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Abstract. We study mixed norm spaces that arise in connection with embeddings of Sobolev
and Besov spaces. We prove Sobolev type inequalities in terms of these mixed norms. Applying
these results, we obtain optimal constants in embedding theorems for anisotropic Besov spaces.
This gives an extension of the estimate proved by Bourgain, Brezis and Mironescu for isotropic
Besov spaces.

1. Introduction. Let 1 < p < oo. Denote by WI}(R”) the Sobolev space of all functions
f € LP(R™) for which every first-order weak derivative 0f/0xy, = Dy f exists and also
belongs to LP(R™). The classical Sobolev theorem asserts that for any function f in
Wy (R") (1 <p<n)

Il <MDy a7 = 225 (L)
Sobolev proved this inequality in 1938 for p > 1; his method, based on integral rep-
resentations, did not work in the case p = 1. Only at the end of fifties Gagliardo and
Nirenberg gave simple proofs of the inequality (1.1) for all 1 < p < n. The central part
of Gagliardo’s approach [6] was the following lemma.

LEMMA 1.1. Let n > 2. Assume that g, € L*(R"!) (k = 1,...,n) are non-negative
functions on R"~1. Then

1/(n—1)

/Rn (lﬁgk(ik))l/(nl)dm < @[1 /RH gk(ik)dik) . (1.2)
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As usual, for any vector € R™ we denote by &y, the (n — 1)-dimensional vector obtained
from z by removal of its kth coordinate.
Assume that f € W(R"). Then for almost all x € R and every k =1,...,n

f@1 < 5 [ 1DLf@)]do = (o)

Thus, applying (1.2), we immediately obtain the inequality

1 n 1/n
1 ljen) < 5 (T 1Des 1) (1:3)
k=1

This yields (1.1) for p = 1.
However, a stronger statement can be derived from (1.2). Let

Vi =L, R"HLZMR)] (1<k<n) (1.4)

be a space with the mixed norm

£ llv

/ (&) dig,
Rr—1

ok (21) = ess sup,, cg |f(2)].

Gagliardo’s lemma immediately implies the following theorem.

THEOREM 1.2. Assume that f € N}_, Vi, n>2. Then f € L/ ™=D(R") and

n /n
£l n—1y < (H HflIv,c)1 :
k=1

where

Since for f € W} (R")
1
I£llv. < 51D flls (k=1,...,n), (1.5)
then (1.3) follows from Theorem 1.2.
Denote by f* the non-increasing rearrangement of a measurable function f. If 1 <
q,p < o0, then the Lorentz space L?P(R™) is defined as the class of all measurable
functions f on R™ such that

o ([ ooy )<

For any fixed ¢, the Lorentz spaces increase as the secondary index p increases (see Section
2 below).

It is well known that the left-hand side in (1.1) can be replaced by the stronger
L9 P-Lorentz norm. That is, there holds the inequality

- * np
a*p §C§ [Dxf <1 sp<n, ¢ = n—p) (1.6)
k=1

I1f

(see [20], [21], [22]). For p > 1 this result can be obtained by interpolation (although the
direct proof is simpler). There are numerous proofs of (1.6) in the case p = 1; most of
them are related to rearrangements, properties of level sets, and geometric inequalities.
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A very interesting approach given by Fournier [8] was based on the following refinement
of the Theorem 1.2.

Let Vj, be the spaces defined by (1.4).

THEOREM 1.3. Assume that f € NP_ Vi, n>2. Then f € L™/~ D-Y(R") and

n 1/n
1l < (TT 1) (L7)
k=1

Taking into account (1.5), we immediately obtain (1.6) for p = 1. More exactly, we obtain
the following refinement of the inequality (1.3)

17l < 5 (TT 194511
k=1

v (1.8)

Thus, inequality (1.8) (as well as (1.3)) can be broken down into two successive steps.
The main step is the inequality (1.7). To derive (1.8) from (1.7) we have only to apply
the following simple fact: if a function f € L!(R™) has a weak derivative Dy f € L*(R"),
then f € Vi (see (1.5)).

One of our main problems in this paper is to find an analogue of Theorem 1.3 for
more general mixed norm spaces. To clarify this problem we can consider the following
example. Let n = 2 and 1 <r < 0o. Assume that

feL,R)Ly(R)] and [ e Ly(R)[Ly(R)].

Which Lorentz space does the function f belong to?

First of all, we study mixed norm spaces related to the Sobolev spaces WI} and in-
equality (1.6) for arbitrary 1 < p < n. We have seen that if Dy f € L'(R") for some k,
then f €V = Lik [L2°]. Suppose now that Dy f € LP(R™) for some p > 1; what is the
corresponding space V4 in this case? A similar question arises if a function f belongs to
a Besov space with respect to a separate variable xx. In turn, this question is related to
embeddings of anisotropic Besov spaces.

