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Abstract. In the paper [13], we give the full system of equations modelling the motion of a
fluid /viscoelastic solid system, and obtain a differential model similar to the so-called Oldroyd
model for a viscoelastic fluid. Moreover, existence results in bounded domains are obtained. In
this paper we extend the results in [13] to unbounded domains. The unique solvability of the
system of equations is established locally in time and globally in time with so-called smallness
restrictions. Moreover, existence of a weak solution is treated.

1. Introduction. The Navier-Stokes equations
p(Ou +u-Vu) =V - (u(Vu+" Vu) —pl) = pf,

(1.1)
V-u=0,

where u is the velocity, p the pressure, p the density (constant), u the viscosity (constant)
and f the body force, are essentially the simplest equations describing the motion of a fluid,
and they are derived under a quite simple assumption, namely, the existence of a linear
local relation between tangential part of stress tensor T and strain rate D(u) = Vu+Vu?,
ie. T = puD(u).

Physically it is assumed that the constituent particles of the fluid are too small for
their dynamics to interact substantially with macroscopic motion. These fluids are called
Newtonian fluids. We notice that the mathematical theory of this model is far from
complete.
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But, the Newtonian model is inadequate for fluids having a much complex chemical
structure. In some materials stress increases with shear rate (shear-thickening). In most
other fluids the opposite behavior takes place, the stress decreases with the increase
of the stress rate (shear-thinning). This behavior is due to the progressive orientation of
molecules in the motion direction. For these fluids the viscosity is considered not constant,
but shear rate dependent, in particular, a nonlinear power type dependence is considered.

Anyway, by far, the most widely studied class of non-Newtonian fluids is that of
viscoelastic fluids, namely, fluids with memory; see [3], [7], [8], [10]. These fluids present
two typical features: stress relaxzation and creep. The first phenomenon is the progressive
rather than instantaneous stress decay when the fluid deformation suddenly vanishes. The
second effect, dual to the former, consists in a nonlinear increasing deformation, though
the fluid undergoes a constant stress. It turns out that a general constitutive law for these
fluids does not exist. The choice of a model follows from rheological considerations and
from accordance to experimental data. The differential models considered in literature
are based on the empirical model of Maxwell that incorporate in one equation simplest
shear law of viscous fluids and that of elastic solid.

In [13] we consider the motion of a continuum medium consisting of two components,
namely a viscous incompressible fluid and viscoelastic particles. (In engineering science
the system of fluid/elastic solid is commonly used to simulate a visco-elastic fluid). Using
the theory developed in [6], [9], [12], [13], we give the full system of equations modelling the
motion of the fluid/solid system, and we obtain a model like the so-called Oldroyd model.
According to the scale size of the particles, we deduce two models. The discontinuous
model is obtained using as order parameter the characteristic function of the region filled
with the particles. The continuous model is obtained using as order parameter the volume
concentration of the particles. Moreover, an existence theory is developed in bounded
domains.

In this paper, we extend the results in [13] to a generic unbounded domain. Under
regularity of the data, we prove some local and, for small data, global (in time) existence
results . Then, assuming that initially the elastic solid is in stressed state, we prove the
existence of a weak and of a weak-measure solution. Finally, an alternative model is
considered.

The paper is organized as follows.

In section 2 we give notation, preliminary results and we present the systems of
equations deduced in [13]. In section 3 we state the existence results. In sections 4 and 5
the existence theorems are proved.

2. Preliminaries.

2.1. Notation and functional spaces. Let €2 denote an open set in R™. 0f2 or I' denotes
the boundary of . Moreover, it is assumed that € is a smooth domain of class C* with
k a positive integer. Furthermore, we assume that the unit normal vector field n(z) with
x € 0f) is outward pointing on 0f). If it is necessary we consider also an extension of
n to a neighborhood of Q. If k£ > 2, in each point of € 99, we can define the mean
curvature H.
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To simplify the discussion, we do not distinguish in our notation whether the functions
are R-, R™-valued or tensors, and ¢ denotes a constant. We define C§°(2) to be the linear
space of infinitely differentiable functions with compact supports in Q. Now let (C§°(Q2))’
denote the dual space of C§°(2), the space of distributions on 2. We denote by (-, -) the
duality pairing between (C§°(Q2))" and C§° ().

Let a = (a1,..., ) € N™ and set |a| = Y7, ;. We set

a j—
6.’L‘i a
V = (0zy- -0z, ) the gradient operator and V- the divergence operator.

8.’1)1' Da = 8|aa|1 s Ty

We denote by C§° the linear space of divergence free functions of C§°. For any s, ¢,
s>0,q>1, W4(Q) denotes the Sobolev space of order s on L9(f). Further the norm
on W#4(Q) is denoted by |[|@|]]s.q-

When ¢ = 2, W*2(Q) is usually denoted by H*(Q) and we drop the subscript ¢ = 2
when referring to its norm. H $(€)) is a Hilbert space for the scalar product

(((w0)s =D /QDauD%dx.

lor|<s
In particular, in L?(£2), we write the scalar product (u, v) and the norm |v|y. Furthermore,
we define W3 %(2) to be the closure of C§°(Q) for the norm ||| - [||s.q-
We denote by W9 () the dual space of W4(2) and ||| - ||| s, denotes its norm
where ¢’ satisfies 1/¢+1/¢ = 1.
Let us introduce the following spaces of divergence-free functions. We denote by

Ve ={vlv e Hy(Q),V-v =0}

Moreover, we define H*(2) a Hilbert space for the scalar

(w,0)s = > /QDauD%dx.

lor|=s
V# is the closure of C3°(Q) for the (semi-)norm || - ||s = ((+,-))s. We set V! = V and
V0 = H. Moreover, P denotes the projection operator from L? onto H.
In general the norm in the space £ is denoted || - ||z
Throughout the paper we need the following propositions.

PRrOPOSITION 2.1 (Gagliardo-Nirenberg). Let Q@ C R™ be an open set and sufficiently
regular. The multiplicative inequality,

(21) 3 (0%, < cloly (Y 10,

|al=r |a|=l1
fOT'lSQhQQSO0,0STSl,
L ) +9<ﬁ z>,
q Q1 a2
holds with the following exceptions:

a)ifr=0,1< 2

qz2’
¢ —0asx — oo or¢e LP for somep > 0;

<f<1,

~I=

and g1 = oo and Q unbounded, we assume in addition that or
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n

b)ifl<qr <ooandl—r1— 2 is a non-negative integer, then (2.1) does not hold for
0=1.
The next proposition, due to Heywood [4], is based on a regularity theorem of Cat-
tabriga [2].
PROPOSITION 2.2. Let Q be an open set of R® with boundary uniformly of class C3. Then
|D?v|y < ¢(|Av]z + |Vvl2),
[Vols < e|Avly?|Voly” + [Vol2),
sug [v(z)| < e(|Av|z + |Vv]2),
fAS
withv € H?>NV and A = —PA is the Stokes operator and c depends only on the regularity
of 90 but not on the ”size” of I or (1.

2.2. Convergence of domains. For any measurable set ) € R™, the characteristic func-
tion xq = x is defined as usual by x(z) =1lifx € Qand =0if z € Q° (2= R™\ Q). If
the Lebesgue measure of ) is finite, then y € L'(R™). Let us consider the gradient Vyx
as a distribution in R™ defined by

(Vx, o) = /V ¢dz,

for any ¢ € C§°(R™) . Using the well-known Stokes formula, we get

(Vx.6) = = [ 6+ndl =~ (1m0,
r
that is the gradient of x takes the form
Vx = —"yn.

Here I' denotes the boundary of Q and + is the trace operator : C¥(Q) — C*(I') and
*~ denotes its transposed operator. Further we have

€ (G371 (R™)),

for any k > 1. In general Vy is an element of (C*(9))’. We remark that if Q € C!, then
x € W54(R™) for s < 1/q,1 < ¢ < 0.
In addition to the above notation we introduce the shape functional

J(9) = meas( / r,

when the integral makes sense. The functional J(2) can be extended to the following
class of non-smooth measurable domains.

A measurable set E C R™ is said to have the finite perimeter P(E) provided that
meas(E) < oo and

P(E) = sup {/ V - ¢dz|p € CH(R™), max |¢(x)| < oo} < 0.
¢ E x

The class of measurable sets with finite perimeters has been introduced by Caccioppoli.

