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Abstract. The existence of global regular axially symmetric solutions to Navier-Stokes equations
in a bounded cylinder and for boundary slip conditions is proved. Next, stability of these solutions
is shown.

1. Introduction. We consider the motion of a viscous incompressible fluid in a bounded
cylindrical domain 2 C R3 under boundary slip conditions (see [8])

vy +v-Vo—divT(v,p) = f in Q7 =Qx (0,7),
(1.1) dive = 0 in QF,
v-n=0 on ST =8 x(0,T),
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n-T(v,p)-Ta=0, a=1,2, on ST,
’U|t:0=1}(0) in Q,

where v = v(z,t) = (vi(z,t),ve(z,t),v3(x,t)) € R3 is the velocity vector field, p =
p(z,t) € R the pressure, f = f(z,t) = (fi(z,t), f2(z,1), f3(x,t)) € R? the external force
field, 7 the unit outward vector normal to S = 99, x = (21,72, x3) € R?, 7|, 7, are unit
tangent vectors to S and T(v,p) is the stress tensor of the form

T(v,p) = {v(viaz; +Vja,) = Poij}ij=1,23 = vD(v) — pl,

where v is the constant positive viscosity coeflicient, D(v) the dilatation tensor and I the
unit matrix.

We introduce the cylindrical coordinates r, ¢, z by the relations z; = rcosp, x2 =
rsinp, 3 = 2.

By Q we denote a cylinder with the z3 axis as the axis of symmetry and with boundary
S =51 USs. By S; we denote the part of the boundary which is parallel to the x3 axis
and is located at the distance r = R from it. Moreover, it is between the planes x5 = —a
and x3 = a. Sy is composed of two parts which are perpendicular to the x3 axis and
intersect it in two points x3 = —a and x3 = a, respectively. The intersection of S; and
So are two circles which are denoted by L.

To introduce axially symmetric solutions we define unit vectors &, = (cos ¢, sin @, 0),
€, = (—sing,cos,0), €. = (0,0, 1), which are directed along the curvilinear coordinates
T, @, z, respectively. Let w be any vector. Then w, = w - &,, w, = w - &,, w, = w - €.

DEFINITION 1. By an axially symmetric solution to problem (1.1) we mean solution such
that v, = 0,0, =0,v,,=0,p, =0, f, =0, fr, =0, fo., =0,v,(0) =0, v,,(0) =0,
v.,,(0) = 0.

The aim of this paper is to prove stability of axially symmetric solutions in the sense of
[6]. In fact we want to prove existence of global solution to (1.1) which remains close to the
axially symmetric solution. For this purpose we formulate a problem defining the axially
symmetric solutions and prove their existence in Section 3. To prove the global existence
of axially symmetric solutions we use ideas from [3, 7], which base on the estimate for
vorticity. However, in our case we have different boundary conditions and the estimate
for vorticity plays a crucial role.

Having proved global existence of axially symmetric solutions we show its stability by
utilizing some ideas from [6]. However our proof is different (see Section 4).

To formulate problems determining an axially symmetric solution to (1.1) we intro-
duce Qp={r€eR3:9p=0,0<r<R, —a<z<a},Soi={r€S;:¢p=0})i=12,
So = So1 U Sp2. Then from [2, 4] we have

1 1 .
Ur,t — V(U'r,rr + Vpzr + ;U'r,r - T_Qv'r> FvXx+qr= f?" m an
(1.2)
1 . T
Uzt — I/(UZJ‘T + Vz 22 + ;Uz,r) — U X+ 4= fz m Q0 )
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(rvp) r + (rvs),. =0 in QF,
vp =0, v =0 on S§,
Upr =U, Uy = on 53“2’
Ur|t:0 = vr(0), Uz|t:0 =2,(0), in Qo

where x = v, — V., ¢ =D — %, and boundary conditions (1.2),5 are calculated in
Lemma 2.1 from [8, Ch. 4].
Following [3, 7] we formulate the problem for y:

1 1
X,t - V(X,r'r + X,zz + ;Xﬂ‘ - ﬁx> + UT‘Xﬂ‘ + UzX,z

[ B ]
(1.3) — x=F2=ro0tf &, in QF,
x=0 on ST,
X|t:0 = x(0) = v,(0) - —v2(0),» in Q,

where the boundary condition (1.3)3 is derived in Lemma 2.2 from [8, Ch. 4].

Since considerations in [3, 7] imply that the vorticity problem (1.3) plays a crucial
role in the proof of global existence we replace problem (1.1) by problem (1.3), where the
velocity is given and the following elliptic problem for v:

Ur,z = Uzpr = X in Q,
(%8 .

(1.4) Upp + Uy, + o =0 in Qp,
vT’Sm =0, v Soz 0,

where x is given.
From Lemma 1.1 from [8, Ch. 3] we know that problems (1.3), (1.4) are equivalent to
problem (1.1) if p is a solution to the following problem:

Ap=—Vv-Vu+divf in €,
(1-5) Dr = fr on SOla
D= [ on Sz,

where v = v,.€, + v,€, and v,, v, do not depend on .
Equation (1.4), implies existence of a function ¢ such that

Y W
r’ 7 r
Moreover, boundary conditions (1.4)3 give that 1 ,|s,, = 0 and ¢ ,|g,, = 0. Since ¢ is

defined up to an arbitrary constant we replace problem (1.4) by

¢,r'f‘ + ¢,zz - % =TX in Qo,

U]g, =0,

and v,., v, are determined by (1.6).

(1.6) Up

(1.7)

Now we look for a stability problem for axially symmetric solutions. Let v, pa, fo
denote the axially symmetric solution to problem (1.1). Then we are looking for solutions
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of (1.1) in the form
(1.8) V=04V, p=pat+p, f=fat [

where the primed quantities are disturbances which satisfy the problem

V0V 0 Vg 4 v, - VO = divT(v,p') = f in QF,

dive’ =0 in QF,
(1.9) n-v'=0 on ST,

n-TW,p) 7o =0, a=1,2, on ST,

v'],_, =v'(0) in Q.

Now we formulate the main results of this paper.

THEOREM 1 (global existence of axially symmetric solutions). Assume that v(0) €
Ly(Q0), 22 € La(Q0), X2 € Ly(), X = vr,z — vy,
fr F

r r

+

+ Hf||L2(kT,(k+1)T;L2(Q))
Lo (kT,(k+1)T;L2(Q0))

L3 (kT,(k+1)T;L3(Q0))

sup {
2

+ ”divfHLz(kT,(k+l)T;L2(Qo)) + Hf||L2(kT,(k+1)T;W31//23(6QO)) < 00,

F=f.—f.r, keN
Then there exists a global azially symmetric solution to problem (1.1) such that
v e C(KT, (k4 1)T); H (Q0)) N W (Q x (KT, (k+1)T))  for any k € N,
which satisfies estimates (3.69) and (3.70).