Studying these problems, we introduce a scale of generalized spaces with mixed norms
similar to the spaces Vj. In particular, the spaces

LPR"HL"R)] (1 <p,r <o)

are contained in this scale.! First we define ”weak” spaces A°.
Let 0 € R. Denote by A?(R) the space of all measurable functions f such that

I£llae = supt7L*(6) = 7 (20)] < oc. (19)
If 0 <o <ooandr=1/c, then A°(R) = L"*°(R). If o = 0, then A? coincides with
the space weak- L introduced in [2]. If o < 0, then (1.9) is a weak version of Lipschitz

condition for the rearrangement f*.
The main result of this paper (Theorem 3.1), in particular, states the following.

1 L™ is the space of all measurable functions f such that sup, 7 (1) < 0.
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THEOREM 1.4. Assume that 1 < p < oo, n > 2 (n € N), and that ay, (k=1,...,n) are

positive numbers such that
n —1
1 n
a=n — < —.
(Z ak) p

k=1
Let 1
op = P ar and Vi =L% (Rn_l)[Ag: (R)].
Then
n . np
ﬂ Vi C LY P(R™), ¢* = : (1.10)
a n—ap

Observe that we get the optimal constant in the corresponding estimate of the Lorentz
norm in (1.10). The limiting case oo = n/p also is included (the definition of L*? is given
in the Section 2).

It can be easily proved that if a function f € LP(R") (1 < p < oo) has a weak
derivative Dy f € LP(R"), then f € LY (R"‘l)[Aiép_l(R)] (see Proposition 3.4 below).
Thus, taking a1 = -+- = o,, = 1 and applying (1.10), we immediately get the embedding

WHR™) C LCP(RY), ¢ = n"_pp (1.11)
(see (1.6)). In a sense, (1.10) can be considered as a main part of (1.11). We emphasize
that the definition of Vj contains no smoothness condition on f.

In the case ap < 1 (k=1,...,n) Theorem 1.4 closely relates to embeddings of Besov

spaces.
We shall consider Besov spaces B, «(R™) with respect to separate variables x and
anisotropic Besov spaces

B (R") = (1) Boh(R™).
k=1
The definitions are given in Sections 2 and 4 below. In the isotropic case a3 = -+ = ay, =
a we set B (R™) = By *(R").
The following theorem is well known (see [21], [7]).

THEOREM 1.5. Let 0 < aj <1 (k=1,...,n), a =n(d> p_; 1/ax)™', 1 <p < n/a, and
q* =np/(n — ap). Then for every function f € Byt (R") we have

w3 1 g, - (1.12)
k=1
Suppose that @3 = -+ = a;, = a. Then it follows from (1.12) that
1fllg= < ell fllog - (1.13)

We have || f|lps — o0 as a — 1, whenever f 7 0. Bourgain, Brezis and Mironescu [3] (see
also [5]) proved that there exists a limiting relation between Sobolev and Besov norms,
that is, for any f € W (R"),

1
; _ p _ = P
Jm (=)l = IV (1.14)
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Later on Bourgain, Brezis and Mironescu [4] found the sharp asymptotic of the best
constant as @ — 1 in the inequality (1.13); namely, they proved that if 1/2 <« < 1 and
1 <p < n/a, then for any f € B(R"),
1—« np
T 1.15
sl (o= ), (1.15)
where a constant ¢,, depends only on n. In view of (1.14), the classical Sobolev inequality

(1.1) can be considered as a limiting case of (1.15). Note that the proof given in [4]
was quite complicated. Afterwards a simpler proof of this result was given in [19]. It was

170 < cn

observed in [15] that (1.15) can be immediately derived from the rearrangement estimates
obtained in [11].

In this paper we apply Theorem 1.4 to study the behaviour of the constant in (1.12)
as some of the numbers oy, tend to 1.

It is easy to prove that if f € By (R") (0 <a <1, 1<p<o0),then f €V, =
L%, [AYP7°] and

1 £llvie < 100[a(1 = )]/ £, - (1.16)
Using Theorem 1.4 and inequality (1.16), we obtain the following result.

THEOREM 1.6. Let 1 < p<oo,n>2 (neN),and 1/2 < a, <1 (k=1,...,n).

Assume that
n 1 —1
= — <
o anaJ

k=1
Let ¢* = np/(n — ap). Then for every function f € Byt (R") we have that f €
LT P(R™) and

SIE

n

e < den [T10 —an)?|

k=1

I/

o ]/, (1.17)

where ¢, is a constant depending only on n .
Observe that (1.10) can be considered as the main part of the embedding
Btk C L9OP. (1.18)
The factors (1 — ay,)®/P"%) appear due to inequality (1.16) in the "easy” part of (1.18).
We stress again that a function f € Vi may have bad smoothness properties (in
contrast with functions in Besov or Sobolev spaces).