If E € C?, we have
:/ V -ndx = J(Q).
E
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Now we introduce the char-topology. Let D be a bounded domain of R>. Let
Ch(D) = {x € L*(D)|x(1—x) =0 a.e. in D},

the family of characteristic functions of measurable subsets of R3. A char-topology can
be defined on the family of measurable subsets of D and in particular for O(D) (open
sets of D) by the L?-metric

dch(QhQ2) = / |XQ1 - X92|d$
D

A classical result states that the L2?-unit ball is weakly compact in the L2-topology.
This statement does not give the compactness in the space of domains. To obtain a
strong compactness result, we consider the measurable sets in D with finite generalized
perimeter.

The main result concerning the generalized perimeter is the next one; see [15].

PROPOSITION 2.3. Let {Q,} be sequence of measurable sets in D, with P(,) < c.
Then there exists a subsequence {Q,} and a measurable set Q0 in D, such that P(2) <
liminf P(Q,,) and Q,, — Q in the char-topology.

We note that the generalized perimeter is associated to measurable sets, the char-
convergence has not special behavior for the family of open sets where usually p.d.e. are
defined. So it is possible that a sequence of open sets with uniformly bounded gener-
alized perimeter converges in the char-topology to measurable set which has not open
representative. We denote by BPS(D) the family of finite perimeter sets of D.

It is immediate to see that {xq|Q? € BPS(D)} is contained in BV (D) (bounded
variation functions in D). Further Vy is a Radon measure on € and its total variation
[Vx|(£2) is equal to P. The family of finite perimeter sets is important to study the free
surface problem in presence of surface tension; see [9)].

To consider the free surface or interface problem one needs to introduce a family of
perturbations €; of a given domain 2 C R™ for t > 0. It is assumed that the domains
Q = Qp and ; have the same topological properties. Hence one can construct a family
of transformations 7T; : R™ — R™ which are one-to-one, and 7; maps 2 onto ;. To
construct the transformation T}, we consider a vector field v(x,t).

Let

(2.2) O =v(x,t), =z(y,0) =y €N
The transformation 7} is given by
x(t) = Ty(y).
We remark that if @ € D(C R™) and v-n = 0 on D we have T;Q2 C D. Let I'(t) be the

boundary of Q(t).
An important result is (see [15])

(2.3) d; /F(t) dl’' = /F(t)(v ~v(t) — (Vou(t) -n,n))dl =

/ (V~)pvdF:/ v-nHdl.
I'(®) I'(t)
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In the above formula we have used the relations
(V)r((v-n)n) = (v-n)(V-)rn,
and
(V~)pn =H.

(H is the mean curvature of I'.) Here (V-)r denotes the tangential divergence to T
Further we have the following formula for integration by parts on I'.

PROPOSITION 2.4 (Integration by parts on I'). Let Q € C? with boundary T and f,¢ €
H?(Q). Then

/ Oy, f 6T = — / f0,,dT + / (0u(f) + Hf G)nadT.
I T T

Assuming f = 1 and I € C?, we can consider Hn as a distribution in R™ with support
on I', with norm

(2.4) IHnlll-s < c(meas(D))[[[4]]s,

with s > 3.
The above results permit us to extend the functional vector mean curvature Hn to
BPS-sets in R™.

2.3. Hyperelastic material. Now we need some results from the elastic theory. X € R™
is the material description of a solid point, also called the Lagrangian coordinate; x =
(X, t) is the position of the particle X at time t, the current or final spatial coordinate
also called Eulerian coordinate. 2z = (X, t)) is the representation of the deformation of
the structure. The velocity v = &, where the dot indicates the partial derivative with
respect to time with X fixed (the material or convective derivative). In the Eulerian
description (z,t), the chain rule gives d) = ¢y + v - V¢ for any smooth function ¢.
Classical mechanics assumes that ¥ : R — R™ is a diffeomorphism and the defor-
mation gradient F' = [0z,;/0X;] = x; ; is the Jacobian of the mapping ¢ and satisfies

FeGL.(R™)={F € R™™|J = detF > 0}.

For incompressible material J = 1.

The stress tensor referred to the initial configuration of the solid and associated by
work with deformation gradient F' is denoted S and is usually called the first Piola-
Kirchhoff stress tensor. We denote by T the actual stress tensor that is referred to the
current configuration (Eulerian description) and it is called the true stress or Cauchy
stress. The relationship of 7" and S is the following
Oz,
00Xy,

If the elastic part of the stress of a solid particle depends only upon the deformation
gradient F, it must take the form DW(F) where W : R™*™ — R is the strain-energy
function and D is the derivation with respect the arguments of W. Note, however, that
W is not path-independent; it does not represent a potential except if the material is
elastic in finite strain. In this case the material is called hyperelastic. In this paper the
mathematical investigation of elastic solids allows for large strains. We consider two orders

T = (Ty)) = (L 1)SET = (1/]) LS.
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tensors as invertible matrices Mat™ (n) and adopt the notation of calculus of matrices. In
particular the Frobenius inner product of matrices A, B is denoted A - B = Z Ay Bij
and |A|* = tr(AAT).

2.4. Discontinuous model. Let Q be a domain of R?, with the boundary 9Q and T an
arbitrary positive number and Q1 = Q2 x (0,T"). We assume that Q is filled with a viscous
incompressible fluid containing solid particles and write

Q=0 ) U

for 0 <t < T, where Q! is the region occupied by the fluid and 2 is the region occupied
by solids.

The interface I'(t) between the two phases is expressed by

['(t) = (0Q (t) U 92 (1)) \ 09
for0 <t<T.

Now we recall the basic systems of equations deduced in [13].

Here and in what follows we shall use the well-known notation of vector analysis and
summation convention.

We introduce the characteristic functions of Q!(t), Q2(t), namely x! = x(t),x? =
1 — x(t), respectively.

The interface between the fluid and the solid particles is defined as the discontinuity
surface of x. vy, vy denote the velocity of the fluid and of a solid point, respectively.
Analogously (p1, p2), (11, p2) denote the density and the viscosity of the fluid and of the
solid, respectively. We introduce v = x'v; +x%v2, p = x'p1 + x2p% and p = x 1 + X3 po.

Concerning the evolution of F', we assume that F' is defined in 2. An application of
chain rule gives an Eulerian description of the evolution of deformation gradient F,

ox v Ov Ox

AF =0 (X,t) = o (@t) = 51 (@, 1) 5

X, t),
which we write
(2.5) Fi+v-VF = (Vou)F.

The product on the right is a product of matrices.
The equations of the flow of an incompressible Newtonian fluid carrying incompress-
ible visco-hyperelastic (macroscopic) particles are

p(vg+v-Vv) = V- (uVv) + Vp — V- (DW(F)FT) = pf — VX*H,
V-v=0,

xt+v-Vx =0,

Fi+v-VF = (Vu)F

v(z,t) =0, x € 9, v=0at 0o, v(z,0) =y, F(z,0) =Fy, x € Q,
Xo = x(0) = characteristic function of Q*(0).

(2.6)

We recall that p and p are positive functions of x. Of course we need to compute F in
the solid. We observe that if we define F' = x2F, thanks to (2.6)3, it is a solution of (2.5)
with initial data x3Fp. So far to localize F in the solid part it is sufficient to localize in
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the solid region the initial value Fy. Without loss of generality we can assume F' = 0 on
o0.
One interesting observation is that the convective derivative of the divergence of FT
or (Fj;;) vanishes if V- v = 0. In fact if we take the divergence of (2.5) we obtain
(Fiji)t + veFijie + vi,iFij e = viaFij + viiFij,
or

oV -FT +(v-V)V-FT =0.

We notice that the material derivative of the divergence of the localization y?F van-
ishes, but V - (x?F) may be a measure. In fact

V- (XoF)) = xaV - Fy + VxgFy =x¢V - Fy +n- Fg 5(1(0)),

where 6(I'(0)) is Dirac distribution with support on I'(0). Any way we will take advantage
of the evolution properties of F' for the existence theory in the large without smallness
conditions considering the system (2.9) below.

