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Let T = R/27Z, L(T) be the set of all integrable functions f : T — C. We associate
with a function f € L(T) its trigonometric Fourier series

P 3 dwet = o [ et

For n € N define the n-th partial sum of f as

n
Sn(fvir) = Z fkeikx~
k=—n
Let ¢ : [0,00) — [0,00) be a nonconstant convex function. Denote

o) ={1e1m: [wls@has <oof.

By C1,Cs, ... we denote absolute positive constants.

The paper is motivated by Ul'yanov’s question: does there exist a sequence {N;} such
that for every function f € L(T) there is an increasing sequence {n;} such that n; < N;
for all j and S,,(f) — f almost everywhere? Note that existence of a nonrestricted
sequence {n;} with almost everywhere convergence S, (f) — f follows from the classical
theorem of Kolmogorov [K]. On the other hand, for any increasing sequence {n;} of
positive integers there exists a real function f € L(T) such that S, (f) diverges almost
everywhere [G] or even everywhere [T]. Ul’yanov’s problem is still open. However, for an
Orlicz function space not coinciding with L(T) a sequence {N;} depending on the space
does exist.

THEOREM 1. If ¢(u)/u — 00 as u — oo then there exists a sequence {N;} such that for
every function f € ¢(L) there is an increasing sequence {n;} such that n; < N; for all j
and Sy, (f) — f almost everywhere.
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Without loss of generality we can assume that

(1) Vuz0 o) u, / o(1f (@)))de < 1.

The main part of Theorem 1 is the following lemma.

LEMMA 1. There exists a sequence {N;}(j > 0) such that for every e > 0 there is a
sequence {n;} such that N;_1 < nj; < N; for all j and Sy, (f) — f on a complement to
a subset of T of measure less than €.

Theorem 1 easily follows from Lemma 1. Indeed, if {n;} = {n;}(e) is a sequence from
the lemma, then there are j(¢) and a set E(e) € T such that

(2) |E(e)| < 2
and
(3) Vji>j(e).x € T\E() [f(z)— Sy (fiz)| <e.

We can assume that j(2777') > j(27%) for all v € N. Take n; arbitrary for j < v(1),
n; = n;(27%) for j(277) < j < j(277),
E=UE;:
J §>J
Then we have [E| =0 and Sy, (f;z) — f(z) forz € T\ E.
By M f we denote Hardy—Littlewood’s maximal function of f:

0= g = [l

Ei={zeT: Mf(x) > M}.
Then E; is an open set. Note that, by (1),

(@) /|f Jda < 1.

Using the weak-type (1, 1) inequality for M f (see, for example, [D, p. 31]), we get |E;| <
2/M. We can write E; as a union of disjoint intervals

El = U(yua ZH)'

m

Let M >0 and

Denote

Ey = LJ(2yM — 24,22, — Ypu)-
“w

Then |E3| < 3|E| < 6/M. Hence, if M > 7/¢, then
|E2| < €.
Our aim is to construct appropriate sequences {N;}, {n;} such that

(5) Sn; (f;7) — f(x) almost everywhere on T\ Es.
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We use the well-known Calderén-Zygmund decomposition of f[CZ]. Let g(z) = f(x)
for z € T\ E; and

@)= —— [ @)

Zu = Yu Sy,

for x € (yu,2,) C Ei. It is easy to see that [g(x)| < M almost everywhere. Indeed, if
x € (yu, z,) and we assume |g(z)| > M, then

Zu+0
/ F(@)ldz > M (2 + 5 — 1)
Yu

for some 0 > 0, and hence M f(z,) > M, but this is impossible. Further, almost every-
where on T \ E; we have

lg(z)| = |f(2)] < M f(x) < M.

Therefore, since g is essentially bounded, by Carleson’s theorem [C] S,,(g) — ¢ almost
everywhere, and (5) is equivalent to

(6) Sn;(f —g;7) = f(x) —g(x) =0 almost everywhere on T\ Ej.
By the way, we have proved that for any p we have

@) /%MMMS/%WMWSMm—wL

Yu Yu
Applying Jensen’s inequality to a convex function ¢ we get

(®) /“ﬂmmmms/”ﬂvumm.

W Yu
First, we construct sequences of positive numbers {L,} — oo and {J,} — 0. We take
L, > 1 so that

(9) O(Ly)/Ly = v.

