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Abstract. Consider the problem of time-periodic strong solutions of the Stokes system modelling
viscous incompressible fluid flow past a rotating obstacle in the whole space R®. Introducing a
rotating coordinate system attached to the body yields a system of partial differential equations
of second order involving an angular derivative not subordinate to the Laplacian. In a recent
paper [2] the author proved L?-estimates of second order derivatives uniformly in the angular
and translational velocities, w and k, of the obstacle, whereas the transport terms fails to have
L%-estimates independent of w. In this paper we clarify this unexpected behavior and prove
weighted L?-estimates of first order terms independent of w.

1. Introduction. Consider the Navier-Stokes equations modelling viscous flow past a
rotating body K cC R? with axis of rotation w = @es = @©(0,0,1)7, @ = |w| > 0, and
with velocity us. = kes, k > 0, at infinity. Then the velocity v and the presure p satisfy
the system

vw—vAv+ov-Vo+Vqg=f in Q(t), t >0,
dive =0 in Q(t), t >0,
v(y,t) =wAy on dNt), t >0,
v(y,t) = uoo 7# 0 as |y| — oo,

with an initial value v(y, 0) = vo(y), with constant viscosity v > 0 and external force f in
the time-dependent exterior domain Q(t) = O, (¢)§2; here O, (t) denotes the orthogonal
matrix

cos|wlt —sin|w|t 0
O,(t) = [ sin|w|t cos|wlt 0
0 0 1
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74 R. FARWIG

Introducing the new independent and dependent variables

x =05y, ule,t)=05(t)(v(y,1) —uce), plx,t) = qly.1),
and linearizing, (u,p) will satisfy the modified Stokes system

up — VAU + kdsu — (WA z)-Vu+wAu+ Vp = f,
divu =0,

(1)

in a time-independent exterior domain € C R3 together with the initial-boundary condi-
tion u(z,t) = w A & — Uy for € 00, u(x,0) = ug, u — 0 as |x| — oco. In the stationary
whole space case to be analyzed in this paper we are led to the elliptic equation

~vAu+kdsu — (wAz) - VutwAu+Vp=f, divu=0 in R? (2)

in which the term (wAz)-Vu is not subordinate to —vAw. Note that a stationary solution
(u,p) of (2) is related to a time-periodic solution of (1).

In [2] the author proved a priori estimates of strong solutions (u,p) of (2) which are
found in the homogeneous Sobolev spaces W24(R3)? x W1 4(R3) where

Wk(Q) = {u e LL (Q) /Ty : 0% € LI(Q) for all o € Ny, la| = k}.

Here 9% = 91" - ... 9% for a multi-index @ = (a1,..., ) € NI and IIx_; denotes the
set of all polynomials on R™ of degree < k— 1. The space Wk’q(Q) consists of equivalence
classes of L] _
with the norm 37, _; [|0%ul|q, where || - [|; denotes the L?-norm. However, sometimes

-functions being unique only up to elements from Il;_; and is equipped

being less careful, we will consider v € W#4(Q) as a function (representative) rather
than an equivalence class of functions, i.e., v € L{ () such that 9*v € L4() for every

multi-index « with |«| = k. For further results on similar problems we refer to [4], [§],
], (0], [11], [12] and [13].

THEOREM 1. (1) Let 1 < ¢ < oo, v > 0, k > 0, w = (0,0,@)7 € R3\{0}, and let
f € LY(R3)3. Then the linear problem (2) has a solution (u,p) € W4(R3)? x W14(R3)
satisfying the a priori estimate

IV ullg + 1Vplly < el £llq (3)

with a constant ¢ independent of v,k and w.
(2) Moreover,

k4
ksl + o A 2) - Fu = naly < (14 5 )l (@

with a constant ¢ > 0 independent of v, k and w.
(3) Let 1 < g < 4, f € LY(R?)? and let (u,p) € W2(R3)3 x WL4(R3) be the solution
of (2). Then there exists 3 € R such that

