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Abstract. The James—Schreier spaces, defined by amalgamating James’ quasi-reflexive Banach
spaces and Schreier space, can be equipped with a Banach-algebra structure. We answer some
questions relating to their cohomology and ideal structure, and investigate the relations between
them. In particular we show that the James—Schreier algebras are weakly amenable but not
amenable, and relate these algebras to their multiplier algebras and biduals.

1. Introduction. In this paper we introduce the James-Schreier algebras, V,, for p > 1,
which are, by design, Banach sequence algebras with a bounded approximate identity (V,,
is introduced as a Banach space in [2]). We follow the approach of Andrew and Green [I]
and Dales [5], 4.1.45] in their investigations of the algebra structure of the James space Ja,
and White’s thesis [13] (alternatively [14]) to that of J, for p > 1. These previous studies
of the James algebras have appeared in a purely Banach-algebra context—[I] aspires
to a ‘basis-free’ approach (though relates some results to basis concepts in remarks).
In contrast, we present the underlying Schauder basis theory and shift operators on the
Banach space as a virtue. Not only does this approach offer efficiency, but perhaps insight:
it enables us to frame the non-amenability of the Banach algebra V), in terms of various
shift operators on V.

The James and James—Schreier algebras share many common features, despite the
fact that J, is [,-saturated, whereas V,, is co-saturated (see [2}, 5.2]). As V,, is not quasi-
reflexive, the role of J,, in different situations is now performed by one of the two algebras
Vp and its non-separable counterpart W), [2], 4.2]. In particular we show that V,, like J,, is
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weakly amenable but not amenable; and we show that the bidual of V},, and the multiplier
algebras of V,, and W), are all *-isomorphic to W, with an adjoined identity.

We also offer a brief glimpse of the Schreier algebras, both as toy counterparts to
the James—Schreier algebras, and because they embed as complemented ideals in the
corresponding James—Schreier algebras, thus giving one possible means of demonstrating
that V), is not amenable.

We make liberal use of definitions and results from the companion Banach-space paper
[2] in which the James—Schreier spaces are introduced, though now only concentrate
on the scalar field K = C for the Banach-algebra case. In particular, for m € N and

th coordinate functional,
th

¢ € N, we make use of: the unit vectors (e, )nen in coo; the m
fm : CN — C : (ap)nen — am; the natural projection associated with (, Pe; the m
natural projection, P, : CN — coo ¢ (a)nen = (@1, .., 4, 0,0,...); the element y, of
CN defined by (x¢, fx) = 1if k € ¢, and 0 otherwise; and in this paper, we write X,
for X (0,m)- We note that x¢ = Pcxn and x., = P xn- The dual of a Banach space E is
denoted by E’, the second dual by E”.

2. Banach-algebra theory. By a basis for a Banach space, we always understand a
Schauder basis.

PRrROPOSITION 2.1 ([11l 4.2.20]). Any Banach space with a normalised 1-unconditional
basis is a commutative non-unital Banach algebra under the pointwise product.

The lemma and norm that follow, may be found in greater generality in the proofs of
[5, 2.1.9] or [12], 1.1.9].

LEMMA 2.2. Let A be an algebra with identity e and a complete norm ||-|| such that the
product A x A — A is separately continuous. Then |laf := sup{|jad| : b€ A, || <1}
defines an equivalent norm on A such that ||e]| = 1 and ||ab] < |a|||lbl] (a,b € A).

Equip CV with the pointwise defined *-algebra operations. A Banach algebra B is a
Banach sequence algebra (on N) if B is a subalgebra of CY, and B contains cgg. For a
Banach sequence algebra B, and ¢ C N, we define I5(¢) := span{e, : n € (}; thisis a
closed ideal in B.

LEMMA 2.3. The closure of cop in a Banach sequence algebra B on which * is a continuous
inwvolution, is a x-ideal of B.