Let 6; = 1/2. If §,, has been chosen, define

(10) i1 = 01112,

We define {N;} to be

(11) No=1, N;=][1/6;4](j >1).

We may assume that € < 1. Since |Es| < ¢, the length of any interval (y,,,2,) is less
than 1/3. Now for any v > 1 we define

9 S 9 ) 5u < - S 51/)
@) = f(z), = (yu Zu) 641 < 2 — Y
0, otherwise,

g(l‘), US (yuazu)aau-&-l < th - yu S 51/7
gu(z) = .
0, otherwise.

Clearly,
(12) f_g:Z(fu_gu)'
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For any j > 2 we have, by (4),

-1

> 1@l < [ 7@l <1,
v=(j-1)*’T T
Therefore, there exists vy € [(j — 1)%,j*) such that
(13) [ ln@lde < 1/G* - G- Y < 15"
T
By (7), also
(14) [ lga(@lds <175
T
Denote

hi = Z(fu_gu)a h2:f1/o_gl/07 hs = Z(fl/_gv)'

v<vg v>rg

Identity (12) can be rewritten as
(15) f—9="hi+ha+hs.
By (13) and (14),
/T\hg(xﬂdx <2/53.
Therefore, using [K], we obtain that for any n there exists F; o C T such that
(16) [Fiol <1/5% |Su(hoi@)| < Ci/j (w € T\ Fo).

Now, let us consider partial sums of the function hy. We shall show that it is possible
to choose n; € (N;_1, Nj| such that |S,, (h1)| will be small on a large subset of T \ Es.
First, we deduce from (8) and convexity of ¢ that

1) [ em2ie < 5 ([ otrona+ [eswi) < [oseha <t
Let

(18) hi = hi1 + hag,

where hq 1(2) = hq(z) for |hi(z)| > 2L,, and hy1(z) = 0 otherwise. We estimate partial

Fourier sums of the function hy ; in the same way as for the function hs. By (9) and (17),

2
/T () = 2 / Iha(e)/2ide < / (o1 (2)/2) |

2 / 32
< 2 [ olim@)/2)de < 2.
G—=D*Jr j*
Therefore, using [K] again, we obtain that for any n there exists F; 11 C T such that
(19) Fjaal £1/5%, |Su(hias2)] < Co/f* (2 € T\ Fjaa).

Now, let us estimate partial Fourier sums of the function h; 2. Using (7) and (1) we
have

/T|h1,2(x)|dxS/Tr|f(x)|dx+A\g(x)\dx§2/T|f(ac)|da:§2.
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Therefore,

(20) / |h1o(x)|?de < AL,,.

Fix z € T\ E5. We use the Well—kiown formula

(21) Sp(hi,2;2) = Sp1(x) + Sp2(z),
where

/h12 cot( )sm( (t — 2))dt,

Spa(z) = 27T/Th1 2(t) cos(n(t — x))dt.

Now, observe that the supposition hi s(t) # 0 implies ¢t € (y,, z,) for some p with
— Y > Oy, Also, since x € T\ Es, we get « & (2y, — 24,22, — yu). Thus,

cot (%)' < cot(8,,/2),

and, by (20), we have

/T (hl,z(t) cot (t S x>)2 < CyLuy /(6,0)?

Now, we can use Parseval’s identity
(22) Z |1 (@)]? <

For x € T \ E5 denote

< DL /(5

NMi(z) ={n:|Sp1(z)] > 0y, }-
By (22), we have

Cs

N (@) < =L/ (6,)"

By integration we get

(23) / Wil < Oyt (0

Similarly, if we denote
No(z) = {n:|Sp2(x)| >y, }-

then
(24) [ Wa@ide < CaLu, /(8"
T\ Es
Denote
NJI = Nj—l + [LVD/(5VO)5] + 1.
It follows from (23) and (24) that there exists n, Nj_1 <n < N such that
(25) |Fj7172‘ < 2035,/0 < 203/Nj_1,

where

Fj71,2 = Fjvlyg(n) = {IL’ € T\EQ n GNl(Z) UNQ(ZIZ)}
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By the definition of d,,41 and N; we have n < [1/d,,4+1] < N;, and we can take n; = n.
So, by (21), we have

(26) Ve eT \ E> \Fj)172 |Snj (hl)g; 33)‘ < 251,0 < 2/Nj_1.