1 1 11
/ _ r 3\6 - —_ |z =
Vi(u—pwAz)e L"(R?)®  for all T‘>1,T€q {4,3},
and there exists a constant C = C(v,k,w;r) > 0 such that
IV (u = Bw Az)|lr < C([fllg + [¥Vg + (w Ax)g — kgeslly)- (5)
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The proof of Theorem 1(1), see [2], is based on an explicit representation of u the
estimate of which uses Fourier transforms, Hardy-Littlewood decomposition methods
1

and maximal operators. Estimate (4) shows a surprising and crucial dependence on Tl

via the term % On the one hand, it is not at all clear that the terms kOsu and
(wAx)-Vu—wAu can be estimated in L9(R?) separately from each other. On the other
hand, the dependence on ‘% seems to be unnatural. Note that, as |w| — 0, problem (2)

converges formally to Oseen’s equation
—vAu+kosu+Vp=f, divu=0,

the solutions of which satisfy the estimate ||[kOsullq < ¢||f]|q, see [1, 5]. To be more precise,
a sequence of solutions (u,,) converges weakly in W24(R?)3 to the solution of Oseen’s
equation as |w| — 0, cf. [2] Remark 1.3(1).

Concerning Theorem 1(3) note that the solutions of the homogeneous system (2) are
given by Sw Az + aes, o, § € R. Hence, with u also u — fw A z is a solution of (2). The
proof of Theorem 1(3) uses an improved Sobolev embedding theorem exploiting the fact
that besides V2u also kdsu lies in L4, cf. [1]. However, the dependence on 1/|w| in (4)
implies that the constant C' in (5) also depends on 1/|w|. Due to this dependence the
above-mentioned weak convergence of (u,) in W24(R3)3, i.e. of second order derivatives
in L9, seems not to extend to kdsu,, in L.

The aim of this paper is to clarify these unusual features. In Theorem 2 below we
present an improvement of (4) and simplify the proof given in [2]. Then, for small ¢, we
prove a weighted L%-estimate of kdsu and of (w A z) - Vu — w A u independent of |w|, see
Theorem 4. An example and a heuristic argument will show that the dependence in (4)

k .
on is not a weakness of the proof.
N P

THEOREM 2. Letl <g<oo,v >0,k €R, w=(0,0,0)7 € R3\{0} and let f € LI(R?)3.
Then the solution u € W24(R3)3 satisfies the a priori estimate

k2 ) 2max(1/q,1-1/q)+e

|kOsully + [[(w A z) - Vu —w Aull, Sc(l—i—m 1 £1lq (6)

with a constant ¢ > 0 independent of v,k and w; here € > 0 can be chosen arbitrarily
small and e = 0 if ¢ = 2.

EXAMPLE 3. In Section 2 we will show that the term V’“—L is needed in the L2-case.
However, it is not clear whether the exponent 2max(1/q,1 —1/¢q) +¢ > 1 is necessary
if ¢ # 2. We note that in [13] dealing with the nonlinear problem in exterior domains no
dependence of a priori estimates on ﬁ occurs; the reason is that the author uses strong
and weak a priori L2-estimates of u by assuming that even f € LS/3(R3) ¢ W—12(R?).
Using results of a forthcoming paper [3] dealing with the weak L?-theory of (2) it is

obvious that ||[¥Vul4 is bounded uniformly w.r.t. w and k by suitable norms of f.
THEOREM 4. (1) Let 1 < ¢ < 2, v > 0, k > 0, w = (0,0,&0)T € R*\{0}, and let
f € LY(R3)3. Then (2) has a solution u € W24(R3)? satisfying the a priori estimates

\Y
< =il (7)
q

[a']
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and

(wAhz) - Vu—wAu
14 |2/|

Cze(1e 7 )usly )

with a constant ¢ > 0 independent of k,v,w; here, for & = (x1,x,13) € R the term |2/|
denotes the Euclidean length \/x% + x3 of ' = (11, 12).

(2) If 1 < q< 3, then

(wAhz) - Vu—wAu
1+ |z

Vu
||

1
<5l 9)

and

< c(1 " ’j)nfnq (10)

with a constant ¢ > 0 independent of k, v, w.
(3) For all 1 < q < oo the third component ug of the solution u satisfies the a priori

estimate

(wAz)- Vug
14 |2/

k63u3
1+ |2’

< {1+ 5)r1, (11)

At the end of Section 2 we present a heuristic argument why L?-estimates of kOdsu

and of (wA z) - Vu — w A u independent of k—z are unlikely to hold and why weighted

V|

q ’

estimates with the weight d will help.

