 0%¢ and |a| + 25 < 2k; 0%¢
and 02w, are estimated from the problem (3.15) for all |a| < 2k.

Let us consider

VolG=VolF}(q),
where . A X
i1 fy +ikafi —i&sfs
1€]2 ’

q/::

and

f2:(f217f227f23>7 fgzagfz;
This implies that
; 1 , oz 2, 2
Y st ix-£ 1 2 3
Volin g [ e [ e - Facod
and
VOl @) < cllOg2lln,me) < cll fallypzer e
These considerations give the following inequalities
||w1HW§k+2,k+1(R4) + ||Vq||W3k,k(R4) < C||f2||W3k.k(R4).
Using representations of solutions to problem (3.12), v = w; + V¢ + ¢ we have the

existence of (v, Vq) such that v € W;ﬁ;z’kH(R‘l), Vg € Wi’;&i(R‘l) and the following

inequality

(3-16> HUHWI?’“””““(]RQ + ”VqHWp?k”“(n@) < C(Hf”vvgkvk(]w)

+ ||d||wgk+1»k(ug4) + ||A||W§k”€(R4) + ||B‘|Wp2’“vk(R4) + ||”0||W§k+2—2/P(R3))~
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Therefore, using the considerations for the system (3.3) and (3.12) with estimates (3.11)
and (3.16) and using [1] we conclude the proof of Lemma 3.1. Next we have to prove the
existence in Besov spaces in a half space but with zero initial data u|;—¢9 = 0, since we
need this result to prove Theorem 1 in a bounded domain by applying the regularizer
technique. Obviously there exists a function © € ng"‘Q’kH(Ri) such as

(3.17) ’l~)|t:0 =179 and ||ﬁ||W§k+2,k+1(R4+) < C||UO||W§k+272/p(Ri).
We assume that w = v — 0. Then w is a solution of the following homogeneous problem
wy—vAw+Vg=f—-9,+vA0 € W§k7k(D§1~),
divw = G —dive € WZFHH¥(Dp),
(3.18) Wizy + W3z, |zam0 = b — 71 - D(D) - 75 € W§k+171/P,k+1/271/p(Ri),
W3|zz=0 = b3 — U3 € WIQJHZ_UP’]CH_UQP(R%F%
W|t:0 = 07
o
where w € W2F2k+1(D7) and the following estimate holds
(3.19) ”W”ng“vk“(pg,) + ||VQ||W3"W(D%) < C(”fuwgkvk(pz;) + ||G||W§k+1’k(pg,)
+ Hbi‘|Wﬁ’““*l/"*’““”*l/zp(u@i) + ||bs||W§k+z—1/p,k+1—1/2p(Ri)
+ ||A||W§k,k(D%) + ||B||W§k,k(D%)) for keZy.
Using now Theorem 2.4, Lemma 3.1 we obtain the following result.
LEMMA 3.2. Let ﬁEB;qurz’”l(Ri) be a function such that ¥]—g =vg, vo GBgfq+2_2/p(R§_)
and ”UHB?SJZ’S“(R‘i) < C||UOHB127.75;»2—2/12 (R%). Suppose that f' = f — 0, + vAD, G =
G —div o, b; = bz—ﬁD(ﬁ) '77-i|x3=0: bg = b3—1~}3|x320, f/ € Bgfq’s(pfllﬂ), G e Bgi;rl’s('D%),
o o
IS B?,f;lfl/p’sﬂ/gfl/gp(Ri), by € B?,f;zfl/p’sﬂfk/p(]&i). Then problem (3.18) has a
o
unique solution such that w € B2+t (D3) and Vq € B}%*(D71) and
(3:20) lwll g2evz. e pay + IVl p2eye pay < e fl g2y (pa) + 1Al g2ey2 D1y
1Bl pzeye (psy + G pzepre gy + llvoll g2esa—2/v ps )

+ Hbi||BZ:S‘Jl—l/p,s+1/2—l/2p(Ri) + ||b3||BZ;SJ?—I/p,S#»lfl/Qp(Ri)).

Proof. One can see that assuming A(()l) = L,(D%), A(()Q) = I/?/;,’O(D%), A(()?’) and A(()4) =
°1-1/p,1/2—1/2 5 °2-1/p,1-1/2 1 2 Q

Wy R ), AT =W T RY), ALY =WRRK(DY), A =Wk (DY),
A§3) and Ags) _ W}Q]k+l—1/p,k+1/2—1/2p(Ri)’ Ag5) _ W5k+2—l/p,k+l—1/2p(Ri)’ B(()l) _
W2L(D4), B = L,(D4), B = w2k+2k+1(ph) B = W2k#(D4), and denoting
Ag = H?:l A(()j), A = H?Zl Agj), By = Hi:l Bék), B = Hi:l Bik) there exist well
defined operators Ty and 73 such that Ty : Ay — By, 11 : A1 — Bi which are linear

and continuous if ag,a; are elements of spaces Ag and A;. Moreover Tp(ag) = (v, V@) €
By, Ti(a1) = (v,Vq) € By satisfy estimate (3.19) which follows from Lemma 3.1 with
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homogeneous initial data conditions. Using interpolation (A, A1)g,, and (Bo, B1)g,q we

have the existence of an operator 7" such that T': (Ao, A1)g,q — (Bo, B1)g,q, where T is

continuous and linear. Moreover we have
(V?/Z%,l’ ch/ik+2,k+1)9

where s = (1 —6) + 0k, 6 € [0,1].
These considerations conclude the proof of the lemma.

o
_ 2s5+2,5+1
qa— qu

)
s

4. The problem in a bounded domain. To solve the problem (1.1) in a bounded
domain €2 we have to define a partition of unity. We take two collections of open sets:
{w®} and {Q®} such as ©® c QK < Q, |, w® = Q and J, Q) = Q with k €
MUN.If ke M then Q%) NS =@ and if k € N then 0¥) N S # @,

We assume that sup, diamQ®*) < 2X for some A small enough. Let ¢(*) be a smooth
function such that 0 < C(k) <1 and

1 for z € w®
(R) () — )
¢Hle) { 0 for x € Q/QK),

and
c
|Dx¢®) (2)] < NG and 1< Z(C(k)(;];)‘Q < Ny.
k
Let )
3 (O M
22i(¢)?
We see that TI%) (z) = 0 for z € Q\ Q®) | |DYTTIR) ()] < ot and D7, ) (2)¢*F) (2) = 1.

