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ÝQçHå^Ü¦î¡ãÂï}èwÝ
å^à)Þwî\îLå^èJî\Ü�ãQß¡èJâ¦åbènïoãQä¦çÂçWð�ãQçWÝQß\ènÝ�æ¦ÝQèníëî\ç_àñïGènÝ�ãQä¦çÂò�Þ_é�ß\çWÝEó¦ô�ãQènõ�ç_å�ç�ö�Ü�ÞTãQß\èJâ¦å

ut −∆u+ (u · ∇)u+∇p = f, x ∈ Ω, t > 0,
÷Eønù\øTú

u(x, t) = 0, x ∈ ∂Ω, t > 0,
÷Eønù�û�ú

∇ · u = 0, x ∈ Ω, t > 0,
÷EønùqüJú
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u(x, 0) = u0(x), x ∈ Ω,
÷Eøwù ��ú

lim
|x|→∞

u(x, t) = u∞, t > 0.
÷Eøwù���ú

� ç_ÝQç
Ω ⊂ R3 ß\å¥Þnâ�çWð�ãQç_ÝQß¡ènÝ��ëènà)Þnß\â	�mß ù ç ù ãQä¦çNì_èJà¥æëî\ç_à�ç_â�ã¥èJïbÞ
ì_èJà¥æ�ÞnìWã¥å^çWã K 
 ßkãQäÞ�å^à�è�ènãQä
í{ènÜëâ��ëÞwÝ^ê

∂Ω
ù
� ä¦ç#ß\â¦ß¡ãQß\Þnî�ì_èJâ��ëßkãQß\èJâ

u0
ß¡å)å^Ü�æ¦æ�èJå^ç�� ãQè+í�ç��¦ß¡é�çWÝ��Jç_â¦ìHçNïGÝQç_ç ß¡â

ãQä¦ç å^ç_â¦å^ç èJï��¦ß\åEã^ÝQß¡íëÜ�ãQß\ènâëå���Þnâ���ßkã�ß¡å�Þwã^ã�Þwß\â¦ç�� ß\â ãQä¦ç 
 çHÞwõ å^ç_âëå^ç Þnå t ↘ 0
ù
� äëç#ìHèJâ��¦ß��

ãQß¡èJâ�Þwã ß\â��ëâ¦ß¡ãdê ÷Eønù���ú ß\å#Ü¦â��¦ç_ÝQåEãQè�è���ß¡â�ãQä¦ç+å^ç_âëå^ç+èJïÂãQä¦ç 
 ç�Þwõ��2çWí{ç_å��JÜ¦ç+åEæ�Þnì_ç ÷ ènÝ#ãQäëç� ÞwÝQì_ß\â�õ�ß¡ç 
 ß¡ì��+åEæ�Þnì_ç ú L3,∞
σ (Ω)

èJï��¦ßké�ç_Ý��nçHâ¦ì_ç+ïGÝQç_ç �ëß¡åEã^ÝQß¡íëÜ�ãQß\èJâ¦å#í�ç_î\èJâ��Jß¡â��
ãQè
L3,∞(Ω)

ù
! èJî\î¡è 
 ß\â���ãQä¦çRæ�ä�ê�å^ß¡ì�Þwî:ß\â�ãQçWÝ^æ¦ÝQç_ã�ÞwãQß¡èJâ èJïmãQä¦ç�Þwí�è�é�çÂæ¦ÝQèníëî\ç_à���ãQä¦ç¯å^ç_ã K ÝQçWæëÝQç_å^ç_âCãQå&Þnâ èní��åEã�Þnì_î\ç"�>Þnâ�� ãQä¦ç�ò�ÞHé�ß¡ç_ÝEó�ôCãQèwõ�çHå$#�è 
 äëÞnåYãQä¦ç,ÞwåEê�à¥æ¦ãQènãQß\ìÂé�ç_î\èCìHßkãdê Þwã |x| = ∞ çHöCÜëÞnîLãQè u∞

ù
% â#æ�ÞwÝ^ãQß¡ìHÜ¦î\ÞwÝ��ëß¡ï

u∞ = 0
�¦ãQä¦ç&#ëè 
 ß\åYÞwã�ÝQç_åEã&ÞTãYß¡â��ëâ¦ß¡ãdê ù� ä¦ç_ÝQç�ß\å¯Þ#äCÜ��Jç�Þnà¥èJÜ¦âCã¯ènï�æëÜ�í�î¡ß\ìHÞwãQß\ènâëå¯ÞnâëÞnî¡ê'�Hß¡â(�#å^èJî\Ü�ãQß\ènâëåRãQèNãQäëç�çWð�ãQç_ÝQß¡ènÝRæ¦ÝQèníëî\ç_à

÷Eønù\øTú ó ÷Eønù���ú*) ä¦ç_ÝQç"� 
 ç#à�ç_â�ãQß\èJâ ènâëîkê
å^èJà¥ç ènïbãQä¦ç_à 
 ä¦ç_ÝQç�ãQä¦ç#ß\â�ãQçWÝQçHåEãQç��
ÝQçHÞ"�¦ç_Ý)ìHÞnâ+�ëâ(�à�èwÝQçÂìHèJà,æ�î¡ç_ãQç&ÝQçHïGç_ÝQç_â¦ìHç_å ù
�oçWÝ�ÞHê-, ø��". åEãQÜ��¦ß\ç���ãQä¦ç�åEã�ÞwãQß¡èJâëÞwÝ^ê æ¦ÝQèníëî\ç_à Þnå^å^è�ì_ß�ÞTãQç�� 
 ß¡ãQä ÷Eønù�ø�ú ó ÷Eønù��Jú Þnâ�� æëÝQèHé�ç��ãQä¦çNçWð�ß\åEãQç_â¦ìHç�èJïbÞ�å^à�è�ènãQä�åEãQç�Þ"��ê%åEã�ÞwãQç 
 ß¡ãQä
Þ/�ëâ¦ß¡ãQç10�ß¡ÝQß¡ìeä¦î¡ç_ã�ß\â�ãQç��nÝ�Þnî ù �oÞwãQçWÝ�� ! ß\â¦â2,�3 .��Þ_é�ç#Þnâ ÞnåEê�à¥æ¦ãQènãQß\ìNÞnâëÞnî¡ê�å^ß\å¥ï}ènÝ,ãQä¦ç�å^è"�`ìHÞnî\î¡ç��544æëäCê�å^ß\ìHÞnî\îkê%ÝQçHÞnå^èJâëÞwíëî\ç76Nå^ènî\Ü�ãQß\èJâ¦å,æ¦ÝQè�é�ß¡â(�

Þ�Üëâ¦ß\öCÜ¦çHâ¦ç_å^å6ÝQçHå^Ü¦îkã�ï}ènÝ�å^à)Þnî\î8�ëÞwã�Þ,ß¡âNå^Ü¦ìeä#Þ�ìHî\Þnå^å ù � ènÝQçHèHé�ç_Ý���äëß¡å�å^ènî\Ü�ãQß\èJâ¦å6æ¦ÝQçHå^ç_â�ãYÞnå 
 ç_î\îÞ�æ�ÞwÝ�Þwí�èJî¡èJß9�ëÞnî 
 Þwõ�çYåEã^ÝQÜ¦ìWãQÜ�ÝQç�í{ç_ä¦ß\â���ãQä¦ç�èníëåEã�Þnì_î\ç ù;: ç�ÝQçHïGç_Ý8ãQäëç�ÝQçHÞ"�¦çWÝ�ãQè�ãQä¦ç�ã 
 èRé�ènî\Ü¦à�çà�ènâëè"�nÝ�Þwæëä íCê/<�Þnî9�¦ß
,�= . ï}èwÝ&å^çWé�çWÝ�Þnî2ènãQä¦çWÝYÝQç_å^Ü¦î¡ãQåbèJâ#ãQä¦çÂåEã�ÞwãQß\ènâ�ÞTÝ^ê#ç_ð�ãQçWÝQß\èwÝ�æëÝQèwí�î¡çHà(Þnâ��
ïGènÝ�ãQä¦ç&à�ènåEã�ì_èJà¥æëî\çWãQçbíëßkí�î¡ß\è;�wÝ�ÞwæëäCê ù � çWÝQç;� 
 ç�Þwî\å^è,öCÜ¦ènãQçbãQä¦çYÝQçHì_ç_âCã�æ�Þwæ�çWÝ�íCê#ôCä¦ß¡í�Þwã�Þ�Þnâ��> Þnà)Þ"�HÞwõ�ß8, ø@?@. èJâ�ãQä¦ç6í�ç_äëÞHé�ß\èwÝ�Þnå |x| → ∞ èJïëåEã�ÞwãQß\èJâëÞwÝ^ê¯å^èJî\Ü�ãQß¡èJâ¦åmãQèbãQäëç6çWð�ãQçWÝQß\ènÝ:æ¦ÝQèníëî\ç_à ù% â,ãQä¦ç�ìHÞnå^ç�èJï�â¦èJâ¦åEã�ÞwãQß¡èJâëÞwÝ^ê�å^èJî\Ü�ãQß¡èJâ¦å�� � çWê 
 è�è'��æ¦ÝQè�é�ç���, ?�. ãQäëÞwãmï}ènÝ8å^à)Þnî¡î��ëÞwã�Þ&èJâ¦ç�ìHÞnâå^èJîké�ç&ãQä¦ç"��å^è"�`ì�Þwî\î\ç��	�¦åEã�ÞTí�ß¡î\ßkãdê)æ¦ÝQèníëî\ç_à ïGènÝ6æëä�ê�å^ß¡ì�Þnî¡î¡ê)ÝQçHÞnå^èJâëÞwíëî\ç&å^èJî\Ü�ãQß¡èJâ¦å ù % â�ènãQä¦ç_Ý 
 ènÝ��¦å��ïGènÝ#å^à)Þnî¡î&�ëÞwã�Þ%èJâ¦ç+ì�Þnâ å^èJîké�ç�ãQä¦ç�çHöCÜëÞwãQß\èJâ¦åNèní¦ã�Þnß\â¦ç�� íCê�ÝQç_æëî\ÞnìHß¡â��
ß\â ÷Eøwù�øTú ó ÷Eøwù���ú 
 ßkãQäÞÂæ�çWÝ^ãQÜ�Ý^í{ç��A#ëè 
 � 
 ßkãQä)ÝQç_åEæ{ç_ìWã�ãQè�å^à¥è�ènãQä L2 æ�ç_Ý^ãQÜ�Ý^í�ÞwãQß¡èJâ¦å�� 
 ß¡ãQä¦ß¡â�ãQä¦çbì_î�Þwå^å6èJï�æëä�ê�å^ß\ìHÞnî¡î¡êÝQçHÞnå^èJâëÞwíëî\ç+å^ènî\Ü�ãQß\èJâ¦å ùCB å#ï}ÞwÝ#ÞnåNãQä¦ç
í{ç_äëÞHé�ß¡ènÝ Þnå

t → ∞ ènï¯â¦èJâ¦åEã�ÞwãQß\ènâ�ÞTÝ^ê å^èJî\Ü�ãQß¡èJâ¦å ß¡åì_èJâ¦ìHçWÝQâ¦ç��	��ãQä¦ß\å�ÝQçHå^Ü¦î¡ã 
 Þnå�î�ÞwãQçWÝ�ß¡à¥æ¦ÝQè�é�ç��#íCê�å^çWé�ç_Ý�ÞwîLÞnÜ�ãQä¦ènÝQå�� ÷ å^ç_çD, ø � û � ü � � �FE�� ? � øHü � ø =��ø E�� û"GH. ï}ènÝ8ï}Ü�Ý^ãQä¦çWÝ�Þnâ��¥à�ènÝQçC�¦ç_ã�Þwß\î\ç���Þnì_ìHèJÜ¦â�ãQå8èJâ,ãQä¦ç�å^Ü�í�IAçHìWã ú�ù � è 
 çWé�ç_Ý�� ! ß\â¦â¥æ�èJß¡â�ãQç��,èJÜ�ãß¡â , �". ãQäëÞwã�ß\ï
u(x)

