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Abstract. We present three new identities in law for quadratic functionals of conditioned bi-
variate Gaussian processes. In particular, our results provide a two-parameter generalization of
a celebrated identity in law, involving the path variance of a Brownian bridge, due to Wat-
son (1961). The proof is based on ideas from a recent note by J.-R. Pycke (2005) and on the
stochastic Fubini theorem for general Gaussian measures proved in Deheuvels et al. (2004).

1. Introduction. Let b(s), s € [0, 1], be a standard Brownian bridge on [0, 1], from 0
to 0, and let b; and bs be two independent copies of b. The aim of this note is to prove
several bivariate generalizations of the following identity in law for the path variance of b,

o) — [ o) ds= L [ or(e)? 4 ba(s)ds, (1)
[ (o= [ o) st g f

known as Watson’s (duplication) identity (see [12]; the reader is also referred to [9] for
a detailed probabilistic discussion of (1)). More specifically, our aim is to establish a
result analogous to (1) for the path variance of a bivariate tied-down Brownian bridge Bg
on [0,1]2, i.e. a process having the law of a standard Brownian sheet W conditioned to
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vanish on the edges of the square [0, 1]2. As discussed below, our bivariate generalizations
of (1) involve four different types of “bridges” naturally attached to a given Brownian
sheet W. These four processes, along with the laws of their quadratic functionals, have
been recently studied in [1].

The proof of our main result uses extensively the general stochastic Fubini theorem,
for quadratic functionals of Gaussian processes, proved in [1] (but see also [3]), and has
been inspired by the strikingly simple proof of Watson’s identity given in [6] (see also
the discussion contained in [7]). Such a proof is mainly based on a decomposition of
the path of the random function ¢ +— b(¢) into the orthogonal sum of its symmetric and
antisymmetric parts, around the value ¢t = 1/2. We will see how this kind of decomposition
can be naturally extended in the framework of bivariate functions.

The present paper is organized as follows. In Section 2 we introduce some notation.
In Section 3, we state a version of the stochastic Fubini Theorem which is well adapted
to the framework of this paper and we provide an alternative proof of such a result,
based on the calculation of cumulants for double Wiener integrals. In Section 4 the main
Theorem is stated and proved. Eventually, in Section 5 we apply our results to calculate:
(a) the explicit Laplace transform of some quadratic functionals of bivariate Gaussian
processes, and (b) the explicit Fourier transform of some double stochastic integrals with
respect to conditioned bivariate processes. This completes some of the results obtained
in [1] and [4].

2. General notation. For the rest of the paper, we will study Gaussian processes which
may be expressed as suitable transformations of a standard Brownian motion or of a
standard Brownian sheet. In particular, we will adopt the following notation:

- W ={W(t):te[0,1]} is a standard Brownian motion on [0, 1], initialized at 0;

- b={b(t) :t € [0,1]} is a standard Brownian bridge on [0, 1], from 0 to 0;

- W ={W(t1,t2) : (t1,t2) € [0,1]?} is a standard Brownian sheet on [0, 1]? vanishing
on the axes, that is, W is a centered Gaussian process such that, for every (¢1,¢2),
(81, 82) S [0, 1]2,

E[W(thtg)W(Sl, 82)] = (tl AN 81) X (tg AN 82);

~BW) = {BW)(t,,t5) : (t1,t2) € [0,1]?} is the canonical bivariate Brownian bridge
associated to W, i.e.

B(W) (tl, tg) = W(tl, tg) — tthW(l, 1);

- Béw) = {B(()W) (t1,t2) @ (t1,t2) € [0,1]?} is the canonical bivariate tied down Brown-
ian bridge associated to W, i.e.

Béw) (tl, tg) = W(tl, tg) — t1W(1, tz) — tQW(tl, 1) + tthW(l, 1);

~ KW = {KWA (1) t5) @ (t1,t2) € [0,1]?}, @ = 1,2, are the two canonical Kiefer
fields (or asymmetric bivariate bridges) associated to W, i.e.

K(W’l)(tl, tg) = W(tl, tQ) — t1W(1, tg),
K(W’Q) (tl, tQ) = W(t1, tg) — tQW(tl, 1).
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We assume that all the previous processes are defined on the same probability space
(Q,F,P).