Let us introduce the quantities

r far
AT) = 00|l +|
kEN " NLa@x (kT,(k+1)T))
F, .
| +||d1vfaHLQ(kT,(k+1)T;L3(Q))
T N LyQx (KT, (k+1)T)

+ Hfa‘|L2(kT,(k+1)T;W1/3(890)))

3/2
Xa(0)
FlouOlzae + 222 Ol
L3(2)
2
1 o 11 xa(0
0. (T) = = sup || L2 Y pUY
V2 keNI T llcax kT, (k+1)1) Y1 T llLy@)
(k+1)T
D.(1) =supen @ [ [nf(t) AT
keN o

2
]dt T 110(0) — v O], 0

+ ‘ /T|U¢(t) - vw(t)|2dx
Q
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Bi(T) = Du(T)p(Ax(T)) + sup ILf = fall Lo @x (T (k1) 7))

+ [[0(0) = va (0] (),
where ¢ is a polynomial with positive coefficients.

THEOREM 2 (stability). Assume that there exists the azially symmetric solution de-
termined by Theorem 1. Assume that supy ||f — fallo,r,(k41)1300(0) < 00, K € N
v(0) —v,(0) € HY(Q), | [, rve(t)da| < co. Assume that T is so large that

2 v
§§, vV <v and a*(T)S?T.

(&

wl‘

Let there exist a number o > 1 sufficiently large and D, (T) sufficiently small such that

c<o5D*(T)ﬁ£<T) + 3) <1,

where ¢ is a constant which depends on the constants from imbedding theorems, estimates
of the boundary and on v. Then v — v, € Wy (Q x (KT, (k+1)T)), V(p — pa) € La(S x
(KT, (k4 1)T)) for any k € N and

S%p[ll’v —Vallwz @x @,y T IV @ = pa)llLa@x e, ternyry] < 0B:(T).

Stability of axially symmetric solutions, 2d-solutions and helically symmetric solutions
is considered in [6]. The authors of [6] assume that the perturbed solution satisfies

(1.10) /||Vv(t)||2L?(Q)dt < .
0

In this paper we prove the existence of axially symmetric solutions step by step on
intervals [kT, (k + 1)T], k € N, so it does not have to vanish with time. Moreover, in
[6] there are considered such boundary conditions that the Poincaré inequality holds,
which is not used in this paper because the slip boundary conditions are considered. In
[5] stability of solutions on 3d-torus is examined. We have to underline that stability in
[5] is also considered step by step so (1.10) does not hold.

2. Notation and auxiliary results. Let u be a scalar. Then |u| is the absolute value
of u. Let u = (uy,u2,u3) be a vector. Then |u| = \/u? + u3 + u3. By ¢ we denote the
generic constant and ¢ = ¢(o) is an increasing positive function.

To simplify considerations we introduce the notation
lulp.g = ullL,@y Q€ {507,587}, oF=0x(0,T),
ST =5 x(0,T), pell,o0];
||u||S,Q = ||UHHS(Q)7 Q € {QaS}, HS(Q) = WQS(Q), ERS R+;
||u||S,QT = ||UHW25’S/2(QT)7 Q S {Q,S}, s € R+7
lllape = lulws @y ulapor = lull e, @€ {25},
s € RJF? pe [1700]7
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T
q/p 1/q
|U|P7‘Z7QT = (/ </|u(x,t)|pdx> dt) ’ p,q € [1700]
0 Q

Moreover, we assume that

p
lllz ) =( / / u(a |prdrdz) ,

—a 0

lull, @) = (/dz/rdr/d<p|u ) :

where 7, ¢, z are the cylindrical coordinates and similarly we define other spaces based
on L,-spaces.
We use @ = (up,uz), V= (0,,0.), Q0 = {(r,2) € R2:0< 7 < R,—a < 2z < z},
Do ={(r,2) eER?2:0<e<r < R,—a< z < a}. Moreover, drvo = rdrdz.
From [8, Ch. 4] we have the Korn inequality
)

To estimate the last term we use the following conservation law which holds for solutions
of (1.9) (see [8, Ch. 4, Lemma 2.3])

e8y 110 < & (IR + | [ oo
Q

t

(2.2) Q/ ol dr = Q/ rol, (0)dz + / ' / rf'de.

0 Q
For axially symmetric solution we also have the conservation law

t

(2.3) / - / o (0)dar + / / rfupda.

Q Q 0 Q

3. Global existence of axially symmetric solutions. In this section we follow
the results on global existence of axially symmetric solutions of Ladyzhenskaya [3] and
Yudovich-Ukhovskij [7]. Since we are interested in proving global existence of solutions
which do not decay with time we consider problem (1.1) step by step in time. Let k € N
and T > 0 be given. Then instead of (1.1) we consider the following axially symmetric
problem:

¢ —divT(v,p) = —v - Vo + f in Qo x (T, (k+ 1)T),
(3.1) dive =0 in Qo x (T, (k+ 1)T),
=0, n-T(v,p) Ta =0, a=1,2, on Sy x (KT, (k+1)T),

’U‘t:O = v(kT) in Q.

LEMMA 3.1. Assume that v(0) € L2(Q0), f € Lo(KT, (k 4+ 1)T; Lg/5(Q0)) for any k € N

and
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(k+1)T 1o
(32) Bty = (s [ 15O pa ) <o
kT

Assume that v =11 + v, v; >0, i =1,2. Then

— 1 B2(T) —v =

Ok T)5.0, < = 77 + e 00) 5.0,

C1 BQ(T) _
< 717167,,,@ +[9(0)[3,0, = AF(T),

(3.3)
t
_ c _
0B, < 2 [ 17O 50, +100T) g, < 243)
kT

(3.0 / (1980, +

kT
where t € [kT, (k+ 1)T).

2
Uy

t
1 C1 _ 2
Jat < 5 (2 [0 ma,tt + DR, ) < 2450,
2.2 kT

Proof. From [3] it follows that the axially symmetric solutions to (3.1) satisfy

d o =12 Ur g C1) 412
(35) L (P I T
where c; is the constant from the imbedding H'(Qo.) C Lg(Q0c). From (3.5) we have
d ., _ y - o |? y 1 y
38 oo, + (lVilia, +o 2] et < s g, e
s &0
Integrating (3.6) with respect to time from kT to t € [kT, (k + 1)T] we obtain
2 t t = 2 v (t) ’ t/
OB, +e [ (1900, + v Jenar
9 € 9 € T 2)905
(3.7) o
€1 _y vt ~ —vq(t—
< St [ o0, A+ [T g, 7D,
kT
From (3.7) we have
(k+1)T
_ C1 _ !
B8 o+ ODBa, <L [ HOR s + R g,
kT

In view of (3.2) and the inductive considerations inequality (3.8) implies

c1 BIT KT
o < SN 4 M0z

(3.9) [o(kT) s

Passing with € to 0 in (3.9) yields (3.3). Simplifying (3.7) gives

Uy

t
2
(3.10) OB o, +me " [ (oo, +|2 Jar
2,Q0¢

kT
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t
C1 _
<2 [U@)R s dt + 00T B .
kT

where t € [kT, (k + 1)T)]. Passing with ¢ to 0 in inequality (3.10) and inserting v = 0,
v = v implies (3.4). This concludes the proof.