By the known relation between Lebesgue and Lorentz norms, (1.17) yields the in-
equality

I1f

o < (@) Pen TTIA = an) /2|1 f g ]2 0 (1.19)
k=1
In turn, (1.19) implies (1.15).

Inequalities (1.15) and (1.19) are involved in the following general problem: given a
function f € LP(R™), find sharp estimates of its L?—norm (p < ¢ < o0) in terms of
partial moduli of continuity of f. This problem was posed by Ul'yanov [24]. Ul'yanov
[24] solved it for n = 1. The complete solution in n-dimensional case was given in [10].
Estimates obtained in [10] are sharp in a stronger sense than the estimate (1.19) which
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is sharp only in the setting of Besov spaces. In particular, the general phenomenon of
"big smoothness” found in [10] has a more complicated form than one given by (1.19)
for the special case of Besov norms. The main result of [10] (Theorem 1) immediately
implies (1.19). However, the proof in [10] (concerning the anisotropic case) is rather long
and complicated. In the isotropic case the problem is much simpler (see [11]).

2. Auxiliary propositions

2.1. Moduli of continuity. For any f € LP(R™), 1 < p < oo, and h € R™, set

1/p
Lo = ([ fern - fopds)
The modulus of continuity? of a function f is defined by

w(f;0)p = sup Ip(h) (0 <4 <oo)
|n|<8
Observe that w(f;9), is a non-decreasing and subadditive function. In particular, this
implies that
w(fsm)p/n < 2w(f30)p/0, 0<d <. (2.1)

Let 0 << 1and 1< p,0 < oco. The Besov space By (R") consists of all functions
f € LP(R™) such that

[ d 1/6
g, = ([~ et §) <o

”be;‘,oo =supt “w(f;t)p, < o0
>0

if # < 0o, and

if @ = co. Set also By = By,

The following lemma is well known; we outline the proof in order to get the explicit
values of the constants.

LEMMA 2.1. Let f € LP(R), 1 < p < co. Then

5
w(f;8), < %/0 L(h)dh, §>0, (2.2)

and for any 0 < a <1 and any 1 <0 < oo

S 1/6
I£1hg, <3( [ 0eno ) (2.3

Proof. Let 6 > 0 and 0 <t < 4. For any h € [0,0] we have
Ip(t> < ]p(t - h) + Ip(h>-

Integrating with respect to h in [0, 6], and taking into account that the function I,(u) is
even, we get

s1,(<3 | " () dh,
0

2This modulus of continuity can be called isotropic. In Section 4 we consider also partial
moduli of continuity.
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which yields (2.2). Now, using (2.2), Holder’s inequality, and Fubini’s theorem, we have

- o dt _ 9 —ab-2 /t 0 3° / —ab gdh
t« 't — < t I,(h)’ dhdt = h I,(h)” —.
/; ( w(f’ )p) t 73 A 0 p( ) a9+1 o p( ) h
This implies (2.3). =

It is well known that
B;")QCB;?7 if 1<60<n<oc.
Moreover, the following estimate holds.

LEMMA 2.2. Let 1 < p<oo,1 <0 <n<oo, and0 < a <1 Then for any function
f e LP(RY)
1 lls . < Sla(1 — a)]/*=1/7) e . (2.4)

Proof. Denote w(t) = w(f;t),. First, we have for any ¢t > 0

/ u” % w(u)? du > w(t)e/ u Ly = i[t*o‘w(t)]e.
¢ ¢ of

u

Next, using (2.1), we get

/Ot w0 (u)? %u . (u,;?)@/ot W (1=@)0=1 7, — m[f%(t)]e'

Thus, for any ¢t > 0
t~%(t) < [#min(a,2%(1 — a))]1/0||f||bg79 <12 4+ 1)ba(1 - a)]1/9||f|\b;e.
From here we get (2.4) for n = oo. If < oo, then

Fawmp @ < gn-o )10y pn=0 [ [y 2t
; [t w (@] < 8" [a(l - a)] 11, ; [t @]
which again implies (2.4). m

2.2. Rearrangements. Denote by So(R™) the class of all measurable and almost every-
where finite functions f on R™ such that for each y > 0,

Ar(y) = {z e R™ - [f(2)] > y}] < oo

A non-increasing rearrangement of a function f € Sp(R™) is a non-increasing function
f* on Ry = (0,+00) that is equimeasurable with |f|. The rearrangement f* can be
defined by the equality

f7(t) = sup inf [f(z)|

|E|=t zEE
The following relation holds [23, Ch. 5]:
t
sup / |f(z)|dx = / fr(uw)du. (2.5)
|E|=tJE 0

In what follows we denote

f“w=§Afﬂwm.
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Assume that 0 < ¢,p < co. A function f € Sp(R™) belongs to the Lorentz space

LoP(R") if
Ilar= ([ ooy ‘ff) < o.