REMARKS. (i) Conditionally on the event {W(1,1) = 0}, W is distributed as the un-
conditioned process B(W). Moreover, for every (t1,t2), (s1,52) € [0,1]?,
E[B(W) (t17t2)B(w)(81, 32)] = (t1 N 31) X (tg A\ 82) — t181t289. (2)
(ii) Conditionally on the event {W(1,t) = W(¢,1) =0, V¢ € [0,1]}, W is distributed
as the unconditioned process B\, In particular, for (t1,2), (s1,s2) € [0,1]2,
EBG™ (1, £2)B5"™ (51, 52)] = Blb(t1)b(51)]  E[b(t2)b(s:)] 3)
= (tl N S§1 — t131) X (tg N 89 — t282).
(iii) Conditionally on {W(1,¢) =0, Vt € [0,1]}, W is distributed as the unconditioned
process K(W-1) | and moreover, for (t,t2), (s1,52) € [0,1]?,
E[K™W (1, t2) KW (s1, 52)] = E[b(t1)b(s1)] x E[W (¢2)W (s2)] (4)
= (tl N S| — tlsl) X (tg AN 82).

(iv) Conditionally on {W(¢,1) =0, V¢ € [0,1]}, W is distributed as the unconditioned
process K(W:2) " and moreover, for (t1,ts), (s1,52) € [0,1]?,

]E[K(W,Z) (tl,tQ)K(W’Q)(Sl’ 32)] = E[W(tl)W(sl)] X ]E[b(tg)b(SQ)] (5)
= (tl A\ 81) X (tg N 89 — t282).

3. Stochastic Fubini identities. The following stochastic Fubini identity (8) will be
useful for the proof of our main results. As shown in [3] and [1], stochastic Fubini identities
for general Gaussian measures can be easily proved by means of a Laplace transform
argument. Here, we shall present an alternative proof, which is based on the so called
diagram formulae (see e.g. [11]) for the cumulants of double Wiener integrals. Note that,
in what follows, we will write dA™, m > 1, to indicate Lebesgue measure on R™.

THEOREM 1 (Stochastic Fubini Theorem). Under the above assumptions and notation,
for every ¢ € L%([0,1]*,dA\*) there exist two measurable random functions

{/[ ] o(t1,ta, x1, 22)W(dz,dxs) : (t1,t2) € [0, 1]2} (6)
0,1
and

{/[0 I (w1, w2, t1,t2) W(day, das) : (t1,t2) € [0, 1]2}. 7)

Moreover, the following distributional identity holds:

2
/ |:/ ¢(t17t27xl,ﬂ?Q)W(d.’L‘l,da?Q):l dtidts
[0,1]2 L/[0,1]2

2
lgﬂ/ [/ ¢(ﬂc1,x2,t17t2)W(d9€17d$2)} dtydts. (8)
[0,1]> L/[0,1]2
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Proof. The existence of the two measurable random functions (6) and (7) follows from
standard arguments. To obtain (8), start by defining the two kernels (contractions) on
L*([0,1]*)

Dy (t1,t2;51,52) :/ drydzad(xy, 2, b, t2)P(x1, 22, 51, 52),
[0,1]2

‘I)Q(tl, t2; S1, 82) = / d$1d$2¢(t1, tg, 1, x2)¢(51, S2,T1, 1‘2).
[0,1]?

Then, a simple application of the multiplication formula for Wiener integrals (see for
instance [2, p. 211]) shows that

2

/ [/ ¢(t17t27x1,x2)W(dx1,dx2)} dt1dty = H¢||2 +I§V(<I>1),
[0,1]2 L/[0,1]2

’ (9)

/[ ] |:/[ ] ¢(x1,$2,t1,t2)W(dx17dq;2):| dt1dty = ||¢H2 + IQVV((I)Q)’
0,1]2 0.1]2

where I)V(-) stands for a standard double Wiener integral with respect to W (see again
[2]). Now define x,,(Y), m > 1, to be the m-th cumulant of a given real valued random
variable Y (see e.g. [11]). We recall that the law of a double Wiener integral is determined
by its cumulants (see e.g. [10]). Moreover, we can apply the well known diagram formulae
for cumulants of multiple stochastic integrals (as presented, for instance, in [8, Proposition
9 and Corollary 1]) to obtain that for every m > 2 there exists a combinatorial coefficient
¢m > 0 (independent of ¢) such that