ß\å�Þ,åEã�ÞwãQß¡èJâëÞwÝ^ê�æëä�ê�å^ß\ìHÞnî¡î¡ê�ÝQçHÞnå^èJâëÞwíëî¡çRå^èJî\Ü�ãQß¡èJâ¦åYÞnâ��Nß¡ï2ãQä¦ç�ç_ðCãQç_ÝQâëÞnî�ïGènÝQì_ç
çWð�ãQçWÝ^ãQç�� èJâ ãQä¦ç¯èníëåEã�Þnì_î\ç��¦è�ç_åbâ¦ènãbéJÞwâëß¡å^ä	��ãQäëç_â

u(x) − u∞
ß¡å&â¦ènã&åQöCÜëÞwÝQç¯ß\â�ãQç��nÝ�Þwíëî\ç ù8� ä¦ß\å

ß¡å 
 ä�ê/ß¡ã,Þwæ¦æ�çHÞwÝQç��%ß¡â�ãQç_ÝQç_åEãQß\â�� ãQè åEãQÜ���ê�ãQä¦ç)ç_ð�ß¡åEãQçHâ¦ì_ç�èJï6å^èJî\Ü�ãQß\ènâëå¯ãQè ÷Eønù\øTú ó ÷Eønù���ú 
 ßkãQäëß¡âÞ¥ì_î�Þwå^åbènï:ï}Ü¦â¦ìWãQß\èJâ¦å�î�ÞTÝ��Jç_Ý�ãQäëÞnâ
L2(Ω)

ù
% â¥ãQä¦ß\åJ�¦ß¡ÝQç_ìWãQß\èJâ,ãQä¦ç�à¥èJåEã�ì_èJà¥æ¦ÝQç_äëç_â¦å^ß¡é�ç�ãQä¦ç_ènÝ^ê;�nãQäëÞwã�Þwæ¦æ�î¡ß\ç_å�ß¡â)Þ�à�ènÝQç$�nçHâ¦çWÝ�Þnî¦ï�Ý�Þnà�çK�


 ènÝ^õ�ãQäëÞwã�ãQä¦çRçHâ¦çWÝ��nê�èJâ¦ç;� 
 Þwå�ãQäëÞwã�à)ÞTõ�ß\â��)Þ,åEê�åEãQç_à)ÞwãQß¡ìRÜ¦å^çÂèJï Lp − Lq ç_åEãQß\à�ÞwãQçHå�èJï2ãQäëçô�ãQènõ�ç_åmå^ç_à�ß9�wÝQèJÜ�æ ù;� ä¦ç_å^ç�ãQçHì�ä¦âëß\öCÜ¦çHå 
 ç_ÝQç�Þwæ¦æëî\ß¡ç��,ß¡â�ãQäëç6ì_èJâ�ãQç_ðCãmèJï¦éJÞTÝQß\èJÜ¦åmïGÜëâ¦ìWãQß\èJâ�åEæ�Þnì_çHåÞnâ���ÝQçHî\ÞwãQç���æ¦ÝQèníëî¡çHà�å ÷ ì_ï ù ç ù � ù , û � ü �LE'� ø�G � øHü � ø E'� û"GH.}ú�ùNM èJà,æ>ÞTÝQç���ãQèNãQä¦ç¥ò�ÞHé�ß\çWÝEó¦ô�ãQènõ�ç_å
æ¦ÝQèníëî\ç_à(ß\â ãQäëç 
 äëènî\ç¯åEæ�ÞnìHç R3 ��ãQä¦ç¯ì�Þwå^ç�èJï8Þnâ
çWð�ãQçWÝQß\ènÝ��¦èJà�Þnß\â ß\å&à�ènÝQçO�¦ß�P�ìHÜ¦î¡ãbí�çHìHÞnÜ¦å^ç
ãQä¦çRå^ì�Þnî¡ß\â��¥æëÝQèwæ{çWÝ^ãQß\ç_å�èJï2ãQäëçRçHöCÜëÞwãQß\èJâ¦åYÞwÝQçÂäëÞwÝ��¦çWÝ�ãQè�çWð�æëî\èJßkã ù
Û&â¦çRèJïLãQäëç�à�èJåEãYß\à,æ{èwÝ^ã�Þnâ�ã�æ¦ÝQèníëî\ç_à�å�ß\å6ãQèQ�ëâ�� Þnâ Þ"�¦ç�ö�Ü�ÞTãQçRïGÜ¦âëìWãQß\ènâ�Þwî{å^ç_ã^ãQß¡â(� ù(� äëçWÝQç

äëÞHé�ç¥í�çHç_â�à�Þnâ�ê�Þwæ¦æ¦ÝQè�Þnì�äëç_åRãQèNãQä¦ç�ç_ðCãQç_ÝQß¡ènÝÂò�ÞHé�ß¡ç_Ý��Aô�ãQènõJçHå�æ¦ÝQèníëî\ç_à��2ß¡âëì_î\Ü��¦ß\â��R�oçWí�çHå��nÜëç
åEæ�Þnì_çHå���Þnâ¦ß\å^ènã^ÝQèwæ�ß¡ì�Þwî\î¡ê 
 çHß��Jä�ãQç�� ôCèní�èJî\çWé
åEæ�ÞnìHç_å�� � ènÝ^ÝQçWê'� M Þnà,æ>Þwâ�ÞTãQè/åEæ�ÞnìHç_å ù � çWÝQç"��èJÜ�Ýì�ä¦èJß\ì_çYß\å�ãQäëÞwã�èJï 
 ç�ÞTõQ�oçWí�çHå��JÜ¦çYåEæ�Þnì_çHå Lp,∞(Ω)

ãQäëÞwã�ì_èJâ�ã�Þnß\â)ïGÜëâ¦ìWãQß\èJâ¦å 
 ßkãQä�ãQä¦çS�¦çHìHÞHê¥ïGènÝ



STABILITY OF NAVIER–STOKES FLOW
���

|x| → ∞ çWð�æ�çHìWãQç��
ï}ènÝRãQä¦ç,å^èJî\Ü�ãQß\ènâ�ïGÝQènà æëä�ê�å^ß\ìHÞnîmå^ß\à�ß¡î�ÞwÝQßkãdê�ÞTÝ��JÜ¦à�çHâ�ãQå ù � è 
 çWé�çWÝ���ãQè��nç_ãå^Ü¦ß¡ã�ÞTí�î¡çÂçHåEãQß¡à)ÞwãQç_å 
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 ù � ä¦çÂæëî�Þnâ èJï:ãQä¦çRæ�Þwæ�çWÝbß\å�ãQäëçïGèJî\î¡è 
 ß\â�� ù ! ßkÝQåEã�� 
 ç ��ÞwãQä¦çWÝmãQä¦ç�ß\â¦ïGènÝQà)ÞwãQß¡èJâ,èJâ,ãQä¦ç6î\ß¡â¦ç�ÞwÝQß��Hç��¥çWé�èJî¡Ü�ãQß\èJâ�æëÝQèwí�î¡çHà1�nß ù ç ù èJâ�ãQäëçô�ãQènõ�ç_å&Þnâ���Ûbå^çHç_â
å^ç_à�ß9�wÝQèJÜ�æ�å ù8� ä¦çHâ	� 
 ç¯ÝQç_ì�Þwî\îLãQäëçÂÝQç_å^Ü¦î¡ãQåbèJâ ãQä¦ç¯ç_ð�ß\åEãQç_âëì_ç�Þnâ��
åEã�Þwíëß¡î\ß¡ãdêèJï�å^ènî\Ü�ãQß\èJâ¦å ù ÛbÜ¦ÝÂà)Þnß¡â+ÝQçHå^Ü¦î¡ãQåÂènâ�ãQä¦ç�ÞnåEê�à,æëãQèwãQß\ì�åEã�Þwíëß¡î\ß¡ãdê�èJï�å^èJî\Ü�ãQß¡èJâ¦å¯ÞwÝQç�ì_èJâ�ã�Þnß\â¦ç��/ß¡â
� ä¦ç_ènÝQçHà üCù �#÷ ãQä¦ç&ì�Þwå^ç

u∞ = 0
ú Þnâ��Nß\â � ä¦çHèwÝQçHà ü�ù���÷ ãQä¦ç��JçHâ¦çWÝ�Þnî�ìHÞnå^ç 
 ßkãQä u∞ 6= 0

å^à)Þwî\î
ç_â¦èJÜ��Jä ú�ù ! ß\âëÞnî\îkê � 
 ç 
 ß\î¡îoÞwâ�Þwî¡ê��_ç�ãQä¦çRÝQç��JÜ¦î�ÞTÝQß¡ãdêNèJï:å^èJî¡Ü�ãQß\èJâ¦åYß¡â � ä¦çHèwÝQçHà�å �¦ù�ø Þnâ�� �¦ùqûCù

�����
	����
����� � çWÝQç
Lp,r

�¦ç_âëèwãQçYãQä¦ç
Lp,r(Ω)

�2ènÝQç_âCã��YåEæ>ÞwìHç_å�èJï{éJçHìWãQènÝ�ïGÜëâ¦ìWãQß\èJâ¦å 
 ßkãQä)énÞnî\Ü¦ç_å�ß\â
R3 ��Þnâ�� Lp,rσ (Ω) � ãQä¦çHßkÝ�ÝQçHåEæ�ç_ì_ãQßké�ç�ß\â�ãQçWÝQå^çHìWãQß\èJâ¦å 
 ß¡ãQä�ãQäëç �ëßké�çWÝ��JçHâ¦ì_ç�ïGÝQç_ç ÷ ß\â�ãQä¦ç&�¦ß\åEã^ÝQßkíëÜ��ãQß¡èJâëÞnî8å^çHâ¦å^ç ú é�ç_ì_ãQènÝ ��ç_î9�¦å ù � äëç¥ì�Þnå^ç

r = ∞ ìHèwÝ^ÝQçHåEæ�èJâ��¦åRãQèNãQäëç � ÞwÝQì_ß\â�õ�ß¡ç 
 ß¡ì�� ÷ èwÝ 
 ç�ÞTõ�2ç_í�ç_å��JÜ¦ç ú åEæ>ÞwìHç_å ù � ä¦ç�î\çWã^ãQç_Ý
C
�¦çHâ¦ènãQç_åÂß¡â¦çHå^å^ç_â�ãQß�Þnî8ì_èJâ¦åEã�Þnâ�ãQå 
 ä¦ß\ì�ä�à)ÞHê
énÞwÝ^ê
ïGÝQènà î¡ß\â¦çãQè�î¡ß\â¦ç"�ëíëÜ�ãS�¦è)â¦ènãS�¦çWæ�çHâ��#èJâ#æ�ÞwÝ^ãQß¡ìHÜ¦î�ÞTÝYå^èJî\Ü�ãQß\ènâëå ù

��Ñ��{ÔHÖ���������Óo×���� �!�¦Ó"� �$#/Ú&%>Õ�Ö�Ø('(�nÑ�ôCß\â¦ìHç 
 ç 
 ß\î¡îoÜëå^ç¯ãQä¦çO0RÜ¦äëÞnà�ç_î2ãdê�æ�ç¯ï}ènÝQà¯Üëî\Þnå&ï}èwÝÝQçWæ¦ÝQçHå^ç_â�ãQß\â��ÂãQä¦çYå^èJî\Ü�ãQß¡èJâ¦å�èJï�ãQäëçYïGÜëî¡î�â¦èJâ¦î¡ß\â¦ç�ÞTÝ�æ¦ÝQèníëî\ç_à��CçHåEãQß¡à)ÞwãQç_å�èJâ�ãQä¦çYî¡ß\â¦çHÞwÝQß9�_ç���æ¦ÝQèní��
î¡çHà�åYÞwÝQçRèJï:ß¡à¥æ�ènÝ^ã�Þnâ¦ìHç ù
<&ß¡é�ç_â

u∞ ∈ R3 
 çÂì_èJâ¦å^ß9�¦çWÝYãQä¦ç�) �*��+,	�- æ¦ÝQèníëî¡çHà
vt −∆v + (u∞ · ∇)v +∇q = 0, x ∈ Ω, t > 0