_ 1
1+|z

2. Preliminaries and proofs. From [2] we recall the calculation of the explicit rep-
resentation of the solution u of (2). First, we eliminate the pressure term by applying
div to (2)1. Then Vp is seen to be the unique weak solution of the equation Ap = div f
satisfying the a priori estimate

IVpllg < cll fllg- (12)
Hence u is the solenoidal solution of the equation
—vAu+kdsu— (wAz) - Vu+wAu=f—Vp (13)
where f — Vp is solenoidal. For simplicity, we will write f instead of f — Vp and divide
by @ = |w| > 0 to get

v k 1
—mAu—l—m@gu—(eg/\x)-Vu—l—eg/\u:mf. (14)

Next use cylindrical coordinates (r,6,23) € Ry x [0,27) x R, r = |2/| = \/27 + 23, for
x = (x1,22,73)T and observe that

Opu = (e3 Ax) - Vu = (—x2,71) - V'u.

Moreover, we introduce the Fourier transform

Fu(€) = a(€) = (27)-3/2 / e~y (z) dz, €€ RS,

R3
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For the Fourier variable £ = (&1, €2, &3) € R? we also use cylindrical coordinates (s, ¢, £3) €
Ry x [0,27) x R, s = |¢/| = \/&? + &2, and note that

By = D,
Thus 4 satisfies the equation

Ly (15)

1
— (V[€]? + ik&3)d — Opt + ez N = o

@l

This inhomogeneous, linear ordinary differential equation of first order with respect to ¢
has a unique 27-periodic solution. An elementary calculation leads to the representation

1/|w|/ (v|€]*+ikes) t/|w|OT( )fA(O(t)E) dt, (16)
where
D(€) = 1 — e~ el +ikes) /o], (17)

Moreover, using the geometric series and the 2 #-periodicity of t — O (t) )£ (0u(t)€) w.r.t.
t, we get the second representation

e) = [ et HIOT (1) {008 dr (15)
0
Note that in z-space (18) leads to the identity
() = /Oo Eyx OF(t) f(Ou(t) — ktes) (z) dt (19)
0

where E denotes the heat kernel E;(x) = m e~lal?/avt iy RS,

Proof of Theorem 2. We start with the case ¢ = 2 in which we may use the Theorem
of Plancherel to estimate ||kOsu|2. By (16), (17), the inequality of Cauchy-Schwarz and
Fubini’s Theorem,

2
[tz ag = [ L
< / k2§§/‘w|2 (/ " e*”‘f‘zt/|w||f(0(t)§)|2 dt> (/27r e*l’l&\Qt/M dt) d¢
—J D \Jo 0

on 5262 /w2 1 — e—2mvIeP /Il

In the inner integral the change of variable formula implies that the term | f(O(t)€)|2 may
be replaced by |f(¢)|%. Then a further application of Fubini’s theorem yields

kgé' /‘w|2 ]_ — 6727”/‘5‘ /‘w‘ 7T 2
ikEsa|? de = / f 2 3 / eIt/ 1wl gy
e T Der el

/|f £)? k2§3/\w|2 (1 6*27”45\2/@\)2 ;

Sl V2Nt wl?

2
e~ WIEFHRDY IO (1) F(O(1)€) dt | de
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Hence it suffices to consider the 'multiplier function’
1— e~ CmIElP/lol ey /|w)

M) = TRl D)

and to prove the estimate

2

—), £€eR’ (21)

m(E)] < el +

If ”“f}‘lz > 1, then |D(&)] is bounded below by a positive constant and

Keo/lol ;
)= € iion <308 = o

It VI‘E‘I < 1, the first factor in the definition of m(€) is uniformly bounded. To estimate

the remaining term
ks /|wl|
D(¢)
2
we partition the ball V\E‘I < 1 into infinitely many slices S, = {£ € R3 :
1, % - n’ < i}, n € Z, and the remaining part S’ where dist(lgT,Z) > 1 and

consequently |D(&)| > 1. Hence,

mo(§) =

[

k[&s] < k

Tel = Vvl

For £ € S,,, n € Z, Taylor’s expansion of 1 — e™? yields the lower bound

Imo(€)] < on S

2
ID(€)] = |1 — e~ 2rWIeR itk ol —m)| > CO‘ vl¢] H(@ _ n)
T wl |w]

with a constant ¢y > 0 independent of all variables v, £, k,w, n. Hence for £ € Sy we get
the estimate |mg(§)| < % If& €Sy, n#0, then

Hesl/wl k4 &
VR kel = Vel = Sl

L > 3. Now (21) is proved and implies the estimate

K2\ [ .
[ it de < C(”W) [ 17 e

Then the Theorem of Plancherel completes the proof in the case ¢ = 2.