@) =en [ @0 @1l a0l )

x@l(xgz),xg ),xgg),m?)) X Py (CL'(m) (m). xgl),wél))

:cm/ (dX2)Em By (2l xg)’xgm’ @)
[O 1]2771,

<@, 22, a) x - x el ;2D af))

= xm (13 (®2)), (10)

where the second equality can be proved by using a standard (deterministic) Fubini
theorem, as well as the definition of ®; and ®5. Since (10) holds for every m, we obtain

that I}V (®q) o IV (®3), and the proof of (8) is therefore concluded, due to (9). m

As shown in [1], by specializing (8) to the kernels

oW (1, to; 21, 20) = 110,47 (1) L[0,2,] (w2) — tata,
)(t to; w1, 22) = Lio,4,1(21)Lj0,4,) (T2) — t1l[op,](22) — tal(oe,)(w1) + tilo,
¢ (ty, to; 21, 20) = 1j0,4,(1)L[0,25] (2) — t1l[o 4,1 (2),

¢( )(t1,to; 21, 00) = 110,41 (21)1[0,2,](w2) — t2lyo ) (21),

we obtain the following
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COROLLARY 2. Let the above notation and assumptions hold. Then,
2

/ BW)(t1,t,)%dt  dts llﬁu/ [W(tth) W (uq, ug)durdug | dt1dts, (11)
[0,1]2 [0,1]2 [0,1]2

B(()W) (tl,ﬁ2)2dt1dt2 lgu / |:W(t1,t2) — W(tl,UQ)dUQ
[0,1]2 [0,1]2 [0,1]
12
— W(ul,tg)dul—l— W(ul,ug)duldug dtqdts, (12)
[0,1] [0,1]2 J
12
KW (1), ) dty dty ' / [W(tl,tz) — [ W(u,to)dur | dtydts,  (13)
[0,1]2 [0,1]2 [0,1] J
12
KW (11, t5)%dt  dts lazw/ [W(thh)— W (ty,ug)dug | dtidty.  (14)
[0,1]2 [0,1]2 [0,1] d

4. Bivariate Watson’s identities

4.1. Main results. The next Theorem, which contains the announced bivariate versions
of Watson’s duplication identity (1), is the main result of the section. Note that each
of the three parts of the statement involves a different notion of path variance for the
process Béw).

THEOREM 3. Let W be a standard Brownian sheet on [0,1)%, and let W, i = 1,2,3,4,
be four independent copies of W. Then,

1.
2
/ |:Béw)(t17t2)/ Béw)(ul,UQ)duldU2:| dtldtg
[0,1]2 [0,1]2
aw 1
lau E [B(Wl)(t1,t2)2+K(W271)(tl,t2)2+K(W372) (tl,t2)2+B(()W4)(t1,t2)2]dt1dt2.
[0,1]2
2.
B{W "BW) dua)| dtrd
o2 o (ti,t2) — Do (t1,u2)dug | dtidty
w 1 .
fae Z/ B (1, 12)% + B{W? (11, 2))dty dt.
[0,1]2
3.

1
/ |:Béw)(t17t2)—/ BE)W)(tl,UQ)dUQ
[0,1]° 0

1
—/ B(()W)(Ul,tg)dul—F

2
BE)W) (ula U2)du1 du2:| dtldtz
0 [0,1]2

4

law 1 (W5) 2

s S BV (b, t2)2dtdts.
16 [0,112 55 ’ ( ' )
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As anticipated, our proof of the above results is inspired by a proof of (1) recently
given by J.-R. Pycke in [6], where the author uses a decomposition of the elements of
L?([0,1],dx) = L?([0,1]) into the orthogonal sum of a symmetric and an antisymmetric
function, around the value = 1/2. Before proving Theorem 3, we shall discuss in some
detail the content of [6].