2.5. Continuous model. We assume now that the constituent elastic particles involve
molecular scales only. The binary system can be considered as a mixture and one of
the volume concentrations c;(z,t) serving as the order parameter. Of course, in this
situation, the capillarity effect cannot be defined. Then, as in subsection 4.3, we define
the mean-volume velocity v = cyuy + cousg, the density of mixture p = c¢1p1 + c2p2, the
viscosity of the mixture p = ¢1p1 + copo and assume the stress tensor of the medium is
—(uVv)+pl —DW(F)FT. Then the motion of the medium, apart from diffusion process,
is governed by the following system (continuous model)

pvr+v-Vv) =V - (uVv) + Vp -V - (DW(F)FT) = pf,
V-v=0,
ct+v-Ve=0,
Fi+v-VF = (Vu)F,
v(x,t) =0, x € 9N, v =0 at oo, v(x,0) = vy,
F(z,0) = Fy, c¢(x,0) = co, x € Q.
Here ¢ = ¢1, and ¢; 4+ ¢ = 1. In the following instead of (2.7) we will discuss the
system
p(vi+v- Vo) =V - (uVv) + Vp -V - (DW(F)FT) = pf,
V-v=0,
pt+v-Vp=0, p+v-Vp=0
Fi+v-VF = (Vu)F,
v(z,t) =0, x € 0N, v =0 at co, v(z,0) = vy, F(x,0) = Fy,
p(0) = po, 1(0) = po.

System (2.8) does not change the fundamental structure of (2.7), and it is a bit more
general.
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2.6. Small-strain and relaxed models. Equation (2.6)4 is responsible of much of the math-
ematical difficulty to the existence theory of weak solution of (2.6), (2.8). Considerations
of analytical tractability of (2.6)4 can be derived from small-strain elasticity theory (see
[6]). This theory leads to consider the following evolution equation for F'

F,+v-VF = (Wv)F.

Here Wov = %(811.1)3' - 6z_jvi). We call the small strain model the particular model ob-
tained from the complete system (2.6) with the above evolution equation of F'. Moreover,
we remark that this model is also related to a particular Oldroyd-B model (see [13]). Any
way, the small-strain condition is a severe restriction for the system solid/fluid consid-
ered, i.e. elastic particles transported in a fluid medium. The properties of the evolution
equation of F suggest the following relaxed form of (2.6).

p(vy +v- Vo) =V - (uVv) + Vp — V- (DW(F)FT) = pf — VX*H,

V-v=0,

xt +v-Vyx =0,
(2.9) gt +v-Vg=0,

V- FT =g,

v(x,t) =0, x € 9N, v=0at oo, v(z,0) = vy, g(x,0) = go,
X0 = x(0) = characteristic function of Q'(0).

For the small-strain and relaxed models an existence theory of weak solution is de-
veloped below.

3. Statement of main results. First, we give the definitions of weak and weak-measure
solution of systems (2.6), (2.8), (2.9). Mutatis mutandis, the definitions hold for the small-
strain model. We set 7 = DW(F)FT. For simplicity of exposition we assume suppx3 is
a bounded open set.

DEFINITION 3.1. A weak solution of (2.6) is (v, F, x) such that:
i) x € L>®(Qr) is a characteristic function,
i) ve L20,T;V(Q)) N L>2(0,T; L*(Q)),
iii) F e L2(Qr),
iv) for any T' > 0 and any ¢ € C1(0,T;C5°(2)), #(T) = 0, and
¢ € CH0,T; C3°(Q)),n(T) = ¥(T) = 0,
T
| (00.8:6)+ (60 9)00) = (i 0+ 7. 90) +
(pfa ¢> - (H7 ¢))dt + (p0U07 ¢(0)) = Oa

/0 (06 ) + (6 (0 V)m)dt + (xo,n(0)) = 0,

T
/0 (Fotn) + (F. (v V)) + (Y, 6))dt + (Fo, (0)) = 0,
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with H € L>=(0,T; H —3(Q)) a functional which represents the generalized vector mean
curvature.

DEFINITION 3.2. A weak solution of (2.8) is (v, p, u, F') such that:

i) pypue L=(Qr),

ii) ve L2(0,T;V(Q)) N L>(0,T; L*()),

i) F € L2(Qr),

iv) for any T' > 0 and any ¢ € C1(0,T;C5°(2)), ¢(T) = 0, and
n € C10,T5 CR(9)), n(T) = (T) = 0,

T
/0 (00, 018) + (p(v - V)0) — (V0 + T, V6) + (pf. 8))dt + (povo, (0)) = 0,
/O ((p10) + (pr (- V)m))dt + (0 m(0)) = 0,

T
/0 (s 0) + (2 (0 - V)0t + (p0, m(0)) = O,

/O (F.py) + (F (0~ V)) + (VoF, §))dt + (Fy, 6(0)) = 0.

DEFINITION 3.3. A weak solution of (2.9) is (v, X, g, F') such that:

i) x € L*(Qr) is a characteristic function,

i) ve L20,T;V(Q)) N L®(0,T; L*(Q)),

i) g € L=(Qr), F e L™(0,T: H3(%),

iv) for any 7' > 0 and any ¢ € C1(0,7;C5°(Q)), ¢(T) = 0, and
m € CL(0, T3 C3°(2))m(T) = U(T) =0,

/0 (00, 0:) + (p(v - V)$,0) — (V0 + T, V) +
(0. 6) — (H.))dt + (oo, $(0)) = 0,

T
/0 (O ) + (. (0~ D))t + (xo,7(0)) =0,

T
| (@60 + (0, (0 99t + (g0, 000)) =0,
0
V-FT =gae. inQr,
with H € L*®(0,T; H3(f2)) a functional which represents the generalized vector mean

curvature.

DEFINITION 3.4. A weak-measure solution of (2.6) is (v, F, A, x) such that:

i) x € L*®(Qr) is a characteristic function,

ii) A a Radon measure,

i) v e L2(0,T; V() N L®(0,T; L*(Qr)),

iv) F e L2(Qr), V-FT € L>(Qr),

v) for any ¢ € C*(0,T;C5°(R)), n,9,€ € CH0,T; C°(Q)),
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o(T) = n(T) = (T) = £(T) =0,
/0 ((pv,0:) + (o - V) 0) — (u ¥ + A, Vo) +
(0. 6) — (H.8))dt + (povo, $(0)) = 0,

T
/0 (06 1) + (. (0~ D))t + (xo,7(0)) =0,
T
/0 (Fotbe) + (F, (0~ V)) — (0% - FT,4) — (F, Vipu))dt + (Fo,(0)) = 0,

/T«v FT.&)+ (V- FT (v-V)§)dt + (V- Fy,£(0)) =0,
0

with H € L>®(0,T; H=3(Q)) a functional which represents the generalized vector mean
curvature.

DEFINITION 3.5. A weak-measure solution of (2.8) is (v, F, A, p, ) such that:

o ppe L>(Qr),
ii) A a Radon measure,

iit) v e L2(0,T; V() N L®(0,T; L*(Qr)),

iv) F e L*(Qr), V-F' e L™(Qr),

v) for any ¢ € C(0,T3C5°(Q)), n,%,& € CH(0, T; C5°(Q)),
(1) =n(T) =4(T) =&(T) =0,

/OT((pv,ataﬁ) + ((pv - V), v) — (uVv + A, Vo) + (pf, d))dt + (pove, $(0)) = 0,
/OT((p, ) + (p, (v V)0))dt + (po,n(0)) = 0,

/OT((umt) + (k, (v - V)0)dt + (1o, 1(0)) = 0,

/OT((F, be) + (F, (v- V)W) — (0¥ - FT ) — (F, Vo) )dt + (Fo, (0)) = 0,

/OT((V FT&) + (V- FT L (v-V)§))dt + (V- Fy,£(0)) = 0.

We recall that the above definitions hold if suppx?(z,0) is a bounded set. If it

is unbounded the above definitions continue to hold in local sense, i.e. in the spaces
Viee(Q), L? .(£2) and so on.

loc
Now we present the main results of the paper. We state the theorems in the framework
of Sobolev spaces. The first four theorems are devoted to the existence of continuous
model, i.e., the density and the viscosity are regular functions or constants. In Theorems
3.10, 3.11, 3.12, the existence of weak solution of the continuous and discontinuous model

is treated. In the following «, 8 are positive constants such that o, 5 < 1.