We denote by £(%) a fixed point of w®) for k € M, and of w*) N S for k € N. Let us
consider a local coordinate system y = (y1, y2, y3) with the center at €F) If k € N then
the boundary part S#k) = 5N QF is described by y3 = F(y1,y2). We choose the local
system such as F(0) =0, VF(0) = 0.

From S € W2**3 we have F € W2 T37YP We extend F to F is such a way that
F(y1,42,0) = F(y1,y2) and F € W2 as well as F € C*T!1H* with 0 < a <2 —3/p
and |Vt (F)| < eXe.

Now we can transform Q) into the half space by
Z = ®p(y) = (Id - F)(y).

Let y = Yi(x) be a transformation to the local coordinates y which consists of translations
and rotations. We consider the following problem in a bounded domain 2:

vy —vAv+Vp=f in O,
dive =G in Q7
(4.1) n-DW) -7 +yv-Ti|r =b; (i=1,2) on ST,
v-7|gr = bs on ST,
V|t=o =0 in Q.

Let us consider new variables v = v - C(k), p= pC(k), f = fC(k), G = GC(k), Bl = bz’C(k)a
by = b3¢®). Assume first that & € M. Then we have problem (4.1) without boundary
conditions after multiplying (4.1) by ¢(*),
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First we consider the following problem with ((*) = ¢
Cvp —vCAv + (Vg = [,
(4.2) Cdive =G,
D|t=p = 0.
Now system (4.2) implies the following problem
Uy — VAU +Vq= fi,
(4.3) divo = Gy,
=0 = 0,
where f1 = f — 20V( - Vv — voAC +pVE, G =G +v- V(.

Now, we obtain a condition on the new functions f;, G; and compute functions A, ;,
B, ; satisfying the compatibility conditions

(4.4) 0%0iT Gy — div a2 fy = divOX9iB + 0%0i A
where A, ; = 020} A, B,,; = 020{B. First we have to calculate the following terms
020{G1, 020y f1, where
030,Gy = 8304 [v - V(] + 830,G = 87 (CO{G) + 95 (V¢Ov) = T + I,
where |a| + 2i < [2]

« «

n=% (;“) DICOSTING, L= (j) V0,007 0.

Jj=0 j=0
Next, we calculate
(4.5) %0} f1 =820 f — 20020} (VC - Vv) — v%d: (vAC) + 820! (¢V¢)
= Z ( )aﬂ 090 f — 2wy (a> HINVCOETI 9V
7=0 J
—v Z ( )amgaa T+ <j‘) HINVCICTIlq,
=0

which implies that

oifi=3 (C“> PIVC(0578})(q — 2w

JOJ

+§a:< )aﬂgaa JE)’qVZ(J)AE)JC@a i,

Jj=0

Then, we obtain
o

L+I=) (?) [02¢0,G + VdI¢o2 9}
j=0

and
«

o= (j) DIVCORT B (g — 20V0) + DI COPI i — VA (O ).

=0
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Let us first assume that || +¢ = 0. Then on the basis of the compatibility conditions we
get

(4.6) Gri—divfi = (G+v-V),; —divf—Vo(qV¢—20V( - Vv — vvAl).
First we consider C{t +uvy-V(— divf = J, where J is equal to
(4.7) (G —divf) = f-V(+uv,-VC,
From (4.1) and (4.7) we have
J=((divB+A)+V((f - Vp+vAv—f)
=(A+div((B) — B-V({+ (vAv —Vq) - V(.

Then we get

(4.8) J=A+divB—V(-B+V-(vV¢ xrotv —qV() + gAC.
Using (4.6) and (4.8) we obtain

(4.9) Gri—divfi=A—-V(-B4+qA(+ V- (B +vV({ xrotv

+2vV (- Vo + vvAl — 2¢V().
From (4.9) we can define new functions 4; and B by
A= A—V(- B+ gAC,
Bi = B+ vV( x rotv + 20V (Vv 4+ vo Al — 2qV¢,
and the following compatibility condition holds
(4.11) Gi¢ —div fi =div By + 44,

where Ay, B; are calculated explicitly. Let us put G, = 020,G1; Goi = 080; f1, An,i =
020} A1, By, = 020;B;. Then using (4.4)—(4.11) we have the compatibility conditions
0:Gq,; —div F, ; = div B,; + Aq,; where B, ; and A, ; are computed from (4.10). Then
we have

(4.10)

(4.12) Z( )af DCTINA—VDICOSTI B + 0IACOSIdlq]
=0

and
«

=> <‘;‘) [07¢0°779! B4+ vV (x rot 9078w
3=0
AGLCOr ™ Oy — V(O il
il =Jv + J2 + Js.
where |a| + 2i < [2s] and Ay, By € B2%*, A, ; and B, ; belongs to B2S a=is=2i—a/2

pq
Now in order to prove the existence of solutions for the problem (4.1) we need the

following

LEMMA 4.1. Let 0 < g1, &2 < % Assume that v € BgqurQ’S“(QT) with v|;—g = 0. Then
the following inequality holds

(413) ||”U||B2s+1 s+1/2(QT) (Tl/P +TX)||’U||B2<+2 S HL(QTY)s
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where x = [s+1— %] —[s+3+ 3] +2E2 -1 > 0,07 =Qx(0,T) and [n] = max{k €
Zi|k < n}.
Proof. One can see that the following embeddings hold
25+2 s+1/0T 2s+2—e2,5+1— T 2s+14e1,5+5+5 (T 2s+1,54+1/2/T
B} Q) cw, QT c Wy m)cqw 2Q1).