To this end, define for any f € L?([0,1]) the two operators

1 1
Sf(x) = 5(fl@) + f(L—=2)) and Af(z) = 5(f(z) - f(1 —2)), z<[0,1],
and observe that f(z) = (A+ S)f(z), Sf(z) = Sf(1 —z) and Af(z) = —Af(1 — x).
Moreover, for any f,g € L?([0,1]),

1
/ Af(x)Sg(z)dx = 0. (15)
0
Note also that if f is constant, then Sf = f and Af = 0.

REMARK. Let Hj be the closed subspace of L%(]0, 1]) generated by functions f satisfying
f(x) = f(1 —x) for almost every z, and let H, be the subspace generated by functions g
such that g(x) = —g(1 — x) for almost every z. Then, (15) implies that Hs; 1| H,, where
1 indicates orthogonality in L?([0,1]), and also L?([0,1]) = Hs & H,. Moreover for every
f € L?([0,1]), Sf and Af equal, respectively, the orthogonal projection of f on Hg, and
the orthogonal projection of f on H,.

The next Lemma is proved in [6], and is based on a simple computation of covariances.

LEMMA 4. Let b be a standard Brownian bridge on [0,1], from 0 to 0. Then, the two

processes Ab:{Ab(t)itE{o’ %H and 5b={Sb<f>”*€[0é]}

are stochastically independent, and moreover

Abl‘ﬁ”{b(?:te[o,;“ and Sblﬁ“{wémzte[o,;”. (16)

Lemma 4 yields an immediate proof of Watson’s duplication identity (1). As a matter
of fact, one can write, due to (15) and symmetry,

/01 <b(8) - /01 b(u)du>2 = 2/0% {(Sb(t) — 2/0% Sb(u)du>2 + (Ab(t))z]dt7

and then use the relations

2 /0 (Ab(t))2d "““% /0 ? bt — i /O b0

where the identity in law stems from the first part of (16), and

2/0%(Sb(t) —2/0% Sb(u)du)th faw ;/O<W 2t) —2/ W 2u)du) dt
:%/ ( / W )24111“:‘”1/011)@)2(1@
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where the first identity in law derives again from (16), and the second follows from a
stochastic Fubini identity such as the one proved e.g. in [3].

In the next subsection we show that the content of Lemma 4 provides some key
elements to achieve the proof of Theorem 3.

4.2. Proof of Theorem 3. To prove Theorem 3 we start by defining, for every function
F on [0,1]?, the four operators

S1F(x1,22) = %[F(ml,xg) + F(1 — z1,29)],
SoF(x1,29) = %[F(xl,:rg) + F(z1,1 — x9)],
: a7)
A1F(x1,m0) = i[F(xl,xg) — F(1 —x1,29)],
AsF(x1,29) = %[F(:Bl,l'g) — F(x1,1 — x9)],
where (21, 72) € [0,1]2, as well as
TWF(21,22) = S19:F (21, 32) = 1F (21, 12),
TR F (21, 2) = SlAzF($1,CU2) = A251 (w1, 72), as)
T(3)F(a:1,a:2) 2 F(x1,29) = So A1 F (1, 22),
TWF(zy,x5) = A1A2 (z1,22) = As A1 F (21, 22).
Note that F' = Zi:l,..., T@WF, and also note the following symmetric and antisym-

metric properties: for every (x1,2) € [0,1]?,
TWF(zy,20) = TYF(A — 21, 20) = TOF(21,1 — 2),
TOF(21,29) = TPF(1 — 21,29) = ~TPF(21,1 - x),
TOF (21, 25) = —TOF(1 — 21, 25) = T®F(21,1 — 22),
TWF(zy,20) = —TWF( — 21, 20) = ~TWF (21,1 — ).
This implies that, if F is constant, then T F = F, and TWF = 0 for each i =

2,3,4. By using (15) we have moreover that, for i # j and F,G € L*([0,1]?, dz1dxs)
L2([0,1]),

) T(i)F(.’El,l’g)T(j)G(ZL'l,{EQ)diCldiCQ = 0,
[0,1]

so that

/ ($17l'2 dIldIZ?Q —42/ )F 1‘1,172) dxldxg (19)
[0,1]