THEOREM 3.6. Let Q be an unbounded domain in R with boundary 0 uniformly of
class C® and W € C3(R3*3). Let vy € H*(Q) NV, (Vuo,Vpo, VFy) € HY(Q), Fy €
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L(Q) 1 L3() with o < po < 1,6 < jig < 1 such that [[[ugl}2 + [[[¥pol 1 + 1[0l +
[[Folll2 < 7o, 7o being given, f € L*(0,T; H'(Q)), dif € L*(Qr).
Then there exists a T(rg) > 0, T < T, such that there exists a solution (v, p,u, F) of
(2.8) on (0,T) such that
ve L0, T; H*(Q)NV), dweL*0,T;V),
0<a<p<l, 0<pB<p<l, (ppF)eL™Qr),
(Vp, Vi, VF) € L=(0,T; HX(Q)),  (8;p,0up, 0, F) € L*(0,T; H (Q)).
Moreover, the solution (v, p, p, F) is unique.
THEOREM 3.7. Let Q be an unbounded domain in R® with boundary 02 uniformly of
class C3, ¢ > 3 and W € C%(R3*3). Let vo € H*(Q) NV, (po, po, Fo) € HY1(Q) with
0<a<py<1,0<B<po <1 and Fy € L®(Q) N L*(Q) such that ||lvoll[2 + [Vpolg +
[Violg + [[Folll1,4 < 70, 70 being given, f € L2(0,T; HY(Q)), 0.f € L*(Q7).
Then there exists a T(rg) > 0, T < T, such that there exists a solution (v, p,u, F) of
(2.8) on (0,T) such that
ve L20,T; H»(Q)NV), dwe L*0,T;V),
0<a<p<l 0<p<u<l, FeL>®Qyp),
(pa My F) € L™ (07 T; Hl’q(Q))v (atp’ at:“'a atF) € L2(QT)'

Moreover, the solution (v, p, p, F) is unique.
REMARK. Theorem 3.7 continues to hold (except for the uniqueness) in the case when
p € L™ (Qr) only.
THEOREM 3.8. The assumptions of Theorem 3.6 hold with 0 < pg < 1. Further we
assume that W belongs in L?(Q).

Then there exists a T such that there exists a solution (v, p, p, F) of (2.8) satisfying

ve L*(0,T; H3(Q)NV), /pve L>(0,T;L*(Q), /pow € L=(0,T;L*(Q)),

Ow e L*(0,T;V(Q), 0<p<1, B<u<l,Fel>Qg),
(Vp,Vu, VF) € L>®(0,T; HY(Q)), (8¢p, Opp, O, F) € L*(0,T; H()).

Moreover, the solution (v, p, u, F) is unique.

We notice that in Theorem 3.8 we prove the existence of strong solution even though
the initial density vanishes in an open subset of {2, i.e., an initial vacuum is allowed. For
the classical nonhomogeneous incompressible fluids the problem of the existence of weak
solution with initial vacuum was solved completely in [11]. Higher regularity of solutions

in the case of vacuum was solved in the more general context of compressible fluid in [14].
Now we state global results.

THEOREM 3.9. Let QW > 0, vg, po, tto, Fo,q be as in Theorem 3.7. Besides, assume that

f € L*0,00; HY(Q)), 9, f € L2(0,00; L2(Q)) and ro+ [y~ (||| fI[3+]0:f13)dt is sufficiently

small. Then there exists a (unique) solution (v, p, u, F') of the problem (2.8) on (0,T) (T

is an arbitrary positive number) such that

ve L20,T); H*(Q)NV), dw e L*0,T;V(Q)) N L>(0,T; L*(R)),
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0<Oé§/0§1a 0<5§M§1, FELOO(QT))
(Vp,Vu, VF) € L>=(0,T; LYQ)), (dip, Oy, 0, F) € L*(0, T; L*(Q)).

Moreover, the solution (v, p, u, F) is unique. Further, if T = e " MDW(F)FT, X\ > 0
(decay model), and the Poincaré-Friedrichs inequality holds then T = co.

The proof of Theorem 3.9 uses the same arguments of Theorem 5.9 in [13] so we omit
details.
In the following theorems the existence of weak-measure solutions is considered.

THEOREM 3.10. Let xo be the characteristic function of QY(0), f € L*(Qr), Fy €
CHQ)NL>®(Q) withn-Fy =0 onT(0), vo € H, and a(|F|* —1)T <W < a(|F|*+1) (a
is a positive constant). Then there exists a weak-measure solution of (2.6).

We notice that the condition Fy € C! is redundant, but this avoids approximation
arguments. Moreover n - Fy = 0 on I'(0) circumvents V - FT to be a measure.

An analogous statement holds for system (2.8) so we omit it.

We notice that Theorem 3.10 is a guidance for the next theorems.

THEOREM 3.11. Let o, vo, f be as in Theorem 3.10, Fy € L>=(Q) and W € C*(R3*3).
Then there exists a weak solution of small-strain model.

Finally we state the existence of a weak solution for the relaxed model.

THEOREM 3.12. Let xq be the characteristic function of 2(0), Q, W as in Theorem 3.11.
Moreover, assume that vg € H, go € L>(Q) N L?(Q). Then there exists a weak solution
(v,9,F,x) to (2.9).

We notice, denoting by E the support of x? and thanks to the results of De Giorgi,
for weak solutions we find the interface I'() as the points (z,t) € supp|Vx?| N Q. Further
I'(t) contains, locally, a subset I'*(¢) such that there exists a generalized inner normal ng :
I'*(t) — S?. By the Besicovitch derivation theorem the measure |[Vx?| is concentrated on
[*(t), and Vx? = ng|Vx?|. Moreover I'*(t) is, locally, a countable (2)-rectifiable set. In
other words for weak solution we obtain an interface with the classical properties. Indeed
the only difference is that the inner normal and the interface are understood in a measure
theoretic sense and non in topological one. Moreover, the vector mean curvature can be
defined as a functional in H—3(Q).

Furthermore, as the weak solution is conceived, the assumption g € L2(2) is not
strictly necessary.

4. Existence theory of the continuous model. In this section we prove the existence
theorems for the continuous model via a generalized Lax-Milgram lemma and a Schauder
fixed point theorem.

4.1. Proof of Theorem 3.6. First we consider the following auxiliary problem. Let
F={¢|lp € L>(0,T; H*(Q)NV), d;¢ € L*(Qr), with the natural norm},
and let ® be the closure of the space
{8l¢ € L*(0,T; H*(Q) N V), 8i¢p € Co(0,T; H*(Q) N V)}
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in the norm
9lle = [l + [[|#(0)][]1-

We consider the following problem:
find (v, p, p, F') that satisfies
(pOv — Av+kv+Vp) = —pu-Vu+pf +V-T =V - ((1 - p)Vu) + ku,
V-v=0,
Op+u-Vp=0,
Opp+u -V =0,
OF +u-VF = VuF,
v(0) = vo, p(0) = po, u(0) = po, F(0) = Fo,
such that v € F, (Vp,Vu, VF) € L®(0,T; H(Q)), (d;p, dept, 0, F) € L=(0,T; H-1(Q)),
0<a<p<1,0<B<u<l, FelL>®Qr)NL*Qr).
Here u € L*(0,T;H*(Q) NV), dwu € L*0,T; H'(Q) N
<p

(Vpo, Vo, VFy) € HY(Q)), Fy € L*(Q) N L¥(Q)), «
given functions and ¢ > 2.

V), vo € H*(Q) NV,
<1, < u<1are

Now, let y(7,x,t) denote the position at time 7 of the fluid particle which occupies
the position x at time t and it is the solution of

d,

% =u(y,7), y(t,at)=uz,
then, the explicit form of p is
(4'2) p(l‘,t) = pO(y(Oﬂxvt))'
From (4.2) it follows
(4.3) 0<a<p(xt) <l

Now applying the gradient operator V to (4.1)3, multiplying the result by |Vp|9=2Vp
and, after integrations, we get

(4.4) Vply < [Vp(0)], exp (c/ot |Vu|oo)d7).