Proof. Tt is clear that cgg is a *-ideal in CY and hence also in B. The closure of ¢y in B
will hence also be a *-ideal of B. m

The following proposition may be found in [5, 4.1.35(i)], however, we give a short
direct proof:

PROPOSITION 2.4. Let B be a Banach sequence algebra in which cog is dense. Then the
character space of B is {fi|g : i € N}, that is, B is natural.

Proof. Let ¢ be a character on B. Then ¢(x¢) € {0,1} for all finite ¢ C N, by multi-
plicativity of ¢. As ¢ is non-zero, ¢(e,,) = 1 for some m € N, and by linearity, since
X{m,n} = €m + €n, we must have ¢(e,) = 0 for all n # m. Hence ¢ = f,|p. »
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PROPOSITION 2.5. Suppose that B is a Banach sequence algebra with a basis. Then:

(i) Any closed ideal in B is of the form Ig(() for some ¢ €N, and (X¢n(0,n))neN @5 an
approximate identity for Ig(();

(ii) B has a bounded approximate identity if and only if (Xn)nen is uniformly norm-
bounded.

Proof. (i) This is a restatement of [5l 4.1.35(ii)] or |13, 1.8.3].
(ii) It is clear that if ||xx|| is uniformly bounded for k € N, then the approximate identity
(Xn)nen is a bounded approximate identity.

Conversely, let (wy) be a bounded approximate identity with C' := sup, |lwa]| < oo,
and suppose for a contradiction that supy, || xx|| = oo. Every Banach space with a basis has
a finite basis constant [11, 4.1.17|, so we have M := sup,, || P,|| < co. By our assumption
there exists & € N such that ||xx| > MC + 1. As (w)) is an approximate identity, there
exists A such that ||xz — waxk| < 3. So for such a k and A we have

> Ixe — wxxkll = lIxell = loaxell = [Ixell = [[Prwall
> |Ixkll = M flwrl| = (MC+1) = MC =1

N =

which results in the required contradiction. m

DEFINITION 2.6. Let A be an algebra, and E an A-bimodule. A linear map 6 : A — E is
a derivation if it satisfies 6(ab) = a-6(b) +d(a)-b (a,b € A). A derivation 6 : A — E is
inner if there exists an element x € F such that 6(a) =a-z—z-a (a € A).

A Banach algebra B is amenable if every bounded derivation from B into a dual
Banach B-bimodule is inner. A Banach algebra B is weakly amenable if every bounded
derivation from B into the dual module B’ is inner.

PropPOSITION 2.7 (|5, 2.8.72]). Suppose that B is a commutative Banach algebra such
that the span of its idempotents is dense in B. Then B is weakly amenable.

In particular, a Banach sequence algebra in which ¢ is dense, is weakly amenable.

For a Banach algebra B with dual module B’, the Arens products are defined as
follows: for a € B, f € B, and F,G € B”, we set (a,F - f) :=(F, f-a) and {a, f - F) :=
(F,a- f) where a - f and f - a are the usual dual actions; then (F O G, f) := (F,G - f)
and (FOG, f) := (G, f- F). It is well known that the bidual equipped with either Arens
product, (B”,D) or (B”,<>)7 is a Banach algebra—see [5, 2.6.15] or [4}, 9.13(v)]. We say
that B is Arens regular if the Arens products coincide.

For B a Banach x-algebra we may define the linear involution < on B’ by setting
(, f9) := (z*, f) for all z € B and f € B’. If B is an Arens regular Banach x-algebra
then we equip B” with the involution F — F* defined by: (F*, f) := (F, f<) for all
F e B"” asin [5] 3.1.18].

For a Banach space E with a basis (by )nen, define [z, z) = sup,,en 1>y bl
for z = (o)nen € CV, and bip(E) := {z € C" : 2l ip(m) < oo} as in [2, 2.4]; then
bip(E) is a Banach space with respect to the norm |||, ). In the case where B is a
Banach sequence algebra in which (e, ),en is a basis, bip(B) will be a subalgebra of CY,
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and when * is an isometric involution on B, * will be an isometric involution on bip(B)
as well.

