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Abstract. Convergence of an iteration sequence for some class of nonlocal elliptic problems
appearing in mathematical physics is studied.

1. Introduction. We consider the following nonlocal elliptic problem:

flp)
(Jo flp))P

with the homogeneous boundary Dirichlet condition

(2) ¢laa = 0.

Here ¢ : 2 — R is an unknown function from a bounded domain €2 of R™ into R,
n>2 f:R—Rtisagiven C! function and M > 0, p > 0 are given parameters.

(1) —Ap=M in Q,

The physical motivations for the study of nonlocal elliptic problems come from sta-
tistical mechanics ([2], [5], [6]), theory of electrolytes ([4]), and theory of thermistors ([7],
23)).

If the parameter p equals 1 and the nonlinearity f(¢) has the exponential form e~%
(e, resp.) then (1) is the well-known Poisson-Boltzmann equation and ¢ can be inter-
preted as the electric (gravitational, resp.) potential of system of particles in thermo-
dynamical equilibrium interacting via Coulomb (gravitational, resp.) potential. In this
interpretation, the parameter M is the total charge (mass, resp.) of the particles of the
system.

The problem (1)—(2) with given f(p) and p = 2 appears in modelling the stationary
temperature ¢, which results when an electric current flows through a material with
temperature-dependent electrical resistivity f(¢), subject to a fixed potential difference

VM ([7], [13)).

2000 Mathematics Subject Classification: 35J60, 82C22.
Key words and phrases: nonlinear nonlocal elliptic equation, Picard iteration scheme.
The paper is in final form and no version of it will be published elsewhere.

[337]



338 E. SYLWESTRZAK

The existence and uniqueness of solutions of (1)—(2) depend on the parameters M, p,
the geometry of the domain €2, and on some properties of the function f. The existence
results can be proved using either the technique of sub- and supersolutions ([3]), or
variational methods ([6], [8]), or topological methods ([4], [10], [12], [15]), whereas the
nonexistence results are a consequence of the Pohozaev identity ([3]), or construction of
some special subsolutions ([3]).

The existence and uniqueness of solutions for the Poisson-Boltzmann problem with
f(¢) = e~ % and arbitrary M > 0 have been proved in [8] and [10]. When f has the form
e?, the solutions do not exist for large M, and in general, are not unique. Moreover, the
existence and uniqueness depend largely on the geometry of 2, see [11].

2. Picard iterations for (1)—(2). Our aim is to study the convergence of iteration
schemes for nonlocal elliptic problems (1)—(2).
We start with the local elliptic problem

(3) —Ap=Af(p) in Q, ¢lag =0,

where A > 0 is a given constant.
We transform (3) to an integral form

(4) —A/ny (1)) dy,

where G(z, y) is the Green function corresponding to —A and the homogeneous boundary
data. The right hand side of (4) defines the operator T(¢)(z) = A [, G(x, ) f(o(y))dy
on the space C°(Q2) of continuous functions on €. It is known that certaln assumptions
on the function f guarantee that the sequence of iterations 7" (0) is convergent in the
supremum norm to a minimal solution of (3) ([1], [14]).

The integral form of (1)—(2) is

(5) o) = s | Gl fet)ds
so we introduce the operator 7' on the space C°(Q) as

(6) (o) (x) = /ny () dy.

Any fixed point of T is a solution of (5 ( ) We define the Picard iteration scheme for (1)—(2)
on =T" (o) by
Ay, = f(‘pn 1)
fo (Pn-1)
and look for a fixed point of T as the limit of the sequence T™(yp).
First, we note that for a contraction g on the Banach space X, i.e. a mapping ¢ :
X — X such that |[g(z) — g(y)|| < aflz — y|| for some constant o € [0,1) and for all
x,y € X, g maps the ball B(0) C X into itself whenever R > ||g(0)||/(1 — «).
Indeed, let R > ||g(0)||/(1— ). Then for x € Br(0) we have ||g(z)|| < ||g(z) —g(0)||+
g0 < allz]] + [lg(0)[| < aR +[|g(0)]] < R
For the operator T' we obtain the following

in Q, ¢plogn=0, n=12,...,



ITERATIONS FOR NONLOCAL ELLIPTIC PROBLEMS 339

LEMMA 1. Assume that the function f is Lipschitz continuous and 0 < a < f <b. Then
T is a contraction on C°(Q) for all sufficiently small M > 0.