LEMMA 3.2. Assume that @ € La(Qo), % € Lo(kT, (k4 1)T; L2()), k € N and

(k+1)T ) 12
f(t)
(3.11) Bo(T) = { sup — dt < 0.
k ™ 2,00
kT
Assume that v =11 + 19, v; > 0,9 =1,2. Then
(3.12)
2 2 2 2 2
AP B e OF LB O g,
r 2.0 vl—e1 T 2.0, vl—e 1 T 2.0,
2 ¢ 2 2
t 1 t/ kT
MOF A TIOP g UDP
r 2,90 I/kT r 2,90 r 2;Q0
(3.13) t 2 t 2 2
! 1/1 ! T 2
/‘VX(t) at' < _(_/’f(t> dtl—i-‘X(k ) ) < —Ag(T),
T laq, v\v P A P v
kT kT
where t € [KT, (k + 1)T7.
Proof. From [3] we have
d ? 1 f)?
(3.14) R pt +V‘V5 <HiE
dt|r a0, Tl2,00.  VITl2,00.
where [VX| = |VX|. From (3.14) we obtain
d 2 2 12
(3.15) —( X e”lt> F |V et < = ! et
dt \|713,0,. T 12,00. V1T 12,00,
Integrating (3.15) with respect to time from kT to ¢t € [kT, (k + 1)T] implies
¢
2 N2
t t /
(316) ’X( ) + V2e—y1t/ ‘VX( ) eult dtl
r 2,005 r 21905
kT
t "2 2
< leflllt / ‘f(t ) eylt/dt/ + ‘X(kT) eflll(tfkT).
v e T 12,90, T 12,90
Inserting ¢t = (k + 1)T in (3.16) we get
k+1)7)[? ATOTE kT) |
(3.17) ’M <= / FOF gy ’X( )" emr,
r 2,0. Y T 12,00, T 12,90,

kT
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In view of (3.11) and the inductive considerations inequality (3.17) yields

2 2

+ e—l/1kT

2,905 27905

Passing with € to 0 in (3.18) gives (3.12). Simplifying (3.16) implies

t 9 t
+W€m5/vﬂuw dﬂ<1/'ﬂw
T o0 v r
18 E0e
kT kT

where ¢ € [kT, (k 4+ 1)T]. Passing with ¢ to 0 in inequality (3.19) and putting 11 = 0,
v9 = v yields (3.13). This concludes the proof.

2 2

X(kT)

)

(3.19) ‘@
2,Q0c

r

dt’—i—’

2
2,905 27905

LEMMA 3.3. Assume that @ € Ly(Q), £ € Ly(kT, (k+1)T;Ls(Q)), s > 1, k €N
and
(k+1)T

(3.20) Ba(s,T) = (sup kl ’

S

F)

1/s
dt> < 0.
r %

k

s)

Assume that v =11 + 19, v; > 0,9 =1,2. Then

D[ BIT) | 6O
(321) Tl e .
21 ’ X ’
B(s,T) , [x(O)f
< = A3(s, T
< 021 Ep—y ‘ oo, a(s, 1),
OF [ [lolx®"
XU 4y / / v|X daodt!
"olsas ET O "
(3.22) , ’
Ft)|® kT) |
gcQ/‘ (t) dt’+”‘( W <ouses ),
BT r 8790 r S,QO
where t € [kT, (k+ 1)T).
Proof. From [7] we have the inequality
d s As — 1 s/22 s—1
(3.23) il .S + Mv/ v|X dxy < s/ | S dzg.
dt|r|,q, S r r||lr
’ N QOE Oe
Let s € [2,00). Then (3.23) implies
d Y Y s Y s/2,2 Y s—1
(3.24) —|= + 201 | = + 29 / V= drg < s / —|= dxg.
dt|r |, o T q r T
5340e S,380e Qoe Qoe

We shall perform estimates in (3.24) in two different ways. First we estimate the r.h.s. of
(3.24) by

s—1 s

F

) 1
T
9

s F
s < (s—1)es—T — =1
r

3|

=<

r
5,820e 5,820e 5,820e 5,920e
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Assuming that (s — 1)e5T = 14 we obtain

s s—1
s—1
5,Q0¢ g

r
ol
5,Q0e Q r

Oe

FS

r

Ilzyl

5,Q0¢

Then (3.24) takes the form

a|xf’
dt|r

s/2)2 s—1 s—1 F s
+11 dxy < ( )
S,QOE v r

(3.25)

x|’
,

5,Q0¢

In the second case we use the imbedding

s/2
r
QOE

where ¢; is the constant from the imbedding H'(€0.) C Lg(Q0:). Then the r.h.s. of (3.24)
is bounded by

F

r 3
2

2 1 Xs
deZ_ - )
Cc1|T

35,Q0e

Xs—l s lFs

r 35,Q0-

X

<(s—1)e77
< (s—Dewm)7

S

S
3s.. 1T 153 00,

EIQ.

2

Imposing that (s — 1)e=T = +2 we have that

S + <(S]_)Cl>s_1
35,Q0¢ V2

s/22 s—1
/ de < (s—1ay
0> Vs

We shall restrict our considerations to the first case. Then (3.25") implies
X

(3.26) %(;S) )+u2/’ ‘

s=1)s=1 Integrating (3.26) with respect to time from kT to t € [T, (k+1)T]

FS

r

1)
Iy = —
C1

X
,

Then (3.24) takes the form

d S
2 2B 51
r 5,820 I r

Oe

S FS

r

(3.25") +2u

5,Q0e

dt r QOE .

2+17

2
/ V1t<02

s/2 s

eljlt7

$,Q0e

r

where ¢ = (

gives
s 5/2 2
t /
(327) ‘# —|—l/2€ // ‘ ‘ dgj/elqt dt’
s:{oe KT So.
—ylt /‘ Vlt dt +‘ (kT> e—yl(t—kT).
5,Q0e r 5,Q0¢
From (3.27) we obtain
kDT
E+1)T)|° FHI? ET)|?
oay  POEIDTEON D
r 5,Q0¢ " 16,900 r 5,Q0¢

kT
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In view of (3.20) and inductive considerations we have

kT) | Bi(s, T s
(3.29) ‘M < 3(3_, )T+e—y1kT x(0)

" ERONE L—em r 5,Q0¢
Passing with € to 0 yields (3.21). Simplifying (3.27) yields

¢
O ° 1y 15/212
& +1/267V1T/ / ‘V}X( ) d.’ﬂodtl
r $,Q0¢ T

(3.30) . kT Qoe
/
SCZ/’F(U X(kT)
-
kT

dt' + ‘—
,
where ¢ € [kT, (k + 1)T]. Passing with ¢ to 0 and inserting 4 = 0, o = v, inequality
(3.30) implies (3.22). This concludes the proof.