REMARK. Let us introduce four closed subspaces of L2([0,1]?): (i) H®") is the space
generated by functions that are symmetric around the two axes x; = 1/2 and x5 = 1/2;
(i) H (2) is the space generated by functions that are symmetric around the axis z1 = 1 /2
and antisymmetric around x5 = 1/2; (iii) H®) is the space generated by functions F that
are antisymmetric around z; = 1/2 and symmetric around x5 = 1/2; (iv) H® is the
space generated by functions F' that are antisymmetric around the two axes x; = 1/2
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and x5 = 1/2. Then, the above relations imply that such spaces are mutually orthogonal
in L2(]0, 1]?), and L?([0, 1]?) = @; H®. Moreover, for i = 1,...,4, T as defined in (18),
coincides with the orthogonal projection operator on H (). To conclude, observe that, by
using standard tensor product notation

H(l) = H, ® H,, H(Q):Hs(g)Haa
H® =H,9H,, HWY=H,®H,,
so that L?([0,1]?) = (Hs ® H,) ® (Hs ® H,), where the spaces Hs, H, C L?([0,1]) have

been defined in the previous subsection.

4.3. Proof of part 1. An easy calculation of covariances, based on the product formula
(3) and Lemma 4, implies that the two bivariate processes

{ABMY (1, 1) : (t1,12) € [0,1/2] x [0,1]}
and {$1B™)(t1,15) : (t1,12) € [0,1/2] x [0,1]}
are stochastically independent, and an analogous conclusion holds for the two processes
{ABMW) (11, t5) « (t1,t2) € [0,1] x [0,1/2]}
and {SoB™W)(t1,15) : (t1,£2) € [0,1] x [0,1/2]}.
This entails immediately that the four (jointly) Gaussian processes
(TOBMW) (t1,t5) : (t1,t2) €[0,1/2%}, i=1,....4,

are mutually independent. Now, by applying (19) to the random continuous function

(t1,t2) — BN (t1, 1) — / ) B (u1, ug)duy dus
[0,1]

we obtain, thanks to symmetry,

2
/[0 12 [B(()W)(tl’tz) - /[O " durdu B (%w)] dt,dts
2
:4/ {T(l)BéW)(tl,tz) —4/ TOBM (4 o) dudus| diadts
[ 1]2 [0 1]2

+4Z/ TOBW) (11, t5)2dt1dt.
0,312

Since for any Brownian sheet W
KW (15, 1) "2 KWV2) (41, 1)

where the identity holds for the two processes as a whole, the proof of Theorem 3 is
achieved once the following three identities in law are shown,

.
0.3

12

2
2{T<1>ng>(t1,t2)—4 / 2T(1)Béw)(ul,u2)du1dw} dtdt
! [0.3)

aw 1
law 1 BW)(ty,t2)2dt dts,  (20)
16 [0,1]2
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aw 1
4/ T(2)Béw)(t1,t2)2dt1dt2 l: — K(W’l)(tlth)thldt%
[0’5}2 16 [0,1]2

law / TEOBMW) (¢, t5)2dtydty,  (21)

0,312

aw 1

4 / TOBM (1, 1,)2dt dty ' — B (11, t5)2dtydts. (22)

[0,4]2 16 Jio,12

To prove (20), just observe that Lemma 4 and (5) entail

{SiBMW)(t1,t2) : (t1,t2) €[0,1/2] x [0, 1]}
' 9= s KW (¢4 15) 1 (8, 2) € [0,1/2] x [0,1]}  (23)

and therefore
(TOBMW (1), t5) : (t1,t2) € [0,1/22} 'L {27 "W (1, £2) « (t1,t2) €[0,1/2%}  (24)

so that

2
4/ |:T(1)Béw)(t1,t2) 74/ T(l)B6W)(U1,U2)d'LL1d'LL2:| dtldtQ
[07%}2 [0’%]2
2
lgu/ |:W(t17t2) 74/ W(Ul,UQ)duldU2:| dtldtg
0,312 0,312

