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÷���ø��Cç
1 ≤ p ≤ 2, then

∑
n ||fn||2p <∞ �÷! ?ø��Cç
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¬A£�¥F¦W¨l¥o¯C£*¡9¨�©e©
n
¨*±s­

¨*©«©q²�¦s£=ª«²?§P¬
σi = ±1

£=¯`¬Aªe»=±s¬P¿
∥∥∥
∑
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∥∥∥
1
≤M.
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ªe¬#¥F¦s§�
9¨*­s§?¤Ã¨�²�¦s§{¡9¬A§?Þ_¸s§?±s²P§=¼¢Í¶¦¢§P±�¯R£*¡9¨�±_®
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µ0§O¦W¨Pº�§

(∑

i≤n
‖fi‖21

) 1
2

=

(∑

i≤n

(∫ 1

0

|fi(s)|ds
)2) 1

2

=

∥∥∥∥
(∫ 1

0

|f1(s)|ds, · · · ,
∫ 1

0

|fn(s)|ds
)∥∥∥∥

`2n

ÀTálÂ

=

∥∥∥∥
∫ 1

0

(|f1(s)|, · · · , |fn(s)|)ds
∥∥∥∥
`2n

≤
∫ 1

0

‖(|f1(s)|, · · · , |fn(s)|)‖`2nds
À;ã�Â

=

∫ 1

0

(∑

i≤n
|fi(s)|2

) 1
2

ds =

∫ 1

0

(∫ 1

0

∣∣∣
∑

i≤n
fi(s)ri(t)

∣∣∣
2

dt

) 1
2

ds
À!
�Â

≤
∫ 1

0

(
K

∫ 1

0

∣∣∣
∑

i≤n
fi(s)ri(t)

∣∣∣dt
)
ds = K

∫ 1

0

(∫ 1

0

∣∣∣
∑

i≤n
ri(t)fi(s)

∣∣∣ds
)
dt

À$#�Â

= K

∫ 1

0

∥∥∥
∑

i≤n
ri(t)fi

∥∥∥
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∫ 1

0

Mdt = KM,
À!%�Â
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ªe¬$¥F¦¢§Ô²P£=±s¬T¥X¨*±�¥�ª«±'&O¦¢ª«±s²�¦sªe±�Ö ¬�ªe±s§?Þ_¸¢¨*©eª�¥�®�¥F¦¢¨�¥�¨*¬A¬A¸�¡F§?¬&¸s¬¾¥F¦¢¨�¥¾¡F§?»=¨�¡F­s©e§P¬A¬&£=¯



ORLICZ AND UNCONDITIONALLY CONVERGENT SERIES
���

a1, · · · , an
¿

(∫ 1

0

∣∣∣
∑

i≤n
airi(t)

∣∣∣
2

dt

) 1
2

≤ K
∫ 1

0

∣∣∣
∑

i≤n
airi(t)

∣∣∣dt.
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¤·§?¨*¬A¸�¡F§�¥F¦s§P£*¡A®
¨*±s­%ªe¯oµ0§�²�¦s£�£=¬A§L¥F£�³¢¡F§P¬A§P±_¥·¥F¦s§L³s¡F£�£=¯C¬Ã¯C£*¡

L1(0, 1)
ª«¥?Ö ¬c³¢¸�¡F§?©�®
¯R£�¡Ã£=¸�¡

²P£=±�º�§P±¢ª«§?±s²P§��¢§{º�§{¡A®�¥F¦sªe±s»c²?©«§n¨�¡F©�®L¦s£=©e­s¬#¯R£*¡9¨*±�®
L1(µ)

¹;¬T³W¨*²?§*¼
ä9¡F©«ªe²PØ=Ö ¬`³s¡F£�£=¯�µ¶¨*¬`¥F¦s§ ß ¡F¬T¥H¸s¬A§,ªe±�¯C¸s±¢²{¥Fªe£*±W¨�©�¨*±¢¨*©�®�¬Aªe¬3£=¯�¥F¦¢§iªe±s§?Þ_¸¢¨*©eª�¥Fªe§P¬`±s£nµ
¸s±sª«º�§{¡F¬F¨*©«©«®

¨*¬A²{¡Fª«Ä]§P­¾¥F£ &D¦sªe±s²X¦sªe±�¼]½�±¾¯a¨*²{¥?¿W¥F¦s§Pª«¡^¯C£*¡F¤�¸s©N¨l¥Fªe£=±¾ªe±
Lp(0, 1)

¹1¥F§P¡F¤·¬#µ¶¨*¬^¯C¡F§P¬A¦�¹;£���¹1¥F¦¢§{¹1³s¡F§?¬A¬
ª«±�äo¡F©eª«²?Ø*Ö ¬¶­¢¨?®L²P£=¤·ª«±¢»c¯N¡F£=¤Õ¨�¡F§?¤·¨�¡AÁ=¨lÄW©«§O¬A§?Þ_¸s§?±s²P§O£*¯6³�¨l³�§{¡F¬#£=¯`ôæ¨�©e§{®�¨�±¢­��W®�»*¤�¸s±¢­�¼WÍ`£
Ä]§O¬A¸�¡F§*¿s¡F§P²n¨*©«©]µo¦¢¨�¥#¥F¦s§P¬A§Oªe±s§?Þ_¸¢¨*©eª�¥Fªe§P¬#¬F¨?®.À1¨*±s­´¥F¦¢ª«¬#¯R£*¡F¤w¸¢©e¨�¥Fªe£*±$¬A§P§P¤·¬¶¥F£c¦W¨Pº�§ ß ¡F¬T¥#Ä]§P§?±
¤Ã¨�­¢§Dª«±��W®�»=¤�¸s±s­qÖ ¬o¯a¨*¤·£*¸¢¬¶¥A¡F§n¨l¥Fªe¬A§O£=±
	rÍq¡Fªe»=£*±¢£*¤·§P¥A¡Fª«² Ý §{¡Fªe§P¬PÖ�ÂXö¢¯R£�¡9¨*±�®

1 ≤ p <∞ ¥F¦s§{¡F§
¨�¡F§O²P£=±s¬T¥X¨*±�¥F¬

Ap
¿
Bp > 0

¬A¸s²X¦$¥F¦¢¨�¥?¿�¡F§?»�¨l¡F­¢©«§?¬A¬#£=¯3¬A²?¨*©e¨�¡F¬
a1, · · · , an

µ0§O¦W¨Pº�§

Bp

(∫ 1

0

∣∣∣
∑

i≤n
airi(t)

∣∣∣
p

dt

) 1
p

≤
(∑

i≤n
|ai|2

) 1
2 ≤ Ap

(∫ 1

0

|
∑

i≤n
airi(t)|pdt

) 1
p

.

ä9¡F©«ªe²PØ=Ö ¬9³s¡F£�£=¯æ£��]§{¡F¬^¤�¸s²X¦�ªe¯Hµ0§wÄ¢¸�¥^³W¨?®¾²P©e£*¬A§�¨�¥A¥F§P±_¥Fª«£=±�¼� W£�¡gªe±s¬T¥X¨*±s²?§*¿�£=±s§�²n¨*±¾§n¨�¬Aªe©«®
»=©«§n¨�±$¯C¡F£=¤ ª«¥#¥F¦¢¨�¥o»=ª�º�§?±

f1, · · · , fn ∈ L1(0, 1)
¿�¥F¦s§P±

(∑

i≤n
‖fi‖21

) 1
2 ≤ K

∫ 1

0

∥∥∥
∑

i≤n
ri(t)fi

∥∥∥
L1(0,1)

dt.

½J¥æµ¶¨*¬æ¡F£=¸s»=¦s©�® #��^®�§?¨�¡F¬æÄ]§?¯C£*¡F§¶¥F¦s§¶©N¨*±s»=¸¢¨*»*§o£=¯W°#¨*±¢¨*²X¦·¬T³W¨*²?§¶¥F¦s§?£*¡A®�ªe±s²?©«¸s­¢§P­
	�²P£*¥�®�³]§=Ö=¨*±s­
	 ¥�®�³]§=Ö�ÄW¸�¥gäo¡F©eª«²?Øg³s¡F£nº�§P­�¥F¦¢¨�¥�	

L1(0, 1)
¦¢¨*¬#²?£*¥�®_³�§Dã�Öe¿s¡F§P»�¨�¡F­s©e§P¬A¬Põ

� ¸¢¨*±�¥Fª�¥F§?¬#©eª«Á=§
(∫ 1

0

∥∥∥
∑

i≤n
ri(t)xi

∥∥∥
p

dt

) 1
p

¨�¡Fª«¬A§,¯N¡F§nÞ�¸¢§P±�¥F©«®gªe±w¤c£�­s§P¡F±w¨�Ä¢¬T¥A¡X¨*²P¥3¨*±¢¨*©�®�¬Aªe¬3¨*±s­Dª«¥?Ö ¬3¨¶¡F§P¤Ã¨�¡AÁ*¨�Ä¢©e§�¯a¨�²P¥6¥F¦¢¨�¥`¬A¸s²�¦�Þ_¸¢¨*±�¥Fª�¥Fªe§P¬
»*¡F£?µ ¨*¬T®�¤�³¢¥F£�¥Fªe²?¨*©e©�®.¨�©eª«Á=§=¿qªe±s­s§P³]§P±¢­s§P±�¥�£=¯

1 ≤ p < ∞ �6ªe±s­s§?§P­�¿�&D¨*¦¢¨*±s§Ã­sªe¬A²P£nº�§{¡F§?­.¥F¦¢¨�¥
µo¦s§P±¢§{º�§{¡

1 ≤ p
¿
q < ∞ ¥F¦s§P¡F§·ª«¬�¨�²?£*±¢¬T¥X¨�±_¥

Kp,q > 0
¬A£�¥F¦¢¨�¥D¡F§?»=¨�¡F­s©e§P¬A¬w£=¯i¥F¦¢§·°#¨*±¢¨*²X¦

¬T³W¨*²P§
X
¿

(∫ 1

0

∥∥∥
∑

i≤n
ri(t)xi

∥∥∥
p

dt

) 1
p

≤ Kp,q

(∫ 1

0

∥∥∥
∑

i≤n
ri(t)xi

∥∥∥
q

dt

) 1
q

¯C£*¡¶¨*±�®
x1, · · · , xn ∈ X

¼_ W£*¡0¯R¸�¥F¸�¡F§9¡F§P¯R§{¡F§P±¢²P§oµ0§^²?¨*©e©
Rad(X)