÷`û�ù\øTú

v(x, t) = 0, x ∈ ∂Ω, t > 0,
÷`û�ù�û�ú

∇ · v = 0, x ∈ Ω, t > 0,
÷`û�ùqüJú

v(x, 0) = v0(x), x ∈ Ω,
÷`ûCù ��ú
ìHÞnî\î¡ç��%ãQä¦ç ô�ãQènõ�ç_å�æ¦ÝQèníëî\ç_à ïGènÝ

u∞ = 0
�mÞnâ��%ãQäëç Ûbå^çHç_â%æëÝQèwí�î¡çHà ß\ï

u∞ 6= 0
ùJ� ä¦çNì_ènÝ^ÝQçK�

åEæ�èJâ��¦ß\â��#å^ç_à�ß��nÝQèJÜ�æëåÂÞwÝQç¥ìHÞnî¡î\ç��
ãQä¦ç)ôCãQèwõ�çHåRÞnâ��
ãQä¦ç)Û&å^ç_çHâ�å^ç_à�ß9�nÝQènÜ¦æëå��{ÝQç_åEæ�çHìWãQß¡é�ç_î¡ê;�{Þnâ��
ÞwÝQç&�¦çHâ¦ènãQç��NíCê

T (t)
Þnâ��

Tu∞(t)
�
t ≥ 0

ù
� ä¦ç)å^çHà�ß��nÝQèJÜ�æëå

T (t)
Þnâ��

Tu∞(t)
äëÞHé�ç�í�çHç_â/åEãQÜ��¦ß\ç��%ïGènÝ ÷ Þwã¯î\çHÞnåEã ú = � ê�çHÞwÝQå��oì_ï ù , ø 3 .`ù

� çWÝQç;� 
 ç�ÝQç_ìHÞnî\î�èJâ¦îkê,ãQä¦ç�ì_èJâ�ã^ÝQß¡íëÜ�ãQß\èJâ¥à)Þ"�¦ç�íCê)ôCäëßkí�Þwã�ÞRÞnâ�� > Þnà)Þ"�HÞwõ�ß�ß¡âR, ø = � ø E'� û"GH. 
 ä¦ß\ì�äß¡åYß\à,æ{èwÝ^ã�Þnâ�ãYï}ènÝ�ãQä¦ç�ãQènæëß\ìRåEãQÜ(�¦ß¡ç�� ß¡â#ãQä¦çRæ¦ÝQç_å^çHâ�ã�æ>ÞTæ{çWÝ ù
� ä¦ç�à�Þnß\â�ãQçHì�ä¦âëß¡ì�ÞwîmãQè�ènî\åRÜ¦å^ç���ß\â�ãQä¦ç,æ¦ÝQçHå^ç_â�ãRæ�Þwæ�ç_ÝÂÞwÝQç,ãQäëçQ�2ènÝQç_âCã��¥åEæ�Þnì_ç¥çHåEãQß¡à)ÞwãQç_å

èJï�ãQä¦ç ô�ãQènõ�ç_å�Þwâ(�.Û&å^ç_çHâ�å^çHà�ß��nÝQèJÜ�æëå 
 äëß¡ìeä
ÞwÝQçNì_èJâ¦å^çHöCÜ¦çHâ¦ì_çHå,èJïYÜ¦å^ÜëÞnî �oçWí�çHå��nÜëç�åEæ�Þnì_çHå
Lp − Lq çHåEãQß¡à)ÞwãQç_å��ëìHï ù , ønøK. �¦é�ß\Þ�Þnâ#ß\â�ãQçWÝ^æ{ènî�ÞwãQß¡èJâ ÞwÝ��JÜ¦à�ç_âCã ù� äCÜëå�� 
 çRí�ç��Jß\â 
 ß¡ãQäNãQäëç�çHåEãQß¡à)ÞwãQç_åYï}èwÝ�ãQäëç�ô�ãQènõ�ç_åYÞnâ���Ûbå^çHç_â å^ç_à�ß9�nÝQènÜ¦æëå ù

.0/�1(23154 6*7�6&1(8:9�;�<=;(>@?A?,B$CD+E��F$	��
1 < p ≤ q < ∞ 	���G

v0 ∈ Lpσ(Ω)
�IH(F$+J-A+K+,L��&?J��?

ε0 > 0?,B3MNFO��F$	���P ��-�	 )*)
u∞ ∈ R3 ?,B3MNFO��F$	�� |u∞| ≤ ε0 Q +IF$	�R�+

‖Tu∞(t)v0‖Lq ≤ Ct−
3
2( 1

p− 1
q )‖v0‖Lp

÷`û�ù���ú
PN��-S	 )*)

t > 0 T F$+J-,+JU Tu∞(t) = T (t)
PN��-

u∞ = 0 V �XWY��-A+,��R�+J-JUZ��F$+\[�-A	]G��^+J���_�`PI��F$+�? +JCa�b[�-A��B�c
? 	����*?&dZ+J?I��F$+S+N?J���*C�	��
+
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‖∇Tu∞(t)v0‖Lq ≤ ct−
3
2( 1

p− 1
q )− 1

2 ‖v0‖Lp
÷`û�ù 3 ú
PN��-

1 < p ≤ q ≤ 3
�

� ä¦ç�æ�Þnå^åQÞH�Jç/ïGÝQènà ãQä¦ç �2ç_í�ç_å��JÜ¦ç�åEæ>ÞwìHç_å#ãQè ãQä¦ç �oènÝQç_â�ã���åEæ>ÞwìHç_å ç_åEãQß\à)ÞwãQç_å ïGènÝ ãQä¦èJå^ç
å^ç_à�ß9�wÝQèJÜ�æ�åYß¡åYà)Þ"�¦çÂÜ¦å^ß\â��¥ãQä¦çRÝQçHÞnîLß¡â�ãQç_Ý^æ�èJî\ÞwãQß\èJâ#à�çWãQä¦è'� ù
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‖Tu∞(t)v0‖Lq,r ≤ ct−
3
2( 1

p− 1
q )‖v0‖Lp,r ,

÷`û�ù = ú
PN��-

t > 0
U

1 < p ≤ q <∞ U
1 ≤ r ≤ ∞ U 	���G

‖∇Tu∞(t)v0‖Lq,r ≤ ct−
3
2( 1

p− 1
q )− 1

2 ‖v0‖Lp,r ,
÷`û�ù E ú
PN��-

t > 0
U

1 < p ≤ q ≤ 3
U

1 ≤ r ≤ ∞ �
� ä¦çHå^ç#ÞwÝQçNæ�ÞwÝ^ãQß¡ìHÜ¦î�ÞTÝ)ìHÞnå^ç_å�èJïYãQä¦çNç_åEãQß\à)ÞTãQçHå,ÝQç_ìHènÝ��¦ç�� ß¡â , ø E .`ù � ä¦ç#ç_åEãQß\à�ÞwãQçHå¥ïGènÝ¥ãQäëç

ô�ãQènõ�ç_å�å^ç_à�ß9�nÝQènÜ¦æ 
 ß¡ãQä u∞ = 0
äëÞHé�ç�í{ç_ç_â#æ¦ÝQè�éJç�� çHÞwÝQî¡ß\çWÝYß\â5, û"GH.`ù

% â#ãQä¦çÂïGèJî\î¡è 
 ß\â���� 
 çÂÞnî\å^è�Ü¦å^çRãQä¦çÂß¡âCãQç��nÝ�Þnî{çHåEãQß¡à)ÞwãQç
∫ ∞

0

t
3
2 ( 1

p− 1
q )− 1

2 ‖∇Tu∞(t)v0‖Lq,1 dt ≤ C‖v0‖Lp,1
÷`û�ù�?�ú


 ä¦ß\ì�ä�äëènî9�¦å)ã^ÝQÜëç Ü¦â��¦ç_Ý)ãQä¦ç
Þnå^å^Ü¦à¥æ¦ãQß\èJâ¦å�èJï	��ÝQèwæ{ènå^ß¡ãQß\ènâ û�ù�ø Þnâ�� 
 äëß¡ìeä�ß\å�éJÞwî\ß9�.ï}ènÝ�Þnî\î
v0 ∈ Lp,1σ (Ω)

�
1 < p ≤ q ≤ 3

��Þnâ�� Þ¥ì_èJâ¦åEã�Þnâ�ã
C > 0

ù % â#ãQä¦çRì�Þnå^çÂènïoãQä¦ç,ô�ãQènõJçHå�å^çHà�ß��nÝQèJÜ�æ �
ß¡âëçHöCÜëÞnî¡ß¡ãdê ÷`û�ù�?�ú ß¡å��ëÜ¦ç�ãQè > Þnà�Þ"��ÞTõ�ßQ, û"G � M ènÝ ùbû�ù�ü�.`ù ! ènÝ#ãQä¦ç%Ûbå^çHç_â�å^çHà�ß��nÝQèJÜ�æ

Tu∞(t)
�
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 ä¦ß\ì�ä
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 ß¡î\î2Þnî\å^è�â¦çHç��#å^èJà�çRãQç_ìeä¦â¦ß\ìHÞnî{î\ç_à�à)Þwã�Þ 
 ä¦ß\ì�ä 
 çÂïGènÝQà�Ü¦î�ÞTãQçRí�ç_î\è 
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∥∥∥∥
∫ t

0

Tu∞(t− s)P∇G(s) ds

∥∥∥∥
L3,∞

≤ C sup
0≤s≤t

‖G(s)‖L3/2,∞

PN��-S+,	]MJF P,B���M ���
���
G ∈ L∞((0,∞);L3/2,∞(Ω))

UZ	 )*)
t > 0

UZ	���GK	EM,���3?,�
	����
C > 0

�
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L

3/2,1
σ (Ω)

ßkãYï}èJî¡î\è 
 å�ïGÝQèJà ãQä¦ç ��� î9�¦çWÝYß\â¦çHöCÜëÞnî\ßkãdêNß\âR�2ènÝQç_â�ã��ÂåEæ�Þnì_çHå�ãQäëÞwã
∣∣∣∣
〈∫ t

0

Tu∞(t− s)P∇G(s) ds, ϕ

〉∣∣∣∣ ≤
∫ t

0

|〈G(s),∇Tu∞(t− s)ϕ〉| ds

≤ sup
0≤s≤t

‖G(s)‖L3/2,∞

∫ t

0

‖∇Tu∞(t− s)ϕ‖L3,1 ds.

ò&è 
 �ëãQä¦ç > Þnà)ÞH��Þwõ�ß2çHåEãQß¡à)ÞwãQç ÷`û�ù�?�ú î\çHÞ"�¦åbãQè�ãQä¦ç¯à)Þ�IEènÝQß���ÞTãQß\èJâ èJï:ãQä¦ç¯å^çHì_èJâ�� ï�ÞnìWãQènÝbèJâ ãQäëçÝQß��Jä�ãbäëÞnâ�� å^ß9�¦çRíCê
∫ t

0

‖∇Tu∞(s)ϕ‖L3,1 ds ≤
∫ ∞

0

‖∇Tu∞(s)ϕ‖L3,1 ds ≤ C‖ϕ‖L3/2,1 .