Proof. Let = ([, f(¢))~P. For @1, 2 € C°(Q) we have

IT(01)(x) — T(02) ()] = Mjus / Gz, 9) (o1 (y))dy — iz / G(w)f(my))dy\

< M /Q G(z,9) | f(21(1)) — F(o2(v)\dy

+ Mec(p, 2, f)um/QG(x,y)f(@z(y))dy/QIf(sol(y)) — flw2(y))ldy

< Mc(p,Qaf)th - @2'00

We used the fact that sup,cq [, G(x,y)dy < co whenever the boundary 92 is sufficiently
smooth, see [9].
For sufficiently small M we have ay, = MC(p,Q, f) < 1.

LEMMA 2. Assume that f € CY(R). For a given R > 0 there exists M such that for
M < M, T : Br(0) — Bgr(0) and T is a contraction.

Proof. Let us define the function fr as fr(p) = f(¢) for |¢| < R and fr(v) = f(R) for
|p| > R. We denote by Tr the operator (6) with f = fr.

It follows from Lemma 1 that for sufficiently small M the operator Tg is a contraction
with the contraction constant less than 1/2. For such M we have Tr : Br(0) — Bg(0).
It remains to note that T = T on Br(0).

From Lemmas 1 and 2 we get

THEOREM 1. If the solutions of (1)-(2) satisfy an a priori estimate |p|oo < R for M <
My, then for sufficiently small M and oo € C°(Q) with |po|es < R the Picard iteration
sequence T™(pg) converges to the unique solution of (1)-(2).

As we have seen, the key point of the above reasoning is the existence of an a priori
estimate of solutions of (1)—(2). This condition is satisfied for the Poisson-Boltzmann
problem of gravitational type in any bounded domain  of R? and M < 4.

In [12] such an a priori estimate of solutions of (1)—(2) has been proved under the
assumptions that f is a positive decreasing differentiable function such that sup |f'/f| <
+ooand 0 < p < 1.

3. The iteration scheme for (1)—(2). We have for the local elliptic problem (3) the
following fact from the general theory of PDE ([1]).

THEOREM 2. If f is a positive decreasing function, then the problem (3) has a unique
solution for each A > 0.

A modified iteration process for nonlocal elliptic problems has been defined in [15]:
©n = S(vn—1) = S™(v0), where S(p,,—1) is the unique solution of

(7) _A(pn—/\n lf Qpn) in Q

(®) Ant = (/f%m)_p,
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(9) (pn|aQ=O, n:1,2,...,

and g is an arbitrary element of C°((Q).
For this new iteration scheme we have, cf. [15]:

THEOREM 3. If f is a positive decreasing function, fooo f(s)ds =A< o0 and 0 < p <
2, then for every po € CO() the sequence of iterations S™(pg) is convergent in the
supremum norm to a solution of (1)-(2).

Now the question is how this iteration procedure works for (1)-(2) in the case of an
increasing function f.

4. Tterations for (1)—(2) with f(¢) = e¥. Note that for an arbitrary increasing
function f the local elliptic problem (3) may have more than one solution. Therefore, we
should modify slightly our process of construction of the iteration sequence for (1)—(2).
The idea to use minimal solutions of (3) seems to be reasonable. It is known that the
minimal solution of (3) with a positive increasing f € C(R) exists and is unique, see [14].

Here we apply the iteration procedure (7)-(9) to the particular case of (1)—(2) with
fle)=e?,p=1and Q= K;(0)={x e R? : |z| < 1}.

In this case (1)—(2) reads

e

Joe?
It is known that (10) has a unique radially symmetric solution for M < 8r, and has no
solution for M > 8x ([3]).

The local problem
(11) —Ap=Xe?inQ, @lon =0,

(10) —Ap=M in ©Q, ¢lsq=0.

has the minimal solution
8(4— X —2v4—2))
A+72(4— X —2v4—2))]?

p1(r;A) =1n

and the maximal solution
8(4—N+2v4-2X)
N+ 72(4 — X+ 2v/4 —20))2’

wa(r;A) =1n

where X € (0,2], see [1].
We have

1
A / efl = 27\ / reP TN dr = 27(2 — /4 — 2X) € (0, 4n]
Q 0

and

1
A / e?? = 27\ / re?2" N dr = 27(2 + V4 — 2)) € [4m, 87).
Q 0

Thus for M € (0,47], ¢1(r; M) is the solution of (10), where A satisfies
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For M € [4m,87), w2(r; A) is the solution of (10) with A satisfying

A= M(/Q> -5 +Aj/”m).