¥F¦s§^²P©e£*¬A§?­´©«ªe±s§?¨�¡0¬T³W¨*±´£=¯�¥F¦s§
²P£=©e©«§?²{¥Fªe£*±å£=¯i¤·§P¤wÄ]§P¡F¬O£=¯

LpX(0, 1)
£*¯i¥F¦s§c¯C£*¡F¤

rn ⊗ x, n ∈ N
¨�±¢­

x ∈ X ¼��^£Lªe±s­s§�� p ªe¬±s§P²?§P¬A¬F¨�¡A®L¬A£·©e£=±s»Ã¨*¬#µ0§*Ö ¡F§O¸s¬Aªe±s»Ãªe¬A£*¤·£*¡A³¢¦sªe²D©N¨�±¢»*¸W¨�»=§=¼
à^±s£*¥F¦s§P¡i¥Fª«­�¹1ÄWª�¥,¥F£OÄ]§9»=©e§?¨*±s§P­Ã¯C¡F£=¤ äo¡F©eªe²PØ*Ö ¬�³¢¡F£_£=¯�ªe¬�¥F¦¢¨�¥,ªe¯]¥F¦s§�	 
9¨*­s§P¤Ã¨*²X¦s§P¡¶¨?º=§P¡X¨*»*§?¬PÖ

∫ 1

0

∥∥∥
∑

i≤n
ri(t)fi

∥∥∥
L1(0,1)

dt



� ù
J. DIESTEL

¨�¡F§gÄ]£=¸s±s­¢§P­$ª«±
n
¿s¥F¦s§P± ‖(∑i≤n |fi(t)|2)

1
2 ‖L1(0,1)

ªe¬o¨*©e¬A£cÄ]£=¸s±¢­s§P­$ªe±
n
�W¨*¯N¥F§P¡o¨*©e©a¿

∥∥∥
(∑

i≤n
|fi(t)|2

) 1
2
∥∥∥
L1(0,1)

≤ K
∫ 1

0

∥∥∥
∑

i≤n
ri(t)fi

∥∥∥
L1(0,1)

dt.

�g¨�¥F¸�¡X¨*©«©«®=¿`¥F¦sªe¬�¬F¨?®�¬�¥F¦¢¨�¥
(
∑
n |fn(·)|2)

1
2 ∈ L1(0, 1)

¿`¥F¦¢¨*±�Á�¬�¥F£¾ �¨�¥F£*¸qÖ ¬�©e§P¤·¤Ã¨�¼3½�±�£*¥F¦s§P¡
µ0£*¡F­s¬P¿¶¥F¦s§&Ä]£=¸s±¢­s§P­s±¢§P¬A¬�£=¯D¥F¦s§ 	 
9¨*­s§P¤Ã¨*²X¦¢§{¡¾¨Pº�§P¡X¨�»=§=Ö¶§P±s¬A¸s¡F§P¬L¥F¦s§åª«±_¥F§P»*¡X¨�Ä¢ª«©eª«¥�®�£=¯D¥F¦¢§
¬FÞ_¸¢¨�¡F§D¯C¸s±¢²{¥Fªe£*±

(
∑
n |fn(·)|2)

1
2
¼ "Å§*Ö ©e©]¡F§P¥F¸�¡F±L¥F£c¥F¦sªe¬#©N¨�¥F§{¡?¼

Í¶¦s£=¸s»=¦·¥F¦sªe¬iª«¬i±s§?ª�¥F¦¢§{¡�¥F¦s§#¥Fªe¤c§9±s£*¡�¥F¦¢§¶³¢©N¨*²P§#¥F£D­sªe¬A²P¸s¬A¬,ª«±Ã»*¡F§?¨�¥i­¢§{¥X¨*ª«©s¥F¦s§#¡F§P¤Ã¨�¡AÁ*¨�Ä¢©e§
ª«±¢§?Þ_¸¢¨*©«ª«¥Fªe§P¬#£=¯ &O¦sªe±s²�¦sª«±q¿sµ0§gµ0£*¸¢©«­�Ä]§O­s§P¡F§P©eª«²P¥#ªe±�£=¸�¡#­s¸s¥Fª«§?¬#ª«¯`µ0§O­sª«­¢±�Ö ¥9¨�¥o©«§n¨�¬T¥o¤·§?±�¥Fª«£=±
¯C¸s¡A¥F¦s§{¡oôH£=©«ªe¬A¦$²?£=±s±s§P²P¥Fª«£=±s¬P¼¢½�±¾¨c¬T¥F¸s±s±sªe±s»c³Wª«§?²P§O£=¯3§	��¥A¡F§P¤Ã¨*©6¨�±W¨�©«®�¬Aª«¬P¿ Ý Ø?¨�¡F§{ÁL¬A¦s£nµ0§?­�¥F¦¢¨�¥
¥F¦s§#Ä]§?¬T¥

K
ªe±Ã¥F¦s§#¡F§?¨*©W²n¨�¬A§9£*¯ &D¦sªe±s²X¦sªe±�Ö ¬,²?£=¤�³�¨l¡Fªe¬A£=± £=¯

L1(0, 1)
¨*±s­

L2(0, 1)
ªe¬ √

2
�_©e¨�¥F§{¡?¿

¥�µ0£D¬T¥F¸¢­s§P±�¥F¬i£=¯ &oµ¶¨�³¢ªe§���¿_Ù`¨�¥X¨ �R¨D¨*±s­Lä9©e§P¬AØPÁ�ªe§{µoªe²PØ=¿�»=¨?º�§9¨O¬T¥F¸s±¢±sª«±¢»D±s§Pµ!³s¡F£�£=¯]£*¯ Ý Øn¨�¡F§{Á]Ö ¬
¡F§P¬A¸s©«¥¶µo¦sªe²X¦$¨�©e¬A£c¬A¦s£nµ0§P­L¥F¦¢¨�¥ √

2
µ0£*¡AÁ�¬¶¯R£*¡0¥F¦s§^º�§P²P¥F£*¡A¹1º*¨*©«¸¢§P­´²n¨*¬A§·À$&D¨*¦¢¨*±s§=Ö ¬¶ªe±s§?Þ_¸¢¨*©eª�¥�®WÂ

¨*¬¶µ0§?©«©1¼ "Å§D¦sª«»=¦s©«®´¡F§?²P£=¤·¤·§P±s­&¨�±$§P±�ÜT£n®�¨�Ä¢©e§O¡F§?¨*­sªe±s»Ã£*¯3¥F¦s§Pª«¡#³W¨�³]§{¡9£*¡o£=¯ &oµ¶¨�³¢ªe§���Ö ¬#¡F§n¨l¡A¹
¡X¨*±s»=§P¤·§P±�¥O£=¯H¥F¦¢§Pª«¡^³s¡F£�£*¯i¨*¬^¯R£=¸s±s­�ªe±¾¥F¦¢§ �^£*¥F§P¬g¨�±¢­ 
9§P¤Ã¨�¡AÁ�¬·ÀR³s³q¼6ã*ã � ¹�ã=ã��=Â#£=¯æ¥F¦s§wÄ�£_£*Á
	 à9ÄW¬A£*©e¸�¥F§?©�® Ý ¸s¤·¤·ªe±s»�ä9³]§{¡X¨�¥F£*¡F¬PÖ«¼ �^£g¬A§P¡Fª«£=¸s¬�­sªe¬A²P¸s¬A¬Aªe£=±·£=¯¢Ä]§P¬T¥�²P£=±s¬T¥X¨*±�¥F¬�ª«± &O¦sªe±s²X¦¢ª«±·²?¨*±
¯R¨*ªe©3¥F£L¤·¨�¡Aº�§P©�¨�¥��g¨=¨*»=§{¡F¸�³qÖ ¬g¥F£=¸�¡A¹;­s§{¹;¯R£*¡F²P§c£=¯�²?©e¨*¬A¬Aªe²?¨*©æ¨*±¢¨*©«®�¬Aª«¬Dª«± ß ±s­sªe±s»LÄ]§?¬T¥g²?£=±s¬T¥X¨*±�¥F¬
ª«±
²?¨*¬A§

1 < p < ∞ £*¡c£=¯ Ý ¨?µ¶¨�Ö ¬�³s¡F£�£=¯#¥F¦¢¨�¥ √
π/2

ªe¬�Ä]§P¬T¥�³]£=¬A¬Aª�Ä¢©e§L²P£=±s¬T¥X¨*±�¥cªe±
²?¨*¬A§´£=¯
²P£=¤c³¢©e§	�L²P£�§��Ã²?ª«§?±�¥F¬#ª«±�¥F¦s§

L1(0, 1)
º�¬P¼

L2(0, 1)
&D¦sªe±s²X¦sªe±$ªe±s§nÞ�¸W¨�©eª«¥�®=¼

½J¥?Ö ¬#±W¨l¥F¸s¡X¨�©q¥F£·­sªe¬A²P¸s¬A¬9²?£�¥�®�³]§�ã�¯R¸�¡A¥F¦s§P¡#Ä¢¸s¥#µ0§D­s§?©e¨?®�¬A¸s²X¦&¨c­sªe¬A²P¸s¬A¬Aªe£=±¾¯C£*¡^¨�Ä¢ª«¥9¬A£ ¨�¬
¥F£·¤c§?±�¥Fªe£*±$£*¥F¦s§P¡#µ0£�¡AÁ´¡F§?©e¨�¥F§P­�¥F£ ä9¡F©«ªe²PØ=Ö ¬#¥F¦s§?£�¡F§?¤�¼

Í¶¦s§P¡F§D¨l¡F§g¡F§n¨�©e©«®L¨�¥#©e§?¨*¬T¥#¥�µ0£·¨*¬T³]§P²P¥F¬#£=¯æäo¡F©eª«²?Ø*Ö ¬¶¥F¦s§P£*¡F§P¤ ¥F¦¢¨�¥#±s§?§P­LÄ]§O­sª«¬A²?¸s¬A¬A§P­qöWÍ¶¦s§
¡F§��¢§���ª�º�§O²n¨*¬A§

(1 < p <∞)
¨*±s­�¥F¦s§

L1(0, 1)
¹;¬Aª«¥F¸¢¨�¥Fªe£*±q¼

Lp(0, 1)
ª«¬´¤·£*¡F§¾¥F¦¢¨*±!¡F§	�¢§	��ª«º=§=¿,ª«¯

1 < p < ∞ �,ª«¥?Ö ¬´¸s±sªe¯R£�¡F¤·©«®!²?£=±�º�§	�]¼ 
o§P²n¨�©e©oµoª�¥F¦

 ©e¨�¡AÁ�¬A£=±·¥F¦¢¨�¥i¨O°#¨*±¢¨*²X¦Ã¬T³�¨�²?§

X
ªe¬#ì�í¢Ñ ç{Ç�Ð�È·Ê�ê·ÆXÇ�í¢ñ�Ë��#ª«¯]»=ª«º=§?±

ε > 0
¥F¦¢§{¡F§oª«¬i¨

δ = δ(ε) > 0¬A£´¥F¦W¨l¥O¡F§P»�¨�¡F­s©«§?¬A¬O£*¯
x, y ∈ X µoª�¥F¦ ‖x‖ = 1 = ‖y‖ µ0§·¦¢¨?º=§�¥F¦¢¨�¥gµo¦s§?±s§{º�§P¡ ‖x − y‖ ≥ ε¥F¦s§P± ‖x+y