Analogously we obtain

t t
(45) 16112 < exp ( / <|woo+1>df)(||po||§+ / Vp|§|||u|§dr).

Analogously for F' we obtain

t t
(4.6) 0< F0|exp(—/ Vu|oo>d7) <|F(@,b)| < |F0|exp(/ |Vu|ood7)
0 0

where |F|? = tr(FFT),

t t
(.7) VF|, < exp ( / |ww)df>(|w<o>|q -/ |F|oo||w|||17qdf)-
0 0
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Analogously

t t
48)  IFI2 < exp < / <|w|m+1>df><||Fo||%+ / <|F|§o+|VF|§>||u|||§dv).

Now we prove the existence of a solution of (4.1);. We let

T
E(U,(b):/ (pOrv + Av+ kv, 0+ Ad + ¢)dt +
0
(kv(0), A9(0) + ¢(0)),
T
L(¢) :/ (—pu-Vu+ (p—1)Au+VuVu+ku+V-T +
0

pf,0d + Ag + ¢)dt + (kvo, Ap(0) + ¢(0)).

Here A = —PA is the Stokes operator and k a suitable positive constant. First, L(¢) is a
linear continuous form on ¢ with respect to the norm ||¢||¢. Moreover, bearing in mind
that |A¢ls +[4]2 = c[||¢][[2, we have

E(6,) =
T
/0 (/P12 + |AB + (k + DIV + Klol2 + (ped, Ad + d)dt +

SIVOTIR ~ [Vo(0)B) + S (19(T)B ~ [6(0)) + k(TS +[9(0)3) >
T
| 30083+ 14013 = F1i0u0lE = 514013 + (k= Do)t -+ S(VoTE +

1
Vo(0)13) + 5 (1e(T)I3 + [6(0)I3) > clloll3-
Then, thanks to the Lax-Milgram theorem, there exists a v € F such that
(4.9) E(v,¢) = L(¢),

is satisfied for every ¢ € ®.
Now let q~5 be a solution of the problem
¢(0) = h(z),
V-q~5:0, q~5:0, on 9N and at co
with h(z) smooth enough and divergence free.
Replacing in (4.9) ¢ with & we have
(v(0), Ah + h) = (vo, Ah + h),
which implies v(0) = vy.

Now let ¢ be a solution of the problem

$(0) =0,
V-$=0, ¢=0, ondQ and at oo,
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with g smooth enough and solenoidal. Replacing ¢ with ¢ in (4.9), we have
T
/ (porv+pu-Vu—-V-T —pf —Av+k(v—u)—V-((p—1)Vu),g)dt = 0.
0

This implies that (v, p, u, F') satisfies a.e. in Qr the following system:
pow+pu-Vu—V-T+Vp—Av+k(v—u)—pf —
Op+ V- (pu) =0,
O+ V- (pu) =0,
Oy F +u-VF = YVuF.
with v(0) = vg, p(0) = po, u(0) = po, F(0) = Fp.
Here p is the pressure defined in classical manner. Now we prove more regularity for

v. To avoid tedious calculations and notation, we work directly with the derivatives with
respect to ¢ of v instead of the difference quotients.

(4.10)

First, we multiply (4.10); by v, and integrate over @, to obtain
t t
(@11) ool + [ (ol +9oB)dr < [VAOROF +6 [ [Voldre
0 0

t
66{/0 (a2 lv/pvl3 + [ulg|Vul3 + klul3 + [(n = 1)Vul3 + |T13 + [ f3)dr|.

We multiply (4.10); by v, integrate over ()¢, obtain
2 [t k 1 1
@iz 3 [ 1VBldr+ Gl + 5IVo0B < ZITUOR + HuOB) +
t
cs [/O (lulgIVul3 + [(n = V)Vul3 + kful3 + T3 + | £13)dr| +

t
5/ (10-Vo[2 + [00]2)dr.
0

Now we differentiate (4.10); with respect to ¢ and obtain

(4.13) PO v + 0y pdyv + kdyv + Oy pu - Vu + pdyu - Vu + pu - Voyu —
V-0,T -V -((up—1)Vou) — V- (OuVu) — kOyu —
Opf — poef — Adw + Vorp = 0.

Multiplying (4.13) by Oyv, integrating over @); and bearing in mind (2.1), we find

1 1/t 1
(4.14) 5\\/ﬁ(t)8tv(t)|§ + 5/0 (IVO,v|3 + k|ow[3)dr < §|\/ﬁ(0)0tv(0)|§ +

t
cs [/O (Iv/pul?, |\/pO-v[3 + [Vul3| D*ul3 + [Vul§ + |/pOrul3| Vul3 +
0,T |3 + |0- 1V ul3 + k|owul3 + |0- 15 + 10-pl3] 13 +

t
[(n — 1)V8Tu|§)dr} + 5/ |V8Tv|§d7'.
0
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Now we sum (4.11), (4.12) and (4.14), and for suitable §, we obtain

(
1 2 1 2 2 1 2
(4.15) S VPl + S (V)2 + klu(®)]) + g/ (IWVe(H)drv(t)]z +

t
0

2 2 1 2, 1 2
Klorol} + [Vo,0)dr < Z1V/p(0)0w(0) 3 + 5[To(0)3 +

t
cs| [ CulB0rwl + IV alfl 0P + (9ulf + 10,07l +
0
VRO + VUl + (1 = D2(Vruf} + [Vuld) + k(ul} + 0,uf3) +
t
0T + 11 + 10- 17 + 10:la)ar | +6 [ (190,08 + ofar.
0

The estimate (4.15) implies
(416) Vo € LW(q,T; L3(Q)), dw e L*0,T; H(Q)),
v e L>®(0,T; H(Q)).
Now we consider
(4.17) PAv —kv=P(pow+pu-Vu—-V T —
V- ((p—1)Vu) — ku—pf) = Z.
This is a Stokes system. Thanks to (4.2)-(4.8) and (4.16), we have
(4.18) Z e L¥0,T; HY(Q)) N L>(0,T; L*(Q)).
Then
ve L20,T; H3()) N L0, T; H*(Q)).

Now the existence and uniqueness of the solution to the system (4.10) enables us to define
the map v = Gu given by the composition of g : u — (p, u, F') and h : (u, p, u, F') — v.
The fixed point of G is the solution of the system (2.6).

Let us consider the set

B = {olsup(9]l L2 0,7:85 )5 19l 0,152 (02))
10e¢| L= 0,1;22(0))5 1060l 20,7711 (02)) < 71
with
r? = &el ol (| Avo|3 + [V o Vuol3 + [vo - Vwol3 + [V - T(0)[5 + | £(0)[3) /e,
where ¢ > 1 is a suitable constant.

It is clear that B is a compact set in L%OC(QT). As we are going to use a fixed point
theorem, we have to show that GB C B and G is continuous in B with respect to the
norm in L3 (Qr).

Next we prove GB C B for suitable T In fact, assuming u € B, from (4.2)-(4.5), we
have

a<p<l,
(4.19) Voly < [Vpolge™?,  (2<q<6),
lollz < e polla(1 + erv/Ee™").
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The same estimates hold for p. Further

|| < [Fole™",
(4.20)  |VF], < eV VE|, + [FoloorVie™) (2 <p<6),

I1Fll2 < ce (|| Follz + rv/te™V (| V Fols + | Foloo + | FoloorvEe™)).
Therefore from (4.14), (4.15), (4.19) and (4.20) we have

1 1 [t k 1
(421)  SWABAD + 5 / (IV0rol3 + 310,vB)dr < 51V/p(0)00(0)]3 +

2

1 — 2

csltr? sup |\/ﬁ(97u|§ +t(r% + cr4ec’“‘/£) + t%ﬁ +
0<r<t

t t
K22 4 / 10, 7 3d7 + sup (0,2 / fRdr) +
0 0<7<t 0

t
5t sup |\/pOrul3 + 5/ (Vw3 + [v|2)dr < r?
0

0<r<t

with suitable § and T. Now from (4.17) and (2.1) we find (to avoid tedious control of
constants we assume for simplicity that |[v||s < |[(A+ k)v]|1)

T T
(4.22) / Jvl2dt < / (1(A + Kol 2dt <
0 0
T 12
s (Vo) ( [ lowliar) (72
0<t<T 0

T
0/0 (IVOw|3 + (Vi) Aul3 + [V(Vp)Vul3 + || T3 +
IVolgul2e [Vul3 + [ul2 [V (V)3 + Ellull} + IV fI3 + [Vol3l fI7)dt +
T
/ 11— B?|VAu|3dt < 72,
0

for suitable 7 and 3 (we denote with the same letter possibly different suitable T').
Whence (4.21), (4.22) imply

GB C B.