2
aw 1
faw = / W (2t1,2t5) — 4 W (2uy, 2us)durdus | dtydts
4oy 0,412

1 2
= — |:VV($17 52) — W(’Ul,’Ug)dvld’UQ:| dS1d82
16 [0’1]2 [071]2
1
lgu — B(W)(Sl, 82)2d81d82
16 Ji0,112

where the last equality is a consequence of a stochastic Fubini theorem, and namely of

relation (11) in the statement of Corollary 2.
To prove (21), we use (23), (5) and Lemma 4 to obtain that

{TOBFY(t1,2) : (t1,t2) € [0,1/22} "2 {273 KWV2 (11, 28) « (11, 1) € [0,1/2)}
and eventually

aw 1
4/ TOBMW) (¢, t5)%dt dty ' —/ KWo2)(ty,2t5)dty dty
[0,1]2 2 Jo.4p

- 4 16 [071]2

The case of T®) can be treated analogously by using (4). To conclude, we note that

aw 1 1
la —/ K(W’Q)(Qtl, 2t2)2dt1dt2 = — K(W’Z) (’LL17’U,2)2d’U1dUQ.
0,312

{ABW (b1, t2) : (1, 12) € [0,1/2] x [0,1]}
' o 1BW (9t ) 1 (t1, ) € [0,1/2] x [0,1]}
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and therefore
(TOBW) (t1,t5) : (t1,12) € [0,1/22} "2 {272BWY) (211, 2t,) : (t1,12) € [0,1/2]2},
so that

aw ]-
4/ TOBMW) (1, t)2dt dty ' Z/ B (2ty, 2t,)2dty dt
[0,1]2 0,512

1
= E , B(()W)(Ul,'UQ)szldug.
(0,1]

4.4. Proof of part 2. We write
w LW
B(() )(tl,tg)—/ BE) )<t1,’lL2>dUQ
0

1
= SQB(()W) (tl, tg) — / SQB((JW) (tl, ’LLQ)d’UQ —+ AQB(()W) (tl, tg),
0

where the operators Sy and A are defined in (17). Since Sy = TW 4+ 76G) and A, =
TR + T, we can use orthogonality and symmetry to obtain

1 2
/ |:B(()W) (tl, tg) — / B(()W) (tl, UQ)dUQ:| dt1dt2
[0,1]? 0

1 2
= ‘/[ 2 |:SQB(()W) (tlatQ) - / SQBgW) (tl,UQ)d’LLQ:| dtldt2
0,1 0

+ A>B (tl,tg) dt1dts
[0,1]2

1 2
= 2/ |:SQB(()W) (tl,tg) — 2/2 SQB(()W) (tl,’u,g)dUQ:| dtldtg
[0,1]x[0,1/2] 0

+ 2/ ABWY) (11, t5)%dt dt.
0,1]x[0,1/2]

We already know that the restrictions to [0,1] x [0,1/2] of the two processes SQB(()W)
and AQBBW) are stochastically independent. Moreover Lemma 4 and (4) imply the two
relations

{SB™ (1, 12) : (11, t2) € [0,1] x [0,1/2]}
' o= KW () 1)« (1, t2) € 0,1] x [0,1/2]},
0,1] x [0,1/2]}

"2 BMW (11, 260) ¢ (t1,82) €[0,1] x [0,1/2]}.  (25)

IIg

{Az )<t17 ta) : (t1,1t2)

g S

As a consequence, we obtain

aw 1
2/ AsBW) (4, t0)2dt dty ' —/ B (11, 2t,)2dty dt
[0,1]%[0,1/2] [0,1]%[0,1/2]

1
== B (11, t5)2dt 1 dts.
4 Jjo.p2
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To conclude the proof, use the first part of (25) and scaling to obtain