2 ‖ ≤ 1− δ ¼W½�¯6µ0§D­s§ ß ±¢§O¥F¦s§O¤·£�­s¸s©e¸s¬o£*¯3²P£=±�º�§���ª«¥�®L£=¯ X Ä_®

δX(ε) = inf

{
1−

∥∥∥∥
x+ y

2

∥∥∥∥ : ‖x‖ = 1 = ‖y‖, ‖x− y‖ = ε

}
, 0 < ε ≤ 2,

¥F¦s§P±
δX(ε) > 0

µo¦s§?±s§{º�§P¡
ε > 0

¬Aªe»=±¢¨*©«¬
X
Ö ¬�¸s±sªe¯C£*¡F¤ ²?£*±_º=§���ª�¥�®�¼�
9§ ß ±sªe±s» 
 ©e¨�¡AÁ�¬A£=±�Ö ¬wªe±�¹

§?Þ_¸¢¨*©eª�¥Fªe§P¬P¿
�g¨*±s±¢§{¡´§P¬T¥Fªe¤·¨�¥F§?­%¥F¦¢§¾¤c£�­s¸¢©«ª9£=¯g²P£=±�º�§���ª«¥�®%£=¯
Lp(0, 1)

¯R£*¡
1 < p < ∞ ¼��^§¬A¦s£nµ0§P­$¥F¦¢¨�¥

δLp(0,1)(ε) ≥
{
cε2 if 1 < p ≤ 2,

cεp if 2 < p ≤ ∞.
Í¶¦s§g¡F§?©«§Pº*¨*±s²?§�� "Å§P©e©1¿¢¨�µ0£=±s­s§P¡F¯C¸s©`¨lÄW¬T¥A¡X¨�²P¥#¥F¦s§P£*¡F§?¤ £=¯3¯R¨�¥F¦s§P¡ &D¨*­s§P¥F¬#»=£�§P¬o¨*¬o¯C£=©e©«£nµo¬P¼
������������� À$&D¨*­s§P¥F¬�ÂX¼��Cç ∑

n xn
ÑRÓ¾Ï�í�ì�í]ÆFÇ�í]ï�ÑaÌaÑ1Ç�í]Ï*ÊCÊ�ê%ÆXÇ�ísñ*Ë{Ð;ò�Ë{íWÌwÓ{Ë{Ð�Ñ;Ë�Ó�ÑCí�ÏÅì�í¢Ñ çPÇ�Ð�È·Ê�ê

ÆXÇ�ísñ*Ë��ÃÓ;É¢Ï�ÆXË
X ð ÌaÎ�Ë{í ∑n δX(‖xn‖) <∞ �

 W£�¡o°#¨*±¢¨*²X¦s¹;¬T³W¨*²P§{¹;»=§?£*¤·§P¥A¡A®´§P±�¥F¦�¸s¬Aªe¨*¬T¥F¬¶¥F¦s§O£=±s©«®ÃÉ¢Ç�ÓXÓXÑ � Ê«ËO­s¡X¨Pµ#Ä�¨�²XÁ ¥F£ &w¨�­¢§{¥F¬PÖ ¬0¥F¦s§?£�¹¡F§P¤ ª«¬^¥F¦¢¨�¥^¥F£ Ä]§�¸s±¢ª«¯R£*¡F¤c©«®¾²?£=±�º�§	�¾§?±�¥X¨*ª«©e¬^¡F§��¢§���ª«º�ª�¥�®�¼]Í¶¦¢ª«¬ 	 ­s¡X¨Pµ#Ä�¨�²XÁ]Ö�¨*¬Aª«­s§=¿]µ0§�²?¨*±s±¢£�¥
Ä]§w¤·£*¡F§w§P±_¥F¦_¸s¬AªN¨�¬T¥Fªe²�ª«±¾£=¸�¡g£nµo±$¡F§P²P£=¤·¤·§P±s­W¨l¥Fªe£=±$¥F£·¡F§n¨*­$¥F¦s§w©e£?º�§?©�®�Ä]£�£*Á�£*¯3¥F¦s§�&D¨*­s§{¥F¬
¯R¨*¤·ªe©«ªN¨c£=±�	 Ý §{¡Fªe§P¬oªe±�°#¨*±¢¨*²X¦ Ý ³W¨*²P§?¬PÖ«¼



ORLICZ AND UNCONDITIONALLY CONVERGENT SERIES
�
�


 ¸�¡Fªe£=¸s¬A©«®=¿ &w¨�­¢§{¥F¬PÖ ¬´Ñ;ï�ËXÏÃ¦¢¨*¬c¤c§P¡Fª�¥c§{º�§P±
ª«±Ô¥F¦¢§ ²n¨*¬A§´£=¯
L1 �`¡Fªe»=¦�¥cªe­s§n¨�¿3µ#¡F£=±s»�¬A²?¨*©N¨l¡

ß §P©e­�¼ "Ô§o¬F¨?®´¨D²?£=¤�³W©«§��·°#¨�±W¨�²�¦´¬T³W¨*²P§
X
ªe¬OÆFÇ�È^É]Ê«Ë���ì�í¢Ñ ç{Ç�Ð�È·Ê�êÃÆXÇ�í¢ñ�Ë��9ª«¯q»=ª�º�§?±

ε > 0
¥F¦s§{¡F§

ª«¬g¨
δ > 0

¬A£ ¥F¦¢¨�¥9µo¦s§?±s§{º�§{¡ ‖x + µy‖ ≤ 1
¯C£*¡O¨�©e© |µ| ≤ 1

¨�±¢­ ‖y‖ ≥ ε
¥F¦s§?± ‖x‖ ≤ 1 − δ �¨*©�¥F§P¡F±¢¨�¥Fª�º�§P©«®=¿

X
ªe¬#²?£*¤c³¢©e§	��¸s±sªe¯C£*¡F¤·©«®´²?£=±�º�§	�´µo¦s§P±¢§{º�§{¡

HX
∞(ε) > 0

¯C£*¡^¨*±�®
ε > 0

¿�µo¦s§P¡F§

HX
∞(ε) = inf

‖x‖=1,‖y‖=ε
{sup{‖x+ eiθy‖ : 0 ≤ θ ≤ 2π} − 1}.

�g¨�¥F¸�¡X¨*©e©�®�¿

1 +HX
∞(ε) = inf

x6=0,‖y‖=ε
sup

0≤θ≤2π

∥∥∥∥
x

‖x‖ + eiθy

∥∥∥∥. (∗)
� ©e£*Ä]§{º�±sª«Á�¬A¦s£nµ0§P­.¥F¦¢¨�¥wª«±.²n¨*¬A§

X = L1(0, 1)
¥F¦s§P±å¥F¦s§·¯C¸¢±s²{¥Fªe£=±åªe±�º�§{¡F¬A§·¥F£

HL1∞ (ε)
ª«¬

≤ 10δ
1
2
¬A£
HL1

∞ ≥ ε2/10
¿s¤·¨�Á�ªe±s»�¥F¦s§g¯R£=©«©e£nµoª«±¢»�¥F¦s§P£*¡F§?¤ £=¯��gªe©�µ0£*¡A¥F¦L§��_¥A¡F§?¤·§P©«® ¬F¨�¥Fªe¬A¯N®�ªe±s»s¼

������������� À��gªe©�µ0£*¡A¥F¦�ÂX¼ �Cç ∑
n xn

ÑRÓcÏ�í.ì�í�ÆXÇ�í]ï�ÑaÌaÑ1Ç�í]Ï*ÊCÊ�ê&ÆXÇ�ísñ*Ë{Ð;ò�Ë{íWÌ¶ÓPË�Ð�Ñ;Ë�Ó�ÑRíÅÌaÎ�ËÃÆXÇ�È9É]ÊeË �
ì�í¢Ñ ç{Ç�Ð�È·Ê�êLÆXÇ�í¢ñ�Ë��ÃÓ;É¢Ï�ÆXË

X ð ÌaÎ�Ë{í ∑nH
X
∞(‖xn‖) <∞ �

�0ÐFÇnÇTç � "Å§^¬T¥X¨�¡A¥0µoª«¥F¦L¨�Ä¢ª«¥¶£=¯6¦¢¨�¡F¤c©e§P¬A¬0Ä¢¸s¥¶¦¢§P©«³¢¯C¸¢©�±¢£�¡F¤Ã¨*©eª«Øn¨l¥Fªe£=±�ö�¬A¸s³s³]£=¬A§ ‖∑j≤n αjxj‖
≤ 1

¿s¯R£*¡#¨*±�®
n
¨*±s­�¨*±�®´¬A²n¨�©N¨�¡F¬

α1, · · · , αn
µoª�¥F¦ |αj | ≤ 1

¼�½�±´³�¨l¡A¥Fªe²P¸¢©e¨�¡?¿ ‖xj‖ ≤ 1
¯C£*¡o¨*©«©

j
¼

"Å§*Ö ©e©q¨*©e¬A£Ã¨*¬A¬A¸s¤·§D±¢£*±¢§O£=¯6¥F¦¢§
xj
Ö ¬#ªe¬#Ø?§{¡F£s¼

�^£*¥Fªe²P§g¥F¦¢¨�¥
(∗) ¥F§P©e©«¬o¸s¬#¥F¦¢¨�¥

‖x1‖(1 +HX
∞(‖x2‖)) ≤ max

0≤θ≤2π
‖x1 + eiθ‖x1‖x2‖,

¬A£c¥F¦¢¨�¥#¥F¦s§P¡F§Oª«¬9¨
θ2 : 0 ≤ θ2 ≤ 2π

¬A£c¥F¦¢¨�¥

‖x1‖(1 +H∞(‖x2‖)) ≤ ‖x1 + eiθ2‖x1‖x2‖.
Ý ªe¤cªe©N¨l¡F©«®=¿¢µ0§ ß ±s­¾¨

θ3 : 0 ≤ θ3 ≤ 2π
¬A£·¥F¦¢¨�¥

1 +H∞(‖x3‖) ≤
∥∥∥∥
x1 + eiθ2‖x1‖x2

‖x1 + eiθ2‖x1‖x2‖
+ eiθ3x3

∥∥∥∥
¨*±s­$¬A£

‖x1 + eiθ2‖x1‖x2‖ (1 +H∞(‖x3‖)) ≤ ‖x1 + eiθ2‖x1‖x2 + eiθ3‖x1 + eiθ2‖x1‖x2‖x3‖ ≤ 1,
¥F¦¢¨*±�Á�¬�¥F£�£=¸�¡Ã±s£*¡F¤·¨*©eª«Ø?ª«±¢»å£*¯o¡F§P©N¨l¥Fªe£=±s¬�Ä]§?¯C£*¡F§L¬T¥X¨�¡A¥Fªe±s»&¥F¦sªe¬c¯C¡X¨?®=¼ 
o§{³�§?¨�¥Fª«±¢»å¨*±s­
©e§{¥A¥Fªe±s»
µ2 = ‖x1‖, µ3 = ‖x1 + eiθ2‖x1‖x2‖, · · ·