� ä¦ç&�ëÜëÞnî¡ß¡ãdê#ÞwÝ��JÜ¦à�ç_â�ãbì_èJà¥æëî\çWãQçHå�ãQä¦ç�æ¦ÝQè�èJï ù
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limt→∞ ‖G(t)‖L3/2,∞ = 0
U ��F$+N�

lim
t→∞

∥∥∥∥
∫ t

0

T (t− s)P∇G(s) ds

∥∥∥∥
L3,∞

= 0.
÷`ûCù�ø�GCú

� -A� �`P � B â�Þwâ�Þwî\è;�JènÜëåRÝQç_å^Ü¦î¡ãÂß¡â+ãQä¦ç¥ì�Þwå^ç�ènï�ãQä¦ç 
 ä¦èJî\ç¥åEæ�Þnì_ç Ω = R3 ì�Þwâ�í{ç¥ïGèJÜ¦â(�+ß¡â , û�.`ù
: ç�åEæëî\ßkã¯ãQä¦ç�ß¡âCãQç��nÝ�Þnî8ß\â�ãQè#ãQä¦ç�å^Üëà ∫ t/2

0
. . . +

∫ t
t/2

. . .
�oÞnâ���æ¦ÝQè�ì_ç_ç��¦ß\â�� ÞnåÂß¡â�ãQä¦ç¥æ¦ÝQè�èJï�èJï

�2çHà¥à)Þ ûCù�ø 
 ßkãQä ϕ ∈ L3/2,1
σ (Ω) 
 çÂçHåEãQß¡à)ÞwãQç

∣∣∣∣
〈∫ t/2

0

T (t− s)P∇G(s) ds, ϕ

〉∣∣∣∣ ≤
∫ t/2

0

‖G(s)‖L3/2,∞‖∇T (t− s)ϕ‖L3,1 ds

≤ C

∫ t/2

0

‖G(s)‖L3/2,∞(t− s)−1‖ϕ‖L3/2,1 ds.

� ç_â¦ìHç"�¦íCê1�¦ÜëÞnî\ßkãdê � 
 çRäëÞHé�ç
∥∥∥∥
∫ t/2

0

T (t− s)P∇G(s) ds

∥∥∥∥
L3/2,∞

≤ C

∫ t/2

0

(t− s)−1‖G(s)‖L3/2,∞ ds

≤ C

∫ 1/2

0

(1− τ)−1‖G(tτ)‖L3/2,∞ dτ
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t→∞ í�ê�ãQä¦ç �2çWí{ç_å��JÜ¦ç&�ëènà�ß\âëÞwãQç�� ì_èJâ�é�ç_Ý��nçHâ¦ì_çRãQä¦ç_ènÝQçHà ù� èbí{ènÜëâ���ãQä¦ç6å^ç_ì_èJâ��,ß\â�ãQç��wÝ�Þnî�ãQçWÝQà 
 ç�Þwæ¦æëî¡ê��2ç_à�à)Þ ûCù�ø 
 ßkãQä�ãQä¦ç�ï}Ü¦â¦ì_ãQß¡èJâ G ÝQç_åEã^ÝQß\ìWãQç��ãQè¥ãQä¦çRß\â�ãQçWÝ^éJÞnî

[t/2, t]
Þnâ�� çHöCÜëÞnî

0
ènãQä¦ç_Ý 
 ß¡å^ç ù � ç_âëì_ç"� 
 çÂèní¦ã�Þnß\â

∥∥∥∥
∫ t

t/2

T (t− s)P∇G(s) ds

∥∥∥∥
L3,∞

≤ C sup
t/2≤s≤t

‖G(s)‖L3/2,∞ → 0

Þnå
t→∞ �ëíCê�ãQä¦çÂÞnå^å^Ü¦à¥æ¦ãQß\èJâ èJâ G ù

�{Ñ����oÚ&�WÔ �¦Ó2Ù � �>Ó2× �WÔ ���:Ú
	�ÚGÔ�� Ö�
E�_Ö�	�ØLÔTÚ}Ö�ÓX��
`Ö>Õ%Ô��X��Ó2Ö�Ó�	<Ú�ÓX�!��Õ ':Õ�Ö���	*�$# Ñ % â
ãQä¦çNÝQçK�
à)Þwß\â��¦ç_Ý&ènï:ãQä¦çRæ>ÞTæ{çWÝ 
 ç¯Þnå^å^Ü¦à�çÂãQäëÞwãYãQäëçÂçWð�ãQçWÝQâëÞnîLï}ènÝQì_çHåbÞwÝQçÂènï:æ�ènãQçHâ�ãQß\Þnî{ãdê�æ�ç;�¦ãQäëÞwãbß\å fß¡åS�¦ç_ÝQßké�ç�� ï�ÝQèJàñÞ,ãQçHâ¦å^ènÝYï}Ü¦â¦ì_ãQß¡èJâ

F = (Fjk(x))3
j,k=1

�ëå^è¥ãQäëÞwã

(fj(x))3
j=1 = ∇ · F (x) =

( 3∑

k=1

∂Fjk
∂xk

(x)

)3

j=1

.

� ä¦çRï}ènÝQì_çHå
F
à)ÞHê#Þwî\å^èD�ëçWæ�çHâ�� ènâ#ãQß¡à�çRß\ï:å^ènà�çÂìHènâCãQß¡âCÜëßkãdê Þwå^å^Üëà,æëãQß¡èJâ¦å&ÞwÝQçRà)Þ"�¦ç ù

� ���$6*8 6*7�6&1X8���;
<$; B ï}Ü¦â¦ì_ãQß¡èJâ
u ∈ X = Cw([0,∞);L3,∞

σ (Ω))
ß\å�åQÞnß9�
ãQè�í{ç¥Þ�à�ß¡î9��å^èJî\Ü�ãQß\ènâ

èJï2ãQä¦çÂò�ÞHé�ß\çWÝEó¦ô�ãQènõ�ç_å�åEê�åEãQçHà ÷Eønù�øTú ó ÷Eønù���ú ß\ï

u(t) = Tu∞(t)u0 −
∫ t

0

Tu∞(t− s)[P∇(u⊗ u)(s) + P∇ · F (s)] ds.
÷`üCù�øTú

� ä¦çÂÞwí�è�é�çÂß\â�ãQç��nÝ�Þnî{ß\åYÜ¦â��¦ç_ÝQåEãQèCè'�#ß\â#ãQä¦ç 
 ç�Þwõ�å^çHâ¦å^ç"��ß ù ç ù ãQäëç�ß9�¦çHâ�ãQßkãdê

〈u(t), ϕ〉 = 〈u0, Tu∞(t)ϕ〉+
3∑

j,k=1

∫ t

0

〈
uj(s)uk(s)− Fjk(s),

∂

∂xj
(T−u∞(t− s)ϕ)k

〉
ds

ä¦èJî��ëå�ï}ènÝYç_éJç_Ý^ê�ãQç_åEãYï}Ü¦â¦ì_ãQß¡èJâ
ϕ ∈ L3/2,1

σ (Ω)
Þnâ�� Þnî¡î

t > 0
ù
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ò&ènãQç,ãQäëÞwãRß¡â+ãQä¦ç¥ìHÞnå^ç
Ω 6= R3 �{ãQä¦ç¥èwæ{çWÝ�ÞwãQènÝQå ∇ Þnâ�� Tu∞(t)

�¦èNâëèwãÂìHènà�à�Ü�ãQç ù � äCÜ¦å��
ãQä¦ç�ç_åEãQß\à)ÞTãQçHåNèJâ�ãQä¦ç �¦çHìHÞHê èJï ∇Tu∞(t)

ì_èJÜ¦î9� â¦ènã�í�ç+Þwæ¦æëî\ß\ç����¦ß¡ÝQç_ì_ãQîkê�ãQè%ãQä¦ç�ß¡âCãQç��nÝ�Þnî
ïGènÝQà�Ü¦î�ÞwãQß¡èJâ ÷`ü�ù\øTú �ëå^è¥ãQä¦ç 
 çHÞwõ#ïGènÝQà�Ü¦î�ÞTãQß\èJâ ß¡å�à�ènÝQçÂå^Ü¦ß¡ã�ÞTí�î¡ç ù% â ãQäëçNãQä�ÝQç_ç�� �¦ß\à¥çHâ¦å^ß\ènâ�Þwî �¦èJà�Þnß\â¦å���ãQä¦çR�oèwÝQçHâ�ã��#ìHî\Þnå^å

L3,∞
σ (Ω)

ß¡å�Þ+â�ÞTãQÜ¦Ý�ÞwîS�Jç_â¦ç_Ý�Þnî �
ß���ÞwãQß¡èJâ+èJï�ãQä¦ç�ì_î�Þwå^åÂèJï�æëä�ê�å^ß\ìHÞnî\îkê
ÝQç�Þnå^ènâ�ÞTí�î¡ç�å^èJî¡Ü¦ãQß¡èJâ¦åÂåQÞwãQß\å^ï�ê�ß\â���ãQäëç�ÞnåEê�à¥æ¦ãQènãQß\ì,ÝQç_î�ÞwãQß¡èJâ
u(x) ∼ 1/|x| Þnå |x| → ∞ �Hå^ç_çS, ��.`ù@� ä¦çmÝQç�Þnå^ènâÂïGènÝ2ìHèJâ¦å^ß��ëçWÝQß\â���ãQäëç8åEæ�Þnì_ç�èJï 
 ç�ÞTõ�î¡ê�ì_èJâ�ãQß\âCÜ¦èJÜ¦åé�ç_ìWãQènÝ�énÞnî\Ü¦ç���ï}Ü¦â¦ìWãQß\èJâ¦å Cw([0,∞);L3,∞

σ (Ω))
ß\å�ãQäëÞwã�ãQä¦çRô�ãQènõJçHå�Þnâ��)ãQäëç�Û&å^ç_çHâ)å^çHà¥ß9�nÝQèJÜ�æëå

èJâ
L3,∞
σ (Ω)

÷ î¡ß¡õ�çNãQä¦ç ä¦ç�ÞTã�å^ç_à�ß9�wÝQèJÜ�æ
et∆
èJâ ãQä¦çR�2ènÝQç_â�ã�� åEæ�Þnì_ç

L3,∞(R3)
��ìHï ù ç ù � ù , û�.}ú

ÞwÝQç¯â¦ènã&åEã^ÝQènâ(�nî¡ê ì_èJâ�ãQß\âCÜ¦èJÜ¦å&Þwã
t = 0

ù � ç_âëì_ç"�>ß¡âëåEãQçHÞ"� èJï:ãQä¦ç¯åEæ�Þnì_ç�èJïmåEã^ÝQènâ(�nî¡ê ìHènâCãQß¡âCÜëènÜëå
ïGÜëâ¦ìWãQß\èJâ¦å

C([0,∞);L3,∞
σ (Ω))

� 
 ç,ì�ä¦è�èJå^ç�ãQäëç,åEæ�Þnì_ç Cw([0,∞);L3,∞
σ (Ω))

èJï8í�èJÜ¦â(�¦ç���éJçHìK�
ãQènÝ&éJÞwî\Ü¦ç��
ïGÜëâ¦ìWãQß\èJâ¦å 
 ä¦ß\ì�ä+ÞwÝQç,åEã^ÝQèJâ��Jîkê
ì_èJâ�ãQß\âCÜ¦èJÜ¦åRß¡â (0,∞)

��Þnâ�� 
 çHÞwõ�îkê ìHènâCãQß¡âCÜëènÜëåRÞnå
t↘ 0

ù
! èwÝ,ãQä¦ÝQç_çK� �ëß¡à�ç_âëå^ß¡èJâëÞnî6çWð�ãQçWÝQß\ènÝ��¦èJà)Þnß¡â¦å��:ãQä¦ç�í�çHåEã,åEæ�ÞwãQß�Þwî �¦çHìHÞHê/çWð�æ�çHìWãQç��/ß\å��:ß\â+�Jç_â��

çWÝ�Þnî �
u(t) ∈ L3,∞(Ω)

ù�� äCÜ¦å���ãQäëç&ç_ðCæëÝQç_å^å^ß\ènâNß\â�ãQäëç&ß\â�ãQç��nÝ�Þnî�ïGènÝQà�Ü¦î�ÞwãQß¡èJâ ÷`ü�ù\øTú à�ß��Jä�ã�â¦ènã6í�ç
� èCìeä¦â¦ç_Ý�ß\â�ãQç��wÝ�Þwíëî\ç ù(� äëç 
 ç�Þwõ�ï}ènÝQà¯Üëî\ÞwãQß\ènâ ì_ß¡ÝQì_Ü¦à¯é�ç_â�ãQå�ãQäëß¡å$�¦ß P)ìHÜ¦îkãdê ù ! ènÝYÞnâ#çWð�æëî\ß¡ìHßkã�ç_ð��Þnà,æ�î¡çbèJï{å^Ü¦ì�äNÞRâ¦èJâ�� � è�ì�äëâ¦çWÝ6ß\â�ãQç��nÝ�Þwíëî\çYçWð�æ¦ÝQçHå^å^ß¡èJâ�ß\â ÷`üCù�øTú ÝQç_î�ÞTãQç���ãQè¯ï}èwÝ 
 ÞwÝ���å^ç_î\ï �`å^ß\à�ß¡î�ÞwÝå^èJî¡Ü�ãQß\èJâ¦å&èJïmãQä¦ç¯ò�ÞHé�ß¡ç_ÝEó¦ô�ãQènõJçHåbç�ö�Ü�ÞTãQß\èJâ¦åbß\â R3 � 
 çÂÝQçHïGç_ÝbãQä¦çÂÝQçHÞ"�¦ç_ÝbãQè/, û"G ���Yç_à)ÞwÝ^õ ønù�û�. �å^ç_ç¯Þwî\å^èR, û�.<ù
: ç�í�ç��nß\â 
 ß¡ãQä¥ãQäëç�ì�Þwå^ç u∞ = 0 
 ä¦ß¡ìeä�ß\å�Þ�íëßkã�å^ß\à¥æëî¡ç_Ý ù�� ä¦ç�í�Þnå^ß\ìYç_åEãQß\à)ÞTãQç 
 ä¦ß\ì�ä)î\çHÞ"�¦åãQè�Þ¥æëÝQèCèJïmèJïmçWð�ß¡åEãQçHâ¦ì_ç¯èJïmå^ènî\Ü�ãQß\èJâ¦å���Þnå 
 çHî¡î:Þnå�ãQè�Þ¥æëÝQèCèJïmèJïmåEã�Þwíëß\î¡ß¡ãdê;��ß\åYãQä¦çÂí�èJÜ¦â��ëç��¦â¦çHå^åèJï2ãQä¦ç¯öCÜëÞ"��Ý�ÞwãQß¡ìRãQçWÝQà ß¡â#ãQä¦çRò�ÞHé�ß¡ç_ÝEó¦ô�ãQènõJçHå�çHöCÜëÞwãQß\ènâëå�ß\âNãQä¦çÂåEæ�Þnì_ç

X = Cw([0,∞);L3,∞
σ (Ω))

ì�ä¦èJå^çHâ#ß\â èJÜ�ÝYï}Ü¦â¦ì_ãQß¡èJâëÞnîLï�Ý�Þnà�ç 
 ènÝ^õ ù

.0/�1(23154 6*7�6&1(8 � ;�<=; HXF$+��J� ) �&��+A	�- P ��-JC
B

G]+�d ��+,G����

B(u, v)(t) = −
∫ t

0

T (t− s)P∇ · (u⊗ v)(s) ds
÷`ü�ù�û�ú

�*?��A��B$��G]+AGD��� ��F$+\?^c3	]M,+ X U5�
�&+ � ‖B(u, v)‖X ≤ η‖u‖X ‖v‖X
PN��-I	 )*)

u, v ∈ X 	���G�	DM,���3?,�
	����
η > 0

�
� ä¦ç�æ¦ÝQè�èJï�ènï ��ÝQènæ�èJå^ß¡ãQß¡èJâ ü�ù�ø ß\åoì_èJâ�ã�Þnß\â¦ç���ß¡â , û"G � � ä ùnü�ù\øK.`ù@B �¦ß
	�çWÝQçHâ�ãoæ¦ÝQè�èJï�íCê > ù � çWê�çWÝ

ß¡â#ãQä¦çÂìHÞnå^çRèJï
Ω = R3 ì�ÞnâNí�çRï}èJÜ¦â�� ß\â , ø@� � M ä ùoø E .`ù

��� �31X/ � 
 ��;
<$;(>@?,?,B�C�+ ��F$	��
u0 ∈ L3,∞

σ (Ω)
	���G

F ∈ L3/2,∞(Ω)
? 	����*?&P
� ‖u0‖L3,∞ +

‖F‖L3/2,∞ < ε
PN��-@? ��C�+

0 < ε < 1/(4η)
U Q F$+J-A+

η
�*?IG]+
d ��+AG��&� ��F$+�� -A�,c3��?,�����
���������]� HXF$+N-A+

+AL��*?J��?@	 [ ) ���,	 ) �&� ���&CD+\? � ) B=���
��� �`P T �]��� V���T �]��� V �&� ��F$+\?^c3	]M,+ X = Cw([0,∞);L3,∞
σ (Ω))

� HXF]�&?
�*? ��F$+_B��3���JB�+_? � ) B=���
���E?N	����&?&P����&�![���F$+\M,����G������^��� ‖u‖X ≤ 2ε

�=WY��-A+,��R�+J-JU ��F]�*? ? � ) B$���^���OG]+ c3+N��G�?
M,���3���&�3B3��B$? ) �K��� ��F$+��&�=�����^	 ) G]	��
	E	���G���F$+S+,L��
+J-J��	 ) P ��-AM,+J? �
� -A� �`P � � ä¦ß\å�ß¡å�Þnâ.ÞTæëæëî¡ß\ìHÞwãQß\èJâ ènïbãQä¦ç#çHåEãQß¡à)ÞwãQçNèJïbãQä¦ç�í�ß¡î\ß¡âëçHÞwÝ)ï}ènÝQà ÷`ü�ùqûJú ï�ÝQèJà �8ÝQènæ�èJå^ß��
ãQß¡èJâ ü�ù�ø Þnâ��#ãQä¦ç � ÞnâëÞnì�ä��¦ð�ç��Næ{ènß\â�ãYãQä¦ç_ènÝQçHà1�ëå^ç_çÂç ù � ù , û"G � ø =�� û�.<ù

� ��
�� /�� ��;
<$;�% ãRß\åRçHÞnåEê
ãQèNà�è'�¦ß\ï�ê ãQä¦ç�ì_èJâ¦åEã^ÝQÜ¦ì_ãQß¡èJâ+èJï�å^ènî\Ü�ãQß\èJâ¦åÂß¡â � äëç_ènÝQç_à ü�ù\ø ãQè�ãQäëç
ìHÞnå^çRèJï:âëènâ�ÞwÜ¦ãQènâëènà�èJÜ¦åYïGènÝQìHç_å

F ∈ Cw([0,∞);L3/2,∞(Ω))
÷ ì_ï ù , û"GH.}ú�ù



STABILITY OF NAVIER–STOKES FLOW
���

% â+ãQäëç¥ì�Þnå^ç¥èJï
u∞ 6= 0

�	�¦ÝQåEã��LãQä¦ç�çWð�ß\åEãQç_â¦ìHç¥èJï6Þ#åEã�ÞTãQß\èJâëÞwÝ^ê�å^èJî¡Ü¦ãQß¡èJâ
w
ß\åÂç_åEã�Þwíëî\ß¡å^ä¦ç��	�

Þnâ��/ãQäëç_â%ãQä¦ç�çWé�èJî\Ü�ãQß¡èJâ%ç�ö�Ü�ÞTãQß\èJâ%ï}ènÝ
u − w ß\å�å^èJî¡éJç�� ù � ä¦ç�æ¦ÝQçHì_ß\å^ç�åEã�ÞwãQçHà¥çHâ�ãQå,ÞwÝQç �Jß¡é�ç_âí�ç_î\è 
 ù

��� �31X/ � 
 ��; 9 ÷ , ø@? � � ä¦ç_ènÝQçHà¥å ønù�ø Þnâ�� ønù�û�.�ú�ù HXF$+N-A+ +,L��*?J��?
ε1 > 0

?,B�MJF���F$	��O� P
F ∈

L3/2,∞(Ω)
	���G

u∞ ∈ R3 ? 	����*?&P
� ∑3
j,k=1 ‖Fjk‖L3/2,∞ + |u∞| ≤ ε1,

��F$+J�"��F$+ ?J�
	����^����	�-��
c�-A��� ) +JC

−∆w + (u∞ · ∇)w + (w · ∇)w +∇π = ∇ · F,÷`ü�ù�ü�ú

∇ · w = 0,
÷`üCù ��ú

w|∂Ω = −u∞,
÷`ü�ù���ú

lim
|x|→∞

w(x) = 0,
÷`ü�ù 3 ú

	]G�CS����?�	D?N� ) B$���^���
w ∈ L3,∞

σ (Ω) Q �&��F ∇w ∈ L3/2,∞(Ω)
U 	���GD��� ? 	����&?*dZ+N?I��F$+S+J?J���&CD	��
+

‖∇w‖L3/2,∞ + ‖w‖L3,∞ + ‖π‖L3/2,∞ ≤ Cε1

Q �&��F 	YM,���=?J�
	����
C

�*��G]+ c3+J��G]+N���I�`P
F
U
w
U
π
U
ε1

	���G
u∞

��HXF]�&?D? � ) B$���^��� �*?DB$�3� �NB3+K�*� ��F$+
M ) 	�?A?��`P@?,C�	 )*)

L3,∞
σ (Ω)

P,B���M ���
���3? �
� ��
�� /�� ��; 9�;�% â��nçHâ¦çWÝ�Þnî �wãQä¦ç6å^èJî\Ü�ãQß¡èJâ

w
èJï¦ãQä¦ç�åEã�ÞTãQß\èJâëÞwÝ^êÂæëÝQèwí�î¡çHà ÷Eønù\øTú ó ÷Eønù���ú 
 ß¡ãQä u∞ =

0
÷ çWé�çHâNß¡ïoßkã�ß\å�å^à)Þnî¡îLç_â¦èJÜ��Jä ú �¦è�ç_å�â¦ènã�í{ç_î\ènâ(��ãQè,ãQä¦ç�åEæ�ÞnìHç

L3(Ω)
��ß¡â#ì_èJâ�ã^Ý�ÞnåEã�ãQè�ãQä¦çRìHÞnå^ç


 ä¦ç_â u∞ 6= 0
Þnâ��

w−u∞ ∈ L3(Ω)
ù@� ä¦ç�ÝQç_ìHç_â�ãoæ�Þwæ�çWÝ , ø@?�. �¦ç�Þwî\å 
 ß¡ãQäÂãQä¦ç�åEæ�Þnì_ç�ÞnåEê�à¥æ¦ãQènãQß\ì_åèJï2ãQä¦çÂåEã�ÞwãQß¡èJâëÞwÝ^êNå^èJî¡Ü�ãQß\èJâ¦åYènï:ãQä¦çRò�Þ_é�ß\çWÝEó¦ô�ãQènõ�ç_å�ç�ö�Ü�ÞTãQß\èJâ¦å 
 ä¦ç_â u∞ → 0