ThlS 1mp11es the following inequality
1/p

T
||U||W55+1+51,s+1/2+%1(QT) = (/0 |U||€V§s+1+sl(ﬂ)d7—+/5)||U||§V;+1+£2l(07’1")d$> s

where

T 1/p
(4.14) (/0 ||U||W§s+l+£1(ﬂ)dx) < T1/P Slip HU||W§S+1+EI(Q) < CTl/PH’UHBzi;rz,Hl(QT).

Next it is enough to consider the following integral

0w — O} vl NP
([ [ [ il ) <

where 0 = s+ 1 5+ 5 — [8—1—5—1—%}. Then we obtain

T T |96 i |P ’ 1/p
B |Ojv — OFu|” |t —t'|PX ,
(4.15) M = (/ / / [t — e |t_t/|pxdxdtdt

|0iv — 0% v|P /p
<Tx<// / |t_t,|f+p0 dedtdt’ )

where & = 0 + x and x are defined in the assumption of the lemma. This implies that

(4.16) M S CTX||’U||W25+2752,s+1752/2m S CTX||’U||BIQ)S(I+2,S+1.
P )

Adding (4.14) and (4.16) we obtain Lemma 4.1. This ends the proof.

Next, we have the following result
LEMMA 4.2. Suppose that S € W§S+3, p>2, fe€ Bf,fq’S(QT), G e Bgfjl’s(QT), b; €
BRSPS TL2212 (9T (j = 1 9) by € BE2TI/PSTITL20 (6T Then for system 4.1
in a bounded domain we have a unique solution (v,p) such that v € B2 2sT1(QT),
Vq € Bgfq’S(QT), where the following compatibility conditions hold

O Fu; —divF,; =divBy,; + A, for |of+2i <[2s],

where A, B € B2%5(Q7) and o, = 030]¢ for |a| + 2i < [2s]. Moreover the following
estimates hold
[Vl gzozovr + [1Vall gzers ory < c(llfll pzeye oy + 14Nl g2ege ry + 1Bl (2F)

+ ||bi||Bzfq-u—l/p,s+1/2—1/2p(sT) + ||b3||Bi:s;2—1/p,s+1—1/2p(sT)),
where

(4.17) | Boill oot < (1Bl ey + | Allgae,s +7)

and
Ao ill gze-meai < (1Bl gaege + Al gaeye +72),

where v; are defined in (4.18).
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Proof. Using (4.2)-(4.12) and Lemma 4.1 we can estimate A, ; and B, ; in Besov spaces.
It can be shown that

«
o C i
[ Aaill g2see2 <Y <j) S92 70 All oo
j=0

o
« c L
+) <j>W”a«3 70} B pas-os-
=0
S () - Co o adal ;
T j ) w19 TG dlipge e 2
§=0
«
o C i
(418) ||Ba,i |Bgi;a,572i S Z (]) )\\j\ Hé);‘ JagB”Bgfq—a,s—Zi
7=0
«
« c L
+ (J) s (110t 05 7 Bl o
7=0
> () = ot -
+Z j W T tU Bifq—a,s—Z’z
=0
(%) ozl ,
+Z J W x tq Bg?‘qf&.sf21.
7=0

We also need the estimate for A; and B; in B;Sq’s.

Now using Lemma 3.2 to problem (4.3) we get
(419) 18l gesors oy + IValgzse < il gz op) + G gz + 1Al 5z

[25]
+ ||B1||B§fq~3 + Z (”Ba,iHBgfq—“vS—?i + ”Aa,iHBgfq—“vS—?i);
|a|4+2i=0
|a|,2i>0
where
TYP 4 T 1
(4.20) 115 . . < c(”f”Bf,if + sz Illszees + smpllallszy );

C C
(4.21) [|Ar]lgzee + [ Bl g2ey < C(”‘A”ij(f + 3zt 1Bllpze + e lall sz

1 1
T \esti ol pzeyrae + NZs+2 ol 52, + 25+ “q”Bf;de)'

One can see that (4.18) can be estimated by r.h.s. of (4.21). Choosing X sufficiently small
we need to find an estimate of the r.h.s. of (4.21). In order to do it we have to consider
the following problem on pressure ¢:

Ag =0,

9q
(4.22) on

¢ = a1vy + QUr, 7, + Q3Vz, + QUL + sbi g, + b3 1y

|s =g where g=v¢—bs, and

+v+agbgr, —agv-n, for (i=1,2)
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and v = v, - i + v;7; (see [1]). The system (4.22) implies that
(4.23) HqHBffq‘*'M < CHUHB}%S;'LO‘

Using Lemma 4.1 we obtain

1

(4.24) o llall sz < A%H

77 (TP + TX)|[v]| g2o2.001.
Choosing T small enough we obtain the estimate
(4.25) ||77||B§?j2*5+1 + ||V‘j||Bﬁfq-°‘ S C(HfHB,?f; + HGHBgfjl’s + ||B||B;‘§fd8 + ||A||B§fq-°‘)~
We would like to have a similar estimate for & € N. We write system (4.1) in z-coordinates:
U4 —vAg0 + Vag= fi + L1(9z — VF - 9)(9,9)
— L1(05)(9,q) = fo,
divg® = G1 + VF' - 0z0 = G,
€z, - D(0) - T + 70 -7 = ®(A(n,v; +n,v) - Ti)
+ VF-D(v) = 0],
V- eg, = b3,
where L;1(03)(v,q) = vt —vAzv + Vgq.
We need to find new functions A,, By which satisfy the compatibility condition
(4.27) Gy — div fo = div By + As.