For ¢ € C°%(Q) let Si(@) (S2(p), resp.) denote the minimal (maximal, resp.) solution

of (11) with
-1
()"
Q

where M € (0,4n] (M € [4m,87), resp.).
For M € (0,4n] we define the mapping

B = M(/Qeqh)l T o2 —/\M4— )

Fy is continuous and decreasing for A € (0,2], has a unique fixed point A = M (87 —
M)/(87%), and limy_g+ F1(\) = M/m, limy_,- F1(\) = M/2r. We have F|(\) =
—M/(8m — 2M), hence the fixed point X is stable for M € (0,87/3), i.e. F'(\) — A

for A from some neighbourhood of A, and unstable for M € (87/3, 47].

The well-defined iterations of a decreasing function may converge to a fixed point or
to a periodic orbit of period two.

First, we note that the sequence of iterations F7*(A), A € (0,2], is defined only for
M € (0,2n], see Fig. 1.

Fig. 1

After some lengthy calculations we observe that F? has a unique fixed point, and
thus there exists no periodic point of F;. Hence, taking M € (0,27n] we get that the
iterations A, = FJ*(\) tend to a fixed point of Fy for any A € (0,2]. This implies that
for ¢ € C°(Q) satisfying M ([, e?0)~! < 2, the sequence ¢y, = ¢1(r; ) = ST (o),
n=20,1,2,..., A\, = F'(X\o), Ao = M(fQ e®9)~1 is convergent in the supremum norm
to a solution of (10).
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In fact, using the integral form of (10) we have
ox, (@) = /Ga:ye“’*" Ddy, n=1,2,....
fn

Here, as before, G(x,y) denotes the Green function corresponding to —A and the ho-
mogeneous boundary data. Applying the Lebesgue dominated convergence theorem we
get

es(x) = f o / G(z,y)e? y)cly7
Q

which means that ¢5 is a solution of the Poisson-Boltzmann problem (10).

Now for M € (27, 47] we observe that for M € (27, 27(\/5 — 1)] (for M € (27(\/5 —
1), 4], respectively) F; maps the interval [A\*; 2] ((A\*, \**)) into itself, see Fig. 2 and Fig.
3. Here \* = 167(M — 27)/M? and \** = 1287%(M — 27)(M?3 — 1672M + 327%) /M,
they satisfy Fy(A*) =2 and Fy(\**) = \*.

A
Fig. 2

M

T

Fy i

2 ____________________________
Ml
an S

U 1%‘ 1%'1‘

Fig. 3
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When M € (2m,27(v/5 — 1)) we get, due to the stability of a fixed point A and the
absence of periodic points of F, that the sequence of iterations A\, = F*()\) tends to A
for A\ € [\*,2]. For M = 2r(+/5 — 1) the convergence holds on (\*,2).

In the case M € (2r(v/5 — 1),87/3) and A € (\*,\**), some periodic orbit occurs.
Moreover, if M € (87/3,47) then ) is an unstable fixed point of Fj, and hence ¢y, is
not convergent to a solution of (10).

Thus, choosing an appropriate initial function g € C°(Q), so that \g = M(fQ e?o)~1
lies in the domain of attraction of A, we can obtain the convergence of the sequence
©x, = ST (o) to a solution of (10) for M € (27, 2m(v/5 — 1)].

Taking M € [47,87) we get that the map

Fy(\) = M< /Q ew)_l -5 +A¢Mm)

is a continuous increasing function of A € (0, 2], has a unique fixed point in (0, 2], and
limy o+ F2(A) = 0, limy_,o— Fo(\) = M/27, see Fig. 4. Thus the iterations A, = FJ'())
do not tend to a fixed point of Fy for any A € (0,2].

M
27
Fy00

Fig. 4

The conclusion is that for the Poisson-Boltzmann problem of gravitational type we
can expect the convergence of our iteration scheme to the solution of this problem only
in a restricted range of parameter M.

5. Tterations for (1)—(2) with increasing f. In this section we study the iteration
process for a more general class of problems (1)—(2) with an increasing function f.

The construction of the iteration scheme will be based on the theory of minimal
solutions of (3). We require the following assumptions on f:

(f1) f € CH(R);
(f2) f is positive;
(f3) f is increasing.
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The assumptions (f1)-(f3) guarantee the following properties of the minimal solution
of (3):

(P1) There exists A € (0,+00) such that the problem (3) has a unique minimal
solution @y for A € (0,A) ([14]).