Now we prove the continuity of G in L7, .(Qr). First, we introduce for any fixed compact

A C Q, such that sup,c4 |2| < R (R > 0 large enough), a cut-off function ¢ € C* such
that ¢ = 1 on A, ¢ > 0 on Q and |[V¢| < & for |z| > 2R. First we observe that if
{u™} C B, then there exists a subsequence (denoted again by {u"}) such that as n — oo,
u™ — u strongly in L2(0, T; H?,.(R)), weal® in L (0, T; H*(Q)), and du™ — dyu weakly

in L2(0,T; H'(Q)). Let p" and p be the solutions of
Op" +V-(p"u") =0 with p"(0) = po,
dp+V - (pu) =0 with p(0)= po,

respectively. Analogously for (u™, p) and (F", F).
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Now 7™ = p™ — p satisfies
(4.23) Ot +u" - VT + (u" —u) - Vp =0,

with 77(0) = 0. Multiplying (4.23) by 7"¢? integrating over Q7, and applying Gronwall
lemma, we have

T
ol < e [ (o ) Vol + "7Vt
0

Bearing in mind (2.1), this implies that p” — p strongly in L*(0,T;L*(Q)) for
arbitrary Q C A, first passing to the limit n — oo and then to the limit R — co. The
same convergence holds for {u"}.

Concerning F™ we have that F" = F™ — F satisfies

(4.24) OF" +u" - VF" 4+ (u" —u) - VF = F*Vu"™ + FV(u" — u).
As for 77, this implies that F™ — F strongly in L°°(0,T; L2 (12)).
Now let v™ and v be solutions of
(4.25) PO 4 ptu™ - Vu' — Av" + k(" —u") -V - T" —
p"f =V (" = 1)Vu") + Vp" =0,
with v™(0) = vg, and
(4.26) pow +pu-Vu—V-T — Av+ k(v —u) —
—pf =V ((p—1)Vu) + Vp =0,
with v(0) = vg and p™,p are the pressures obtained in the standard manner.

Subtracting (4.25) and (4.26), denoting V" =" — v, U" = u™ —u, P" = p" —p we
obtain

(4.27) (p"OV" + 70w + p"U" - Vu" + 7"u - Vu" + pu - VU™ —
=V T4V T =V (p")VU") =V - (1" — p)Vu)) -
AV + EVT+ AU™ — kU™ + VP™ = 0.

Multiplying (4.27) by 9;V"¢? and integrating over Q7 we find

T
1
| ool + S vvn (ool <
0

T
/ (=1"0w — p"U™ - Vu" —7"u - Vu" — pu - VU + 7" f +
0
VA(T"=T)+ V- (u"VU") + V- ((u" — p)Vu) — (A — k)U™, ¢*9,V™)dt +
t
/ (PPO,V™, oV d)dt + 2 5up [VV" V"V s
0 t

Thanks to
(7", p™ —p, F') — 0 strongly in  L*(0,T; L%.(Q)),

loc
U™ -0 strongly in L%*(0,T; HL.(Q)),

it is a routine matter to prove that V" — 0 strongly in L? (Q7). Consequently, the map
G is continuous in L? (Qr), and the existence of a local solution is completely proved.
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The proof of the uniqueness of the solution is obtained by the same procedure as that
used for the continuity of G, considering (p", u™, F™*,v") = (p!, ut, F1,v!) and (p, u, F, v)
as two solutions of (2.8) with the same data and without localization.

Theorem 3.6 is completely proved.

4.2. Proof of Theorem 3.7. Under the assumptions of Theorem 3.7, (4.16), the first two
relations in (4.19) and (4.20) continue to hold. Bearing in mind that (4.17) is the Stokes
system, we have, with r as in Theorem 3.6,

T T
/O Hvll%,ths/o (1000]2 + |ul2 | Vul2 + Elul2 + | fI2 +

T
VT2 + |[Vavul2 + |6 — 12| Auf?)dt < c/ Rt + (T(eVTIVE 2 +
0

ecrﬁ,r,Q _Hﬁ) +ce’””0“1r2 + \ﬂ . 1|2r2 < 7,2’

for suitable T and . We deduce immediately that GB C B. The continuity of G is proved
as in Theorem 3.6. Moreover, a uniqueness theorem holds. Theorem 3.7 is proved.

4.3. Proof of Theorem 3.8. First, to prove the existence of a solution of (4.1) we consider
an approximation pf of pg such that

Voo € HH(Q), 0<e<p5<1, Vpi—Vpy as e€—0
strongly in H'(Q), and po < p§. Then there exists a solution of (4.1) for the initial density
P
In what follows, we denote simply by (v, p, 1, F) the solution of (4.1) with the data

€

Po-
Bearing in mind that

1
V00O < (V7 Tl +

‘V‘(NOVUO)+V'%
VP

2 2
E |f(0)|2>,

(4.14) gives
VPO € L*(Qr) N L>=(0,T; L*(Q)), 0;Vv € L*(Qr).

Furthermore, from (4.17)
ve L2((0,T; H3(Q) N V)N L®(0,T; H*(Q)).

Now we prove GB C B, where B is as in the proof of Theorem 3.6 with

r? = el (|y/pyvo - Vool3 + (V- (o Vo) + V- 70)/v/pol3 + | £(0)[3

¢ > 1 a suitable constant.
From (4.27), as in Theorem 3.6, for suitable 7. = T and §, we have

T
(4.28) sup |\/pow(t)|3 —|—/ |Vao(t)|3dt < r2e~llvolls,
r 0

0<t<T
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Now thanks to (4.21), we have
V(pdsv) = Vpdyv + pVow € L*(Q7).
Now repeating the calculations to obtain (4.23), for suitable 7', and 3, we get
GB CB.

As in Theorem 3.6, we have the continuity of G in L?(Qr). The existence of a solution
of (4.1) is proved. Now, for the solution v¢ the estimates (4.28) and (4.22) for ||Av¢|y
hold for a T which depends only upon the data and is independent of e. Consequently v¢
belongs to

B = {¢|sup(|||| 120,713 [10]| 2 (0,7552 ()
Sup V(9 + 0:9) 13, 10:0 ]| L2 (0,150 (2 < 7

uniformly with respect to € and p¢ satisfies (4.3) with o = 0 uniformly with respect to e.
Hence, passing to the limit € — 0, it is routine matter to obtain a solution (v, p, u, F') of
(2.8).

The uniqueness of the solution is proved in just the same manner as in Theorem 3.6.
Theorem 3.8 is completely proved.

5. Discontinuous model. In this section we prove the existence of the discontinuous
model. The proofs remain on the results in [9], [11], [12] and [13].

5.1. Proof of Theorem 3.10. The presence of the surface tension in the system (2.6) and
the evolution equation of F' give a technical difficulty which leads to the introduction of
a regularization through the addition of a viscosity term n(A® + I) with s > 3, where
A?® is the operator associated to the bilinear form ((u,v))s on the space V*. We assume
s = 4. Moreover, for simplicity, assume 02(0) is a bounded domain.
We thus introduce the regularized system
pdv, + pv - Vo =V - (uVv) +n(A* + D)o =V -T + VX*H + Vp = f,
V-v=0,
(5.1) Kv(z,t) =0, on 0Q, v =0 at oo, v(z,0) = v, in Q,
3tX + v - VX = 07
O F +v-VF = VuF.
Here K is the boundary operator associated to the bilinear form ((-,-))s and x?(t), H
are the characteristic function and the mean curvature of the transformed domain Q2(t)

obtained from Q2(0) in terms of the vector field v, respectively. Further we notice that,
bearing in mind the form of p(> 0) and (> 0), we consider the continuity equation for

x only.
The proof of Theorem 3.10 is divided into three steps.