(4.26)

First we can see that

Gl,t - le f1 = le Bl + Al.
From (4.26)2 we have

(4.28) F; j0j; = Og,(F; j0;) — 0;F} ji.

In order to obtain the new By we have to consider the following problem
Ah = 9;F; ji,

(4.29) Blygy—o = 0.

h—0 as 23 — o0.
We see that
(4.30) ||Vh||B§fq+1(Ri) < C||77j,tFi,ji||Bgfq(R3) = CEHf)”BZf;?’S*l(R) + 0(5)>\a||77,t||35f;(11§)-
Then we define As and Bs by
(4.31) By = B1 — (L1(9g — VF - 35)(0,q) — L1(0a)(0, q)) + F; j0; — Vh,
As = A;. We also need estimates for components of By. Hence we examine
(432) L0~ VF - 00)(0.0) — L1(06(0.) 2os o
< V2P|Vl g2y pay + cllVEL V20| g2eye s,
e [VEdll gaeye < (04 Q)T + (T2 4+ T%) 4 2 o] s,
(433) 1Byl g + VAl gaeye < (e + ()X + (T2 4 TX)) 5] oszonr.
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Using (4.26)—(4.33) we obtain
ol < il + XNVl gz + (54 (BT + (T2 4 TX)) ol o,
Gl < Gl + (o4 Q)X + (T2 4 ) [0l gz

T1/2 4+ TX ~
1971 zea-ssmevasamsram Sc( ST ”a) [l g,

TY2 4 TXN
Wilgrosnensen < (et ) Wlgrnen

(4.34)
Al 2oy < ALl 5225
”BQHB;‘??’(}S < ||Bl||B§f'q’s +(04+e+c(0)T”
+ ((e)A* + (T1/2 + Tx))||1~J‘|]3’12§1+2’S+1 + ’\a||V‘5||Bgs;~

Using Lemma 3.2 and (4.34) we obtain
435) 1ollpggaon + 19l < o(Isllagse + G lgepne

1Bl 2o, + [ Aull g2ese + (6 + c(0) T + & + c(e)A™ + (T2 + TX)

TY?2 47X T2 4 TX
)\23-1-1 )\23—}-2

30 ) (Bl s + 192l )
Let us define dx = Jg-1 dz, where J is the Jacobian matrix and |Jg-1 — I| < ¢A*. Thus,
if we denote 7 = (My and §M = (Mg we get
(4.36) ||”||B§f;r2vs+1(QT) + ||VQHBgféS(QT)
S P lageean + S g
AEMUN AEMUN
Then, by (4.35) and properties of (") we obtain
(4.37) HU”BZE;S;““(QT) + ||V‘I||B§?;(QT) < CNO(HfHBgff(Qt)
+ 1Bl g2e,2 oy + 1Al g2e,2 oy + B0l p2eg2 o1 gy + IVl p2e,e ()
+(IGll g2er1.s,

|bi||Bgsq+171/:ﬂ,s+l/271/2p7 Hbg||BZs;27l/p,s+lfl/2p)).

where

T1/2+TX T1/2+TX

B=06+c(6)T + e+ c(e)A* + (T +TX) + Nestl T ez A%

We choose A and T = T so small that cNy3 < % Then we arrive at a solution (v, q)
such that v € B25F2<+t1(Q7), Vg € B2%*(Q") and
(438) (ol aesoes ey + Vel e

< cllfll gz ry + 1Bl gzeye ory + 1Al g2e,0 @7y +7)-
where
(4.39) v = HGHBE?LS(QT) + NO(”bi||Bgfjlfl/PvS+1/2*1/2P(ST) + HbSHBii;rzfl/P’erl*l/?P(sT))‘

It finishes the proof of Lemma 4.2.
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5. The proof of Theorem 1. Our aim is to show the existence of solution to the
problem (1.1),

vy —VvAv+Vg=f in Q7
divG =G in OF,
(5.1) f-DW) -7 +yv-T|r =b; (i=1,2) on ST,
v-filgr = by on ST,
v]t=0 = vo in €.

where the assumptions of Theorem 1 hold. From the theorems on traces we have the ex-
istence of function ug € B25F5T1(QT) such as g (z,0) = vo(x) and ol p2ese.crgry <
chOHBg?f_g/p(Q). Assuming that a solution of (1.1) has the form v = w + @y problem
(1.1) reduces to

wy —vAw+ Vp = Fi,

divw = Gl,
(5.2) a-D(w) T +yw-Ti|lsr =by (1 =1,2),
w - ’FL‘ST = b3y,
w‘t:O = Oa
where
Fy = f =g, + vAdy,
G = G —divag,
(5.3) ! 0

bi1 = b; 77_7,-D('L_L0) “Ti — YUo * T (Z = 1,2),

b1 = bz — up - 7,
and the following compatibility condition holds
(5.4) Ghy—divFy =G —div f —divig + divdg, — vdiv Agy = div B+ A — v div Ag.
Then, we have the existence of functions A1, By such that

(55) A1 = A, B1 =B -— VA’(LQ where Gl,t —div F1 = div B1 + Al;

where G1 € B2 *(Q7), (B1 Ay, Fi) € B255(Q7). Then using Lemma 4.2 we have the

existence of the solution to problem (5.2) such that w € B25+»5t1(Q7), Vq € B2%5(Q7).