(P2) @, is an increasing function of the parameter A ([14]).

(P3) @ is left continuous in A, i.e. limy_,,- ¥x = P, (see Section IV.2.3 in [1]).

(P4) lim,_o+ @y = 0.

In order to describe the scheme of iterations for (1)—(2), we define S(¢) for ¢ € C°(Q2)
as the minimal solution of (3) with

A= M(/Qf(sﬁ)>_p — H(p),

ie. S(¢) = @a, where A = H(p). We note that H decreases because of (£3).

We put ¢9 = 0. Let M be sufficiently small such that Ag = H(0) < A. We take

©n = S™(0) as the iteration sequence for (1)—(2) satisfying
—Apyp =M1 flen) in Q Apo1 = H(pn-1), ¢nloa =0, n=12....
The question is whether it converges to a solution of (1)—(2).

We have 1 = @y, > 0 = ¢, hence \y = H(p1) < H(pg) = Ao which gives @y, <
Prgy 80 0 < o < 1. The last inequality leads to Ao = H(p2) > H(p1) = A, and
thus we get ¢3 = @x, > @r, = p2. On the other hand from s > 0 = ¢ it follows
that A2 = H(p2) < H(pg) = Ao, which implies p3 = @y, < @y, = ¢1. So we have
0 <y <3 <ppand Ay < Ay < Ag. In the same way, from @3 > @2 and p3 <
we obtain ¢4 < @3 and @4 > @9, respectively. Hence 0 < o < ¢4 < 93 < 7 and
)\1 S /\3 S )\2 S )\0 hold.

Continuing, we finally have

(12) o<l pa<ps <. Lo <1 <. S 3 < in Q,
and
(13) M <A< A < <A1 S < <A < A < o

Thus the sequences @or and g1 are convergent uniformly on {2 to some functions
u and v, respectively. We see that u < v < @1 = @,,, which gives an a priori estimate
of u and v, 80 |u|eoc < R, |V|eo < R, where R = |Px,|co. Hence u and v are small for
sufficiently small M, because \g = M ([, f(0)) P < 1 implies via (P4) that |@,|cc < 1.

It follows from (13) that H (o) = Ao — A = H(u) and H(pap_1) = Agp_1 — A =
H(v). Obviously we have A< A< Ao-

Moreover, the functions u and v are solutions of (3) with the parameters A and A,
respectively, so v and v satisfy

N Y i C) N
(14) A M(fﬂf(v))p Q,

Vi C) B,
(15) A M(fo(u))p Q,

(16) u‘ag = 0, ’U|aQ = 0.



ITERATIONS FOR NONLOCAL ELLIPTIC PROBLEMS 345

By (P3) w is a minimal solution, i.e. u = uy5. Hence to prove the convergence of ¢,, to
a solution of (1)—(2), it remains to show that u = v, i.e. the problem (14)-(16) does not
have a solution u, v in the ball Br(0) C C°(Q) such that u # v. We show that this
nonexistence result holds for sufficiently small M. First, we note that for M < 1 the
problem (14)—(16) has a unique solution.

Indeed, let us introduce the function space X = C°(2) x C°(Q) with the norm
[1(u, 0)[| = lulo + [V]oo-

We define the following operator 7" on X

M M
(A7) T(u,v)(z) = (m /Q Gl ) )y, g /Q G(:v,y)f(v(y))dy)-

Any fixed point of T is a solution of (14)—(16). Proceeding as in the proof of Theorem
1, we get that T defined by (17) is a contraction on the ball Br(0) C X for sufficiently
small M.

It remains to note that, whenever the nonlocal elliptic problem (1)—(2) has a solution
© satisfying the estimate |p|oo < CM, the functions u = v = ¢ solve (14)—(16) and for
sufficiently small M it must be a unique solution of this problem.

In this way we have proved the following

THEOREM 4. Let f satisfy (f1)-(f3). Assume that for small M the problem (1)-(2) has
a solution ¢ with |plee < CM. Then for sufficiently small M the iteration sequence
on = S™(0) is convergent in the supremum norm to a solution of (1)-(2).

It is known that if f is a continuous positive increasing function and lim,_, . z/f(z)
> M|Q|™Psup,cq [o G(z,y)dy, then (1)-(2) has a solution ¢ which satisfies an a priori
estimate |¢p|oo < CM, see [12].
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