STEP 1. Auziliary problem. We consider the following system:
pOw + pu-Vu =V - (uVo) +n(A* + v =V - T+ V*H+Vp = f,
V-v=0,
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(5.2) Kuv(z,t) =0, on 99, v =0 at oo, v(z,0) = vy in Q,
Iex +u-Vx =0, x(0) = xo,
OF +u-VEF =VuF, F(0)=F.

u, p, 1, v(0), Fy are smooth given functions. x?, H are the characteristic function and the
mean curvature of the transformed domain 2?(¢) obtained in terms of a given vector field
u as the set of points © = z(y, t) such that

o = u(x,t), x(y,0) =y € Q*0).

Moreover, we assume that g is regular (it will be defined in step 2).

The existence of a solution of (5.2)4 and (5.2)5 is obtained as in Theorem 3.6.

Now we prove the existence of a solution of (5.2);. First we consider the existence of
a strong solution to the system

v+ A'v +v = PFf,
(5.3)

Kv=0 on 09, v=0at oo, v(0)=vp.
Let

F ={ol¢ € L*(0.T; H¥(Q) N V), K(¢) = 0}
with the natural norm, and
G ={9l¢ € L*(0,T; Hy () N V), ¢ € C((0,T]; H(9)), ¢(T) = 0}
We consider on G the norm
I8llg = llgll= + [1[¢(0)]]]4-

We let

E(v,¢) = /OT((U,@(A4 +1)¢) + (A'v + v, (A" + )¢))dt,

L(6) = / (f, (A% + D)g)dt + (v0, (A* + 1)(0).

First, L(¢) is a linear continuous form on G with respect to the norm || - ||g. Moreover,
bearing in mind |(A* + I)¢|2 > c|||¢]||s, we have

T
E(¢,¢) = /O (=0, 0))a — (0ep, 0) + 2|A%¢|5 + |A*0]3 + |o]3)dt >

T
(/[ (0)[[13 +/O (|1A%[3 +[A%0]3 + [¢[3)dt) = c[[]lg-
Then, from the Lax-Milgram theorem, there exists a v € F such that

(5.4) E(v,¢) = L(¢)
is satisfied for every ¢ € G. Of course

lvllr < e



NON-NEWTONIAN FLUIDS 231
Now if g(t) € C§°(Q) and g(0) = g(T) = 0 and ¢ solution of (A% + I)¢ = Pg(t) one has
T
JRCORI O
0

<[ ' |g<t>2dt)1/2.

Hence 0;v € L*(Qr). By standard arguments, v satisfies (5.3) a.e. in Qr.
Now let

<

T
/0 ((A%(t) + v, g(8)) + (f, Pg(t)))dt

F={¢l¢ € L*(0,T; H () NV), 06 € L*(Qr), K(¢) = 0}
with the natural norm; let G be the closure of the space
G ={gl¢ € L*(0,T; Hi(Q) N V), 0 € Co((0,T]; H(2))}
in the norm
16llc = llollz + [11e(0)]]]4.

Now we prove the existence of a solution of (5.2);. We note that in the spaces con-
sidered Vx? is a smooth trace operator. We let

E(v,¢) =
/OT(p(atv +u- Vo) = V- (Vo) +n(A* + v, 06 + nA*¢ + ke)dt +
k((v(0), A%6(0)) + (v(0), ¢(0))),
L(¢) = /OT(f —HVX? + V- T,0,¢ + 1A' + k¢)dt + k((vo, A*¢(0)) + (vo, $(0)))-

Here k is a positive suitable number.
We remark that if ¢ € L2(2) and V - ¢ = 0 then

[onllz-1/200) < 0llL20)-

Then L(¢) is a linear continuous form on G with respect to the norm || - [|5.
Moreover, bearing in mind that |(A* +I)¢|a > c|||¢|||s, and p, p satisfy the transport
equation, we have

E(¢, ) >

T
3
/0 (%I\/ﬁam% + 0’| A"GL5 + n(pdrg, ATg) — SV - (uVO)5 +

(b V6,010 1A' + (ki + 1) A% + o + K VYOI ) +
2 [V I VoPdwdt + L(VETIVODE ~ [Va)VoO)) +

Qr
k n
5 (VAT = [VA(0)$(0)[2) + 5 (1A*$(T) [ + [6(T)5 — [4%6(0)[3 — [#(0)]2) +
k(| A%0(0)[5 + [¢(0)[3) > cll o],
for suitable k. Then, thanks to the Lax-Milgram theorem, there exists a v € F such that
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(5.5) E(v,¢) = L(¢)

is satisfied for every ¢ € G.
Now let ¢ be the solution of the problem
%o +nA*¢ + ko =0 inQr,
#(0) = h(z) in Q, K(¢) =00n dQ, ¢ =0 at co.
with h(t) smooth enough, and V - h = 0. Replacing in (5.5) ¢ with ¢ we have
(0(0), (A* + 1)) = (vo, (A" + I)h),

which implies that v(0) = vp.
Now let ¢ be the solution of the problem

Oed+nA'+ko=g in Qr,
#(0) =0in 2, K(¢) =0o0n 99, ¢ =0 at cc.
with g smooth enough and V - g = 0. Replacing in (5.5) ¢ with ¢ we have
T
/ (p(Ov +u-Vv) =V - (uVv) +n(A* + v =V - T — f + HVX?, g)dt = 0.
0
This implies that v satisfies (5.2); a.e. in Q7.
STEP 2. Approximate problem. We consider the following system:
PO + pue - Vo =V - (uVv) +n(A* + v =V - T. + Vp = f — HVX?,
V-v=0,
(5.6) Kuv(z,t) =0, on 9Q, v =0 at oo,

Ox +ve - Vx =0,
O, F + v, - VF = Vu,F,

with the initial conditions

Xn(0) = (xo)n = xg,  v(0) = (vo)y,

where ve, 7Zc, (Xxo)n, (vo)n, are regularizations of v, 7, xo,vo, respectively. v, 7. are
obtained by convolution. Further (xo), = x(0) on Q'(0) (supp(xo)y = 2,(0) C Q'(0) is
bounded, measure(€2},(0) NQ*(0) < cn and Q}(0) — Q(0) as n — 0), and He = H, x2 =
x? are the mean curvature and the characteristic function of the transformed domain
Q2(t) obtained from Q2(0) in terms of the vector field v, respectively. Moreover, o, is
obtained by truncation of v in Q. = {x € Q, dist(x,0Q) > 2¢} and by convolution with
parameter € (see [5] appendix A) so that the homogeneous Dirichlet boundary condition

is satisfied. We recall that p and p are regular function of x.
Of course, we have

0 < (Xo)na
(Xo)n = xo i Li (@) (1 <p<oo),
(vo),, = vo in L*(Q).
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We prove the existence of a solution of (5.6) by a fixed point argument. Let B a
convex set in L2(0,77;V) defined by

B = {ulu € L*(0,T;V), |ull 2o 1.5y < C}

with suitable C'. We follow the procedure of Theorem 3.6. First we consider the solution,
for fixed n, (v, x¢, F¢) = (v, x, F) of the system
PO + puc - Vo — V- (uVo) +n(A* + Nv =V - T. + Vp = f — HVX?,
V-v=0,
(5.7) Kov(z,t) =0, on 09Q, v =0 at co, v(x,0) = v,
dex 4 ue - Vx =0, x(0) = x{,
OF + 1. - VF = Vu.F, F(0) = Fy,
with v € B and x2, H are obtained using the vector field ..

First the existence of a unique solution x of the transport equation follows from the
method of characteristics as in Theorem 3.6. The explicit formula for x is

(5-8) X(:t) = xg(y(0, 7, 1))-
Obviously 0 < x < ¢ and y € L>(0,T; H*(Q)) and d;x € L*(Qr). Furthermore

Ix®)lz2) = lIxgllz2()-
Analogously we obtain the existence of F solution of (5.7)4. Then a solution v of (5.7)1
can be obtained as in step 1.
Now we can define the map G : u — v given by the composition of g : u — (x, F) and
h:(F, x,u)— (v).
The fixed point of G is a solution of (5.7). For this we need a priori estimates. We
multiply (5.7)1 by v, integrate over €2, and obtain

1 1
/ E(pﬁt\v\Q + n(vA*y +v?)dx —|—/ (§,ou6 Vv + |\/ﬁVv|2)dac =
Q Q

/ (fv — Vx*Hv — T,Vv)dz.
Q

Bearing in mind the continuity equation and integrating over (0,¢), we have

t
N / (IWVAVOE + | A%f2 + [o3)dt <

t T
( [ | |lew<p<t>>dt+z“|7;|zo) V(02

hence

(5.9) S [0@)[3 + 1911720 ey < €+ TCens
where ¢ is independent of (C, e, 7).