Ur
oo

S

K
5,820

5,Q0e

Finally we shall obtain estimates for

LEMMA 3.4. Let the assumptions of Lemma 3.1 and Lemma 3.3 for s = 3 hold. Let

sup (Hdivf s e, renyriza @) + 1 e ey 1y /2 000))

+ ﬁ ) < 0.
T WLy (kT (k+1)T; Lo (Q20))
Let
(831)  BIT) = AUT)A(3,T) + RAY3,T)
(k+1)T )
divf(t)[3 )3 () dt
+ sup [divf()[5.0, + 1FON/5,3/2,00, + .
k T 2,00
kT
Then
T ? B2(T
(3_32> v, (KT) < C 4SV)T 4 vikT v,-(0)
r 2.0 l—e T a0,
2
< CBA%(T> UT(O) — A2 (T)
= 1 — 67V1T r 2.0 — 4 )
and
2 ¢ 2 2
- (t — v (t (KT
(3.33) o) +1//’VU () dt’ < cBX(T) + |2 (+T) < 2A%(T)
LA Do T 2,00 r 2,00
kT
Proof. From (1.2); and boundary conditions we obtain the problem
[ Uy Uy
), A3 o]
L r v/ .r r T
=—q,+ fr in Qoe x (KT, (k+ 1)T),

(3.34)

o 0,

r=R,e =
Ur,z ’Z:ia = O’

UT‘t:kT = v, (kT) in Qq.,
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where ¢ = p — % Multiplying (3.34); by %, integrating the result over ). with the

s
2 )
2,Q0¢

measure rdrdz and using the boundary conditions we get

4], ()0, 1
e v - il
2dt 2,Q0e r ,12,Q0e r 2
+V/2<U—T> U—Tdrdz:—/vzxv—rdrdz
r).,.r r
S ;

Oe Oe

Ur

(3.35) g

- / quv—rdrdz + ﬁv—rd:co.
r ror
Qog QDE
In view of boundary conditions the last term on the Lh.s. of (3.35) vanishes. The first

term on the r.h.s. of (3.35) is estimated by

2 2
Ur

X
. |UZ |§7QOE .
3,Q0¢

+ 0(1/51)
6,Q0c

€1

We express the second term on the r.h.s. of (3.35) in the form

—/pwﬁdrdz—i—/vvwﬂdrdzzll + Is.
r r

QOE QOs

First we examine

11:—/(p—;7)’rv—rdrdz:/(p—%)(v—r> drdz:/p_p(”i> dzo,
T T o T T r

Qoe Qoe Qoe

where P = p|,—g. Continuing, we have

(U'r >
T
Next we examine

1 . 1 oo Up 1 oo [V
I=3 /(vz) o drdz = = /(”2 —8),drdz =~ /(”2 —?)( ) drdz,
2 Tor 2 T 2 ).

QOE QDE QOE

2 2

(e}
p—P

|| < ez +c(1/e2)

2aQOE

2aQOE

where 0 = v|r=o. By the Holder and Young inequalities we have

v 2 v2 — 02 2
Bl el () [ e ,
r ,T 2,905 r 21905
where the second integral equals
o o, 2 0,2
v—0)-(v+v v =0 o
/ fo=v)-fotv) dxo < [0+ 0[35,.00.
o r 2A1,820¢
where 1/A; + 1/\3 = 1. Finally, we estimate the last term on the r.h.s. of (3.35) by
2 2
v
eq|— +c(1/eq) Jr .
r Q,Qog r Q’QUE
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Utilizing the above estimates in (3.35), assuming that £; — &4 are sufficiently small and
exploiting the Poincaré inequality we obtain
2
2,QOE>
o2
[v+v[3y, 0. T

2 (S 2 (S
Q. V<’< ) rl2.0 ‘ ( T >
2,Q0e ,112,Q0e 32
2/\1,905

(3.36) <

dt
Ir

2
<c X )
r r 2,Q0¢

where 1/ + 1/A3 = 1. In view of the Poincaré inequality we can express (3.36) in the

Uy

r
2 ° 2 02
2 p—DP v—
27905+ r

v

3,Q0e r

2,Q0e

form
d v, |2 v, |2 v 2 v 2
T T T T
(337) E - +v|— +V2<‘(—> + ’<—) )
r 2,Q0¢ r 2,Q0¢ r ,m12,Q0¢ r ,212,Q0,
2 © 2 12 2
X 2 p—P v—v 09 Ir
<e(|¥ B+ ot FBan. + 2],
713,90, T 12,90, T l2x,Q0. T 12,00,

where 1/)\; + 1/)\y = 1. Multiplying (3.37) by €"1* and integrating with respect to time
from kT to t € (KT, (k + 1)T] yields

t
2 2 2
v (t _ vy (t v (t /
oo PO e [ (|(22) [ (20 ot g
r 2,Q0¢ T r ,712,Q0c r ,212,Q0¢
t o
2 2
—uit X 2 p—p
<ce™ ( = v, 2.00. T ‘ ,
kT 31005 2aQOE
0,2 2
v—v °12 Ir vit! g1
r v+ Va5 0. |57 e dt
2XA1,Q0¢ 2,Q0¢
2
vy (KT) o~ vi(t—kT)
)
r 27905

where 1/ + 1/ = 1. Now we shall estimate the first term on the r.h.s. of (3.38). In
view of (3.4); and (3.22) we have that

t
ce vt /
kT

t

< cA3(T)A3(3,T)e / et dt! < cAX(T)A2(3,T).
kT

2 2

X
,

X

0|2 o et dt’
2,90
” ,

¢
2 vt g1 —ut
[v2]3.0,. 7" dt’ < ce
3,80

3,Q0e

From (3.22) we have that

x(t)

(3.39) Oy < M) <oras(e),

5,90
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Then considering the problem
rotv = a = xe, in o,
(3.40) dive =0 in Qoe,
v-n=0 on Sp.,
we obtain the estimate

(3.41) v

115,00, < €lX]s,00. < cRA3(s,T).
Let us consider the third expression under the time integral on the r.h.s. of (3.38). Let
A = %, A2 = 3. Then it is bounded by

o
v—v

2

v+ 8\%’90 =1.
3,Q0

By the Hardy inequality the first factor in [; is estimated by
c|’u,r|§’QO =1,
so in view of (3.41) we have
I, < cR?A%(3,T).
In view of the imbedding
[vlr=0l6.20 < cllv]l1,3.00;

the second factor in I; is bounded by

cllvli 5.0, < cR*A3(3,T).

Hence,
I < cR*A3(3,T).