Now we will prove that for n < N’ the partial sums S, (h3) are uniformly small. Using
(7), for any k € Z and any p we have

/zu (f(x) _ g(l')) (efika: _ eﬂ'kyu) de

[ 6@ - e

Yu Yu
< [Hl12 = gl 1£(@) — g(o)ldz < 2Akl|z — g2,
Therefore, ’
= S [ U@ gt < o= Y 2kl - uPM

Yn Zu_yM§6u0+1

1
—Ova KM Y [z =yl < 200 [kIM,

Zp=Yp<bugt1

Zu—yu§5u0+1

IN

and thus for any positive integer n
Sulhsi )| < 3 Ths(R)] < 40,0 1n% M.
[k|<n
In particular,
(27) S, (s )] < 46541 (N))? M.
It follows from the definition that N} < CyL,,/(d,,)®. Consequently, by (10), d,,41(N7)?
< (C4)?5,,, and after combining the last inequality with (27) we obtain
(28) |Snj (hg,l’)| § C5M51/0 S C5M/Nj_1.
To finish the proof, we define
By (16), (19), and (25),
|Fj| <2/5% +2C3/Nj 1.
Taking into account that, by construction, >, 1/N; < oo, we get

(29) 3 IF| < oo

j
Further, we combine (16), (19), (25), and (28) with (18) and (15). Thus, if x € T\ E2\ F},
then

(30) 1S, (f = g;2)| < C1/j + Ca/j* + (CsM +2)/Nj—1 — 0 (j — 00).

By (29) and (30), S,,(f — g;x) — 0 almost everywhere on T \ Ey. This proves (6) and
completes the proof of Lemma 1.

For the whole class L(T) we can construct a sequence {N;} with a weaker property
than in Ul’yanov’s problem.
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THEOREM 2. There exists a sequence {N;} such that for every function f € L(T) there
is an increasing sequence {n;} such that n; < Nj for infinitely many j and Sy, (f) — f
almost everywhere.

Without loss of generality we can assume that

(31) [1r@las <1,

The following lemma is the main part of Theorem 2.

LEMMA 2. There exists a sequence {N;}(j > 0) such that for every ¢ > 0 there is
S = S5(e) and also for sufficiently large j there are numbers Nj_1 <mni <--- <nj < Nj
such that

(32) max(|S, (f32) = F(@)],- ., |Sn, (F30) = f(@)]) < S
on a complement to a subset of T of measure less than ¢.
Theorem 2 follows easily from Lemma 2. Indeed, let
en=2"" 0,=¢,/S(Eun) (n=>1).

For every p there exists a trigonometric polynomial P,, of degree m,, such that

[ 1) - Pu@lde <.

T

Denote g, = f— P,. By Lemma 2, for any y there exist j(u), E, C T, ni(p), ..., nj(u) (1)
such that j(u) > j(u —1) for p > 1, Njuy—1 > my, [Eu] < euy Njgy—1 <ni(p) <--- <
() (1) < Nj(u), and

(33) max |y, 1) (903 2) = 9u(2)]| < 2

for x € T\ E,. Since f — g, is a trigonometric polynomial of degree less than n;(u) for
j=1,...,5(u), (33) can be rewritten as

max S () (f32) = f@)] <€

We define a sequence {n;} to be the union of the sets {ni(u),...,n;0.)(p)} over j > 1.

Define
E=(J E.

J p>J

Then nj(,) < Nj(, for all p, [E| =0, and Sy, (f;x) — f(x) forall z € T\ E.
In the proof of Lemma 2 we may assume that ¢ < 1. We define E;, Es, g as in the
proof of Lemma 1. We consider that M > 18/e. Then

(34) |Es| < e/3.
It is enough to prove the existence of appropriate S,n1,...,n; such that
(35) max(|Sn, (f — g; )|, ., |Sn, (f —g32)]) < S

everywhere on T \ E, where

(36) E, CE, |E|<e.
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A sequence {0;} will be constructed in the following way. Let d; = 1/2. If §,, has been
chosen, we consider the set K of continuous functions i : T — C such that for all z,y € T
()| <1/6,,  [W(x) = h(y)| < |z —yl/5.