For 0 < ¢ < oo, the space L?>°(R") is defined as the class of all f € So(R™) such that
1F g0 = suptH/2f*(t) < cc.
t>0

We have the inequality [23, p. 192]

q 1/s » 1/p
1= (4) 7 (2) Woly ©<p<s =0 26
The space W(R™) = weak- L>°(R"™) consists of all functions f € Sp(R™) such that
| fllw = sup [f7() = £7(®)] < oo (2.7)

This space was introduced by Bennett, DeVore and Sharpley [2]. It was proved in [2] that
BMO C W.
For a function f € So(R™) we consider also the quantity

w*(t) = f1(t) = fr(2t).
Observe that for any ¢t > 0
1 * t sk * 2 K *
—w = <) - ) <= | w(u)du. (2.8)
27 \2 t )
The left hand side inequality is immediate since
N B . L[t
Fa-rwzg [ ez e (5)
0
Next, for any t > 0 and any 0 < e <t

/ du—/f d——%f( >%[/f du—tf()}

This implies the right hand side inequality in (2.8).
Similarly, we have that for any f € So(R™) and any t>0

"(26) < / Jlw) = 720 4, (2.9)
Let 1 < ¢,p < co. For a function f € Sy(R"™), set
o] d 1/p
5= ([ 20 - s eor §) (2.10)
0
and
1£1l;,00 = supt/1[£*(8) — £*(28)]. (2.11)
>0

It follows from (2.9) and Hardy’s inequality [23, p. 196] that

21/qq .
17l < 220705, (1< g<o0, 1<p<o0). (212)
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For any 1 < p < oo the space L°P(R") is defined as the class of all functions
f € So(R™) such that

= ([ 10 - 0 @)W <o

t
(see [1], [18]). Set also

T ( [T - reoy ?)/

It follows from (2.8) that

Lo .
I ep = Ifllcoip = 20 fllse p- (2.13)

Recall that the space A?(R) (o € R) is defined as the class of all functions f € Sy(R)
such that

[fllae = sup t7[f*(t) — f*(2t)] < oo.
>0
If 0 < 0 < oo and r = 1/0, then by (2.9) for any f € Sp(R)

o+1
1£llaz < W fllroo < ——lfllac-

Thus, A°(R) = L™*°(R). If o = 0, then A” coincides with the space weak- L™ (see (2.7)
and (2.8)).
The following lemma was obtained in [12, Lemma 5.1]. As it was observed in [12],

this lemma follows by simple arguments contained in [11, Theorem 2]. We give these
arguments here.

LEMMA 2.3. Let f € So(R™) be a locally integrable function which has all weak derivatives
of oz, € L}, (k=1,...,n). Then

loc
F2@) = 1) <V (V) (). (2.14)

Proof. Let x € R™ and t > 0. Denote by Q.(t) the cube centered at x with side length
(2t)'/™. Fix x and set

A ={y € Qu(t) : [f(y)] < 7 ()}
Then |A;| > t. For any y € A,

[f(@)] = f7(t) < |f(@)] = [f ()] < [f(=) = fy)]-

Integrating over A;, we have
. 1 1
F@I= 57 [ 1@ - fwldy <y [ 1f@) - )b
tJa, o)
For each h € R™ and almost every z € R"
1
o+ h) — flz) = / Vf(x+rh) hdr
0

(see [16, p. 135]). Thus, for almost all z € R”

1
1F(@)] = F*(t) < v/ £/m1 / dr /Q VG Tl
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Let E C R" |E| =t. Then for all 7 € [0,1], h € Qo(t)
t
[ Vs mlds < [ (95" @
E 0
Applying (2.5), we get (2.14). =
Observe that estimate (2.14) can be efficiently applied in the study of Sobolev spaces
I/Vp1 in the case p > 1. In particular, inequality (1.6) for 1 < p < n follows at once from

(2.14) and Hardy’s inequality. In the limiting case p = n estimate (2.14) and Hardy’s
inequality immediately imply that for any function f € W(R") (n > 2)

) 1/n
([(ro-rorg) <alvi. (2.15)
0

ie., WHR") C L (R") (see [1], [18]). Observe also that (2.15) can be considered as a
special case of the inequality (2.23) in [11].