Finally, the term with pressure under the time integral on the r.h.s. (3.38) is estimated

by

o (o)
p—2P
r

p—
c
r

c

<c¢|prlsa, = I,
3,9

3,00, ’
where in the second inequality the Hardy inequality was applied.
To estimate I3 we consider the problem for pressure

Ap=—-Vv-Vo+divf in Qy,

(3.42) Dr=fr for r =R,
Pz = fz for z = Fa.
For solutions of problem (3.42) we have
(3.43) IVPliog0 < c(IVol3s0, + 1div ey + 1fli-1/0.0.000)-
Hence
(3.44) Prlso < IVPl1s/2.0, < (VO3 o, + |divFlsan + 1fll1/3.3/2.000)-
Then (3.41) yields
(3.45) Prlsgo < c(RPA(3,T) + |divfls.a, + 1l /3:3/2,000)-
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Summarizing, (3.38) takes the form

2 ¢ 2 2
(T (T (1 /
by (B0 [((H) [ |50 [ Yo
12,00, O T/ rl2,0. T/ 212,00,
< c(A}(T)AS(3,T) + R*A5(3, 1))
t
: \|2 / f?"(t/) ? /
+c |div f(t')[5,0, + [1f(E)1/3,3/2,000 + |—— dt
T 12,0
kT
2
n v, (KT) o vi(t—kT)
™ 12,00
In view of (3.31) inequality (3.46) takes the form
2 A 2
(¢ — = Ur 4
(347) v ( ) + vqe V1t/‘vv_ emt dtl
2,Q0¢ r 2,Q0¢
kT
(KT |2
< eBXT) + v (r ) 11 (1=KT)
2,02
where t € [kT, (k + 1)T]. Inserting ¢t = (k + 1)T into (3.47) we obtain
((k+1)T) 7 (KT |2
(3.48) ur((k+ 1DT) < e¢B(T) + v (kT) T
r 2,9: ™ 12,90
Hence by the inductive considerations we obtain
2 2 2
(3.49) UT(kT) § CB4(T)T +67V1kT /U"'(O) .
T a0, 1l—e™ T 2.0,
Passing with ¢ to 0 yields (3.32).
Simplifying (3.47) yields
2 ¢ NP 2
(T - vp(t (KT
(3.50) o) +V26_V1T/’Vv O gy < emzr) 4+ | =D
T 12,00, e ™ 12,00, ™ 12,00,

where ¢ € [KT, (k + 1)T]. Passing with ¢ to 0 and inserting 14 = 0, 2 = v, we obtain
from (3.50) inequality (3.33). This concludes the proof.
Finally we need

LEMMA 3.5. Assume that A5(T) is defined by the r.h.s. of (3.60), Bs(T') by (3.66), Ax(T)
by (3.12), A4(T) by (3.82). Then azially symmetric solutions to problem (1.1) are such
that v € W3 (Qo x (KT, (k+1)T)) N C([kT, (k+1)T); H'(Q0)) for any k € N and satisfy
the inequalities
(3.51) ||7?||2,Qo><(kT7(k+1)T) < Ag(T),

10l crr, (ke 1y (Q0)) < A7(T),

where
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Ag(T) = c[AL(T) + A3(T) + Bs(T) + RA>(T)],
Ar(T) = cRA3(2,T),
where As(T) is defined in (3.60) and Bg(T) by (3.66).

Proof. To have the full norm of H'({.) in the second term on the Lh.s. of (3.5) we use

the inequalitties
2

2 2| Ur
‘7‘)7"‘2,905 < R —

2,90
and

|UZ|%,QOE < 4a2|”2,2|%,9057
where the second inequality is the Poincaré inequality. Then (3.5) assumes the form
d
dt
where ¢35 = min{1, %, ﬁ} After the same considerations as in Lemma 3.1 we obtain

[0(kT) 3 q, < AT (T),

_ 14 _ C1, 7
(3.52) o 00, + el7l 00 < 115,00

t
(3.53) B v ~ 2
0B, + 5es [ 1) q,d < 243D)
kT
for t € (KT, (k+ 1)T], k € N.

From [3] we have

1d
2dt

2
X

(3.54) IX13.00. + V(|VX|§,QOE + ‘;

2.00.)-

) < c(lor |2y, + 17

2,Q0.
Using that x|aq,. = 0 we can express (3.54) in the form

2
X
3o+ (Il + X

d
CEN I

) < ell[orlB . + 7By )-
27905

Utilizing that v = v; + v and multiplying (3.55) by e'! we obtain

2
lllt

) < c(lorlZay, +1F

Integrating (3.56) with respect to time from kT to ¢ € (kT, (k + 1)T] and neglecting the

second term on the L.h.s. we obtain
t

(3:57) OB . < e [0 g, 417, )+ XKD g, 204

d ) X
350 5 xEa,e )+ (I, + 2 2 0.)e

2,Q0¢

kT
Inserting ¢ = (k + 1)T" and utilizing (3.53) we get
(3.58) IX((k+1)T)3.,. < cB(T) + [x(KT)[3 0,.¢ 7,
where
(k+1)T
(3.50) D) = (D)t [ 7Byt
kEN

kT
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Inductive considerations and passing with € to 0 implies
cB2(T) L cB2(T)
>~ 15771,171 + |X(0) 3’906 kT < 172771,171 + ‘X(O>|§,Q0 = AE(T)'

Integrating (3.55) with respect to time from kT to t € (kT, (k + 1)T], passing with ¢ to
0, utilizing (3.53)2 and (3.60) we have

(3.60) Ix(KT)[3 0,

t

2
(3.61) OB, +v [ (IR0, + [MO| i <cazn),
2,00
kT
Let us consider the problem
Uprz = Vzpr = X m QOE?
Ur .
(362) Ur, 2 + Vz,z = _7 mn QOE7
UT|T:R,5 0, vz|z:$a =0

In view of (3.33) and (3.61) we have

0N Lo (Tt (200)) T 10N Lo (ke 572 (202))
< c(Ay(T) + A5(T)), te (kT,(k+1)T], keN.

Passing with € to 0 yields

(3.63)

(3.64) 190/ Lo (k17 (20)) F 10N Lo (k852 (20))
< c(Ay(T) + A5(T)), te (kT,(k+1)T], keN.

Let us consider the problem

vy —divl(v,p) = —v-Vio+ f in Qg x (KT, (k+ 1)T),
divo = in Qo x (T, (k+1)T),

. o x (KT, (k+ 1))
v-n=0, n-T(0,p) Ta =0, a=1,2, on Syx (kKT,(k+1)T),
vyt:kT = o(kT) in Q.

In view of (3.64) we have

[0 Vo[, Qo x (KT, (k+1)T) < HUHL (kT,(k+1)T;L4(Q0))"
: ||VU||L2(kT,(k+1)T;L4(QO)) < c(A(T) + A3(T)).
Assuming that

(3.66) Be(T) = sup | Fl2,000 (kT (k+1)T)
S

we obtain for solutions of problem (3.65) the estimate
(3.67) 1912, 000 x (e, (417 < C(AL(T) + AZ(T) + Bo(T) + [[9(KT) [[1,)-

Finally, we have to show that ||5(kT')||1,q, can be estimated by a constant independent
of k. For this purpose we use problem (3.40). Since (3.12) holds we have

x (kT
(3.68) lo(kT)|1,0, < R’ (7‘ ) < cRA(T).