ù
% â%ãQä¦ç�ç_éJèJî\Ü�ãQß\ènâ%ì�Þnå^ç"�oãQä¦ç�å^èJî\Ü�ãQß\ènâ�èJï6ãQä¦ç�æ�çWÝ^ãQÜ�Ý^í{ç��/æ¦ÝQèníëî\ç_à ÷ èní¦ã�Þnß\â¦ç��%Üëå^ß¡â��+Þ"��Þnß¡â

Þ¥ì_èJâ�ã^Ý�ÞnìWãQß\èJâ ÞwÝ��nÜëà¥çHâ�ã ú ß¡åS�¦ç_å^ì_ÝQßkí{ç��#ß\â#ãQä¦çRï}èJî¡î\è 
 ß¡â���ÝQç_å^Ü¦î¡ã�í�Þnå^ç�� èJâ5, ø E'� � ä ù ��ù\øK.`ù
��� �31X/ � 
 ��; ��;(>@?,?,B�C�+@��F$	��

w = w(x)
�*? ��F$+@?,�
	����^����	�-��S? � ) B$���^��� M,���3?,��-JB�MN�
+,GS�&� HXF$+,��-A+NC

��� �$�IH(F$+J-,+K+,L��&?,��?
ε2 > 0

?,B3MNFY��F$	�� � P
z0 ∈ L3,∞

σ (Ω)
? 	����*?&P
� ‖z0‖L3,∞ + ‖Φ‖L3/2,∞ ≤ ε2

U
��F$+J� ��F$+_c�-A��� ) +JC

zt −∆z + (w · ∇)z + (z · ∇)w + (z · ∇z)z +∇% = ∇ · Φ,÷`ü�ù = ú

∇ · z = 0,
÷`üCù E ú

z|∂Ω = 0,
÷`üCù�?�ú

z(x, 0) = z0(x),
÷`üCù�ø�GCú

lim
|x|→∞

z(x, t) = 0,
÷`ü�ù�øJø�ú

Q �&��F z0 = u0 − u∞ −w
UZ	]G�CS����?I	�B��3���JB�+I?N� ) B$���^���

z
�&� Cw([0,∞);L3,∞

σ (Ω))
? 	����&?&P����*��[���F$+

+J?J���&CD	��
+
supt>0 ‖z(t)‖L3,∞ ≤ Cε2 Q ����F 	EM,���3?J�
	����

C
�*��G]+ c3+J��G]+N��� �`P

u∞
	���G

u0
�

� ä¦ç�æëÝQèCèJï¯èJï � äëç_ènÝQç_à ü�ùqü ß\å Þnâ�èníCé�ß¡èJÜ¦å à¥è'�¦ß��ëì�ÞTãQß\èJâ�èJïÂãQä¦ç+ìHènÝ^ÝQç_åEæ�èJâ��¦ß\â��
ÝQçHå^Ü¦îkã
ì_èJâ�ã�Þnß\â¦ç�� ß\â , ø E . 
 ä¦ç_ÝQç Φ = 0

ù
ò&è 
 
 ç#ïGènÝQà�Ü¦î�ÞwãQçNèJÜ�Ý�à)Þnß\â�ÝQç_å^ÜëîkãQå�èJâ�ãQä¦ç#ÞnåEê�à¥æ¦ãQènãQß¡ì#åEã�Þwíëß\î¡ß¡ãdê�èJïYå^èJî¡Ü�ãQß\èJâ¦å�ß¡â
ãQäëç


 çHÞwõ1�2ç_í�ç_å��JÜ¦çÂåEæ�Þnì_ç L3,∞(Ω)
ù�: çRí�ç��Jß\â 
 ßkãQäNãQäëçRìHÞnå^ç u∞ = 0

ù
��� �31X/ � 
 ��;�� ;(>@?,?,B�C�+���F$	��

u
	���G

ũ
	�-A+D� Q � ? � ) B=���
���3?��`P���F$+ c�-A��� ) +JC T �]��� V ��T �]� � V Q �&��F

u∞ = 0
M,���=?J��-JB�MN�
+,G��&� H(F$+A��-,+JC �����O	���GKM,��-J-A+N?^c3����G��*��[E�
�E��F$+��&�3�&���^	 ) M,����G��&���^���3?

u0, ũ0 ∈
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L3,∞
σ (Ω)

	���Ga��F$+I+,L��
+N-J��	 ) P ��-AM,+J?
F, F̃ ∈ Cw([0,∞);L3/2,∞(Ω))

U(-A+N?^c3+,MN���&R�+ ) �!����B�c]c3��? +@��F$	��
lim
t→∞

‖T (t)(u0 − ũ0)‖L3,∞ = 0 and lim
t→∞

‖F (t)− F̃ (t)‖L3/2,∞ = 0.
÷`üCù�ø�û�ú

HXF$+N�
lim
t→∞

‖u(t)− ũ(t)‖L3,∞ = 0.
÷`üCù�ø�ü�ú

� ä¦ç¥Þwí�è�é�ç¯ÝQçHå^Ü¦î¡ã�à�çHÞnâ¦å&ãQäëÞwã�ß\ïmãQä¦ç��¦ß
	�çWÝQçHâ¦ì_ç,ènï�ãQä¦ç�å^èJî\Ü�ãQß¡èJâ¦åRènï8ãQä¦ç)ô�ãQènõJçHåbæ¦ÝQèníëî\ç_à
ß¡å^å^Üëç��
ïGÝQèJà

u0
Þnâ��

ũ0
í�ç_ìHènà�çHåbâ¦ç��nî\ß9�nß¡íëî\ç,Þnå

t → ∞ ÷ ãQä¦ß\åbäëènî9�¦å&ß\ï �>ç ù � ù ��ãQä¦çO�¦ß
	�ç_ÝQç_â¦ìHç¯èJïãQä¦çRß\â¦ß¡ãQß\Þnî ��ÞTã�Þ
u0
Þnâ��

ũ0
ß¡åYâëèwã�ãQè�è�å^ß\â��JÜ¦î\ÞwÝ ú �>Þnâ�� ß¡ï

F (t)
Þnâ��

F̃ (t)
äëÞHéJçRãQäëçRåQÞnà�çÂî\ÞwÝ��Jç

ãQß¡à�ç)ÞnåEê�à,æëãQèwãQß\ì_å��LãQä¦ç�å^èJî¡Ü¦ãQß¡èJâ¦å¯èJï�ãQä¦ç�ïGÜ¦î\î8â¦èJâ¦î\ß¡âëçHÞwÝ¯ò�ÞHé�ß\çWÝEó¦ô�ãQènõ�ç_å�æëÝQèwí�î¡çHà ÷Eønù�øTú ó ÷Eønù���ú
í�ç_ä�Þ_é�ç¥å^ß\à�ß¡î�ÞwÝQîkê�ï}èwÝÂî\ÞwÝ��Jç�ãQß\à�ç_å ù % ãRìHÞnâ�í�ç¥ß¡âCãQçWÝ^æ¦ÝQç_ãQç��+ÞnåÂÞ�õ�ß¡â(�+ènï�ÞnåEê�à¥æ¦ãQènãQß¡ì¥åEã�Þwíëß¡î\ß¡ãdê

 ä¦ç_â ãQäëç¯ì�ä¦èJß\ì_ç¯èJï ũ0

ß¡åbÝQç_åEã^ÝQß\ìWãQç��#ãQè)ãQä¦ç¯ß\â¦ßkãQß�Þnî �ëÞwã�Þ)ß¡â
Þ)â¦çHß��Jä�í�ènÝQä¦è�è'� èJï
u0
åQÞwãQß¡å^ïGê�ß¡â(�

Þ"���¦ß¡ãQß¡èJâëÞnî\îkê ÷`ü�ù�ø�ûJú�ù % ã�ß\å�çHÞnåEê¥ãQèRé�ç_ÝQß¡ïGê,ãQä�ÞTã�ãQä¦ç$�¦ÝQåEã6ì_èJâ��¦ß¡ãQß¡èJâ)ß\â ÷`ü�ù�ø�ûJú ß\å�åQÞwãQß\å �ëç���ß¡ï ��ç ù � ù �
u0 − ũ0 ∈ Lp(Ω) ∩ L3,∞

σ (Ω) 
 ßkãQä å^ènà�ç 1 ≤ p < 3
ù

% â ãQäëç�ìHÞnå^ç
u∞ 6= 0 
 ç�ä�Þ_é�ç�Þ%å^î\ß9�näCãQîkê��¦ß 	{çWÝQç_âCãNåEã�ÞwãQç_à�ç_âCãNíëÜ�ãNãQä¦ç
æ¦ÝQè�èJï 
 ß¡î\î&í�çæ¦Ý�ÞnìWãQß\ìHÞnî\îkê�ãQä¦çÂåQÞwà�ç ù

��� �31X/ � 
 ��;���;��(+N�
z
�A+\��F$+ ? � ) B$���^��� �`P_��F$+ c3+N-N��B�- �,+,G c�-,��� ) +NC M,���3?J��-JB3M �
+AG��*� H(F$+A��-,+JC ��� �

M,��-J-A+J?^c3����G��&��[��
�D��F$+��*�3�����
	 ) G]	��
	
z0 ∈ L3,∞

σ (Ω)
?,B3MNFO��F$	��

lim
t→∞

∥∥∥∥Tu∞(t)z0

∥∥∥∥
L3,∞

= 0.

HXF$+N�
limt→∞ ‖z(t)‖L3,∞ = 0

�&?@? 	����&?*dZ+,G]�
�YçHìHÞnî\î�ãQä�ÞTã

z = u−w ß¡å6ãQä¦ç��¦ß
	�ç_ÝQç_â¦ìHç&èJï{ãQä¦ç�å^èJî¡Ü¦ãQß¡èJâ�èJïLãQä¦ç&ç_éJèJî\Ü�ãQß\ènâ�æ¦ÝQèníëî\ç_à ÷Eøwù�øTú ó÷Eønù���ú Þnâ��
ãQä¦ç�åEãQç�ÞH�¦ê åEã�ÞwãQç¯å^èJî\Ü�ãQß\ènâ�èJï ÷`üCùqü�ú ó ÷`üCù 3 ú ì_ènÝ^ÝQç_åEæ�èJâ��ëß¡â���ãQè�ãQä¦ç�åQÞnà�ç,ÞnåEê�à,æëãQèwãQß\ì
é�ç_î\èCìHßkãdê

u∞
ù � äCÜëå��mÜ¦â¦î\ßkõ�ç�ãQä¦ç�å^ßkãQÜëÞwãQß\èJâ%ß\â%ãQä¦ç�æ¦ÝQçHì_ç��ëß¡â�� � ä¦çHènÝQç_à ü�ù � ï}ènÝ

u∞ = 0
� 
 çì_èJâ¦å^ß9�¦çWÝbä¦ç_ÝQç�ãQä¦ç¯ÞwåEê�à¥æ¦ãQènãQß\ìRåEã�Þwíëß\î¡ß¡ãdêNèJï:åEã�ÞTãQß\èJâëÞwÝ^ê�å^èJî¡Ü¦ãQß¡èJâ¦å���èJâ¦î¡ê ù

: ßkãQäR�2ç_à�à)Þwã�Þ ûCù�ø ó ûCùqû � 
 çÂÞwÝQçRÝQçHÞ"��ê�ãQè¥í�ç��Jß\âNãQä¦ç�æëÝQèCèJï}å�èJï � ä¦ç_ènÝQçHà¥å ü�ù � Þnâ�� ü�ù���ù
� -A� �`PS�`POH(F$+,��-A+JC ������� : ç,Þnå^å^Ü¦à�ç,ãQäëÞwã

u∞ = 0
ù ! ènÝ

u∞ 6= 0
�>ãQä¦ç�å^èJî\Ü�ãQß\ènâëå

u
�
ũ
å^ä¦èJÜ¦î��

ÝQçHÞ"�
z
�
w
Þnâ��#ãQä¦ç&0RÜ¦äëÞnà�ç_îLï}ènÝQà¯Üëî\Þ ÷ ãQä¦çRì_èJÜ¦â�ãQç_Ý^æ�ÞwÝ^ãYènï ÷`ü�ù\øTú^ú Ü¦å^ç�� ß\âNãQäëß¡åYìHÞnå^çRß\å

z(t) = Tu∞(t)z0 −
∫ t

0

Tu∞(t− s)P(∇ · (w ⊗ z(s) + z(s)⊗ w + z(s)⊗ z(s))) ds,÷`üCù�ø���ú

÷ å^ç_ç¯Þwî\å^èR, ø E'��æ ùoø 3 ü�.�ú�ù
�YçHìHÞnî\î8�¦ÝQåEãYãQäëÞwã��¦íCê � ä¦ç_ènÝQç_à ü�ù\ø � 
 çÂäëÞHéJç

sup
t≥0
‖u(t)‖L3,∞ ≤ 2ε <

1

2η

Þnâ��
sup
t≥0
‖ũ(t)‖L3,∞ ≤ 2ε <

1

2η
.