¿qµ0§ ß ±s­
θn
Ö ¬

(n ≥ 2)
¬A£

0 ≤ θn ≤ 2π
¨*±s­

µn
Ö ¬

(n ≥ 2)
¬A£c¥F¦¢¨�¥ |µn| ≤ 1

¬A£�¥F¦W¨l¥

‖x1 + eiθ2µ2x2 + · · ·+ eiθnµnxn‖(1 +H∞(‖xn+1‖)) ≤
‖x1 + eiθ2µ2x2 + · · ·+ eiθnµnxn + eiθn+1µn+1xn+1‖ ≤ 1.


 £=©«©e§P²P¥#¥F§{¡F¤·¬¶µoª�¥F¦�¥F¦s§g³s¡F£*³]§P¡9¨*¤c£=¸s±_¥o£=¯3©«£nº�§w¨*±s­$²?¨�¡F§D¨*±s­$­sªe¬A²P£nº�§{¡o¥F¦¢¨�¥

‖x1‖
n∏

k=2

(1 +H∞(‖xk‖)) ≤ ‖x1 + eiθ2µ2x2 + · · ·+ eiθn+1µn+1xn+1‖ ≤ 1.

½J¥o¯C£=©e©«£nµo¬#¥F¦¢¨�¥o¯C£*¡o§n¨�²�¦
n

n∑

k=2

H∞(‖xn‖) ≤ ‖x1‖−1.

Íq¡X¨c©N¨�¿WÍq¡X¨c©N¨�¼
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������������� À � ©e£*Ä]§{º�±sª«ÁWÂX¼��Rç
f, g ∈ L1(0, 1)

èæÑaÌaÎ ‖f‖1 = 1
Ï�í]ï ‖f + zg‖1 ≤ 1 + δ

èæÎ�Ë�í]Ë{ñ�Ë{Ð
|z| ≤ 1 ð ÌaÎ�Ë�í ‖g‖ ≤

√
δ(4 + 2

√
1 + 2δ).

�0ÐFÇnÇTç � "Å§�²n¨*±�¿q¨�±¢­å­s£s¿q¨*¬A¬A¸s¤·§�¥F¦¢¨�¥ |f(t)| < ∞ ¯R£�¡w¨�©e©
t
¼���º�§{¡A®�¥F¦sªe±s» ¥F¦W¨l¥?Ö ¬g¤·§?¨*±sªe±s»=¯R¸s©

¦¢¨�³s³]§?±s¬#ªe±s¬Aªe­s§O¥F¦s§D¬A§{¥
P = [g(t) 6= 0];

£=±
P
¬A§P¥

h(t) =
f(t)

g(t)
.

Ù6§P¥
c > 0

¼¢Ù6£�£*ÁL¨�¥#¥F¦s§O§Pº=§?±�¥F¬

P1 = [|h| > c] ∩ P, P2 = [|h| ≤ c] ∩ P.
ä9¯3²P£=¸�¡F¬A§=¿

(∗)
∫

P1

|g| =
∫

P1

∣∣∣∣
f

h

∣∣∣∣ ≤
1

c

∫

P1

|f | ≤ 1

c
.

à^©«¬A£Ã£=¸�¡o¦�®�³]£*¥F¦s§P¬A§?¬#»=¸¢¨�¡X¨*±�¥F§?§g¥F¦¢¨�¥
∫

(|f + g|+ |f − g|+ |f + ig|+ |f − ig| − 4|f |) ≤ 4(1 + δ)− 4 = 4δ.


 £=±s¬Aªe­s§{¡o¥F¦s§D¯C¸s±¢²{¥Fªe£*±

Q(r, θ) = |reiθ + i|+ |reiθ − i| − 2r
¯C£*¡

r ≥ 0
¼H ¢£*¡·¨ ß ��§P­

r
¿
θ → Q(r, θ)

ªe¬�²P£=±�¥Fªe±_¸s£=¸s¬·¨�±¢­�±s£=±s±s§?»=¨�¥Fª«º�§*¼3 s¡F£=¤ −π/2 ¥F£ 0ª�¥?Ö ¬�ªe±s²{¡F§n¨�¬Aªe±s»�µo¦sª«©e§´¯N¡F£=¤
0
¥F£
π/2

ª«¥?Ö ¬�­s§?²{¡F§n¨�¬Aªe±s»s¼ 
o§P»�¨�¡F­s©e§P¬A¬P¿
Q(r,−θ) = Q(r, θ)

¨*±s­
Q(r, θ + π) = Q(r, θ)

¼¢à^©e¨*¬P¿¢ª�¥o¯R£=©«©e£nµo¬¶¥F¦¢¨�¥

Q(r, θ) +Q(r, θ + π/2) ≥ Q(r, π/4).
�^£nµD¿¢¨�Ä]£=¸�¥

Q(r, π/4)
ö

Q(r, π/4) = (r2 + 2
1
2 r + 1)

1
2 + (r2 − 2

1
2 r + 1)

1
2 − 2r

¨*±s­$¬A£
(Q(r, π/4) + 2r)2 ≥ 4r2 + 2

Ý ªe±s²P§
Q(r, π/4) + 2r ≥ 0

µ0§O²?£=±s²P©e¸s­s§O¥F¦¢¨�¥

Q(r, π/4) + 2r ≥ (4r2 + 2)
1
2 .

�^§	��¥#©e£�£*ÁL¨�¥#¥F¦s§O¯R¸s±s²P¥Fª«£=±

F (t) =

{|h(t) + 1|+ |h(t)− 1|+ |h(t) + i|+ |h(t)− i| − 4|h(t)| if t ∈ P,
0 if t /∈ P.

�^£*¥Fª«²?§^¥F¦W¨l¥
F (t) ≥ 0

¨*±s­
∫
F |g| =

∫
(|f + g|+ |f − g|+ |f + ig|+ |f − ig| − 4|f |) ≤ 4δ.

°¶¸�¥
F
¨*©«¬A£Ã¦¢¨*¬¶¥F¦s§D¯C£*¡F¤

F (t) = Q(|h(t)|, arg h(t)) +Q(|h(t)|, arg(h(t) + π/2))
¨*±s­ |h(t)| ≤ c ¯R£*¡ s ∈ P2

¼ Ý £c¯R£*¡
s ∈ P2

µ0§O¦¢¨?º�§

F (s) ≥ (4|h(s)|2 + 2)
1
2 − 2|h(s)| ≥ (4c2 + 2)

1
2 − 2c



ORLICZ AND UNCONDITIONALLY CONVERGENT SERIES
���

Ä]§P²n¨*¸s¬A§*¿�¨*¯N¥F§P¡0¨*©«©1¿
(4r2 + 2)

1
2 − 2r

ª«¬i³]£=¬Aª«¥Fª�º�§g¨*±s­åï�ËXÆ{ÐFËXÏ�ÓXÑCí�ò9ª«±
r
¼��^£nµ�µ0§*Ö ¡F§ 	�ª«± Ä¢¸s¬Aªe±s§?¬A¬PÖ«ö

4δ ≥
∫

P2

F |g| ≥
∫

P2

|g|[(4c2 + 2)
1
2 − 2c]

¨*±s­$¬A£
4δ

(4c2 + 2)
1
2 − 2c

≥
∫

P2

|g|.
½�±$¬A¸s¤

‖g‖1 =

∫

P1

+

∫

P2

|g| ≤ 1

c
+

4δ

(4c2 + 2)
1
2 − 2c

.


 ¦s£�£=¬A§
c � ìWï�Ñ1Æ{Ñ;Ç�ì�Ó�Ê�ê*¿s¬F¨?® = 1/2δ

1
2
¿¢¨*±s­�¥F¦s§O¡F§P¬A¸s©«¥oªe¬

‖g1‖1 ≤ 2δ
1
2 +

4δ

(2 + 1/δ)
1
2 − δ− 1

2

= δ
1
2 (4 + 2(1 + 2δ)),

ª«¯3£=±s§D²?¨*±LÄW¸�¥#Ä]§P©eªe§{º�§Oªe±�¥F¦s§D¨*©e»*§PÄs¡X¨�µ0§O©e§?¨�¡F±s§?­�§?£=±s¬o¨*»=£s¼
Í`£�³¢¡F£_²?§P§?­L¯C¸�¡A¥F¦¢§{¡?¿�µ0§O±s§P§?­´¥F£�§?±�¥F§{¡0¥F¦¢§g§P±sªe»=¤Ã¨l¥Fªe²^µ0£*¡F©e­L£=¯q¥F§?±s¬A£*¡¶³s¡F£�­s¸s²{¥F¬P¼s ¢£*¡#£=¸�¡

³s¡F§P¬A§?±�¥H³¢¸�¡A³]£=¬A§?¬3£=±s©«®D¥�µ0£^¥F§P±s¬A£*¡H±s£*¡F¤·¬H±s§P§?­�§	��³]£=¬A¸�¡F§=ön¥F¦¢§,ªe±�ÜT§P²{¥Fª«º�§0¨*±s­�³s¡F£�ÜT§P²P¥Fª�º�§i¥F§P±¢¬A£�¡
±s£*¡F¤·¬P¿s¥F¦¢§g¤·£=¬T¥9²P©N¨�¬A¬Aªe²?¨*©q£=¯H¨*©«©�¥F§?±s¬A£*¡o±s£*¡F¤·¬P¼

Ù`§{¥
X
¨*±s­

Y
Ä]§^°#¨*±¢¨*²X¦L¬T³W¨*²P§?¬OÀa£nº�§{¡0¥F¦s§^¬F¨*¤·§g¬A²n¨�©N¨�¡ ß §?©«­�ÂX¼� W£�¡

u ∈ X ⊗ Y µ0§g­s§ ß ±s§
¥F¦s§Oªe±�ÜT§P²P¥Fª�º�§g¥F§P±s¬A£*¡9±s£*¡F¤ ‖u‖∨

£*¯
u
Ä_®

‖u‖∨ = sup {|(x∗ ⊗ y∗)(u)| : x∗ ∈ BX∗ , y∗ ∈ BY ∗}
¨*±s­�¥F¦s§g³s¡F£*Ü[§?²{¥Fª«º=§g¥F§?±s¬A£*¡o±s£*¡F¤ ‖u‖∧

£=¯
u
Ä�®

‖u‖∧ = inf
{∑

i≤n
‖xi‖ ‖yi‖ : u =

∑

i≤n
xi ⊗ yi

}
.