Now using the representation v = w + g, where v|;—9 = vy, we obtain
ol g2egeser@ry < llwll pzepzavaqry + +ltoll 2o gr)
< cllvoll g2era-2rn gy + 1 fll g2oy2 oy + Gl 2oy + 14l g2eye 0
+ Bl gze,2 oy + 10ill pzssr-1/mss1 /241720 g
sl gesa-s/mea-s/zm gy + X)

for
25
X =3 107102 flemoll go-2rnqy, ol +2i < [25].

i=1
|| =0
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Then we have the existence of solutions of system (1.1) for T' < Ty where Ty = T* and it
is a small constant (see (4.36)).

Now it is enough to continue the solution to the intervals [Tp,27Tp], [270,370],
[2T0, 3Tp], which proves Theorem 1.

6. Proof of Theorem 2. Let us consider problem (1.1) in a half space in the following
form

vy —vAv+Vg=f in D7,

dive =G in Di,
(6.1) Ules + U3, leg=0 = b1 on RY,
V2,05 + V3,05 |ssm0 = b on RY,
U3lzs=0 = b3 on R%,
V]t=0 =0 in R?,

for D}, = R3 x (0, 00), % (0, 00) 7. In order to solve (6.1) we first consider the homogeneous
problem in a half space containing only boundary conditions

vy —vAv+ Vg =0,

dive =0,
(6.2) V1,35 + V3,0, [zg=0 = b1,

V2 s + V3,25 |ws=0 = b2,

V3|ps=0 = b3.

From [1] we have an explicit representation of a solution of (6.2) after Fourier transfor-
mation of the following form

0; (¢, w3, s / t/ e_“/'flvi(x,t)da:’dt
R2

for o’ = (x1,29), & = (&1,&2), s = i€, where b; are extended by zero for ¢t < 0. We have
the following representation if ¥ = 1 (for simplicity). If b, = b3 = 0 then

N ‘51 < 1)A —rx 51 €| — <e‘|§/|m3 - e—“‘ﬁ)A
= —b 3 — — Z )be 3 3
aTy T \E Ty e er—r )
Uy = L - — 5152 e "8 5152 |§ | — 7’< 1 ) —1&zs _ —ras i)
" (lf’ ) s e If’\ o= )t e,

Q€1 0|6 =1 (e ElEs — gmras
L e (e )

&bl —¢ lzs
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If by = b3 =0 then

3 1 182 &6 (‘f ‘ —r) (e§/|w3 _ erwe,)A
N b 3 :
o <§/| 7") S s s ‘§/| |£/| —r 2,

3 - 1 - & 1¢') — e I€lws _ g—ras\ |
= *—b TT3 - _ = rm3b S2 b
(%) e + = s ( g T') + s ‘§/| |£/| —r 25

(6.4) 03 = Z€2 e ( 7“12) b |€/|2bye T8
Z€2|§ | 1€'] —7“( |5 los e"""S)b2

s |€[2 &' —r
q Z€2 —|f |zs
q= .
€] \
Finally if b = b; = 0 then
2 ~
oy = z§1b3 —ray Jr< >Zf1 €12 +r? o s,
ro ¢
7(|£|*7’)Z£1 ‘€|2+T <e |€‘$37 ra:3>b3
4 GIET: ’
i§2 5 2
by = 25, em.g,+< 1> i ( |§| G(EP +7); e,
T r é’
- /2 2 14 \13 — e TT3
(6.5) o (€] 7 st | <e / >b3a
€] GE
o = 1L o EPUEP+12); o
U3 = 2 3 4+ |§ ‘2 - 7“2 fbge 3
€1 +97) (el ey
: e

(I€'1* + 7"2)53645%3

€'l ’
where r2 = |¢/|2 + 5, s = i£;. We show the following
LEMMA 6.1. Suppose that b; € H?*=3/2:5=3/4R3) for (i = 1,2) by € H>*~1/2s7V/4(R3),
where s € (3,1). Then system (6.2) has a unique solution (v,q) such that v € H**(D}.),
qec MSS_I(D%) and the following inequality holds

q=

+

(6.6)  [[vllpr2ss(pay + llallagze—1(pay < clllbill ras-s/zis-srams ) + 03]l rze-1/2.0-1/a (w3 ))-

Proof. One can see the equivalence between

0]l 2.0 (g + lalagze=2 (o4,

and [(v,q)|x where

©7 Wl = / / (L1 1E1°72) 4 (1 + [6ol*/2)?)? 6P’ deodrs
Ry JR3

1125—11 A1\2 767
+ [ 0
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In this paper we consider only estimates of v1; and ¢ under the assumption by = b3 =0
and for the pressure ¢ with assumption by = by = 0, where 01; = %ble_m?’ is the first

_ 1 > st ix' € /
v = (QW)B/g/O e /Rie 011d€ d&p.

We get the estimates in a similar way. From equivalence (6.7) there exists a constant
¢ > 0 such that the following inequality holds

term of ¥, and

||’U11||§—I25’5('D‘71,) + |q‘?\4225—1(,p4) > C|(U11 Q)|

Then we obtain

b
(6.8) (11, 9) % = /R /}R3 (14 [€12)2 + (1 + [&]5)?) Tl - dg dends
2s—1 151 —|¢ |25 )2 ,
o[ (e ' dindes,

Since + = —— and &, > 0 we have

T \EotIg?
1 1 o
69 lowal<e] [ (1612 lal 4 g+ o )l ([ o) dg
o € ;

+/ / |§/|452|51|2</ €2£/|m3d$3>d§odfl-
R, JR? 0

Then (6.9) implies that

(6.10) (i1, 9)|x < cllball gas-srzio—s/ages)

which holds from the Plancherel theorem. Now we estimate (6.5)4 in the following form
112 2\ ~ !

g= U4 } TT )hse~€'1es Then we get

(6.11)

/ / (1€ |gl)Pdeode ds < / /. (|£|4s 212y / —Wsdxs)dfods’

< [N bl = [ (Pl < el
Ri R3 +

+

These considerations conclude the proof of the lemma.