Now we choose C' > ¢ and T = T sufficiently small so that GB C B. We multiply
(5.7)1 by 0:v, integrate over 2 and obtain

1d
VA0l + 5 5 VAV + (1A% + of3)) <
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e(|f15+ ||H‘|§{1/2(r(t)) el 7 e (0 V0I5 +
VT3 + 110esell Lo () [V 013)-

We deduce from Gronwall’s lemma that
t
/ |Ovol3dt + [Vu(t)[5 + ()5 + A0 (8)[3) < cep-

Consequently the map G is compact in L*(0,7T; L2 ().
The fixed point of G is the solution of (5.7) in (0,7"). Thanks to (5.7)5 we get

/V Tvdx—/TVvedx—dt/de
holds.

Consequently we have the energy estimate

t
sup(| o (0)3 + / Wilz) + / (WA + (| 4202 + [v2)dr <

(f 0)3 + /Wodx—l—/ |f2dr>

It is a routine matter to prove that the solution (y, F,v) exists in (0,7"), and satisfies
(5.7) a.e. in Q.

STEP 3. A priori estimates and limit (e,m) — 0. From the results of step 2 we have
the estimate

5.10 su v(t Wdzx) + nllv + 9w <c
( ) ogth(‘ |2 / 77“ H 2(0,T;VNHS8) H t ||LQ

where ¢ depends on 7 only. Consequently we can pass to the limit ¢ — 0 in (5.7) and
obtain a solution (vy, x», Fy) = (v, x, F) of (5.1).

Now we prove the existence of a solution of (2.6).

From the transport equation and multiplying (5.1); by v, integrating over Qp and
bearing in mind (2.3), we obtain the estimates

t
VB + [ Wit -+ [ (VAo + (140 + o) +
Q 0
(5.11) meas('(t)) < ¢,
0 < xn < ¢ lIxn®llz2) = X7 (0)[ 22(0)-
The constant c¢ is independent of 7. An immediate consequence of the above estimates is
that the domains ()7 = U(Q;(t) x t) have perimeters uniformly bounded with respect
1. This implies that there exists a measurable set Q% C Q7 such that the characteristic
functions x; of {(27)7}, up to a subsequence, converge to the characteristic function x>
of Q2. i.e.
X; — X% in L*(Qr),
and
P(Q%) < liminf P(Q2)7.
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Thanks to
‘ / Xydx| < en,
Qrn(©2)r
we get
(5.12) X}, —x' strongly in L} _.(Qr).
Here x! =1 — x2.
From (2.4)
T T
(5.13) ‘ / (VX%H,,,qﬁ)dt‘ < esup(meas(T(1))) / sup [V ldt.
0 ¢ 0 <

for any ¢ € L>(0,T; C5°(£2)). This implies {Vx?, H,,} is bounded in sense of distributions.
Hence {Vx?,H,} has a limit for 7 — 0 that we will denote H.
Now collecting the above arguments, we obtain as in [12], the estimate

(5.14) HatPQ(pnvn)HL2(O,T;I:I—3(Q)) <c
where ¢ is independent of n and P is the projection operator onto the solenoidal space

The above estimates permit us to prove that {v,} is a compact set in L7, .(Qr). In fact,

let K C Q be an open bounded domain and K° the §-dilation of K. Let 65 = 6 € C§°(€2),
Suppl € K%, 6 =1 on K. Let ws,, = w be the solution in K = K%\ K of
V-w=V- (0, —v), w=0ondK.

Here v is the weak limit of {v,} in L?(0,T; V).
We set h,, = (v, — v) —w (w is extended by 0 in K'). We notice that V - h,, = 0 and
h, € L*(0,T; H} (K?)).
Now we prove, for n — 0,
(5.15) / ((pv?)y) — (pv)yv)dxdt = / hy, (pv)pdz — 0.
KT KT
Here K7 = K x (0,T) (and K9 = K% x (0,T)). Now

(o)t = [ (ol — [ hopun)dsa
K2, Kr

The first integral on the right-hand side tends to zero as n — 0 because h, —
0 weakly in L2(0,T; Hi(K?)) and Pgs(pv), — Pgspv strongly in L2(0,T; H-(K?)).
Moreover, the second integral satisfies

Kr

i hn(pv)nda:dt’ < e
Kr
with ¢ independent of  and « a positive number. (5.15) is proved.
The estimates (5.11), (5.14) and (5.15) permit us to deduce that there exists a sub-
sequence, still denoted by {(F%, x», )}, such that

v, — v weakly in L*(0,T; V), strongly in L2 (Qr),
Xy — x weak™ in L>(Qr) and strongly in L} (Qr),
p(xn)vy — p(x)v weak™ in L>(0,T; L*(92)),
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(5.16) 1(xn) Vo, — p(x)Vo weakly in L*(Qr),
P(Xn) (Vi) (Vi) — p(x)vivy weakly in LP(Qr), p > 1,
F, — F weakly in L*(Qr),
X%Fn — x2F weakly in L*(Qr),
7T — A in the sense of measure.

In subsection 4.4 we noticed that the localization of F' is obtained by localizing the
initial data Fy. This procedure can produce some singular effect on the evolution of V- F',
in general. For example V - F' can be a measure. But the assumption n - Fop = 0 on I'(0)
circumvents this eventuality and implies that V - (x2(0)Fp) = x2(0)V - Fy. So we get
{V - Fl'} is uniformly bounded in L>®(Qr). Thanks to (5.16), we get

T T
/ / Vo, Fypdrdt = — / (vyV - T + vy F, Vp)dadt —
0 Q 0

T
—/ (vV - FT4p 4 vFV)dadt, asn — 0,
0

for any smooth tensor ¥ with compact supports. Now multiplying the equations in (5.2)
by the respective test functions with compact support, integrating on Q1 and passing to
the limit # — 0, we get that (v, x, F, A) is a weak-measure solution of (2.6).

5.2. Proof of Theorem 3.11. The proof of Theorem 3.11 follows the procedure of Theorem
3.10. The main changes consist in

(5.17) dt|Fn‘2 :2(thn) - Fy :2(Wn(”)Fn) - Fy =0,

and in the form of the energy estimate
t
sup VAU + [ (VEVel+ A% + [off))dr + measT(t) <
0

t
c<|\/ﬁ(0)’u(0)|§ + measl(0) + sup,|T | +/ |f|§d7>.
0
(5.17) implies that
[E()|2) = [|Follz2() Yt > 0; F e L*(0,T; L1(Q)) Vg > 1.

Now |F|? satisfies the transport equation and thanks to the compactness result on trans-
port equation in [5], {F),} is a compact set in L} (Qr) for any ¢ > 1. With the above

loc
results in hand, we get

T T
/ / W (vy) Fypdadt — / / W (v)Fidxdt, asn— 0,
0o Ja o Ja

for any smooth tensor ¥ with compact support. Theorem 3.11 follows immediately from
Theorem 3.10.

5.3. Proof of Theorem 3.12. The core of the change of the proof of Theorem 3.12 with
respect to Theorem 3.11 remains on the solution of

V‘nggn or 0y, (Fy)ij = (9n)5>

where g, is the solution of the transport equation (2.7)4 in L>(Qr).
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From Bogovskii’s results (see [1]), there exists a solution F,, € W, () for any ¢ > 1

such that

hence

|VFg|q < C|gn‘q~

Moreover, we get

V-0 F" =g, € L>(0,T; H(Q)),

10655 || 2

loc

@r) < cllOgnll2,mim-1(2)-

The above estimates imply that {F,} is a compact set in L} (Qr). Now, the proof

of Theorem 3.12 follows the arguments of Theorem 3.11.

(1]
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