ôCÜ�í¦ã^Ý�Þnì_ãQß¡â��¥ãQä¦çÂß¡âCãQç��nÝ�ÞnîLçHöCÜëÞwãQß\ènâ ÷`üCù�øTú ï}ènÝ
ũ
ïGÝQèJà ãQäëçÂÞnâëÞnî¡è;�JèJÜ¦åYçWð�æ¦ÝQç_å^å^ß\èJâ ïGènÝ

u 
 ç&�JçWã

‖u(t)− ũ(t)‖L3,∞ ≤ ‖T (t)(u0 − ũ0)‖L3,∞
÷`ü�ù\ø@��ú

+

∥∥∥∥
∫ t

0

T (t− s)P∇ · ((u− ũ)⊗ u+ ũ⊗ (u− ũ))(s) ds

∥∥∥∥
L3,∞

+

∥∥∥∥
∫ t

0

T (t− s)P∇ · (F (s)− F̃ (s)) ds

∥∥∥∥
L3,∞
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���

≤
∥∥∥∥
∫ δt

0

T (t− s)P∇ · ((u− ũ)⊗ u+ ũ⊗ (u− ũ))(s) ds

∥∥∥∥
L3,∞

+

∥∥∥∥
∫ t

δt

T (t− s)P∇ · ((u− ũ)⊗ u+ ũ⊗ (u− ũ))(s) ds

∥∥∥∥
L3,∞

+ g(t),


 ä¦çWÝQç�ãQä¦ç�ï}Ü¦â¦ìWãQß\èJâ g = g(t)
ß¡å6ãQä¦çRå^Ü¦à èJïLãQä¦ç �¦ÝQåEãYÞwâ(��ãQä¦ç&ãQä¦ß¡Ý���ãQç_ÝQà�å6ß\â ÷`üCù�ø@��ú ��Þnâ��NãQä¦ç

âCÜ¦à¯í�ç_Ý
0 < δ < 1 
 ß¡î\î{í�ç&�¦ç_ãQçWÝQà�ß\â¦ç�� î�ÞTãQç_Ý ù� ä¦ç â¦ènÝQà�ènïbãQäëç#ß\â�ãQç��wÝ�Þnî ∫ δt

0
. . .
Þwí�è�éJç ß\å)çHåEãQß¡à)ÞwãQç��.Ü¦å^ß\â���ãQäëç > Þnà)ÞH��Þwõ�ß�çHåEãQß¡à)ÞwãQç_å

÷`û�ù = ú ó ÷`û�ù E ú ì_èJà¯íëß\â¦ç�� 
 ß¡ãQä
ãQä¦ç 
 çHÞwõ ��� î9�¦çWÝRß¡âëçHöCÜëÞnî¡ß¡ãdê�Þnâ�� 
 ß¡ãQä
ãQäëç�í�èJÜ¦â���èJâ+å^ènî\Ü�ãQß\èJâ¦åß¡â � ä¦çHènÝQç_à ü�ù\ø íCê�ãQä¦çRï}èJî¡î\è 
 ß¡â���öCÜëÞnâ�ãQßkãdê��

(3.16) C

∫ δt

0

(t− s)−1‖((u− ũ)⊗ u+ ũ⊗ (u− ũ))(s)‖L3/2,∞ ds

≤ C
∫ δt

0

(t− s)−1(‖u(s)‖L3,∞ + ‖ũ(s)‖L3,∞)(‖u(s)‖L3,∞ + ‖ũ(s)‖L3,∞) ds

≤ C(4ε)2

∫ δt

0

(t− s)−1 ds = C(4ε)2 log

(
1

1− δ

)
.

� ä¦ç â¦ènÝQà èJïbãQä¦ç ∫ t
δt
. . .
ß¡âCãQç��nÝ�Þnî�ß¡å�í�èJÜ¦â��¦ç��.ï�ÝQèJà�Þwí�è�é�çNíCê Ü¦å^ß¡â(� �oç_à�à)Þ û�ù\ø 
 ßkãQä

G = (u− ũ)⊗u+ ũ⊗ (u− ũ)
ènâ�ãQä¦ç&ß¡âCãQçWÝ^énÞnî

[δt, t]
Þnâ��

0
ènãQä¦ç_Ý 
 ß¡å^ç;�CìHèJàÂí�ß¡â¦ç��NÞ"��Þnß¡â 
 ß¡ãQäãQä¦ç 
 ç�Þwõ ��� î9�¦çWÝYß\â¦ç�ö�Ü�Þwî\ß¡ãdê;�¦íCê

(3.17) η( sup
δt≤s≤t

‖u(s)‖L3,∞ + sup
δt≤s≤t

‖ũ(s)‖L3,∞) sup
δt≤s≤t

‖u(s)− ũ(s)‖L3,∞

≤ 4εη sup
δt≤s≤t

‖u(s)− ũ(s)‖L3,∞ .

��Ü�ã^ãQß¡â(�
A = lim supt→∞ ‖u(t) − ũ(t)‖L3,∞ = limk∈N, k→∞ supt≥k ‖u(t) − ũ(t)‖L3,∞

� 
 çå^ç_çNãQäëÞwã
0 ≤ A < ∞ å^ß¡âëì_ç u, ũ ∈ L∞((0,∞);L3,∞

σ (Ω))
ù : çNìHî\Þnß\à ãQäëÞwã

A = 0
ù ôCß\â¦ìHç

supt≥k supδt≤s≤t ‖u(s)− ũ(s)‖L3,∞ ≤ supδk≤s<∞ ‖u(s)− ũ(s)‖L3,∞
� 
 çÂäëÞHé�ç

lim sup
t→∞

( sup
δt≤s≤t

‖u(s)− ũ(s)‖L3,∞) ≤ A.
� ènÝQç_è�é�çWÝ���ãQä¦ç&ï}Ü¦â¦ì_ãQß¡èJâ

g
ß¡å���íCê)ãQä¦ç�Þnå^å^Ü¦à¥æ¦ãQß\èJâ¦å�Þnâ��1�2çHà¥à)Þ û�ùqû ��í�èJÜ¦â(�¦ç��#Þnâ��Nì_èJâ�é�çWÝ��Jç_å

ãQè
0
Þnå

t → ∞ ù ! ß\âëÞnî¡î¡ê;��ì_èJà¥æëÜ�ãQß\â���ãQä¦ç lim supt→∞
èJïbí�ènãQä å^ß9�¦ç_å)èJï ÷`ü�ù\ø@��ú Þnâ��.Ü¦å^ß\â��

÷`ü�ù\ø 3 ú � ÷`ü�ù�ø = ú � 
 ç¯ÞwÝ^ÝQß¡é�çÂÞwã

A ≤ C(4ε)2 log

(
1

1− δ

)
+ 4εηA.

ôCß\â¦ì_ç
4εη < 1

Þwå 
 ÞnåYÞnå^å^Ü¦à�ç�� ß\â � äëç_ènÝQç_à ü�ù\ø � 
 ç �JçWã

A ≤ (1− 4εη)−1C(4ε)2 log

(
1

1− δ

)
,


 ä¦ß\ì�ä�ì�Þwâ+í�ç�à)Þ"�¦ç)ÞwÝ^íëß¡ã^Ý�ÞwÝQß¡î¡ê�å^à)Þnî¡î8íCê�ã�Þwõ�ß\â�� Þ#å^Ü¦ßkã�Þwíëî\ç 0 < δ < 1
ù � äëçWÝQç_ï}ènÝQç

A = 0
�

Þnâ��#ãQä¦ß¡å$�ëâ¦ß\å^ä¦çHå�ãQä¦çRæ¦ÝQè�èJï ù

�2Ñ����!%�Ø 	*��ÕwÚGÔ�� 'oÕTÖ�' ��ÕHÔTÚ&���NÖ�
@�_Ö�	<Ø{ÔwÚGÖ�Ó(�nÑ � ä¦ç,å^èJî¡Ü�ãQß\èJâ¦å
u
Þnâ��

z
ì_èJâ¦åEã^ÝQÜëìWãQç���ß¡â � ä¦çHèH�

ÝQç_à�å üCù�ø � ü�ù�ü çHâHIAè�ê+å^èJà�ç 	ac3��?J�
+N-J�
��-J� ÝQç��nÜëî\ÞwÝQß9�HÞwãQß¡èJâ/ç 	{ç_ìWã�Þnå 
 ç_î\î�Þnå¯ÞNí�ç_ã^ãQçWÝ �ëç_ìHÞHê+ï}èwÝ
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t → ∞ ù	M èJâ¦åEã^ÝQÜ¦ì_ãQç�� 	Ic�-J�^��-J� ß\â
L3,∞
σ (Ω)

�ëãQä¦ç_êNí{ç_î\ènâ(��ãQè
Lp,∞(Ω) 
 ß¡ãQä
Þnâ�ê 3 < p < ∞ �Þnâ�� åQÞTãQß\å^ïGê�ãQäëçRç_åEãQß\à)ÞwãQç_å

‖u(t)− ũ(t)‖Lp,∞ ≤ Ct−
3
2( 1

3− 1
p ) Þnâ�� ‖z(t)‖Lp,∞ ≤ Ct−

3
2( 1

3− 1
p ),

÷ �¦ù\øTú
ÝQç_åEæ�çHìWãQß¡é�ç_î¡ê ÷ ï}ènÝ�ãQäëç,æ¦ÝQè�èJï �Lå^çHç�, û"G � ø@?�.}ú�ù B åRãQä¦ç¥ì_èJà¥æëî\ç_à�ç_âCãQåÂènï � ä¦ç_ènÝQçHà¥å ü�ù � Þnâ�� üCù�� �

 çÂÞwÝQç¯Þwíëî\ç�ãQè�ß¡à¥æ¦ÝQè�é�çRãQä¦çHå^ç�ã 
 è�ß\â¦ç�ö�Ü�Þwî\ß¡ãQß¡çHå ù! ß¡ÝQåEã��ëä¦è 
 çWé�çWÝ�� 
 çRâ¦çHç�� å^èJà¥çRæëÝQç_î\ß¡à�ß\âëÞwÝ^ê�ÝQç_å^ÜëîkãQå ù ! ènÝbÞ¥ï}Ü¦â¦ìWãQß\èJâ

H ∈ L∞loc((0,∞);L3p/(p+3),∞(Ω)) 
 ß¡ãQä p ≥ 3


 ç&�¦ç��ëâ¦ç¯Þnâ ÞnÜ�ð�ß¡î\ß\ÞwÝ^êNâ¦ènÝQà

|||H|||p,∞ ≡ sup
t>0

t
3
2 ( 1

3− 1
p )‖H(t)‖L3p/(p+3),∞ .