LEMMA 2.4. Let f € LP(R™), 1 < p < co. Then for any t > 0
F(t) — £5 () < 2YPYrg(fi 8 m),,. (2.16)

This estimate was first proved by Ul'’yanov [24] in the one-dimensional case. A simple
proof in the general case is contained in [11, Theorem 1].

2.3. Hardy type inequality

LEMMA 2.5. Let f be a nonnegative non-increasing function on Ry. Suppose that 5 > 0
and 0 <r < 1. Then

/OOO 1B8-1 (/too f(u) du)r dt < e (1 + %) /OOO 0L F (1) dt. (2.17)

Proof. We can assume that f is a bounded function with compact support. Since f is
non-increasing, then we have for any A > 1

J_/Oootﬁ1</toof(u)du>rdt
g/oootﬁ1< tAtf(u)du>rdt+/Oootﬁ1< : f(u)du)rdt

<(A-1)"J 4+ AP,
where

J*:/ P f ()T dt.

0
It follows that

ArtB
< ——J".
J < 15— 1J
Taking A = (1 + 8/r)'/8, we get (2.17). =
2.4. Projections and sections. As above, for any vector x € R™ and every k € {1,...,n}

we denote by &y the (n — 1)-dimensional vector obtained from x by removal of its kth
coordinate. We write also © = (x, T).
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Let f € So(R™) and assume that 1 < k < n. Fix 2, € R*~! and consider the function
of the variable x,

fik (xk) = f(xkaj:k)v Ty € R.
For almost all #;, € R"™! we have fz, € So(R). We set
Rif(t, &) = (f2,)" (1), t>0.

The function Ry f is defined almost everywhere on R, x R*~!. We call it the rearrange-
ment of f with respect to kth variable. It is a measurable function equimeasurable with

|f1-

Let 1 <p<oo, n>2 (n€N), and o € R. In this paper we consider the spaces
Vi = LE, (R"H[A7, (R)]

v = ([ wwtaoraa)

where ¢y, (2r) = [ far l[ar = supyso 87 [Rf (L, 2x) — R f (2L, 25)]-

Let E C R™. For every k =1,...,n, denote by II;(E) the orthogonal projection of E
onto the coordinate hyperplane z;, = 0. Further, if #;, € R"~! then by E(Z)) we denote
the x;—section of F,

with the norm

E(ﬁ;’k) = {xk : (ZCk,{f,‘k) S E}

The Lebesgue measure of a measurable set A C R¥ will be denoted by mesy, A.
The following lemma was proved by Loomis and Whitney [17] (it follows also from
Lemma 1.1).
LEMMA 2.6. Let E C R" be a set of type F,. Then
n
(mes, E)"~' < ] mes,_1 Ix(E). (2.18)
k=1

3. Embeddings of mixed norm spaces

THEOREM 3.1. Assume that 1 < p < oo, n > 2 (n € N), and that ay, (k=1,...,n) are

positive numbers such that
n

an(zaik)lgg. (3.1)

k=1
Let 1
Tk =5 T % Vi = L5 (R"H[AZ:(R)],
and
np
q = .
n—ap

Suppose that
f€S@®") and fe€ ‘/p@h»--,an — ﬂ Ve
k=1
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Then f € LYP(R™) and

£, < e TT A1/, (3.2)
k=1
where
n *1/1)
c=cy (H(nak - a)o‘/("o"“)) (3.3)
k=1

and c, is a constant depending only on n.

Proof. We can suppose that f is a nonnegative continuous function with compact support.

Fix t > 0 and estimate the difference f*(t) — f*(2t). We assume that this difference
is positive. It is easy to see that there exist two bounded F,—sets in R", a set A with
mes, A =t and a set B with mes,, B = 2t, such that A C B,

{z:fle)>f ) cAC{z: f(x)= ()} (3.4)
and
{z: f(x)> f2)} cBC{x: f(z) > f*(2t)}. (3.5)
Denote
a;j(@;) = mesy A(Z;), B;(2;) = mes; B(Z;).
Since f is continuous, then it follows from (3.4) and (3.5) that for all &; € II;(A) (j =
1,...,n)

Rjflaj(E;),25) = f*(t) and R;f(B;(&;),2;) = f*(2t). (3.6)
For every j =1,...,n, denote by P; the set of all Z; € II;(A) such that
Bi(;) < 2" ay(i;). (3.7)
Let Aj ={x € A:2; € P;}. Then
mes, A; > (1—-2"")t, j=1,...,n. (3.8)

Indeed, if for some j the opposite inequality was true, then we would have that
mes,, B > / B;(Z;)dz; > 2"*1/ a;j(;)di; = 2" mes, (A\ A;) > 2t,
I; (A)\ P; II; (A\P;

which is false.