2,Q0
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From (3.67) and (3.68) estimate (3.51); follows. Finally to show (3.51)2 we recall that

d
dt

X

- ’
r

5,Q0¢

F
S —
5,Q0¢ r

s0 | %[5, € C(Ry). Hence by (3.40) we obtain that o € C'(Ry; W] (Q)), so (3.51)3 holds.
This concludes the proof.
Finally, we derive an explicit form of estimate (3.5).

REMARK 3.6. First we have to estimate expressions from the r.h.s. of (3.5). Let T be so
large that e=17/2 < % From Lemma 3.1 we have

A(T) < C(SI;P |£16/5,2,00 x (k7,6 1)) T 17(0)]2,00)-
Lemma 3.2 implies

r

4(T) < c(sup
k

2,Q0 % (KT, (k+1)T)

Lemma 3.3 yields

A3(3,T) < c(sup
,

k

3,00 x (KT, (k+1)T)
Lemma 3.4 shows that

Ay(T) < c [Al(T)Ag(& T)+ R*A3(3,7)

+ sup (ldivf|3,2,§20><(kT,(k+1)T) + Hf”LQ(kT,(kJrl)T;W;//;’(BQo))
fr )} N v, (0)

T 12,00 (KT, (k+1)T) r

From (3.59) and (3.60) we have

A5(T) < C(Sllip | fl2,00 x (k7,(k+1)7) T [0(0)]2,00 + [X(0)]2,00)-

+

2,Q0

Finally,

Bs(T) = sup |f|2,90><(kT,(k+l)T)'
keN

In view of the above estimates, (3.51) takes the form

3:69)  [ollpner e < s (|f|3,gox(w,(k+1m

fr fr
T 12,00 x (kT,(k+1)T) r
HI

+ N
,

2

+ +

2,Q0 x (T, (k+1)T)

. 2
+ |dlvf|3,2,Qox(kT,(k+1)T)
3,00 x (KT, (k+1)T)

2
+ ”f|L2(kT,(k+1)T;W1/3(390)))

3/2
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4

~ _ x(0) x(0)
re(Oa, + PpOBo,+ X)X 0a,).
3,0 ™ 12,00
and
x(0
(3.70) lvllewr, e+ 0110 (20)) < C<Sup — +‘ ©) )
E LT 12,00 % (KT, (k+1)T) T 12,00

From Lemmas 3.1-3.5, Remark 3.6 and the result of global existence of regular axially
symmetric solutions proved in [3] we obtain Theorem 1.

4. Stability problem. First we obtain an Ls-estimate for v’

LEMMA 4.1. Assume that v, € Leo(KT, (k +1)T; W4 (Q)), L2 € Lo(kT(k +1)T; La(2)),
kEeN, @ € La(Qo). Let vy <v' = Z and cy is from (4.3). Let T' be so large that

1 o |? 1] x(kT)|? /
o(T) = — sup fo + - —X( ) < “p
V5 e T laoxmrrnry V1Tl 2
Then
(4.1) W/ (k+ VTR < DXT) + e~ /DT W/ (KT) 3 g,
where
(k+1)T )
(4.1 DHT) =supcse”™ [ (|f’<t>§,a + ‘ [ ruttids )dt'
keN o 5
Proof. Multiplying (1.9) by v/, integrating over (2 and using the boundary conditions we
obtain
1d /12 AYY / / / /
(4.2) §E‘v 20 +vDE)5q+ [ V-V, -v'de= [ f-vdr.
Q

Q
Utilizing the Korn inequality (see [8, Ch. 4])

® WOl < o (D650 + | [ it
Q

)
in (4.2) yields

1d
_|’Ul|%7Q + V/HU/H%,Q + /’U’ -V, - v'de < /f/ v'dx + ‘ /rvfp(t)dx
Q

2
2 dt ’
Q Q
)

(4.4)

where v = v/c;. Applying the Holder and Young inequalities in (4.4) implies

d
%W\g,g + V“'U/@,Q + Vé””’”isz < 02|Vva|§79|v’|§,9

(4.5) 2

el fR st \ [ it
Q

Continuing, we have

I (R
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2
)eu;t—cz St 1900 gt

<a(1FBpnt | [re
Q

Integrating (4.6) with respect to ¢ from kT to ¢t € [kT, (k + 1)T] we obtain
t

(A7) WG ae e i Rt 4y [ e iyt gy

kT

t
<es | (If’(t’)|§/5,9 n \ [ rieris
kT Q

+ |0 (KT)[3 qet*T .

2
’
> At s [ [Vva (E)3 dt” gy

Simplifying (4.7) yields

t
W (8)3 g + et / [0/ ()2 et dt’
kT

(4.8) R 2
< cze Sz IVval3 qdt /<|f/(t/)|?;/579 +‘/7‘1}:0(t/)d1' >dt/
Q

kT

+ e*l/i(tfkT)Jrcz f]:T ‘Vva(t/)‘g’ﬂdt/|’l)l(kT)|g o

where t € [kT, (k + 1)T]. Inserting t = (k + 1)T and cancelling the second term on the
Lh.s. of (4.8) implies

(k+1)T

2
(49) |/ ((k+ D)T) g < cge fir " 1V0a () ot / (f'(t)@@ + } / rog (t)da )dt
kT Q
+ e~ viT+es JlernT \v@a(t)@,gdt‘U/(kT)‘g’Q.
In view of (3.8) we have
(k+1)T ) 2
1| fs 1
V(B adt < 5|2 $ LD oy
PRI T g axkr,k+1)T) V1T l2q

kT
Utilizing the inequality and assumptions of the lemma we obtain (4.1). This ends the
proof.
By the inductive considerations we obtain from (4.1) the estimate

(4.10)

D3(T
VT < )

v D3(T
—@i/T ¢ 7 T (0) 2. < — 1(T) + [ (0)5.0 = Gi(T).

(/2T

Moreover, from (4.8) we have

t
(411) ' (1)2q + vhe ! / [0 (#')[12 et dt’ < DI(T) + e~ /DT (kT) 3 o,
kT
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where t € [kT, (k + 1)T]. From (4.11) we obtain the estimates
V' (1)[5.0 < DI(T) + [/ (KT)[3

(4.12) /

' /||U'(t')||indt' < e T(DHT) + [ (RT) 3 0),

kT

where ¢ € [kT, (k + 1)T].
Now we prove the existence of local solutions to problem (1.9).