�,¨*²X¦�£=¯¶¥F¦s§?¬A§´±s£*¡F¤c¬�ªe¬�¡F§?¨*¬A£=±¢¨�Ä¢©e§
(‖x ⊗ y‖∧ = ‖x‖ ‖y‖ = ‖x ⊗ y‖∨)

¨*±s­�¸s±sªe¯C£*¡F¤
Àaª«¯

u1 : X1 → X2
¨*±s­

u2 : Y1 → Y2
¨�¡F§�Ä]£=¸s±s­¢§P­!©«ªe±s§?¨�¡ £�³�§{¡X¨�¥F£*¡F¬�¥F¦¢§P±

u1 ⊗ u2
ª«¬ ¨

Ä]£=¸s±s­s§?­.©eª«±s§n¨�¡w£�³�§{¡X¨�¥F£*¡Oµoª«¥F¦�Ä]£=¸s±¢­ ≤ ‖u1‖ ‖u2‖
ÂX¼6Í¶¦s§P®�Ö ¡F§·¬T®�¤c¤·§P¥A¡Fª«²¾Àa¬A£

X ⊗ Y ¨*±s­
Y ⊗X ¨�¡F§O±¢¨�¥F¸�¡X¨*©e©�®´ªe¬A£=¤·§{¥A¡Fªe²?¨*©«©«®Lª«¬A£=¤·£*¡A³¢¦sªe²lÂX¼¢ ¢£*¡A¥F¸s±¢¨�¥F§?©�®�¿s¸s±s©e§P¬A¬o§{º�§{¡A®�¥F¦sªe±s»cªe±L¬Aªe»=¦�¥9ª«¬
ß ±sª«¥F§Ã­sªe¤c§?±s¬Aªe£*±W¨�©�µ0§Ã²n¨�±¢±s£*¥w¦s£*³]§Ã¯R£*¡w²P£=¤c³¢©e§{¥F§P±¢§P¬A¬w¬A£$µ0§Ã²P£=¤c³¢©«§P¥F§

X ⊗ Y ¨*±s­Å£�Ä¢¥X¨�ªe±
¥F¦s§9ªe±�ÜT§P²P¥Fª�º�§o¥F§P±s¬A£*¡0³s¡F£�­s¸s²P¥

X ⊗̌Y £*¯
X
¨*±s­

Y
¨*±s­ ¥F¦s§o³s¡F£*Ü[§?²{¥Fª«º=§9¥F§P±s¬A£*¡,³s¡F£�­s¸¢²{¥

X ⊗̂Y£=¯
X
¨*±s­

Y
¼

½�±Ã²n¨�¬A§o£=¯�¥F¦s§#ª«±*Ü[§?²{¥Fª«º=§#¥F§P±¢¬A£�¡i³s¡F£�­s¸s²{¥?¿_¨O¯R§{µ�²�¦s£=ª«²?§#ªe­s§?±�¥Fª ß ²?¨�¥Fª«£=±s¬,¨�¡F§#µ0£�¡A¥F¦Ã¤·§P±�¥Fªe£=±�¹
ª«±¢»�ö=¯R£�¡i¨*±�®�²P£=¤c³W¨*²{¥ �g¨*¸s¬A­¢£�¡ �´¬T³W¨*²P§

S
¿
C(S)⊗̌X ÑCÓ¶ÑCÓPÇ�È Ë{ÌaÐ�Ñ;ÆXÏ*ÊCÊ�êDÑCÓPÇ�È Ç�ÐJÉ�Î�Ñ1ÆoÌJÇwÌaÎ�Ë#Ó;É¢Ï�ÆXË

CX(S)
ÇTç
X � ñ*Ï*Ê�ì¢ËXï�ÆXÇ�íWÌaÑCí¢ìWÇ�ì�ÓqçFì�í]Æ{ÌaÑ;Ç�í¢Ó9ï�Ë��Hí]ËXïDÑRí S èæÑaÌaÎcÌaÎ�Ëoì�ÓXì¢Ï*ÊsÓFìlÉ�ÐFË{È�ì�ÈÛí�Ç�Ð�È�¨*±s­

`1⊗̌X ÑRÓgÑCÓPÇ�È Ë{ÌaÐ�Ñ;ÆXÏ*ÊCÊ�êÃÑRÓ{Ç�È Ç�ÐJÉ�Î�Ñ;ÆDÌJÇ ÌaÎ�ËDÓ;É¢Ï�ÆXË�ÇTçgì�í]ÆXÇ�í]ï�ÑRÌaÑ;Ç�í]Ï*ÊCÊ�êLÆXÇ�í¢ñ*Ë�Ð;ò_Ë{í¢Ì,ÓPË�Ð�Ñ;Ë{ÓgÑCí
XèæÑRÌaÎ·í�Ç�Ð�È ‖(xn)‖ = sup‖x∗‖≤1 {

∑
n |x∗xn|}

¼�Í¶¦s§oª«±�ÜT§P²P¥Fª�º�§¶³s¡F£�­s¸¢²{¥iª«¬�ªe±�ÜT§P²P¥Fª�º�§#¬A£
X0⊗̌Yª«¬9¨c¬A¸�Ä¢¬T³W¨*²?§D£=¯

X⊗̌Y ªe¯
X0

ªe¬9¨�¬A¸sÄ¢¬T³W¨*²P§w£=¯
X
¼

Í¶¦s§�³¢¡F£�Ü[§?²{¥Fª«º�§&¥F§P±¢¬A£�¡L³¢¡F£_­¢¸s²{¥$ª«¬ÅÀ1¨*¬L£=±s§å²?¨*±�¬A§P§å¯C¡F£=¤ ¥F¦s§å¯C£*¡F¤ £=¯wª�¥F¬�±s£*¡F¤´Â·¥F¦¢§
Ä¢ªe»*»=§?¬T¥L¥F§P±s¬A£*¡$±s£*¡F¤ £=±

X ⊗ Y
¨*±s­�¨�­s§P¬A²P¡Fª�³¢¥Fª«£=±�£=¯D¤·§P¤wÄ]§P¡F¬

u
£=¯
X⊗̂Y ª«¬L³]£=¬A¬Aª�ÄW©«§

À1¨*±s­¾­s¸s§D¥F£ � ¡F£*¥F¦s§P±¢­sª«§?²FÁWÂXö
u ∈ X⊗̂Y É�ÐXËFÆ{ÑRÓ{ËPÊ�ê èæÎ�Ë{íÅÌaÎ�Ë�ÐFË·Ï�ÐFË�ÓPËXë�ìWË�í]ÆXË{Ó

(xn) ⊆ X
Ï�í]ï

(yn) ⊆ Y
ÓPÇÅÌaÎ�Ï*Ì ∑

n ‖xn‖ ‖yn‖ < ∞
Ï�í]ï

u =
∑
n xn ⊗ yn �

ÑCí�ÓFìWÆ�Î!Ï�ÆFÏ�ÓPË ‖u‖∧ =

inf {∑n ‖xn‖ ‖yn‖ : u =
∑

n xn ⊗ yn}
¼



��	
J. DIESTEL

������������� À � ¡F£*¥F¦s§P±s­¢ª«§?²FÁWÂX¼��6Ç�ÐwÏ�í¢ê�È ËXÏ�ÓFì�ÐFË
µ ð L1(µ)⊗̂X ÑRÓ9ÑRÓPÇ�ÈÃËPÌaÐ�Ñ1ÆXÏ*ÊCÊ�êcÑRÓ{Ç�È Ç�ÐJÉ�Î�Ñ;ÆgÌJÇ

L1
X(µ) ð ÌaÎ�ËgÓ;É¢Ï�ÆXËDÇTç�÷[ËXë{ì�ÑRñ�Ï*Ê«Ë{í]ÆXËwÆPÊ«Ï�ÓXÓPË�ÓDÇTç?øDî^ÇnÆ{Î�í]Ë�Ð µ � ÑRíWÌJËJò�ÐFÏ � Ê«Ë X � ñ*Ï*Ê�ì¢ËXï#çFì�í�ÆPÌaÑ;Ç�ísÓ � �FíÉ¢Ï�Ð{ÌaÑ;Æ�ìsÊ«Ï�Ð ð `1⊗̂X ÑRÓgÑRÓPÇ�ÈÃËPÌaÐ�Ñ1ÆXÏ*ÊCÊ�ê ÑRÓ{Ç�È Ç�ÐJÉ�Î�Ñ;ÆwÌJÇ

`1(X) �
Í¶¦s§Ã±¢£�¡F¤ ‖ · ‖∧

ÑCÓ^³s¡F£�ÜT§P²P¥Fª�º�§·¬A£$µo¦¢§P±s§Pº=§P¡
X0

ª«¬�¨$²P©e£=¬A§P­Å©eªe±s§?¨�¡�¬A¸�Ä¢¬T³W¨*²P§ £=¯
X
¨*±s­

q : X → X/Xo
¥F¦s§$²n¨*±s£=±sª«²n¨*©9Þ_¸s£*¥Fª«§?±�¥ ¤Ã¨l³�¥F¦s§?±

q ⊗ idY
ªe¬ ¨Å¤c§P¥A¡Fª«²¾©«ªe±s§n¨l¡LÞ_¸s£*¥Fª«§?±�¥

¤Ã¨l³�£*¯
X⊗̂Y £=±�¥F£

(X/Xo)⊗̂Y
¼i½J¥Ãªe¬$í�Ç*Ì#ªe±�ÜT§P²P¥Fª�º�§�­s§?¬T³¢ª«¥F§�¥F¦s§¾¨�Ä]£nº�§L¥F¦¢§P£*¡F§P¤ �iª«±s­¢§P§P­q¿