Denote N
A= A4;.
j=1
By (3.8),
~t
mes,, A > 3 (3.9)
Set
« .
Yi=1=— J= 1) y
’fLOéj
Then 0 < v; <1 and
Z'yj =n-—1. (3.10)
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Let 2 be the set of all k € {1,...,n} for which

ol

mes,,_1 Py > ER (3.11)

Since I, (A) C Py, it follows from (3.9), (3.10), and the Loomis-Whitney inequality (2.18)
that Q # 0.
Denote

¥ (@) = [1FC @) llams =100 me
Let k € Q. First we suppose that o, < 0. By (3.6) and (3.7), we have for all &} € Py
fr(@) = 7 (2t) = Ry f(on (@), 2k) — Rief (Be(Zr), Tn)
< (n+ )27 (g (21)) ™7 g (). (3.12)
Let
P = {iy € Py : ag(dy) < 4¢P %)
Then mes,,_; P}, > t7 /4. Indeed, otherwise by (3.11) we would have that

mes,, A > / (T )dzy > t,
P\P,

which is false.
Taking in (3.12) the infimum over all & € P}, we obtain that if k¥ € Q and o4 <0,
then
() — £5(2t) < (n 4 1)4lorIngOe=Doky e /4), (3.13)
Now suppose that for all & € Q we have o > 0. Let 7, = 1/0%. Applying (3.6) and
(3.7), we have for all &, € P, (k € Q)

ar(@)F () = £ @O < (n+ 1) (@)™ (3.14)

Taking into account (3.11) and using Lemma 3 of [13], we split Py into two disjoint
measurable sets @}, and Q7 such that mes,_; Q) =t /2 and

J
We consider two cases.
First we suppose that there exists k € Q such that the set A} = {z € A:dy € QLY
has measure mes,, A} > t/(4n). Then we fix such k and integrate inequality (3.14) over
+. Note that

oo

(5 (4))"™ di, < / (1 ()" du. (3.15)

i 7k /2

t
/ ag(Zg)dZy > mes, A} > —.

Thus, in virtue of (3.15), we get

00 1/rk
() — fr(2t) < 4% (n + 1) ok (/ (w,j(u))”du> . (3.16)
7k /2
Now we suppose that for all k € ) we have mes,, A < t/(4n). Set A’ = /Nl\(UkEQAZ).
Then ’
mes,, A" > 1 (3.17)
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(see (3.9)). We have also

i
mes,,_1 I1;(4") < -
Indeed, II;(A’) C I, (A) C P; for any j =1,...,n. By the definition of 2 (see (3.11)),

(G=1,...,n). (3.18)

12E)
mes,_1 P; < = for all j & Q.

Thus, (3.18) is true for all j & 2. Let now j € Q. Then
IT;(A") € P\ QF = Qf;

but mes,, 1 Q) = t% /2. Therefore (3.18) holds also for all j € Q.
Fix k € Q. Let S be the set of all x = (z, Zx) € A’ for which

1=k
mes; A'(Zx) > 1 (3.19)
By (3.17) and (3.18) we have
t
mes,, S > 3 (3.20)
Furthermore, by (3.18),
ol
mes,,_1 II;(S) < -5 (j=1,...,n). (3.21)
It follows from (3.20), (3.21), and the Loomis-Whitney inequality (2.18) that
Tk
mesy,—1 I (S) > yre=e (3.22)
For all &) € II;(S) we have by (3.19)
R =k
o (Zx) > 1
Thus, for every & € II;(S) we obtain from (3.14) and (3.22)
() = f5(2t) < 4% (n 4 1)t Dok (417478, (3.23)
Note that
0 Ok
sy s e ([T i)
4=npn

Thus, it follows from (3.16) and (3.23) that if o, > 0 for all £ € €, then there exists
k € Q such that

f%w—ﬁ@w<ﬂmﬂﬂm+nf”(/
4
Combining this with (3.13), we obtain that

Am[tl/q(f*(t) . f*(?t))]p% < (n+1)P ( Z 4mplokl /OOO tp(l/‘JH’(’Yk*l)Uk)(¢Z(t7k/4))p%

O’kgo

+1 = p(l/q—0o) = 1/ P dt
g /'t —w(/ : ”d) _)
> Wi )G

oo

<¢¢<u>f/”kdu) ;

—nVE
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Let o1 < 0. Since 1/q + (v, — 1)or = v /p, we have

> Do)/ e 4[> . 4
et vmo g e S = [ iy de =
Yk Jo V&

0
Next, suppose that o} > 0 for some k. Applying Lemma 2.5 with r = poy and § = pay,
we obtain

o7} [ee] POk
/ w(/a=o) (/ (q/)]j(u))l/”kdu) a
0 A=ngn t
4np(xk [e’e] oo POk
S [T ([T G
e Jo t