Imo(§)] <

k[¢]

. k
since T3 > I€s

wl

For the case g # 2 we write (16) in the form

oo >
u(f) = — — e VIEPHIIOT (1) (FF(O(t)- — ktes/|w|)) (€)dt
©O-= [ (1) (F ().~ ktes /) (€
using that e~#*%s ¢ S’(R?) is the Fourier transform of the shift operator f +— f(- — ktes)
on S&'(R3). Hence in z-space,

27
kdu(z) = /0 T, B(t, ) (x) di
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where
F(t,-) = OT () f(O(t)- — ktes/|w])
and the operator family T3, 0 < ¢t < 2m, is defined by its multiplier

k& /|0 —uie2e/10l
= e B 22
ie., Ty = F 1 (my(€) - ). Note that |F(t, )|l < || f]lq for all ¢ € (0, 27).
Below we will prove the multiplier estimate

k k> k>
max sup | Dgmy (€ §c<1+7+—> . <1+—) 23
@ 5#0' gme(©) Vvlwlt  viwl viwl (23)
with a constant ¢ > 0 independent of v,w, k and t; here o € N} runs through the set of
all multi-indices o € {0, 1}3. Then Marcinkiewicz’ multiplier theorem [14] implies that in
the operator norm || - ||; on L?

k k2 k?
il < e(1+ b o) (14 )
Vywlt  v|w| vwl

Hence
27
ksl < c [ ITILIEC, >udt<c(1+- - |)|fm (24)

with a constant ¢ > 0 independent of v,w and k.

Now the L2-result and (24) are combined by using complex multiplier theory to prove
(6). Given 1 < ¢ < 2 we formally interpolate between the L?-result and the L!-result
(24) using 0 = % — 1 such that % =124 2 Then

g2\ 272/4 g4\ 2/t
<cll4+— 14—
sty <e(1+5) (14 50) Il

yielding [|0sull, < (1 + ﬁ:l)ququ. Since no estimate (24) holds for L!, we have to

interpolate between L? and LP for p > 1 arbitrarily close to 1. Therefore, the additional
exponent € > 0 in (6) occurs. If 2 < ¢ < co, we formally interpolate between L? and L>
to get (6) with the exponent 2(1 — 1/¢). Since again there is no L*>-result available, we
choose p arbitrarily large instead of p = co and have to add the exponent € > 0 in (6).

Finally we prove (23), start with m; itself and distinguish between the cases Vllgl‘ >1

and ”“f}‘lz < 1. In the first case |D(€)| is bounded below by a positive constant yielding

[me(§)] < cﬁ'iT'e—VI&%/m <e
w

k
Vvlwlt
1t vl < 1, we may neglect the term e"I¢ *t/l«| and conclude from the detailed estimates
of mo(¢) in the L%-case above that

mmm§mmm§c0+£;>
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Hence |my(€)] < (1 + —2—= + %) proving (23) for m;. Next consider

Vv|wlt

§303m(§) = my(§) — 2t

jwl

D(¢)
D(¢)

me(§) — Es me(§) (25)

where
3D(§) _ 27((”55 +ik€3)/|w|e—2ﬂ(u\§|2+ik§3)/|w|.
D(¢) D(¢)
Writing the exponential function e=I6/°t/1¢l ag e=vIEt/2lwl . o=vI€1°t/2Iw]  we see that the
second term on the right-hand side of (25) may be estimated as m; itself. In the third
2 .
term note—due to properties of D(§) proved above—that %e—%(u\{luzk{s)/lwl is

uniformly bounded. Moreover, the estimate of %6_2“(”‘52“’“53)/ l“I is similar to the
estimate of the multiplier function m(&) in (20), (21) yielding