K is a compact subset of C(T). Hence, there is a finite 1-net {hq,...,hz, } for K (that
is, for any h € K there is | < L, such that || — hi||c(m) < 1). Observe that an 1-net with
the same cardinality L, exists if the function class is defined on some compact subset
of T, since every function can be extended from the subset to T without change of the
uniform norm and the Lipschitzian constant. Define

Suir = (1/6, +vI2) ™"
We define {N;} to be
No=1, N;j=1/5;a(j>1).

(Observe that 1/§, is an integer for any v.)
We define f,,g,, choose vy € [(j — 1)%,j*) for any j > 2 and further define hy, ha, h3
as in the proof of Lemma 1. We will seek for ni,...,n; from the segment (1/4,,, N;]
where
Ng/ = 1/6110 + 1/0L12,0 = (6V0+1)_1/2'

Similarly to (16) we prove that for some set F} o we have

B7)  Fal <1/, max(|Sn, (he;x)], ., |Sn; (hos 2)|) < C1/j (w € T\ Fjo),
Similarly to (27), we have a uniform estimate

(38) max(|Sn, (hs; @)|,. .., |[Sn, (hs; z)|) < 46,,41(N})*M = 4M.

It suffices to estimate partial sums of the function hy on T\ Es.
Let us recall some well-known definitions and facts. For any function h € L(T) define

the conjugate function
. 1 —h t
Ji(x) = — lim / —hatt)
27 §—0 s<|t|<m tan(t/Q)
By the theorem of Lusin and Privalov (see, for example, [Z, 4.3 and 7.1]) this limit exists

almost everywhere.

LEMMA 2.1. There exists an absolute constant Cg such that for any function h € L(T)

and any o > 0
Hx :|h(x)] > a/T |h(t)|dt}’ < Cg /.

This is the result of [K].

For a positive integer n define a modified Dirichlet kernel of order n:
D () = sin(nt) .

tan(t/2)
LEMMA 2.2. Let

Sr(h;x) = /D* h(z + t)dt.
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Then

Sk (h;x) = Sy (h; x) — (h(n) exp(inz) + h(—n) exp(—inz)) /2.
Therefore,
Su(tsa)| <185+ 5 [ Inieae
See the first statement in [Z, 2.3]. The second statement follows immediately from the

first one.
Denote h(™ (z) = h(z)e™®.

LEMMA 2.3. We have
(39) S (h; ) = i exp(—inz)h™ (z) — i exp(inz)h =™ ()
provided that the right-hand side of (39) is defined. Therefore,

S5 (hs )| < [A ()] + [h (@)].

This result is contained in [Z, 7.3].
We will use Lemmas 3-5 for functions h("™), h = hy, and for z € T \ F5. Note that for
such x and hq(z +t) # 0 we have |x — ¢| > § = §,,. It is easy to see that

|cot(z/2)| < 2/6, |cot<x/2> ~ cot(y/2)| < (2/6* + Ve — gl (lal, Iyl € [6,7]).
Using also that, by (7) and (

(40) /|h1 \dx</|f \dm+/|g |da;<2/\f dz < 2,

we have for any integer n and x,y € T\ Fy
B (@) < /8, [BS (@) — B ()] < o — yl/6%,

Therefore, by the pigeon-hole principle, for j > 3 there exist ni,...,n;, 1/6,, < ny <
- < nj §NJ’», such that for all z € T\ Ey and p=2,...,7 we have

B (@) = B (@) <2, (BT (@) — AT (@) < 2.

(We have used that vg > j for j > 3.) Consequently, by Lemmas 2.2 and 2.3, and (40),
we get

(41) max(|Sn, (A5 @),y [ Sn, (s 2)]) < B (@)] + AT (2)] + 5.
By Lemma, 2.1, there is a set F};; C T such that
(42) |Fj71| < 5/3

and for any x € T \ Fj; we have
(B3 (@) + B3 (@) < Crfe
and thus, by (42), for x € T\ Ey \ F}1
(43) max(|Sp, (h1;2)|,...,|S, (h1;2)]) < C7/e +5.

Denote
E = Fj71 U Fj,l @] EQ.
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By (34), (37), and (42), the conditions (36) are satisfied for sufficiently large j. Using
(15), (37), (38), and (43), we have

max(|Sn, (f = g3 )|, .-, [Sn; (f —gs2)]) S C1/j +4M + C7/e +5
for all z € T\ E. This proves (35) and completes the proof of Lemma 2.

The author was supported by the grant 02-01-00248 from the Russian Foundation for
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