LEMMA 2.8. Let B be a Banach sequence algebra and suppose that (e, )nen 8 a shrinking
basis for B. The isomorphism Y : B” — bip(B) given by Y(F) := ((F, fn))nen (F € B”),
previously defined in [2, 2.4/, is an algebra homomorphism when B" is equipped with
either Arens product, and B is Arens reqular. If, additionally, B is a Banach *-algebra
with respect to the canonical involution on CV, then Y is a *-homomorphism.

Proof. We have T (FOG) =7 (F)-YT(G) as
and similarly T (F O G) =T (F) - T(G).

In the Banach x-algebra case, let x = ), ae; € B, and n € N; then we have (z, f;) =
(@, fn) = O, @ies, fn) = an = (x, fn). So f = f for all n € N. Thus we conclude that

T(F*) = ((F" fa))nen = (F fi)nen = ((F, fa))nen = T(F)". =

3. The Schreier spaces as Banach algebras. For the remainder of this paper, we
let p € [1,00), ¢ C N, and x := (ay)nen € CY. We recall the following definitions from
[2L Section 3]: a set ¢ is admissible if card(¢) < min(; the seminorm pu,(-,¢) is given
by 11p(,C) = (X e lanl”)/7; the norm ||, is given by [lzl, = sup{p(z.C) :
¢ admissible}; and the two Banach spaces associated with this norm are the unre-
stricted Schreier space, Z, := {x e CN: ||x||Zp < oo} and the Schreier space, S, =
span{e, :n € N} C Z,.

As the Schreier space S, has a normalised unconditional basis, it is a Banach algebra
by Proposition 2.1} and is weakly amenable by Proposition[2.7] A simple calculation gives
x|l z, = 0 hence by Proposition |i we have the following:

COROLLARY 3.1. The Schreier algebra S, has no bounded approzimate identity.

The lack of a bounded approximate identity prevents S, from being amenable [3]
2.9.57].

COROLLARY 3.2. The unrestricted Schreier space Z,, is a Banach sequence algebra with
isometric involution, and S, is an x-ideal of Zp.

Proof. As S, is a Banach algebra with isometric involution * and basis (e, )nen, bip(Sp)
is a Banach algebra and = is an isometric involution on bip(S,). Lemma implies that
Sp is a #-ideal in bip(Sp). The result now follows from the fact that bip(S,) = Z, [2,
3.13]. =

By Lemma [2.8] as the Schreier space S, has a monotone shrinking basis [2, 3.5], its
bidual S}/ is Arens regular and is *-isomorphic to the Banach x-algebra Z,,.

4. The James—Schreier spaces as Banach *-algebras. We recall the following defi-

nitions from [2], Sections 2 and 4]: a set ¢ is permissible if 2 < card ¢ < 14 min ¢; the semi-
I 1

norm v,(+, ¢) is given by v,(x, () := (Z?zl |, — Qs |p) 7 for C={m < - <ngq1};

the norm HHWp is given by ||a:||sz = sup {v,(z, () : ( permissible}; this is a complete
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norm on both the unrestricted James—-Schreier space, W, := {x € co : 2]y, < oo}, and
the James—Schreier space, V, :=§pan{e, : n € N} C W,

We let X, := bip(Vp) with norm [|-|| y := [|||,v, )» and recall that X, = Wy, +Cxn =
V,' [2, 4.15], due to the shrinking basis of V}, (proved in [2 4.12] in the case p > 1, and
3] for p = 1). We write |||, when we consider ||-[|;, restricted to V).

LeEMMA 4.1. The Banach space X, is a sub-x-algebra of CN with jointly continuous prod-
uct and isometric involution.