€3

(26)

kl&s]/|w] 2 (—vl€*Hikgs)/ || <c<1+k_2>
D) viwl

Combining the previous estimates we get (23) for £303m;. Concerning &;91m;(€) note
that (26) must be replaced by

& hD(E) _ 27T2Vf%/|w|e—zﬂ(y|g\2+ikgg)/\w\_
D(¢) D(¢)
Obviously, looking at the properties of D(§) proved above, the modulus of this term is
uniformly bounded requiring no further power of k2 /v|w|. Since the same assertion holds
for the derivatives {305 and £101£20 of my, (23) is completely proved. =

ExaMpLE 3. For fixed £k > 0, v > 0 we will construct a sequence of solenoidal forces
(f) = (fu) € L*(R3)?, |w| — 0, such that the corresponding sequence of solutions (u) =
(uy,) will satisfy

[kdsullq > ¢—— | |

with ¢ > 0 independent of k, v, w. Given k > 0, v > 0 choose |w| small enough such that

||f||q (27)

viwl 1
k2 16
Then define f = (f/,0) € L*(R?)3 such that in Fourier space
s et o<p<n k|E| 1 | k|| 1
") = ) h -1l <o, | -1 <<,
1) Z{i’L,ﬂ<g0<2ﬂ R 20 | ol 2

but f’(f) = 0 elsewhere; here, as usual, ¢ is the angular part of £. Since f(ﬁ) = f(—ﬁ),
the vector field f is real-valued and obviously solenoidal. By (16)

eV€7 Fikés)e/|w|

w27
W)= —o e~ WIEP+ike)t/ Wl OT (4 f 1) dt.
€= pen— 0@ / O7 (1) F(O(t)er) dt
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Since OT () f(O(t)e;) = +e3 and = —ey when 0 < ¢ < 7 and 7 < @ < 27, resp., a simple
integration leads to the formula

f ' —(m—)(WIE|* +ikea) /o]
ik&zu(§) = f(€) ik&s /| ( 9e— (T=@)(WIE[* +ike >

(W[E]? + ik&s)/|w| \© 14 e m(IEP+ikE)/w]

when 0 < ¢ < m; for 7 < ¢ < 27 the exponential term e~ (m=@)(WIgPFikés) /ol st

be replaced by e~ (@r—)(vle’+ik&s)/|wl The assumptions on k, v, w imply for & € supp f
2

that |452] ~ 1, - ~ 480; consequently, we have [v[¢[? + ikés|/|w| ~ |15 ~ 1 and

|e*(’r"/’)(”|5‘2“k53)/‘“"| ~ 1. Finally, the crucial term is

_ 2., v|E? vlw .
|1+ e mWIEFFikE) /1wl ||wi|| ~ % for & € suppf.
Hence
RSN k. .
|ik€u(8)] ~ mlf(ﬁ)l for £ € suppf.

Since all similarity estimates ~ can be made precise by using positive constants inde-
pendent of k,v,w, (27) is proved.

Proof of Theorem 4. (i) Given a solution u € W24(R?)3, i.e. a function u with V?u €

L9(R3), Theorems 1 and 2 yield 3 € R such that V'(u—B(wAz)) € L"(R%)%, 1 = % -1

and d3(u— B(wAx)) € LI(R?)3. Since also u — fw A z solves (2), assume without loss of
generality that 8 = 0 implying for a.a. 3 € R that

/ |V'u(z', z3)|" dz’ < oo, / |03u(z’, x3)|? dz’ < oo.
R2 R2

Then classical arguments show the existence of a sequence of radii (R;) C R4 such that

27 27
/ V' u(R;,0,25)|" d6 = o( R;?), / Bsu(R;,0,25)[7d0 = o(R2)  (28)
0 0

as j — o0.
On the other hand, since 1 < ¢ < 2 and V2u € L4(R?), Theorem II5.1 in [6] yields
for a.a. 3 € R a matrix A(x3) € R®? such that

(/RQ |Vu(z!, z3) — A(zs)|? dx,)”‘? _a (/R2 V’Vu(x’,x3)|qu’>1/q, )

|2[4 T 2-g¢

Note that Theorem II5.1 in [6] is stated only for exterior domains; however, since the
constant ¢/(2 — ¢) does not depend on the ’inner radius’ of the exterior domain, the
estimate holds for the whole space R? as well. Moreover, by Lemma 5.2 in [6],