LEMMA 4.2. Let the assumptions of Theorem 1 be satisfied. Let v'(0) € Lo(QY), f' €
Lo (2 x (KT, (k+1)T) for any k € N. Let D1(T) (see (4.1)), G1(T) (see (4.10)), Do(T)
(see (4.14)) be sufficiently small. Let

B(k) = Da(T)(AG(T) + A(T)) + (I’

2.0x kT, (k+1)1) + [V (KT)||1,0)

and let there exist a number o > 1 such that
CD2(75,85 + E < 1.
o
Then there exists a solution to problem (1.9) such that v' € Wy (Q x (kT, (k+1)T)) and

10" l2.0x (k7. (k1) T) + VP [2.0% k7, (1)) < A(K),
where A(k) defined by inequality (4.19) is such that A(k) < of(k).
Proof. To prove the existence of solutions to problem (1.9) we apply the following method
of successive approximations:
U':n+1,t + U;n : V”;n-u + U;n+1 Vg + v VU:nH - diVT(U;n+1’p;n+1) =/,
diV'U:n+1 = 0,
(413)  n-v,, =0,
- Tyt Popgt) - Ta =0, a=1,2,
v;n+1|t=kT ='(kT).

By (4.11) the weak solution to problem (4.13) satisfies the inequality

t
(4.14) v}, (B30 + V/ 1041 ()17 0t < (14 e T)[DH(T) + [0 (KT)|5 o] = D3(T).
kT

Let ¢4 be the constant in the estimate of the Stokes system for (4.13). Then for solutions
of (4.13) we have

(4.15) Vg1 ll2,0x (6T, b+ 1)T) + VD1 |2,0% (67, (k41)T)
< ca(|vy, - VUi, 1 l2,.0x (kT (k41)T)
+ Vi1 - VUalo,ox k7, (k4 1)) + [Va - VU1 ]2,.0% (6T, (k41)T)
+ 1 2. 0x (6, (k4 1)7) + V1 (BT

l1.0)-

Now, we estimate the particular terms on the r.h.s. of (4.15). We estimate the first and
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the third terms by
\Uin + UalG,Qx(kT,(kJrl)T)|vv7/n+1|3,9><(kT,(k+1)T)
< (V0 IVV 1l ax e, tea1yr) + eIV 2 0 e k1))
v, +va

1/6

< &y IVl 1l ax er ey + c(L/e) ol + Valg ox (k1) D2(T)
< &/ IV 1l 0 er,wiym) + e(1/e1) Da(T)-
~([lor, |g,ﬂ><(kT,(k+1)T) + ”va”g,Qx(kT,(kJrl)T))'

By the Hélder inequality the second term on the r.h.s. of (4.15) is bounded by

6,Qx (kT,(k+1)T)

1/4
|’U;n+1|5,§2><(kT,(k+l)T)|vva|13—0,§2><(kT,(k+1)T) < [52/ ||’U:n+1||2,ﬂ><(kT7(k+1)T)
+ 05;3/4|U;71+1 l10/3,0x (b7, (k+1)1) ) A6 (T')
< E;;MHU;nJrl||2,Q><(kT,(k+1)T) + ey ¥ e(T) Dy (T) AL(T).
Utilizing the above estimates in (4.15) yields
(4.16) Vg1 ll2,0x (67, (k4 1)T) + VD1 2,0 (67, (k41)T)
< CD?(T)(”U:n”g,Qx(kT,(k-i-l)T)
+AG(T) + AG(T)) + (| f'
where by (4.14) and (4.10) we have

2.0x kT, (k1)1 + 1V (KT)||1,0),
2 _ o~ (/2T

_ viT
(4.17) Dy(T) = (1+47) | Ty

Dy(T) + [0 (0)]2.0|-

To show that the constructed sequence {v),,p.,} is uniformly bounded we assume
that
(4.18) v ll2,0x kT, (bt 1)) + VD |2,.0x k7, (k11)T) < A(K).
Next for D2(T') and A(k) sufficiently small we get
(4.19) eD2(T)A%(k) + eD2(T)(AG(T) + AG(T) + callf' lz.ox e, kr1yry + 1V (KT) 1.0)
< A(k).
Then (4.19) implies
(4.20) [vmg1 llz,0x (b7, (+1)7) + VP l2.0x er (k1) 7) < A(K).
To show (4.18) for all m € N we assume that v = 0 and v] is a solution to the problem
V) 4+ ) - Vg 4 v - VO — divT(vy, py) = f7,
dive] =0,
(4.21) , .,
n-vy =0, n-T(v},p]) Ta=0 a=12,
v ],_pp = V' (KT).
For solutions of problem (4.21) we have
(4.22) vill2,0x (kr,(k+1)7) < Callv] - VValo.ox ket (k+1)1)
+ |vg - Vi

2.0x kT, (k+1)T) + [ [2,0x (67, (k1)) + [V (ET)||1,0]-
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Repeating the considerations leading to (4.16) we obtain

o1 ll2.0x ke 1)1y + VDY 2,00 (k7 (k1)) < €D2(T)(AG(T) + AG(T))
+ (Il ox or, o 1yr) + [0°(KT)[|1,0)-

Assuming that

(424)  eDy(T)(AG(T) + Ag(D) + callf Lz oxwr,ernyry + [0 (BT [1.0) < A(R),

which is also justified by (4.19) we see by the inductive argument that (4.18) holds for
any m € N.

(4.23)

Finally we must show convergence. Let V) ., = v}, ., —v},, P}, .1 = P, 1 —Pp,- Then
(4.19) implies

V141+1 t + ’U VV m+1 + V, VU + Vm+1 V”Ua + Vg - vv7ln+1
- leT(Verla Pv/n+1) 0

(4.25) divV’ ., =0,
n- Vm+1 =0, n- T( m+1aP7/n+1) Ta =0, a=1,2,
V7:L+1‘t:kT =0.

To show convergence we divide the interval [kT, (k 4+ 1)7T] into n subintervals with the
length At = %, which will be chosen sufficiently small. Having proved the existence in
the interval [KT, kT + At] we obtain instead of the last equation in (4.25) the condition
Vo i1li=kr+at = 0. Then considerations from the interval [kT, kT 4 At] can be repeated
in intervals [kT + (s — 1)At, kT + sAt], s < n. Hence we shall restrict our considerations
to the interval [KT, kT —|— At] only.

Multlplymg (4.25); by V,;, ., and integrating over (2 yields

B dt Viniilao +/ m VU, Viade +/V7iz+1 Vg - Vydz + ||Vl o = 0.
Q
By the Hélder and Young inequalities we have

Viiallla < elVual3 olVimiilaa + clVun,l3.0lVinl3.a-

dt| +1
Integrating with respect to time implies
kT+At
@200 Waa@Boty [ Vi)l ad
kT
kT+At kT+At
<con( [ ult)Batt) [ VBVl
kT KT

2
< ceto sup lom (E)11% sup IV ()17 oAt

2
< ceCAGAQ(k)HV;:L”;Qx(kT,kTJrAt)At'
From (4.25) we have also

(4.27) 1Visillz.oxwrirsan < c(lvn, - VVy o oxwerkr+an
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+ V-V

T kT+a8) T Vg1 - Valz.ox etk A1)
+ [vg - V m+1|2,Qx(kT,kT+At))~

Now we estimate the particular terms on the r.h.s. of (4.27). We bound the first term by

kTH+At kET+AL
[t ViiBo< [ @t BolVVinla
kT kT
kTHAt kTHAt
<swlipBo(sr [ ViswBad +c1/a) / Vit
kT kT