� ¡F£*¥F¦s§P±s­¢ª«§?²FÁ�¨*©«¬A£Ã¬A¦s£nµ0§P­�¥F¦¢§O¯R£*©e©e£?µoªe±s»·¡F§P¤Ã¨�¡AÁ*¨�Ä¢©e§g¡F§P¬A¸¢©�¥?¼
������������� À � ¡F£*¥F¦s§P±s­¢ª«§?²FÁWÂX¼��Rç

Z
ÑRÓ¾Ï�î^Ï�í]Ï�Æ{Î�Ó;É¢Ï�ÆXË�ÓXìWÆ�Î%ÌaÎ�Ï*Ì

Z⊗̂X ÑCÓ¾Ï
Æ{Ê«Ç�ÓPËXïÔÊ�ÑRí�ËXÏ�Ð
ÓXì � Ó1ÉWÏ�ÆFË´ÇTç Z⊗̂Y èæÎ�Ë{í]Ë�ñ*Ë{Ð

X
ÑRÓ Ï&Æ{ÊeÇ�Ó{ËXï¾Ê�ÑRí]ËFÏ�Ð·ÓXì � Ó;É¢Ï�ÆXË´ÇTç Y ð ÌaÎ�Ë{í Z ÑRÓ�ÑRÓPÇ�ÈÃËPÌaÐ�Ñ;ÆFÏ*ÊCÊrê

ÑCÓPÇ�È Ç�ÐJÉ�Î�Ñ1ÆwÌJÇLÏ�í
L1(µ) � Ó;É¢Ï�ÆXË �

à^± ªe¤c³]£*¡A¥X¨*±�¥Å¨*¬T³]§P²P¥å£=¯·¥F¦¢§�³s¡F£�ÜT§P²P¥Fª�º�§�¥F§P±¢¬A£�¡å³¢¡F£_­¢¸s²{¥.ªe¬�¥F¦s§��^±¢ª�º�§{¡F¬F¨*©c×�¨�³s³¢ªe±s»
ô�¡F£�³�§{¡A¥�®]ö

(X⊗̂Y )∗
ÑCÓ$Ñ;ï�Ë�íWÌaÑ �iÏ � Ê«Ë�èæÑaÌaÎ!ÌaÎ�Ë&Ó;É¢Ï�ÆXË B(X,Y )

ÇTç&ÆXÇ�íWÌaÑRísìWÇ�ì�Ó � ÑaÊ�ÑRí�ËXÏ�Ð�çFì�í]Æ �ÌaÑ1Ç�í]Ï*Ê�Ó$Ç�í
X × Y ð èæÑaÌaÎ τ∗ ∈ (X⊗̂Y )∗

ÆXÇ�Ð�ÐFË{Ó;É¢Ç�í]ï�ÑCí�ò.ÌJÇ
Q ∈ B(X,Y )

ñ?Ñ;ÏåÌaÎ�ËOçPÇ�Ð�È�ìsÊ«Ï
τ∗(x⊗ y) = Q(x, y) �½�¯

E
¨*±s­

F
¨�¡F§ ß ±sª«¥F§&­sª«¤·§?±s¬Aª«£=±¢¨*©^°#¨*±¢¨*²X¦�¬T³W¨*²?§P¬ ¥F¦s§P±�¬A£
¨�¡F§

(E ⊗ F, ‖ ‖∨)
¨*±s­

(E ⊗ F, ‖ ‖∧)
� "�¦¢¨�¥?Ö ¬D¤c£*¡F§=¿qªe±å¥F¦sªe¬D²?¨*¬A§*¿

(E⊗̌F )∗ = E∗⊗̂F ∗ ¨*±s­ (E⊗̂F )∗ = E∗⊗̌F ∗ ¼ ¢£*¡,ªe± ß ±¢ª�¥F§^­sª«¤·§?±s¬Aª«£=±¢¨*©�¬T³W¨*²P§?¬,©«ªe¯C§9ª«¬,±s£*¥,¬A£wÁ�ª«±s­��_¦s£nµ0§{º�§{¡?¿WÑ ç
Y
ÑCÓgÏDî^Ï�í]Ï�Æ�ÎÃÓ;É¢Ï�ÆXË9èæÎ�Ë{ÐFË

ï�ì¢Ï*Ê
Y ∗

Î�Ï�Ó^ÌaÎ�Ë��oÏ�ï�Ç�í ��� ÑCé*Çnï�ê*È É�ÐXÇXÉ¢Ë�Ð{ÌaêÃÏ�í]ï·ÌaÎ�ËwÏXÉ�É�ÐFÇ ��ÑRÈ Ï*ÌaÑ1Ç�í�É�ÐXÇXÉ¢Ë�Ð{Ìaê ð ÌaÎ�Ë{í (X⊗̌Y )∗ÑCÓ
X∗⊗̂Y ∗ ð ÐFËJò_Ï�ÐFï�Ê«Ë{ÓFÓ�ÇTç X �"�¦s§{¡F§=Ö ¬`¥F¦sªe¬3©e§?¨*­sªe±s» ���^§{¡F§*Ö ¬3¨#¥F¦¢§P£*¡F§P¤�¯C£=¸s±s­�ª«±w¥F¦s§ 
��P¬A¸s¤	�¶¨�±¢­�¨*¬A²P¡Fª�Ä]§?­wÄ_® � ¡F£*¥F¦s§P±�¹

­sªe§P²FÁ´¥F£·Ù6ª«¥A¥F©e§{µ0£�£�­�¼
��������������
 �Cç ∑

n fn
ÑCÓ%Ï�íÛì�í]ÆXÇ�í]ï�ÑRÌaÑ;Ç�í]Ï*ÊCÊ�ê ÆFÇ�í¢ñ*Ë�ÐJò�Ë{íWÌLÓPË{Ð�Ñ1Ë{ÓÅÑRí

L1(µ) ð ÌaÎ�Ë�í (fn) ∈
`2⊗̂L1(µ) �

Í`£cÄ]§D¬A¸�¡F§*¿Wª«±¾¨�³�¨l³�§{¡o¯R£*©e©e£?µoªe±s»Ã¦sªe¬ 
��P¬A¸s¤	�=¿ � ¡F£*¥F¦s§P±s­¢ª«§?²FÁL¤Ã¨*­s§w¨*±$ª«±¢²Pªe¬Aª�º�§w¨*±¢¨*©�®�¬Aªe¬
£=¯6¥F¦s§ �^º�£*¡F§{¥FØ{Á�®�¹!
o£=»=§{¡F¬#©«§?¤c¤Ã¨Ã¨�±¢­$¨*¤c£=±s»Ã£*¥F¦s§{¡o­s§?©«ªe²Pªe£=¸s¬o­sª«¬A²?£nº=§P¡Fª«§?¬#¦¢§O¬A¦s£nµ0§P­$¥F¦¢¨�¥OÑ ç
1 < p <∞ Ï�í]ï

X
ÑCÓwÏ�í�ÑRí �Hí¢ÑaÌJËcï�ÑRÈÃË{í¢ÓFÑ;Ç�í]Ï*Ê�î^Ï�í]Ï�Æ{Î´Ó;É¢Ï�ÆXËwÌaÎ�Ë�í

`p⊗̂X ⊂ `p(X) ⊂ `pweak(X),
µo¦s§{¡F§

`pweak(X)
ªe¬¶¥F¦s§g¬T³W¨*²?§O£=¯6¬A§nÞ�¸¢§P±s²?§P¬

(xn)
ªe±
X
¯R£*¡¶µo¦sªe²X¦ ∑

n |x∗(xn|p <∞
¯C£*¡#§n¨*²X¦

x∗ ∈ X∗ ¨*±s­ `p(X)
ªe¬,¥F¦s§^¬T³W¨*²P§^£=¯q¬A§nÞ�¸¢§P±s²?§P¬

(xn)
ªe±
X
¯R£�¡0µo¦sªe²X¦ ∑

n ‖xn‖p <∞
¿�¨*±s­ ⊂ª«±¢­sª«²n¨�¥F§P¬3³s¡F£*³]§{¡æ²?£*±_¥X¨�ªe±s¤·§P±_¥?¼ Ý £9¥F¦¢§0¨�Ä]£nº�§,¥F¦s§?£�¡F§?¤�ªe¬H¬T¥A¡F£=±s»=§{¡H¥F¦¢¨*±�ª«¬,äo¡F©eª«²?Ø*Ö ¬P¼�°¶¸�¥3µo¦W¨l¥

­s£�§P¬#ª�¥o¨*²{¥F¸¢¨*©e©�®´¬F¨?® �g½�±�¦sªe¬o¨*±¢¨*©�®�¬Aªe¬¶£=¯
`p⊗̂X ¿ � ¡F£�¥F¦¢§P±s­sªe§P²XÁ´¬Aªe­s§{¹;¬T¥F§P³¢¬o¨*±�®´­s§?¬A²{¡Fª«³s¥Fª«£=±�£=¯µo¦sªe²X¦�¬A§?Þ_¸s§P±¢²P§P¬#¨�¡F§gª«±

`p⊗̂X Àa§���²P§{³¢¥0¯R£*¡
p = 1

ÂX¼ �^£nµ0§{º�§{¡¶µ0§ÃÆFÏ�í·¬F¨?®´¬A£=¤·§{¥F¦sªe±s»�Ä]§P²n¨�¸¢¬A§
µ0§*Ö ¡F§¶­s§?¨*©eª«±s»gµoª«¥F¦

`2⊗̂L1(µ)
µo¦sªe²X¦cª«¬]ÜT¸s¬T¥

L1(µ)⊗̂`2 ªe±�¡F§Pº�§{¡F¬A§P­c£*¡F­s§{¡ � L1(µ)⊗̂`2 ª«¬ L1
`2(µ)¬A£cµo¦¢¨�¥?Ö ¬#ª�¥#¥X¨�Á�§O¯R£*¡9¨c¬A§nÞ�¸¢§P±s²?§

(fn)
¥F£�Ä�§Oªe±

`2⊗̂L1(µ)
�

½J¥O¤�¸s¬T¥OÄ]§�¥F¦¢¨�¥
(
∑
n |fn|2)

1
2 ∈ L1(µ)

¼]Ù6£�£*Á¾¯a¨*¤·ª«©eªe¨�¡��c½J¥O¬A¦s£=¸s©e­�ö�ªe±Ôäo¡F©eªe²PØ*Ö ¬^³s¡F£�£=¯�µ0§
¬F¨?µ�¥F¦¢¨�¥iªe¯ ∑

n fn
ªe¬i¸¢±s²P£=±s­sª«¥Fªe£*±W¨�©e©«®·²?£=±�º�§{¡F»=§P±�¥,¥F¦s§P±·¥F¦¢§{¡F§9ª«¬0¨D²P£=±s¬T¥X¨*±�¥