/O i IVu(R,0,25) — A(zs)|?d0 = o(R?) (30)

as R — oo. Now (28), (30) show that A(z3) = 0; hence (29) and (3) yield (7). Then (8)
is an easy consequence of (7) and of (2).
(ii) If 1 < ¢ < 3, Theorem II5.1 in [6] yields the estimate

_ Al 1/q 1/q
R3 |z| 3—q R3
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with a constant matrix A € R33. Moreover, by Lemma 5.2 in [6],
[ IVuthy)doty) = o)
lyl=1

as R — oo, where fly\:l ...do(y) denotes the surface integral on the unit sphere of R3.
Since V'u € L"(R?)% and Osu € LY(R3)3, arguments as above imply that A vanishes.
Now (9) and (10) are easy consequences.

(iii) By (2) us solves the problem —vAug + kOsug — (w A x) - Vug = f3. Since
(wA x) - Vusz = |w|Ogus, an integration w.r.t. § € (0,2r) yields for the f-independent
function Us(z) := 5= fo% uz(|2’'|, 0, x3) df’ the equation

27

1
—vAU;3 + k03Us = % f3 de’. (31)
0

Applying Fourier transforms and using Marcinkiewicz’ multiplier theorem we get that Us
satisfies the estimate
1kDsUsllg < cllfllq

with a constant ¢ > 0 independent of f, k, v, cf. the analysis of the related Oseen problem
[1], [5], [6]. By Wirtinger’s inequality there exists a constant ¢ > 0 such that for a.a.
r=|2'| >0and 23 € R
|0sus(r, -, 23)|| La(o,2m) < ¢(10905us(r, -, 3)|| La(o,27) + 103Us(r, -, 23) || La(0,2m)) -
Now divide by 1 + r and integrate w.r.t. 7dr, » > 0, and dz3, x3 € R, to get that
H O3u3 (H OpOs3u3 ‘ 03U3 )
q

L+ 2| ], L+ 2] ], 1+ |2/|
Since the second term on the right-hand side is bounded by |05V us|lq < (¢/v)|| f|lq and
since the third term is bounded by ||03Us||q < (¢/k)[| fllq, we get (11). =

REMARK. The ideas of the proof of Theorem 4 (iii) do not apply to u; and us, since the
term w A u does not vanish when applying the integration fo% ... d#'. Also the identity
(wWAzZ) Vu—wAu = |wl0(0)(OT(8)u) will not help, since no a priori estimates of
0309(OT (0)u) are available except for the case when 1 < ¢ < 2.

Heuristic argument. Let us motivate why estimates of (w A x) - Vu — w A u and of kdsu
cannot be expected to be independent of k?/v|w|. For simplicity ignore the terms w A u
and p, recall that (wAz)-Vu = |w|0pu and let us perform a simple scaling analysis. Define
the non-dimensional quantities @ = |w|u/A, where A € R is a characteristic acceleration
of the flow, and Z = z+/|w|/v. Then, dividing (2) by A and omitting ~, (2) simplifies to
the non-dimensional equation

k .
—Au+ ——— Osu— Ogu = f in R3.

Vil

is a new non-dimensional characteristic number of the flow. For fixed

Note that —=£
Vvlwl|

r = |2/| let us interpret \/%agu — Jpu as a directional derivative defined by the unit
viw
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vector

1 k
d,(z') = — (—x, ,OT) eR?
(@) \/r2+k2/uw<\/1/|w|63 (=2, 21,0)

which is tangential to the cylinder C, = {x € R3: |2/| = r}. Hence, defining the curve

T
. k
Yw(8) = < —7rcoss,—rsins, —— s>
Vil

on C, with tangential vector /r? + k2 /vw d,,, we get that

a%u('yw(s)) = (Vr2+ k2 /vw dg, - Vu) (1.(s))-

Obviously d, converges to the third unit vector es, whereas the curve ~,(s) has no
reasonable limit on the cylinder C,. In this sense, the information on the directional
derivative d, - Vu on C, is lost in the limit w = 0. This discrepancy vanishes for r = 0,

but gets larger as r — oco. Therefore, the weight m has to occur in Theorem 1.4.
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