2 [T wopa=T""
It t = .
arye Jo LYk Vi
From these estimates we get that
o at\ "
1= ([0 @ - e )
<2 il fllvi,  where gy = 40Tk () TP (3.24)

k=1
It remains to show that (3.24) can be transformed into multiplicative inequality (3.2).
We apply standard arguments. Set

n
er = (el flv) "o, e =] en

k=1

and g(z) = f(e121,...,6n7n). It is easy to see that g*(t) = f*(et), |gll;, = e~V f

and ,
_ ~1/p
lollv. = =7 (IT=5) 11w
Jj#k
Using these relations, applying (3.24) to the function g, and taking into account (3.1),
we easily get that

*
a,p’

15 < ene™ < [T ™71 ]/ 0.
k=1

This implies (3.2).
Since f € Sp(R™), then by (3.2), (2.12), and (2.13) we have that f € L?P. =
REMARK 3.2. If at least one of the numbers «j, tends to 0, then the constant ¢ in (3.2)

tends to infinity. The order of growth of this constant given by (3.3) is optimal. To show
this, consider the following example (for n =2). Let 1 <p < o0, 0 < aj,as < 1/p,

-1
1 1 2
a=2<——|——> , and ¢q= P .
a1 Qo 2—ap

Let f(x,y) =z~ YPye2=1/P if (z,y) € (0,1)% and f(z,y) = 0 otherwise. Then

-1/p -1/p
b) b

[fllv: = (pa2) 1£llvs = (pax)
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and

2/q
1l = (3) (201 — a)(2az — a)] /1.

Denote (see (3.3))
A=[2a; — a)a/(2a1)(2a2 _ a)a/(zo@)]fyp.
For all 2 > 0 we have % > 1/2. Thus,

2 2/‘1
1l = (—) Al(201 — a)1 =1/ #92) (2, — @)1=/ (pa)]o/2
q

2 2/ 1 1/a1—1/as 1/as—1/a 2
— <_> Aa®~ /p[a1 1 2a2 2 1]a/( D)
q

a/(a a/(2a 1
/( 1)a2/( 2) /p
—a .

1/p
p a/Ra a/(a @
R L P
4
Next, a/2 < min(ay, as). Therefore

A [e3 [e3 (03 [0}
1£lla = AT 15
By (2.12) and (2.6),

In2 In2 q)l/p
> 2 e = = () 1
02 2l 2 2 (p £l

These estimates yield that the constant in (3.2) is optimal.

I/

Observe that in the case o) = --- = @, = « the constant (3.3) equals to cpa /P,

REMARK 3.3. Suppose that a, =1, k=1,...,n.
Ifp=1,thenor,=0 (k=1,...,n),¢g=n/(n—1), and
Vi, = L}, [weak-L].
We have from Theorem 3.1

n 1/n
flln/tn—1)1 < C(H ||f|\ka) .
k=1

This inequality is slightly stronger than the Fournier inequality (1.7). Indeed, the right
hand side of (1.7) contains the norms in the spaces L} [L3°]. We have proved that the
interior LS -norms can be replaced by weaker norms of weak-Lg? .

Ifl<p<mn,thenor=1/p—1 (k=1,...,n) and V}, = Lgk[Aiépfl]. In this case
Theorem 3.1 asserts that

n 1/n np
17l < e(TTUAI) " where g = 7
k=1

If p = n, then ¢ = co and we have the norm in L>"(R") at the left hand side.

It is easy to see that these results are closely connected with Sobolev type inequalities
(1.6) and (2.15).
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PROPOSITION 3.4. Let k € {1,...,n} and 1 < p < co. Assume that f € LP(R™) and that
[ has the weak partial derivative Dy f € LP(R™). Then f € Vi, = L% [Al/p 1] and

1fllvi <4l Dieflp- (3.25)
Proof. Indeed, by (2.14) and (2.8) we have for almost all ), € R"~?

1/p

t
Rif(t,2r) — Rif(2t, 1) < 4/ (Dyf)* (u) du < 4t*~1/P </ Dy, f ()P dxk>
0 R
Thus, for almost all Zy,
1/p
G @)l g1rm < 4(/ |Dkf(x)|pdxk> ,
k R

This implies (3.25). =
Recall that

1 n q,p n _ np
W, (R") c LTP(R"), 1§p§n,q—n_p~ (3.26)
(see (1.6) and (2.15)). At the same time, by Theorem 3.1
ﬂ Vi, C LP(R") (3.27)
and by Proposition 3.4,
c (W (3.28)

Thus, we can split (3.26) into two embeddings (3.27) and (3.28). Clearly, (3.27) is the
main part of (3.26).