REMARK 1. MZ*'(D%) is not a Banach space. We introduce MZ*~'(D%) = {¢ : ¢ €
MZ57H(D3)| Jgs ¢dx = 0}. Then the space MZ5~(D%) is a Banach space.
+

REMARK 2. Let the assumptions of Lemma 6.1 hold. Suppose that fR3 qdx = 0. Then,
+

there exists a unique solution to the problem (6.2) such that v € H?**(D}.) and pressure
q € M2~ (D%) with the following estimate

(6.12) ”U”H%»S(D%) + ||q||1\;[225—1(7_)%) < C(”bi||H25*3/2v8*3/4(R3_) + ||b3”H%*l/?vs*l/“(Rﬁ_))'
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Our next step is to show the existence of solutions in the whole space R* of the
following problem

vy —vAv 4+ Vg = f,
(6.13) dive = G,
v]t=0 = 0.
The following lemma holds:
LEMMA 6.2. Let f € Lo(R*), G € HYO(R*), 5 € (3,1), fRs gdx = 0 and the compatibility
conditions hold. Then there exists a unique solution (v,q) in the whole space such that

v e H¥3(RY), g € MZ Y (R?*) and the following estimate holds
(6.14)

[0l 25,5y + lall grze-1 gay < cUlfllLa@sy + AlAllLo@e) + 1Bllo@s) + Gl 0@3))-
where A, B are functions such that
G, —div f = div B + A,
for supp A < \.

Proof. Let us consider the following eliptic system
(6.15) Ap(z,t) = G(z,t) in R
From (6.13)3 and the representation of the solution (6.15) in the form
G(y,t
Rs |z =yl
we have that the initial data ¢|;—¢ equal to zero. Let us assume that the r.h.s. of (6.15)
is in H1O(R%).
Using the Fourier transform applied to system (6.15) we obtain
€% = G(&, 1), G(€,0)=0 where

(6.16) . 1 i 3
(€, t) = COEE /]R3 e~ ly(x, t)dr, for x-£= ;fjmj

Then (6.16) implies that ¢(&, 1) = Z&2.

Now we consider the following integral
[ eraras = [ (€lG)ds < Gl oy,
Then using the Plancherel theorem we obtain
(617) [ WolBsquoyd < ¢ [ G < Gl acas

This implies that if G € HY(R*) then we get the following estimate Vol r20re) <
c|| Gl g1.0(r4), where Ap = G, ¢[;=o = 0. Let us represent solutions to (6.13) in the form
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v =w + V¢. Then we obtain the problem on w,
wy — vAw+ Vg = f,
(6.18) divw = 0,

w|t=0 = 07

where f! = f — V¢, +vAV6.
Let Vo, = V(b,(tl) + quff), then we get Aqbftl) = div(F + B), A(;S,(f) = A. One can see
that this implies the following estimate

1 2
6.19) IV lrure) + IVOD | Loe) < cllfllzawey + I1Bllzagey + MAl Ly ze)-
Adding (6.17) and (6.19) we obtain
(620) ||v¢||H2-1(R4) < C(||V(]5||H2.0(R4) + ||V¢||H011(R4))

< C(HG”HLO(R‘*) + \//R4 |Vo|2drdr + ||V¢,t||2LQ(R4)>

< c(|Glavomsy + 1 fllLamey + 1 Blly®ey + M Al L, re))-

Using (6.18) and (6.20) we have
(6.21) £ oy < el f Loy + G 1oy + A AllLy@s) + 1Bl Los))-

Now it is enough to solve the system (6.18). Applying the Fourier transform to the
problem (6.18) we obtain the following equations

s+ viEPa+igg =,
3
(6.22) > &y =0,
j=1

u|t=0 = 0

Let 72 = |¢|? + s. Then equations (6.22) can be expressed in the matrix form AX = F,

where
r2 0 0 i& iy :11
0 r% 0 & iy 1
6.23 A= . X=| . . F= /2
( ) 0 0 72 i |7 i3 il
& & & 0 g 0
Solving this problem we have the solution X in the following matrix form X = A~'F,
where
4 g6 665 &
D 7 H R R
—&1& £+¢3 €8s &
(6.24) Ao | vlER werle vl TP
—£163 —&98s £24¢2 &
Vr2|§‘2 1/7'2\§|2 Vr2|f\2 5‘2
—i& i€y —1€3 ivr?

EE

€12
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From (6.24) we obtain
o BT -a6f) - a&f
' vr?[g? ’
o —a&fl + (G + 8 - &6
T vreef? ’
e —6&f - &+ (E+ )/
- vrelef? ’
i fl + i f) +igsf3

€]2

From [5] with p = 2 we have the existence of system (6.18) so that the velocity vector w
belongs to H?1(R*) and w is estimated by f! in Lo(R*) norm. We only need to estimate
pressure ¢ in M;Sil(R‘l). One can see the following inequality

- ~ £1(2
(6.26) [ e aaeaso < [ e deasy

<c [ (6P 217 dedgo < ol lrs-soqmey.
R
for § € (1,1). Now using the embedding Lo(R*) C H*~2%(R*) for 25 < 2 we have that

(6.27) lall gz ey < ell ey

Using the fact that the solution of problem (6.13) has the form v = w + V¢, where w
and ¢ are solutions to the problems (6.18) and (6.15) we have that v € H?5%(R*) and
the following estimate holds

(6.28)  |lollmzssmey < [wllmzss@e) + IVOl a2 < el la@y) + 1Vl re),
where

(6.29) Vol rzarey < c(|Gllaromey + [ fllLy@e) + A AllLy@aey + Bl Ly @e))-
Using (6.27)—(6.29) we obtain