(KT kT+A8))5

< A1V wal3oxgerprian + (/)| Viga s

the second by

kTHAt kTHAt
| dValialVuBo <swVilte [ v
kT kT
kTHAt 1/2
<sw Va0 ([ alviiio)
kT

< cA2(AN)Y2 |V |2

the third by
kT+At

dt[Vval3 o Vi % Q<SUP\VUa|2Q(52\ 1w |50 (T KT+ AY)
KT

+c(1/e2)|V, +1|2Q>< (KT.kT+AL))
< cAZ s(e2lV,y m+1, mr|2 QX (KT,kT+At) +c(1/22)|V, +1‘2 Qx kaT+At))

Finally the last term on the r.h.s. of (4.27) is estimated by
kT+A¢ kT+At

/dt|va|49\v el a < supluafi / YV
kT kT

(KT kT+A8))-

< A (3| Vit 00l ox(TkT+Ar T c(1/e3)[Vy 1l

Utilizing the above estimates in (4.27), assuming that ¢; — e3 are sufficiently small and
using (4.26) we obtain

(4.28) Vi1 ll2.ox krprsan < ©(As, A) A2V 2.0 (k7 1r+A0)

where ¢ is an increasing positive function. Hence we have convergence. This concludes
the proof.

Therefore, we have proved local existence of solutions to problem (1.9) in the interval
[kT, (k+1)T], where T is finite and fixed. To prove global existence we have to show that
|v'(kT)||1,o can be estimated by a quantity independent of k. Then by (4.19) A(k) can
be chosen independently of k£ too. Hence we need
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LEMMA 4.3. Assume that G1(T) and G2(T) = A(0) + |[v(0)|l1. are sufficiently small.
Assume that

Ve € Ly(KT, (k +1)T; H*(Q)) N Ly(kT, (k+ 1)T; H'()), k€N.

Then

(4.29) 10" (KT) 1,0 < [10'(0)[|1.0-

Proof. Multiplying (1.9) by divD(v') and integrating over €2 implies

(4.30) /vé - divD(v")dz — / |divD(v)|?da + /1}' - Vo' - divD(v")dx
Q Q Q

+ /v’ - Vg - divD(v')dx + /va -V - divD(v')dx

)
= /f’~div]D)(v’)dx

The first term in (4.30) equals

Q

— 22 /b 22 [ pw
2dy/| dz = 2dt/| Fdz,

where the boundary condltlons were used.
To continue considerations we have to examine the following elliptic problems:

divD(v) = f,
(4.31) vy =0,

D) Talg =0, a=1,2,
and

divT (v, p) = f,

dive =0,
(4.32) . ﬁ’S o,

- T(v,p) "FO"S =0, a=1,2.
Since the function n = b x x, where b is any constant vector, belongs to the kernels of
operators (4.31) and (4.32), we see that [, rv,dx 7 belongs also to the kernels. Hence we
have the following estimates for solutions of problems (4.31) and (4.32):
(4.33) [vll2,0 < e(lfl2.0 + [v]2.0),

and

(4.34) [vll2.0 + |pzl2.0 < c(|fl, 2)-
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By the Hélder and interpolation inequalities (see [1, Ch. 3, Sec. 15]) we estimate the
third term on the Lh.s. of (4.30) by

clv']s.alv),]s.0ldivD(w)]2.0
< e/ le.n ([ a1V 15/ + 10, ]2.0)ldivD(W)]2.0
< el I3 (1divD ()5 + [0 [/ divD () 2.0 + v/ [} oldivD(v))|2.0
< eldvD) g + 1/ e + 0 4.0),
the fourth term by
(10 Igallv' 135 + [v'[2.0)|divD(v') 2.0
< o[ Vool Iy (IdivD(W) 3/ + [1v'[170) [divD(v) 2.0
< cldivD(v) .o + (1/)(Voali o[V 20 + [VoulZal20).

where the interpolation inequality is taken from [1, Ch. 3, Sec. 15|, and finally, the fifth
term by

|V | so.0|VVa|2.0|divD(v)|2.0 < ¢|Vog|a,

1/2|| 1/2

Vyl2.0)|divD(v)|2.0

[vals.0lv/,]3.0divD(v) vy
1/2 . 1/2 1/2

< dllvallallv' I} <|de<v> o+ 1111 >\dwm><v )\2,9

ge|dwm<v>|2,g+c<1/s>< 23 g

In view of the above considerations (4.30) implies

d .

(4.35) EUD)(U/)@,Q +u]divD(v) 5o < e(1+ [l 0) V'] 0

+ef L.0)
From (4.5) and (4.35) we have

d
(4.36) ! (0)3.0) +v(IV' 3o + D)3 0)

<« (V3.0 + D()[3.0)

+e@+[IT )Y 10 + el f 3o

2 A 2
+c /rvfp(O)dx +c /dt’/rffpdx
o) 0o 0

Let us introduce the notation
X(t)= ' )3+ D)0
B(t) = [vaDlF o + [va®)10 + [Voa (D)3 0-
Then (4.36) implies
d

FEOEIO) <l 4 [l

(4.37) / 2 /t / 2
+1f' 30+ ‘ rvg,(0)dz| + ‘ dt'" [ rf(t")dx
Q Q

0

} eut—cf(f B(t")dt"
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Integrating (4.37) with respect to time from kT to ¢t € (kT, (k + 1)T] yields
¢

(4.38) X(t) < emvrrelin A /[(1 + [V Tl (@)1 0
kT
’ rt 7 ’ 2
1P Bale d et A O] [ (o
Q
t t’ 9
+e vttt mt,)dt,c/dt/’/dt///rf;(t”)da: et
KT kT Q
+ eV UTRT) ke i B X (k).
Let us introduce the quantities
(k+1)T
B =sw [ s
"o
(k+1)T )
(4.39) H(T) = sup [ / |f/(t)]5.0dt + ‘ /rvfp(kT)dx
kT Q
(k+1)T t 9
+ / dt‘/dt’/rf;(t’)dx ]
kT KT Q

Inserting ¢ = (k + 1)T into (4.38) and using that

sup  [[v'(D)[l0 < A(k) + [[0'(kT)[l1,0 = G2(k,T)
tekT,(k+1)T]

we obtain from (4.38) the inequality
(4.40) X((k+1DT) < eBO(GH(E,T) + H(T)) + e " THBO X (kT).

Assuming that X (kT), Go(k,T), H(T) are sufficiently small and T is sufficiently large
we are able to show that

(4.41) X((k+1)T) < X(kT).

Starting from & = 0 we can show step by step by applying Lemmas 4.1 and 4.2 that
G2(k,T) can be chosen independent of k and then

X(kT) < X(0) for any k € N.

Hence (4.29) holds. This concludes the proof.
Lemmas 4.1-4.3 imply Theorem 2.
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