Proof. Making use of a standard inequality given in [2 equation (4.1)], it follows that
laB —7o|P = |afB — ad + ad — v6[P < 27 (|aB — adl? + |ad — ydP)
=271 (|af?|B = 0P + | — 7IP18]")
for any «, 3,7,0 € C.

Thus for z,y € W, we have v, (zy,{)" < 227 (|z||% vp (v, Q)" + |lyl% vp (%, 0)7).
Taking the supremum over all permissible sets (, we obtain

eyl <22~ (el Tyl + Il Nl ) < 22 el ity |

as |||y, dominates the supremum norm. So

eyl <2 lally, 1yl (1)

Hence for z,y € X, we have

eyl x, = sup || Pu(zy)lly, = sup [|Pn(2)Pa(y)lly,

< 2sup <||PnzHWp ||Pny||Wp) by equation
n

<2 (swp Pl ) (supllPal, ) =2lel, I,
n n

This shows that the product xy belongs to X, and is jointly continuous.

The involution * is isometric on X,,, because |a — 3| = ‘07 - B‘ for all o, € C,
s0 vp (Ppx,¢) = vp (P, () for all permissible subsets ¢ of N, and so [Pl =
[ Pally, < oo for each n € N, and hence finally we have [lz*|y = =y, < oo,

therefore z* € X,,. m
As in Lemma 2.2, let ||| x, := sup{||acyHXp 1y € Xp, Iyl x, < 1} for z € X,,.

COROLLARY 4.2. The Banach space X, is a commutative unital Banach sequence algebra
under the || - || x,-norm with isometric involution.

Proof. It has been shown in Lemma [4.1} that X, is an algebra with norm |[-[|y ~and
jointly continuous product, and it is clear that yy is an identity. So by an application of
Lemmawe see that || || x, is a submultiplicative norm on X, equivalent to ||| , and
Ixllx, = 1. The involution * is isometric as [|2*[| y = [lz[|x ,and so [l2*]x, = =[x, =

COROLLARY 4.3. W), is a closed x-ideal in X,, and X, is naturally identified with the
unitisation of Wp.

Proof. Let x € Wy and y € X, then 2y € ¢o and ||xy||Wp < 00 by equation above,
so xy € W,,. It is clear that W), is closed under the involution. m
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By Lemma and by the definition of V}, as the closure of ¢y, we have:
COROLLARY 4.4. V), is a closed x-ideal in X,.

By Proposition we have:
COROLLARY 4.5. The character space of V,, is {f; : ¢ € N}, that is, V}, is natural.

By |2, Remark 4.16] the map A : X, — C : (ap)pen — lim,_o @y, is a linear
functional; A is also multiplicative and hence is a character of X,,, and so A is continuous
and ||A|| = 1. This observation gives an alternative explanation for the boundedness of A.

Let %5 denote the state space of a unital Banach *-algebra B.

COROLLARY 4.6. The Banach x-algebras Vy,, Wy, and X, are x-semisimple.
Proof. We have
s-rad V, = #-rad(V,, + Cxn) = [ | {ker A : A € A, yop} € ) Ker fulv, oy, = {0}
neN
and
*-rad W) = x-rad X, = ﬂ {ker/\ A €e fxp} C ﬂ ker fn|x, = {0}. =
neN

PROPOSITION 4.7. The sequence (xy) is a bounded approzimate identity of norm-1 pro-
jections in the Banach x-algebra V,,, and is contained in coo.

Proof. We may calculate from the definition that || Xn”Wp =1forallneN. n

We note that by a remark following [5], 4.1.34], Propositionimplies that the Banach
sequence algebra V), is a strong Ditkin algebra, and spectral synthesis holds.
By an application of Proposition , we have:

COROLLARY 4.8. The closed ideals of V,, are all of the form Iy, (C), for some ( €N and
each has an approximate identity.

The statement of the following proposition may be found for the James spaces in [5,
4.1.45 (viii)] or [13] 4.2.3]. With a small alteration to take account of permissibility, these
proofs may be adapted for the James—Schreier algebras. However, here we give a slightly
different presentation that makes use of a calculation in the proof of [2] 4.18(ii)].