(6.25)

qA:

96.30)  [lwllgr2s.5ra) + llall jzze-1 (ra)
< (I flzamey + 1G v omey + M Al Ly ey + (1Bl Ly r4))-

This concludes the proof of the lemma.
From Lemma 6.1, 6.2 and Remark 1-2 we have

LEMMA 6.3. Let f € Lo(D3), G € HYO(D4), b, € H¥3/25-3/4R3) (i = 1,2),
by € H?~Y25-Y4R3) and let there exist functions A, B € Ly(D%) such that diam supp
A < \. Let f]R3 pdx = 0 and suppose the following compatibility condition holds

+

G, —divf=divB+ A4,

where Dj. = R3 x Ry. Then system (6.1) has a unique solution (v,q) such as v €
H*3(D4), q € Mgg_l(Dﬁ}) for 5 € (1/2,1) and the following estimate holds

(6.31)  |vllg2ss(psy + llallyze-1 ps) < ellf ooty + 1Gllmros)
+ )‘HAHLQ(D%) + HBHLz(D%) + ||biHH25*3/2’5*3/4(Ri) + Hb3||H2§*1/2v§*1/4(R§’r))~
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Proof. Let wi,ws be functions such that the domain of w; is R*, the domain of w, is
D1, where w is the solution to the problem (6.13) and wy is the solution of the system
(6.2), for w; = (v;,¢;); (i = 1,2). One can see that there exist restrictions on functions
v1, q1 such that

1911 gr2s.2(p2y < cllvallm2s.sray,
(6.32) )

HQIH]\?IQ%_l(D;&) = C||q1||]\7[22§_1(R4)’
for vy (x,t) = v1(z,t)|(z,t) € D3 and q1(z,t) = q1(x,t) for (z,t) € D4. In a similar way
we can introduce restrictions of f, G, A, B such that
(6.33) 1fllzo@e) < cllfllamsys  1Glaromey < ellGllgrowmay,
1A @) < cllAllyay, I1Bllrams) < cllBllo,os)-
If we put v = 91 + v9, ¢ = §1 + g2, It is seen that it is a solution to our problem and the
following estimate holds

(6.43) ||U||H2§15(D%) + ||Q||M§§*1(D§F) < H{)IHH%E(D%) + H%HM?I(D%)

+ [lv2ll zr2e.s (s + g2l o5 -1 (pay < clllvrllmzes s

+ ||q1||M§§71(R4)) + ||biHH2§*3/2’§*3/4(Ri) + Hbg H25-1/2.5-1/4(R3)>
where
o1l 2ss ey + llaalljzze—1 ey < cUlfllLo@ey + |Gl o@e) + 1 BllLa@ey + Al AllLy @)
<l fllzypsy + Gl ops) + AMAllLypay + 1 BllLyoay)-
From (6.33) and (6.34) we get
(6.35) vl zzes(ps) + lallygze-(pay < cllfllcaosy + 1By s
Gl romay + Al Al L, sy + 10ill r2s-s/2a-s/a(ra ) + b3l g2s-1/25-1/4r3 ))-

These considerations finish the proof.
Now using Proposition 2.3, Theorem 2.4 and Lemmas 6.1-6.3 we have the next lemma.

LEMMA 6.4. Let f € L,(D}), G € W)O(D;), A,B € Ly(D}), [gapdz = 0, b; €

Wy R RY) (i = 1,2), by € WTPVE(RS), for p > 4, s € (0,1).
Assume that the following compatibility condition holds

G, —divf=divB+ A

Then there exists a unique solution to problem (6.1) such that v € W%S’S(D%«), q €
N[‘L’O(Df}) for some o € (0,1), and the following estimate holds

(6.36) ||”||W§5~3(D4T) + ||QHNg;0(D;) < C(||fHLp(D4T) + ||GHW;°(D%)
+ ||bi\|Wgsfl—l/p,sfl/zfl/m(m) + ||b3||Wgsfl/p,sf1/2p(R§r) + MAllL, sy + 1Bz, ms))
for N7.°(D}) = M*(D3).

Proof. We have to consider the interpolations of Banach spaces from the r.h.s. and Lh.s.
of our problem. For our considerations we need only describe two types of interpolations,
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(W3 (D7), W (D))o = W™ (D7)
for %—l—g: %, (1-60)s+60=s, and
(N3*"M(D), NJO(D1))o,p = Ny (D7)

for 0 which must be found.
Find 6 € (0,1) such that the following integral inequality holds

Ip(z,t) — p(a’, t)|?
(6.39) /]R+ /]R3 /11&3 :c’\3+5‘1 dxdx'dt

< ¢ sup |1b; ||W1 1a1/2-1/20 s + ||b3||W2 1a1- 1/2Q(Rd))

In order to show such an estimate we need to consider an explicit form of ¢ as a solution
of (6.1), where

mp el [P T

T 'l

2 .
(6.40) ¢=F @ i=) ’| 1€ 175
m=1

Now one can see that

1 \€’|2 o€l

+Z/ st/R2Z§m

and using the Marcinkiewicz-Mikhlin Theorem [4] we only need to consider
(6.42) thzl,(|§/|;; e~ 1€ e—\g’mg)