% ãYß¡åYèníCé�ß¡èJÜ¦å�ãQäëÞwã |||H|||3,∞ = supt>0 ‖H(t)‖L3/2,∞
ù

� å^ß\â��&ãQä¦ß¡åmâ¦ç 
 â¦ènã�ÞwãQß¡èJâ 
 ç6äëÞHé�ç�ãQä¦ç6ïGèJî\î¡è 
 ß\â����JçHâ¦çWÝ�Þnî\ß���ÞTãQß\èJâ¦åmèJï��oç_à�à)Þwã�Þ ûCù�ø Þwâ(� ûCùqû�ù

���
�
�� � ;
<$;��X��-O+,	]MNF�PAB$��M ���^���

H ∈ L∞loc((0,∞);L3p/(p+3),∞(Ω))
U
p ≥ 3

U@��F$+@P � )*) � Q �*��[
+J?J���&CD	��
+�F$� ) G�? �

t
3
2 ( 1

3− 1
p )
∥∥∥∥
∫ t

0

Tu∞(t− s)P∇H(s) ds

∥∥∥∥
Lp,∞

≤ C|||H|||p,∞

Q �&��F 	KM,���=?J�
	����
0 < C <∞ �

� -A� �`P � � ä¦ç¯ß9�¦çHÞ�ß\åbç_å^å^ç_âCãQß\Þnî\îkêNãQäëÞwãbèJïC, ø E'�ëæ¦ÝQè�èJïmènï � ä ù8��ù�ø7. ��å^ç_ç�Þnî\å^è , û �F�2ç_à�à)Þ = ù�ü�.`ù ! èwÝ
Þnâ�ê�ãQçHåEãYïGÜ¦âëìWãQß\ènâ

ϕ ∈ Lq,1σ (Ω)
Þnâ��

1/p+ 1/q = 1
� 
 ç¯ÞwÝQç&�JèJß¡â���ãQè�çHåEãQß¡à)ÞwãQç�ãQä¦çÂï}èJî¡î\è 
 ß¡â(�öCÜëÞnâ�ãQßkãdê��

∣∣∣∣
〈
t

3
2( 1

3− 1
p )
∫ t

0

Tu∞(t− s)P∇H(s) ds, ϕ

〉∣∣∣∣
÷ �¦ù�û�ú

= t
3
2( 1

3− 1
p )
∣∣∣∣
∫ t

0

〈
H(s),∇T−u∞(t− s)ϕ

〉
ds

∣∣∣∣.

ô�æëî\ßkã^ãQß\â���ãQä¦çRß¡â�ãQç��nÝ�Þwî2èHé�ç_Ý
[0, t]

ß\â�ãQè ∫ t/2
0

. . .+
∫ t
t/2

. . .
� 
 çRí�èJÜ¦â��#ãQä¦ç&�¦ÝQåEãYèJïoãQä¦ç_à íCê

C( sup
0≤s≤t

s
3
2( 1

3− 1
p )‖H(s)‖Lµ,∞)

(
t

3
2( 1

3− 1
p )
∫ t/2

0

(t− s)− 3
2 ( 1
q− 1

ν )− 1
2 s−

3
2 ( 1

3− 1
p ) ds

)
‖ϕ‖Lq,1


 ßkãQä 1/q − 1/ν = 1/µ− 1/p = 1/3
��Þnâ��#ãQä¦ç_â#íCê

C( sup
0≤s≤t

s
3
2( 1

3− 1
p )‖H(s)‖Lµ,∞)‖ϕ‖Lq,1 .

� ä¦ç�ÝQçHà)Þwß\â¦ß\â��¥ãQç_ÝQà ß¡å�í�èJÜ¦â��¦ç��#íCê

Ct
3
2( 1

3− 1
p )
(
t

2

)− 3
2( 1

3− 1
p ) ∫ t

t/2

‖∇T−u∞(t− s)ϕ‖Lν,1 ds

≤ C
∫ ∞

0

‖∇T−u∞(s)ϕ‖Lν,1 ds ≤ C‖ϕ‖Lq,1
Þnï�ãQç_ÝYÞnâ ÞTæëæëî¡ß\ìHÞwãQß\èJâ#èJïoãQä¦çRçHåEãQß¡à)ÞwãQç ÷`û�ù�?�ú�ù
� ä¦ç �¦ÜëÞnî\ßkãdê ÞTÝ��JÜ¦à�çHâ�ãYìHèJà,æ�î¡ç_ãQç_å�ãQä¦çRæ¦ÝQè�ènï ù



STABILITY OF NAVIER–STOKES FLOW
���


���
�
�� � ; 9�;�� ��G]+N-���F$+S	�?,?,B�C\c����^���=?��`P �X+NCSC�	 ������U � P@C���-A+,��R�+N-
lim
t→∞

t
3
2( 1

3− 1
p )‖H(t)‖L3p/(p+3),∞ = 0,

÷ ��ùqü�ú

	���G � PE+N�&��F$+N-
H ∈ Cw([0,∞);Lp,∞(Ω))

��-
supδt≤s≤t s

3
2( 1

3− 1
p )‖H(s)‖L3p/(p+3),∞ → 0

	�?
t→∞ U ��F$+J�

lim
t→∞

t
3
2( 1

3− 1
p )
∥∥∥∥
∫ t

0

Tu∞(t− s)P∇H(s) ds

∥∥∥∥
Lp,∞

= 0.

� -A� �`P � : çRåEæëî¡ß¡ã�ãQä¦çRß\â�ãQç��nÝ�Þnî{ß\â�ãQè ∫ δt
0
. . .+

∫ t
δt
. . .
�ëÞnâ��#çHåEãQß¡à)ÞwãQç�ãQä¦ç�ã 
 è¥ãQçWÝQà�å�å^ç_æ�ÞwÝ�ÞTãQçHîkê ù! ßkÝQåEã��ëß¡ãYï}ènî\î\è 
 åYïGÝQènà ãQä¦çRå^ç_à�ß9�wÝQèJÜ�æ
ç_åEãQß\à)ÞTãQçHå�ì_èJâ�ã�Þnß\â¦ç�� ß\â ��ÝQènæ�èJå^ß¡ãQß¡èJâ û�ùqû ãQäëÞwã

∥∥∥∥
∫ δt

0

Tu∞(t− s)P∇H(s) ds

∥∥∥∥
Lp,∞

≤ C

∫ δt

0

(t− s)− 3
2( 1

3− 1
p )−1 ds · sup

s>0
‖H(s)‖L3/2,∞

= C(1− (1− δ)− 3
2( 1

3− 1
p ))t−

3
2 ( 1

3− 1
p ) = o(1)t−

3
2 ( 1

3− 1
p )

Þnå
δ ↘ 0

ù ôCç_ìHèJâ��	��ÞTæëæëîkê�ß\â��D�oç_à�à)Þ �¦ù�ø �ëßkÝQçHìWãQî¡ê;� 
 çÂÞwÝ^ÝQßké�ç¯Þwã
∥∥∥∥
∫ t

δt

Tu∞(t− s)P∇H(s) ds

∥∥∥∥
Lp,∞

≤ Ct− 3
2( 1

3− 1
p ) sup

δt≤s≤t
s

3
2 ( 1

3− 1
p )‖H(s)‖L3p/(p+3),∞ ,


 ä¦ß\ì�ä ß¡å o(t− 3
2( 1

3− 1
p ))
Þwã
t→∞ í�ê�ãQä¦ç¯Þwå^å^Üëà,æëãQß¡èJâ èJâNãQäëçRï}Ü¦â¦ìWãQß\èJâ H ù

ò&è 
 � 
 ç¯ÞTÝQçRÝQçHÞ"��ê�ãQè�ß¡à¥æ¦ÝQè�é�çÂß\â¦çHöCÜëÞnî\ßkãQß\ç_å�ÝQçHìHÞnî¡î\ç�� ß\â ÷ �¦ù\øTú�ù
��� �31X/ � 
 � ;
<$;��X��G]+J-I��F$+�	�?,?,B�C\c����
���3? �`PDH(F$+A��-,+JC ��� �$U5� PI	]G]G��&���^����	 )*) �0PN��-@? ��C�+

3 < p <

∞ U
sup
t>0

t
3
2( 1

3− 1
p )‖F (t)− F̃ (t)‖L3p/(p+3),∞ <∞,

��F$+J�
lim
t→∞

t
3
2( 1

3− 1
p )‖u(t)− ũ(t)‖Lp,∞ = 0.

� -A� �`P � % ãYïGèJî\î¡è 
 åYïGÝQèJà , û"G � � ä ù2ønùqü@. ãQäëÞwãYå^èJî¡Ü¦ãQß¡èJâ¦å u Þnâ�� ũ ß¡â � ä¦ç_ènÝQç_à �¦ù\ø åQÞwãQß¡å^ïGê u(t)−
ũ(t) ∈ Lp,∞(Ω)

ï}ènÝYçHÞnì�ä
3 < p <∞ ù � ènÝQç_è�é�çWÝ��

sup
t>0

t
3
2( 1

3− 1
p )‖u(t)− ũ(t)‖Lp,∞ <∞.

% â ènÝ��¦çWÝNãQè%æ¦ÝQè�é�ç
ãQäëÞwã�ãQä¦ç+Þwí�è�é�ç�öCÜëÞnâ�ãQß¡ãdê.ãQçHâ��¦å�ãQè
0
Þnå

t → ∞ � 
 ç �¦çHì_èJà¥æ�èJå^ç
ãQä¦ç�¦ß
	�çWÝQçHâ¦ì_çÂènïoãQä¦çÂå^ènî\Ü�ãQß\èJâ¦åYÞnå

u(t)− ũ(t) = T (t)(u0 − ũ0) +

∫ t

0

T (t− s)P∇ · (u⊗ (u− ũ))(s) ds

+

∫ t

0

T (t− s)P∇ · ((u− ũ)⊗ ũ)(s) ds+

∫ t

0

T (t− s)P∇ · (F (s)− F̃ (s)) ds.

ò&è 
 
 çÂç_åEãQß\à�ÞwãQçRãQä¦ç Lp,∞(Ω)
â¦ènÝQà�åYèJïoç�Þnì�ä#èJïoãQä¦çÂÞwí�è�é�çRãQçWÝQà�å ù ! ß¡ÝQåEã 
 çÂäëÞHéJç

‖T (t)(u0 − ũ0)‖Lp,∞ ≤ C
(
t

2

)− 3
2 ( 1

3− 1
p )∥∥∥∥T

(
t

2

)
(u0 − ũ0)

∥∥∥∥
L3,∞


 ä¦ß\ì�ä�ß¡å o(− 3
2 ( 1

3− 1
p ))
Þnå
t→∞ í�ê�ãQäëç�Þnå^å^Ü¦à¥æ¦ãQß\ènâ,èJâÂãQä¦ç�í�ç_ä�Þ_é�ß\ènÝ:ènï�ãQä¦ç�ô�ãQènõJçHåoå^ç_à�ß9�wÝQèJÜ�æÞwæ¦æëî\ß¡ç��NãQè

u0 − ũ0

ù
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 ßkãQä H = u ⊗ (u − ũ)
Þnâ��

H = (u − ũ) ⊗ ũ
�8ÝQçHåEæ ù ò&ènãQç�ãQä�ÞTã)ä¦çWÝQç

‖H(s)‖L3p/(p+3),∞ ≤ C‖u(s)‖L3,∞‖u(s)− ũ(s)‖Lp,∞
íCêNãQä¦ç 
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lim→∞ ‖Tu∞(t)z0‖L3,∞ = 0
U

��F$+J�
limt→∞ t

3
2( 1

3− 1
p )‖z(t)‖Lp,∞ = 0.
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