For a strictly increasing mapping o : N — N, we recall from [2], 4.18 and 4.20] the def-
initions on (Coo, H||Vp) of: the left shift, Ao : >0 1 €y — "1 QA (n)€n, Which is con-
tractive; the right shift, Ry : 0" | Gn€pn — Y.~ | (n€q(n), which is bounded if and only if
o(N) is cofinite in N; and the block right shift, O : > 0"\ anen — > 0" 1 X (o(n-1),0(n)]
(with the convention that ¢(0) = 0), which is bounded if and only if there is a constant
K € N such that o(n) < Kn for each n € N. In the bounded case, these shifts extend
uniquely to bounded operators on V.

PROPOSITION 4.9. Let 0 : N — N be a strictly increasing mapping. Then Iy, (c(N)) has
a bounded approzimate identity if and only if o(N) is cofinite in N.

Proof. We argue as in Proposition [2.5({ii)). If N\ ¢(N) is finite then the approximate
identity X, ((0,n]) = RoXn is bounded, as the right shift R, is itself bounded.
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Conversely, aiming towards a contradiction, assume that N\ ¢(N) is infinite and that
the ideal Iy, (0(N)) has a bounded approximate identity (w,) (necessarily sequential as V,
is separable), with [[wp[,, < C for some C' € N. We recall that, by a previous calculation
in the proof that R, is unbounded [2, 4.18(ii)], we have [[Roxxll, — oo as k — oo,
and hence there exists k such that HRanva > C+ 1. As w,, is a bounded approximate
identity, there exists n € N such that ||Ryxr — WnRan”vp < % Hence

1
) > [|Roxk — wnRan’”vp > ”Roxk”x/p - HwnRaxk”vp = ||R0Xk||vp - HPa(k)wﬂHVp

> 1 Boxilly, = lwally, > (C+1)—C =1,
which is a clear contradiction. m

PROPOSITION 4.10. Let 0 : N — N be a strictly increasing mapping such that, for some
constant K € N, we have o(n) < Kn for each n € N. Then the closed ideal Iy, (N \ o(N))
is complemented in V.

Proof. For such a mapping o, the left shift A, is a contractive operator and the block
right shift ©, is a bounded operator on V,, such that A,0, = Iy, . By [2, 3.18], ©,A,
and hence Iy, — ©,A, are idempotent. Thus Iy, (N\ o(N)) = ker(A,) = im(Iy, — ©,A,)
is a complemented subspace of V,,. m

COROLLARY 4.11. The Banach algebra V, is weakly amenable but not amenable.

Proof. Propositionimplies that V), is weakly amenable. By [5] 2.9.59], for an amenable
Banach algebra B, a closed ideal I is (weakly) complemented in B (if and) only if I has
a bounded approximate identity. Hence by Propositions [£.9) and [{.10] we conclude that
Vp is not amenable, by noting that, in particular Iy, (2N) is a complemented ideal with
no bounded approximate identity. m

The proofs above may be paraphrased to say that the James—Schreier algebras are
not amenable because there exist strictly increasing mappings o : N — N such that ©,
is bounded but (R (1) Xn)nen is not uniformly norm-bounded.

We also note that V, (and J,) are sequentially approximately contractible. That V,,
has a bounded sequential approximate identity in cog implies that it is sequentially ap-
proximately amenable [6] 3.5], and approximate amenability is equivalent to approximate
contractibility by a result of Ghahramani, Loy and Zhang [§].

PROPOSITION 4.12. The Banach *-algebras Wy, and V), contain complemented closed *-
ideals isomorphic to the Banach *-algebras Z,, and S, respectively.