K ·M À 	
K
Ö_¯C¡F£*¤

&O¦sªe±s²�¦sª«± ¨*±s­ 	
M
Ö�¯N¡F£=¤ Ä]£=¸s±s­¢§P­·¤�¸s©«¥Fª«³¢©«ªe§{¡{ÂH¬A£O¥F¦¢¨�¥i¯C£*¡i§?¨*²X¦

n ∈ N ¿ ‖(∑j≤n |fj |2)
1
2 ‖L1 ≤

KM
¼HÍ¶¦s§ ¬A§nÞ_¸s§P±s²?§

(
∑
j≤n |fj |2)

1
2
n
²?£=±�º�§{¡F»=§P¬�¨*©«¤·£=¬T¥�§Pº�§{¡A®�µo¦s§{¡F§Ã¥F£

(
∑
n |fn|2)

1
2
¨*±s­�¬A£

 W¨�¥F£=¸�Ö ¬¶©e§P¤·¤Ã¨c¨*¬A¬A¸�¡F§P¬#¸s¬¶¥F¦¢¨�¥#©«£�£*Á�ª«±s»c²P©e£=¬A§P©«®´¨�¥^äo¡F©eªe²PØ*Ö ¬0³¢¡F£_£=¯6µoª«©e©�¨*©e¬A£c©«§n¨*­L¸s¬0¥F£c¤·§P¤c¹
Ä]§{¡F¬A¦¢ª�³¾ªe±

`2⊗̂L1(µ)
¼



ORLICZ AND UNCONDITIONALLY CONVERGENT SERIES
� �

� ¡F£*¥F¦s§?±s­sªe§P²FÁÅµ0£=±s­s§P¡F§P­
ªe¯
X
ª«¬·¨&°#¨�±W¨�²�¦�¬T³W¨*²P§L¬A¸¢²X¦�¥F¦¢¨�¥

`1⊗̌X ↪→ `2⊗̂X ±¢§P§P­
XÄ]§å¨*±

L1(µ)
¹;¬T³W¨*²P§=¼0½�±�¥F¦s§�©e¨�¥F§�¬A§{º�§?±�¥Fª«§?¬P¿ &Dª«¬A©eªN¨lÁ�£nº�¨*±s­�ôiª«¬Aªe§{¡�­¢ª«¬A²?£?º�§P¡F§P­�Ä_®�­sª �]§P¡F§P±�¥

¥F§P²�¦s±sªNÞ�¸¢§P¬q¥F¦¢¨�¥`ª«¯
R
ªe¬`¨¶¡F§��¢§���ª�º�§�¬A¸�Ä¢¬T³W¨*²P§,£=¯

L1(µ)
¿P¥F¦¢§P±

L1(µ)/R
¨*©«¬A£9¬A£*©«º�§P¬6¥F¦s§�ªe±s²P©e¸s¬Aªe£*±

`1⊗̌X ↪→ `2⊗̂X ¼�Í¶¦s§P±&ªe±$¥F¦s§w§?¨�¡F©«®�§?ª«»=¦�¥Fªe§P¬P¿�°¶£*¸s¡F»=¨*ªe±¾¬A¦¢£?µ0§?­$¥F¦W¨l¥^ªe¯ T ­s§?±s£*¥F§P¬o¥F¦s§w¸s±¢ª�¥
­sªe¬TÁ {z ∈ C : |z| ≤ 1} ¥F¦s§P± L1(T )/H1

0

ªe¬O¨*±s£*¥F¦s§{¡O¬A£=©«¸�¥Fªe£=±�¿]µo¦s§{¡F§
H1

0

ª«¬^¥F¦¢§�¬A¸�Ä¢¬T³W¨*²P§c£=¯
¥F¦s§ �g¨l¡F­s®&¬T³W¨*²?§

H1 ²?£*±¢¬Aª«¬T¥Fªe±s»�£*¯,¯C¸¢±s²{¥Fªe£=±s¬gµoª�¥F¦�º=¨�±¢ª«¬A¦sªe±s»Lº*¨*©e¸s§·¨�¥ 0
¼ Ý ªe±s²?§�¥F¦s§P±å¬A£=¤·§

³s¡F£=»*¡F§P¬A¬o¦¢¨*¬¶Ä]§?§P±�¤Ã¨*­s§·ÑRíåÌaÎ�Ë�Ï � Ó�ÌaÐFÏ�ÆPÌa¼ �^§{¡F§=Ö ¬#£=±s§D¬A¸s²X¦$¡F§P¬A¸s©«¥?¼������������� Àaà9¡A¡F§P»=¸sª«¹;°¶©e¨*¬A²P£s¿�°¶¸�ÂX¼��WìnÉ�É¢Ç�ÓPË
X
Î�Ï�Ó^ÆXÇ*ÌaêXÉ¢Ë  ��� Î�Ë{íLÌaÎ�Ë3çPÇ*ÊCÊ«Ç�èæÑCí�ò�ÓXÌJÏ*ÌJË{È Ë�íWÌaÓÐFËJò�Ï�ÐXï�ÑCí�ò

X
Ï�ÐFË�ËXë{ì�ÑRñ�Ï*Ê«Ë{íWÌ �

� ��� ñ�Ë{Ð�ê�ÇXÉ¢Ë{ÐFÏ*ÌJÇ�Ð u : X → `2
ÌJÏ�é�Ë{Ócì�í]ÆXÇ�í�ï�ÑaÌaÑ;Ç�í�Ï*ÊCÊrêåÆFÇ�í¢ñ*Ë�ÐJò�Ë{íWÌ9Ó{Ë{Ð�Ñ;Ë�ÓcÑCí

X
ÌJÇ�Ï � ÓPÇ �Ê�ì�ÌJËPÊ�ê�ÆXÇ�í¢ñ*Ë�Ð;ò_Ë{í¢Ì,ÓPË�Ð�Ñ;Ë{ÓgÑCí

`2 � � `1⊗̌X ↪→ `2⊗̂X �� � Rad(X) = `2⊗̂X �
½J¥`ªe¬6¸s±�Á�±s£nµo±wª«¯�¥F¦s§�¦�®�³]£*¥F¦s§?¬Aª«¬6¥F¦¢¨�¥

X
¦¢¨?º�§�²P£*¥�®�³]§,ã¶ªe¬6±s§?²P§P¬A¬F¨�¡A®Oª«±D¥F¦s§i¨�Ä]£nº�§æ¥F¦s§?£*¡F§P¤�¼

Í¶¦s§O³s¡F£*³]§{¡A¥�®´¥F¦¢¨�¥o§Pº=§P¡A®´¸s±s²?£=±s­sª«¥Fª«£=±¢¨*©e©�®�²P£=±�º�§{¡F»=§P±_¥o¬A§P¡Fª«§?¬#ªe±
X
Ä]§O¬FÞ_¸¢¨�¡F§D¬A¸s¤·¤Ã¨�Ä¢©«§

µ¶¨*¬�¨l³¢¥F©�®�²P£=ªe±s§P­�Ä_®�Ù`ª«±s­¢§P±s¬T¥A¡X¨*¸s¬A¬$¨*±s­�ôH§��C²?Ø{®��s¬TÁ�ªg¨*¬�	
X

¦¢¨*¬ ¥F¦s§Åäo¡F©eªe²PØ&³s¡F£*³]§{¡A¥�®]Ö �,ªe¯
`1⊗̌X ↪→ `2⊗̂X µ0§=Ö ©e©6¬F¨?®�	

X
¦W¨�¬o¥F¦s§DÙ`ª�¥A¥F©e§{µ0£�£�­�¹[ä9¡F©«ªe²PØO³s¡F£*³]§P¡A¥�®]Ö«¼ �g¨�¥F¸�¡X¨*©«©«®=¿�¨*­s­sªe±s»ÃÙ`ª�¥A¹

¥F©«§Pµ0£�£_­D¥F£#¥F¦s§i¥F§?¨*¤ ©e§?¨*­s¬`¥F£9¨o¬T¥A¡F£=±s»=§{¡`³s¡F£*³]§P¡A¥�®=¼lÙ6ª«Á=§�¥F¦s§¶ä9¡F©«ªe²PØi³s¡F£*³]§{¡A¥�®�¿?¥F¦s§iÙ`ª�¥A¥F©e§{µ0£�£�­�¹
äo¡F©eª«²?ØO³s¡F£*³]§{¡A¥�®�ª«¬9¬T³]§P²?ªe¨*©`¨*±s­$²?£*±¢­sª�¥Fªe£=±s¬o¯R£*¡oª«¥F¬#³]£=¬A¬A§P¬A¬Aªe£=±$³s¡F§P²?ª«£=¸s¬P¼ Ý ¸s³s³]£=¬A§

i : `2 ↪→ c0¨*±s­
j : `1 ↪→ `2

¨�¡F§g¥F¦¢§O±¢¨�¥F¸�¡X¨*©qª«±s²?©«¸¢¬Aª«£=±s¬��W£=¯`²?£=¸�¡F¬A§*¿
i∗ = j

¼
��������������
�� í]ËXÆFË{ÓXÓPÏ�Ð�ê Ï�í]ï�ÓFì��!Æ{Ñ;Ë�íWÌ,ÆXÇ�í]ï�ÑRÌaÑ;Ç�í¾ÌaÎ�Ï*Ì

X∗
Î�Ï�Ó^ÌaÎ�Ë �HÑRÌ1Ì1Ê«Ë{è,ÇnÇnï �
	 Ð{Ê�Ñ;ÆFÒ0É�ÐXÇXÉ �Ë�Ð{Ìaê ÑRÓOÌaÎ�Ï*Ì

i⊗ idX
ÌJÏ�é*Ë�Ó

`2⊗̌X ÆXÇ�íWÌaÑCí¢ìWÇ�ì�Ó�Ê�ê ÑCíWÌJÇ
c0⊗̂X �

Ý ¸s³s³]£=¬A§
i⊗ idX

¥X¨�Á=§?¬
`2⊗̌X ²?£*±_¥Fª«±_¸¢£*¸¢¬A©�®$ª«±_¥F£

c0⊗̂X
¼WÙ6§P¥?Ö ¬o²P£=¤c³W¨�¡F§D¥F¦s§D­s¸¢¨*©e¬�ÀR¥F¦¢¨�¥

ª«¬9¥F¦s§w±¢¨�¥F¸�¡X¨*©`²P£�­s£=¤Ã¨�ªe±�¨�±¢­¾­s£=¤·¨*ªe±&£=¯
(i⊗ idX)∗

¼W°¶§P²n¨�¸¢¬A§
`2
¦¢¨*¬oÄ�£�¥F¦$¥F¦¢§�¨�³s³s¡F£ ��ª«¤Ã¨�¹

¥Fª«£=±å³s¡F£*³]§{¡A¥�®å¨*±s­å¥F¦s§ 
9¨*­s£=±�¹ �^ª«Á�£_­s®�¤ ³s¡F£*³]§{¡A¥�®�¿]¥F¦s§c­¢£*¤Ã¨*ªe±.£=¯
(i ⊗ idX)∗