4. Limiting embeddings. Let f € LP(R™) and k € {1,...,n}. The partial modulus of
continuity of f in LP with respect to xzj is defined by

1/p
we(fi )y = sup ( [+ he - 5@ dm) |
0<h<s \Jrn

(e is the kth unit coordinate vector). It is easy to see that

mgxwk(f;(S)p <w(f;0)p < Zwk(f§5)p

k=1
Let 0 <a <1, k€{l,...,n},and 1 < p,# < co. The Besov space By, (R") is
defined as the space of all functions f € LP(R™) such that

00 1/
6 dt
g = ([ oantrinn)' ) <
Denote also B

ppk*Bzc;;k‘
Let 0<ap <1 (k=1,...,n) and 1 < p,0 < oo. Then we set

Boéh e Rn ﬂBng n Bal"” = B )

b,p
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In this section we apply Theorem 3.1 to find the asymptotic of the constant in (1.12)
as some of the numbers «y, tend to 1.

First we observe that if a function f € L?(R™) has a weak derivative Dy f € LP(R"),
then

N1/
lirﬂo(l N a)l/gnfllbg,e:k = (5) | Dxfllp - (4.1)

o—

The proof is the same as one given in [15, Proposition 2.5].
Next, we prove the following proposition.

PROPOSITION 4.1. Let 0 < a < 1, 1<p<oo,andl<k<n (n>2). Assume that
f € BSW(R™). Then f € Vi = L2 [Ay/P™°] and

11l < 100[a(1 — )] /#1 s (42)
Proof. For a fixed 2 € R"~!, denote
far () = far, 2x), xx €R
For almost all #, and any ¢ > 0 we have by (2.16) and (2.8)
F, (6) = f3,20) < 4t7YP0(f3,50), -
It follows that

[farllar < Allfarlleg oy, o=1/p—a. (4.3)
Applying Lemma 2.2, we have
1 zillve @) < 8[a(l — )]l fa llbg =) (4.4)

Next, by (2.3),
oo ) R dh
Hfa"ck ”i)g(]R) < 3;0/0 /JR |f(xkaxk) - f(xk + h’wk”p day, hop+1’

Integrating with respect to &, we obtain

. ~ dh
[ Wil din <3 [ (s,
Rn—1 r 0 h

Combining this inequality with (4.3) and (4.4), we get (4.2). m
Applying Theorem 3.1 and Proposition 4.1, we obtain the following result.

THEOREM 4.2. Let 1 <p<oo,n>2 (meN), and 1/2 < ar <1 (k=1,...,n).
Assume that

Let ¢ = np/(n—ap). Then for every function f € Bgt-*(R™) we have that f € LTP(R")
and

115 < e TTI = ar) P fllyey 1o/, (4.5)
k=1

where ¢ = ¢, 1S a constant depending only on n .



MIXED NORMS 159

Indeed, (3.2), (3.3), and (4.2) immediately yield (4.5) with the constant

n o o/(nag)q1/p
C‘”“h1<mm—a> } .

k=1
Since 1/2 < a, < 1 for all k= 1,...,n, then we have
L e
nog —o T n
which implies that ¢ < 3c¢,.
As it was already noted in Introduction, inequality (4.5) follows also from [10, Theorem
1]. Nevertheless, it is much simpler to derive (4.5) from Theorem 3.1.
If & < n/p, then by (2.12) and (4.5) we obtain (1.17). In turn, (1.17) and (2.6) imply
(1.19) and (1.15).
Assume that for some k there exists a weak derivative Dy f € LP(RY). Then for the
corresponding term in (4.5) we have by (4.1)

1 1 1/10
(1= a1y = (3) IDefl a1,

We see that (similarly to (3.26)) the embedding Byt**(R") C L*P(R") can be split
into two parts. The main part is contained in Theorem 3.1. The factors (1 — ay)®/(Prex)
in (4.5) appear when we apply Proposition 4.1 (i.e., in the "easy” part of (4.5)).

REMARK 4.3. Observe that Maz’ya and Shaposhnikova [19] studied also the behaviour
of the optimal constant in (1.13) as & — 0. More precisely, they proved that the constant
in (1.15) can be replaced by

cpna(l —a)(n — ozp)lfp.

It was shown in [15] that this result (as well as (1.15)) follows from the rearrangement
estimates obtained in [11]. For anisotropic Besov spaces the asymptotic of the constant
in (1.12) in the case when all ay, are small can be easily derived from [9, Lemma 5].
Nevertheless, the study of this constant in the general case (when some of the numbers
ay, tend to 0 and some of them tend to 1) requires different arguments. We will present
the corresponding result in other paper.
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