Proof. For * = (atp)nen the mapping ®x = (0, 1,0, a2,0,a3,...) € CY defined in [2]
4.5] preserves pointwise multiplication and the involution. Given that the restrictions of
® define isomorphisms from Z, to a subspace of W), and from S, to a subspace of V,,
respectively, then these are evidently x-isomorphisms. The image of Z, under ® is the
complemented ideal ®(Z,) = Iy, (2N), and similarly, ®(S,) = Iy, (2N). =

This gives an alternative proof that V), is not amenable, as S, = Iy, (2N) is a comple-
mented ideal of V,, and S, is not amenable.
By Lemma [2.8] as V,, is a Banach +-algebra with a shrinking basis, we have:
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COROLLARY 4.13. The two Arens products on V' (identified with X, via ') coincide
with the product in X,. Hence V, is Arens regular, and Vp” with the Arens product is
*-isomorphic to Xp.

The multiplier algebra of a commutative faithful Banach algebra B, is given by
M(B) :={T:B— B:aT(b)=T(a)b (a,b€ B)}. When B has an isometric involu-
tion *, we equip M (B) with an involution T — T given by T := (T'(z*))* for all
x € B, as in [B, 1.10.1]. A Banach sequence algebra contains coy and hence is always
faithful.

PROPOSITION 4.14. The multiplier algebra M(V,) is *-isomorphic to Xp.

Proof. For x € X, and a € V), let L,(a) := za; we have za € V, as V,, is an ideal of X,
and so L, € M(V,) by commutativity of V,,. We claim that £ : X, — M(V,) : o — L,
is a *-isomorphism.

It follows straightforwardly from the definition that L(a) = z*a = L.~(a) for all
a € V. Continuity of .Z is automatic by the Banach algebra inequality: for x € X, we
have || Zz| < [|z[x,. To see that & is injective, suppose L, = 0. Then L,a = xa = 0
for all a € V},. In particular, ze,, = 0 for all n € N, which implies that x = 0.

We finally show surjectivity: suppose T' € M(V,). We have T'(e;)er = T'(ej)erer =
e;T(ex)er = 0 for all j # k. Hence for all k € N, we deduce that T'(ex) = axey for some
aj € C. Let 2 := (o )nen. We claim that x € X, and that T = L,. By linearity of T', we
have xnz = T(xn), and so

1Pazlly, = Ixnlly, = ITOw)lly, < ITIHxnlly, = 11

hence Hx||Xp = sup, ||Pn33va < o0 so x € X,. It is sufficient to check T' = L, by
evaluation on the basis (e, )nen of V,: we have T'(e;) = aye; = Ly(e;). m

COROLLARY 4.15. The multiplier algebra M(W),,) is x-isomorphic to X,,.

Proof. The proof of Proposition @ may be repeated with W), in the place of V,, to show
that M (W)p) is s-isomorphic to X,—though whereas before in the proof of surjectivity
it sufficed to check that 7" and L, agree on each basis vector e; of V,, now as W, has
no basis we must show that T'(a) = L,(a) for all a € W,. We have ¢,T(a) = T'(e;)a =
ajeia = ze;a = e;Ly(a) for all ¢ € N, hence T'(a) and L,(a) agree on every coordinate,
so they are equal. =

As X, is a commutative Banach algebra with identity, M (X,) = X,, [9]. Furthermore,

as each multiplier 7" € M (X)) is given by T' = Ly the isomorphism is clearly a
*-isomorphism as in the proof of Proposition

X))

COROLLARY 4.16. The following five Banach *-algebras: X, ; the bidual V" with the Arens
product; and the multiplier algebras M(V,), M(W,,), and M (X,); are x-isomorphic.

Extending a result in [I0], White classified the closed ideals of the James algebra J,,
in [I3]. However, in [7] it was shown that there is an uncountable family .% of subsets of
N such that the Banach spaces I, (¢) and Ig, (§) do not embed in each other whenever
¢, & € & are distinct. This suggests that a corresponding classification of the closed ideals
for V7 would be difficult.
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