ªe¬
`2⊗̂X∗ =

(`2⊗̌X)∗
¼6Í¶¦s§	�^±sª�º�§P¡F¬F¨�©æ×å¨l³¢³¢ª«±¢»L³s¡F£*³]§{¡A¥�®�§P±¢¬A¸�¡F§P¬O¥F¦¢¨�¥g¥F¦¢§c­s¸¢¨*©æ£=¯

c0⊗̂X
ªe¬g¥F¦s§c¬T³�¨�²?§

B(c0, X)
£=¯�Ä]£=¸s±s­¢§P­�Ä¢ªe©«ªe±s§n¨l¡D¯R£*¡F¤c¬O£*±

c0 × X
µo¦sªe²X¦åªe¬g§?¨*¬Aªe©�®�¬A§P§?±&¥F£´Ä]§ L(c0;X∗)

¿�¥F¦¢§
¬T³W¨*²P§´£=¯¶²?£*±_¥Fª«±_¸¢£*¸¢¬�©eª«±¢§?¨�¡�£�³�§{¡X¨�¥F£*¡F¬�¯C¡F£*¤

c0
ª«±�¥F£

X∗
¼ �^£nµ ª«¥?Ö ¬D³W©e¨*ªe±�À1¨*±s­Ô§?¨*¬T®�¹1¥F£*¹;¬A§P§lÂ

¥F¦¢¨�¥
`1⊗̌X∗ §?¤wÄ]§P­s¬9ª«±s¬Aªe­s§ L(c0;X∗)

¨*±s­$£=±
`1⊗̌X∗ ¥F¦s§w¨*²{¥Fªe£=±�£=¯ (i⊗ idX)∗

ª«¬#³s¡F§?²Pªe¬A§P©«®
¥F¦¢¨�¥o£=¯

j ⊗ idX∗
µoª«¥F¦Lº*¨*©e¸s§P¬oªe±

`2⊗̂X∗ ¼ä^±�¥F¦¢§0£*¥F¦s§P¡�¦¢¨*±s­�¿=ªe¯
j⊗idX∗

¥X¨�Á�§P¬
`1⊗̌X∗ ²?£=±�¥Fª«±�¸s£=¸s¬A©�®cªe±�¥F£ `2⊗̂X∗ ¿*¥F¦s§P±c²?£=¤�³W¸�¥Fª«±¢»­s¸¢¨*©e¬�©e§?¨?º�§P¬�¸s¬wµoª�¥F¦

(`1⊗̌X∗)∗ Ä]§Pªe±s»&ª«­s§?±�¥Fª ß ¨�Ä¢©«§ µoª�¥F¦Å¥F¦s§ ¬T³W¨*²P§ B∧(`1, X∗)
£=¯¶ªe±�¥F§P»*¡X¨*©

Ä¢ªe©«ªe±s§?¨�¡o¯R£*¡F¤c¬#£=±
`1 ×X∗; c0⊗̂X

©«ªe§P¬#ªe¬A£=¤·§{¥A¡Fªe²?¨*©«©«®´ªe±s¬Aªe­s§ B∧(`1, X∗)
¥F¦¢¨*±�Á�¬¶¥F£

c0
¦¢¨?º�ª«±¢»

¥F¦s§g¤·§{¥A¡Fªe²O¨�³s³s¡F£ ��ªe¤·¨�¥Fªe£=±L³s¡F£*³]§{¡A¥�®�¼�½�±´¥F¸�¡F±q¿
(`2⊗̂X∗)∗ ªe¬¶ªe­s§P±�¥Fª ß ¨�Ä¢©e§*¿�¥F¦¢¨*±�Á�¬¶¥F£�¥F¦s§ �^±sª�¹º�§{¡F¬F¨*©q×�¨�³s³¢ªe±s»·³s¡F£*³]§{¡A¥�®´µoª«¥F¦L¥F¦s§O¬T³�¨�²?§ B∧(`2, X∗)

µo¦¢ª«²�¦�²?£=±�¥X¨*ª«±s¬
`2⊗̌X∗ ªe¬A£*¤·§P¥A¡Fª«²n¨�©e©«®¨*±s­·±¢¨�¥F¸�¡X¨*©e©�®�¼=à�Þ�¸¢ª«²XÁ�²X¦¢§P²FÁc£=¯

(j⊗ idX∗)∗
£=±·§P©e§P¤·§?±�¥X¨�¡A®�¥F§P±¢¬A£�¡F¬i¬A¦s£nµo¬

(j⊗ idX∗)∗
¥X¨�Á�§P¬

`2⊗̌X ª«±_¥F£
c0⊗̂X

¤w¸¢²X¦$¨*¬
i⊗ idX

­s£�§P¬P¼s½J¥#¯C£=©e©«£nµo¬0¥F¦W¨l¥
i⊗ idX

¤·¨�³¢¬
`2⊗̌X ²P£=±�¥Fªe±_¸s£=¸s¬A©«®

ª«±_¥F£
c0⊗̂X

¿sÄ]§?ª«±s» ¨*¬#ª�¥oªe¬�� ¥F¦s§g¡F§P¬T¥A¡Fªe²{¥Fªe£=±�£=¯
(j ⊗ id∗X∗

¥F£
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¥F¦s§P£*¡F§?¤ £=¯3×�¨*¸�¡F§{®�¨*±s­ 
o£=¬A§P±_¥F¦¢¨*©a¼
������������� Àa×�¨*¸�¡F§{®�¿ 
o£=¬A§P±_¥F¦¢¨*©CÂX¼ �`Ë{Ì

X � Ë�Ï�îgÏ�í�Ï�Æ{Î.Ó;É¢Ï�ÆXË�Ï�í�ï v : X → L1(0, 1) � Ë�Ï
� Ç�ì�í]ï�ËXïcÊ�ÑRí]ËXÏ�ÐDÇXÉ¢Ë{ÐFÏ*ÌJÇ�Ð ��� Î�Ë{íåÏ�í]ËXÆXË�ÓXÓPÏ�Ð�ê Ï�í�ïcÓXì	��Æ�Ñ;Ë{í¢Ì0ÆXÇ�í]ï�ÑRÌaÑ;Ç�í¾ÌaÎ�Ï*Ì�ÌaÎ�Ë{ÐFË � Ë�Ï K > 0ÓXì¢Æ{Î�ÌaÎ�Ï*ÌWçPÇ�Ð�Ï�í¢ê

x1, · · · , xn ∈ X
è,ËwÎ�Ï�ñ�Ë

∥∥∥
(∑

k≤n
|vxk|2

) 1
2
∥∥∥
L1
≤ K

(∑

k≤n
‖xk‖2

) 1
2

ÑCÓDÌaÎ�Ï*Ì
v
Ï�ï�È�ÑaÌaÓwÏoçPÏ�ÆPÌJÇ�Ð�ÑeÒnÏ*ÌaÑ;Ç�í

X
v−−−−→ L1(0, 1)

d↘ ↗M

L2(0, 1)
èæÎ�Ë�ÐXË

d : X → L2(0, 1)
ÑRÓcÏ � Ç�ì�í]ï�ËXï�ÊrÑCí]ËXÏ�ÐÃÇXÉWË�ÐFÏ*ÌJÇ�ÐÃÇTç�í�Ç�Ð�È ≤ K

Ï�í]ï
M : L2(0, 1) →

L1(0, 1)
ÑRÓOÌaÎ�ËwÈ�ìsÊrÌaÑ É]ÊrÑ1ÆXÏ*ÌaÑ;Ç�í.ÇXÉWË�ÐFÏ*ÌJÇ�Ð

Mf = f · g ç{Ç�ÐDÓPÇ�È Ë g ∈ L2(0, 1) �
à ¬T¥F¸¢±s±sªe±s»c²P£=±s¬A§nÞ_¸s§P±s²?§^£=¯q¥F¦sªe¬0µ¶¨�¬¶­�¡X¨?µo±Lªe±s­s§P³]§P±s­¢§P±�¥F©«®ÃÄ�® °¶§P±¢±s§{¥A¥#¨*±s­´Ä_® ×�¨*¸�¡F§P®

¨*±s­ �g¨�¦¢£*¸¢¤L¿#¨�²P£=±s¬A§nÞ�¸¢§P±s²?§�²P§P¡A¥X¨*ª«±s©«®�¨�³s³s¡F§?²PªN¨�¥F§P­�Ä_®�¥F¦s§&µ0£*¡AÁ=§P¡F¬L£=¯D¥F¦s§�£*¡A¥F¦s£=»=£=±¢¨*©�¹
¯C¸¢±s²{¥Fªe£=±s¬¶º�ªe±s§{®_¨�¡F­s¬P¼
������������� Àa°¶§P±s±¢§{¥A¥A¹;×�¨*¸�¡F§P®_¹ �g¨*¦s£=¸s¤´ÂX¼��WìnÉ�É¢Ç�ÓPË ∑

n fn
ÑRÓgÏ�íLì�í�ÆXÇ�í]ï�ÑaÌaÑ1Ç�í]Ï*ÊCÊ�ê ÆXÇ�ísñ*Ë{Ð;ò�Ë{íWÌ

ÓPË�Ð�Ñ;Ë�Ó^ÑCí
L1(0, 1) � � Î�Ë�í&ÌaÎ�Ë�ÐXË^ÑRÓOÏ�ÓPËXë�ìWË�í]ÆXË (an) ∈ `2 ð Ï g ∈ L2(0, 1)

Ï�í]ï Ï�í�Ç�Ð{ÌaÎ�Ç�í�Ç�Ð�È Ï*Ê
ÓPËFë{ì¢Ë{í]ÆXË

(gn)
ÑCí
L2(0, 2)

ÓXì¢Æ{Î�ÌaÎ�Ï*ÌWçPÇ�Ð�ËXÏ�Æ�Î
n ∈ N Ï�í]ïLÏ*Ê�ÈÃÇ�Ó�Ì¶Ï*ÊCÊ

t ∈ [0, 1] ð
fn(t) = ang(t)gn(t).
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