= F (1€ et 170) s by + L (e71€199) w by, = I(2,2)

where I(t,2) = J; + Jo. For simplicity we use that (see [11]) HS’O(D%) C Wj’O(Dﬁ}), for
0 €RL/Zy; g € (2,00), and this implies that

q(a’, )| "o
o) [ [, / T et < (1P M€ D o) + 19,00

Therefore, it is enough to find ¢ such that

f’”dfodf’) ,

1 (€1 Do) < elbillyga-1ra/z-1720gs  + [bsllyz-1/a1-1/20g9 ))-

So we get

7|2 R ,
(6.44) tw (|§| q) 3/2/ /RQ ix’-¢ (1€ |€:||—7“ )‘f/|5b36_|§ \m3d§d£

1 s i’ .¢' WS —& |z
+ (271—)3/2 Z[) e t/w %3 §| /fl bne [€'] 3d§0d§/,
m=1

Using the Marcinkiewicz-Mikhlin theorem [4] we only have to estimate the following
integrals
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00
(645) C/ est/ (‘5/‘6+183+‘f/|66m)6i$/05/e*|5/|$3dgodf/

~ B (1817188 w L (1€119,) + Fy b (e71€10) 5 (1611980
where
(6.46) Fy s (I€1e™172) s By (1€'1°B) + Fy i (e7€172) s« P ha)

= /R2 F (1817 ) (o aa) [F L (1€ 1bs) (2 — o t) = (€ °bs) (2, 1) ]y

s [ E ) (PR o)~ P (P )

where
F o (€10) (2" — o/ t) — F7H(IE1Pbk) (2, 8) = Ay Fy b (1€ bi) (1)
for (AyT)(z) =T (x +a) — T(x). One can also calculate that
=1~ |xsy — T3 =
Fiae )= (22 + a3 + 22)3/2 =K,
and
F ) (ge ¥y =0, K = To%y (G=1,2).

(] + 23 + 23)%/2’
Because K as a function of z;, satisfies the following equality K (—xz;) = K(x;), then
Oy, K(—x;) = —0y,K(x;), and this implies that [ 8, Kdaz' =0, for 2’/ = (x1,z2).

We can start now to estimate the first integral in the L,-norm. Let

(6.47) Av= [0, K/ )y FLAE PR )
Then we have
1/q
048 Wil = ([ 1rarar) < [0, K67 a6y
]Ri R2
where

R(y") = 1Ay Fr (1E170)) (@ )],y w2, )-

Using the definition of Ft_r, one can see that

</ / e’ =/, 0) by DI w)”i
R, JRZ ly'|°¢

Now we estimate ||A1[[z, (ps). One can see that

q/q"
q |y] z3 q(,’' Ldy/
(649) AL}, 5 <C/ s [ 3/2+4R(y)</ﬂ@z<|y'|2+ms>3/2

Y3 Ri(y')
<c dx dy’ J d )
= / / Ve s sV e

Let us examine the integral
o (WPt a3
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Taking w = ‘ ,‘, we get

* gl
0 ‘y/‘2q+3(1+w2)q+3/2.

Now we need to show independence of |y/|. This implies that « = ¢ + 1. Using this we
have the following inequality

— — \|a
(6.50) 1AL, (s <c/ / / |bs(t, ' y)Hbs(t,x)l da dy .
Rr2 JR2 |y'[t+oa

2—-1/q,1— 1/2lI(R3 ),

From the assumption we have that b3 € W where

Hbg”Wf_l/q’l_lmq(Ri) ~ /R+ Hbg||‘,qu—l/q(]w)d’f+/]R2 Hb3Hqu—1/q(]R+)d$'

/ 191l yy2-170 g2 N/ (/ |b3|qu/+/ | Dy bs|*dar’
q 2 RQ
/ / ‘bg x - y t) b(:r/,t)|qu/dy/
r2 JR? |y’ [>Ha=1/9)

|Dybs(z" —y',t) — Dp/b(a, )7,
/11&2 /]R? |y [2Fa(1=1/a) dr'dy’ |dt.

Using that there exists ¢ > 0 such that
(6.51) lbs(2' — v/, t) — bs(2', t)|? < c|Dybs(x’ — ¢, t) — Dyrbs(a’, )| 7]y'|9,

and

we get the following inequality

|b31‘ -, t)_bS(m t)| ’g0
o[ [ BBy,

|b3x _y t)_bS(x t)| ’a0
<C/R+ /RQ \/]R2 |y |2+‘1+‘I(1 1/q) d’dy’dt

< clbsllyyz-1/a1-1/20 (g3

which holds for a+dq < 2+ g+ ¢(1 —1/q), where a = ¢+ 1. This implies that inequality
(6.50) holds for § < 1. Next we have to consider the second integral As where

AQ:/ dy Ky ) [y F (1)) (@ 1),
RQ

for m = 1,2. Using (6.45) we have that

(6.54) Ay = F L (e71m) s L (1€ 1000) = Fy L (1€ e 718 173) by,
and
(6.55) Ay = FL(1€ e 181m) s Y€ bs) = Fy L (€% 1€1%2) « (Dyrby),

where we exploited properties of F , and of the convolution. From (6.39) we have that
Dyibs € W;_l/q’1/2_1/2q(R‘i), and (6.52) with § <1 yields

(656) ||A1 HLq(D‘q‘,) < CHDw/bg||Wq171/q,1/271/2q(R§,r).
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From (6.53)—(6.56) we get an estimate
(6.57) 142, (g) < cllbmllyi-1/a/2-1r20 55 ),

for § < 1.
All these considerations imply that if 6 = 1 (6.39) also holds. Now we can consider
the following interpolation space Nng(D‘lT), where

(6.58) N7O(DF) = (N3* (D7), Ny (D))o
for some ¢ and p,, and
NEYO(DE) N NPO(DE) € NEO(DE) € NFTIO(DR) + NEO(D).
Using that
W3*(Dp) = (W5 (D3): W (DF))a.p
and (6.58) and considerations similar to those from the proof of Lemma 3.2 we show
Lemma 6.4. These considerations end the proof of the lemma.

Using now Lemmas 6.1-6.4 and considerations similar to those in Chapters 4 and 5
we finish the proof of Theorem 2.
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