1 2
2/ |:SQB(()W) (tl,tg) — 2/2 SQB(()W) (tl,UQ)dU,Q:| dtldtg
[0,1]x[0,1/2] 0

1 2

aw 1 2

l: 5/ |:K(W’1) (t172t2) — 2/ K(W’l)(t1,2U2)dUQ:| dtldtg
[0,1]x[0,1/2] 0

1 1 2
= 1/ [K(W,l)(tl,tg)—/ K(W,l)(tl,uQ)duz} dtdts.
[0,1]2 0

Now define {A;, f; : @ > 1} and {7;,9; : © > 1} to be the sequences of eigenvalues and
eigenfunctions of the Hilbert-Schmidt operators associated to the covariance function,
respectively of ¢ — b(t), and of

t— Z(t /W

It is well known (see e.g. [5]) that there exist two sequences {§; : 4 > 1} and {¢; : ¢ > 1}
of i.i.d. standard Gaussian random variables such that the Karhunen-Loeve expansions
of b and Z are respectively given by

b(t) =Y _&VAifi(t) and Z(t) = GvAigilt),
i>1 i>1

and moreover (see [3]) v; = \; for every ¢ > 1. Since (4) implies that, for every (t1,%2),
(81, 82) € [O, 1]2,

1
El:(K(W’l)(tl,tQ) —/ K(W’l)(tl,UQ)d’UQ) <K(W 1)(81,82 / K(W 1)(81 ’LLg)d’LLQ):|
0

—E[b(tl)b(sl)}XEKW(tQ)—/O W(z)dz>< (2) /W ﬂ

we conclude immediately (by using, for instance, [1, Lemma 4.1]) that the Karhunen-
Loeve expansion of the bivariate Gaussian process

1
Z(s,t):K(W’l)(s,t)—/ KW (s, u)du
0

is given by

- Z \/T)\jaijfi(s)gi(t)

4,521
where {0;; : 4,5 > 1} is an array of i.i.d. standard Gaussian random variables. This last
relation entails that

1 ! ?
Z/ |:K(W’1)(t1,t2)/ K(W’l)(tl,UQ)dUQ:| dtldtg
[0,1]?

_ _Z/\ 302 1 _/ BW) (11, t,)%dt dts.  (26)

i>1 j>1 [0,1)?
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To justify the last equality in law, just observe that, thanks again to [1, Lemma 4.1]
and formula (3), the Karhunen-Loeve expansion of By is given by

Z VAN 9i(8)gi(t)

§,j>1
where {n;; : 4,5 > 1} is an array of i.i.d. standard Gaussian random variables (the reader

is referred to [1] for a detailed discussion of Karhunen-Loéve expansions for bivariate
Gaussian processes).

4.5. Proof of part 3. We first observe that

1 1
0=T% / B(()W)(tl, ug)dug = T / B(()W) (t1, uz)dus
0 0

1 1
= T(3)/ B((JW)<u17t2)du1 = T(4)/ B((JW) (u1,t2)duy
0 0

1
:Ta)/ B (uy, up)duyduy, i =2,3,4,
0
and

1 1
T(i)/ B(()W) (ulth)dul = / T(i)Bg)W)(ul’tQ)dulv i=1,2,
0 0

1 1
T(j)/ ng>(t1,U2)du2=/ TOBMY (t1, up)duz, j=1,3.
0 0

As a consequence, by orthogonality and symmetry,

1
/ |:B(()W)(t17t2)_/ Béw)(tl,UQ)dUQ
[0,1]? 0

1
BE)W) (Ul, tg)dUl + /

2
) BE)W)(U1,U2)dU1dU2:| dtldtg
[0,5]2

0

1
= 4/ |:T(1)B(VV)(t17 tg) -2 /2 T(l)B(()W) (tl,UQ)dUQ
0,3 0

2
2/ T 1)]3( ul,tg)dul +4/ T(l)B6W)(U1,U2)dU1dU2:| dtldtg
0 [0,5]?
o
+4/
0,
v f
[0,5]?

Q1+ Q2+ Q3+ Q4.

_|_

% 2
T@)B(W)(tl,tg)—z / T<2>B§,W)(u1,t2)du1] dtdts
L 0

=)
l\JI»—-

)

% 2
(S)B(W) (tl, tg) — 2/ T(g)Béw)(tl, Ug)dU2:| dt1dt2
L 0

w\»—A

2
TOBMW (1, tQ)} dt1dts

def
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Since we know, thanks to the previous discussion, that the @;’s are mutually inde-
pendent, it is now sufficient to show that, for i =1, ..., 4,
| law % . B (1, t)2dt dt. 27)
We start with Q2 (by symmetry, the case of @3 is handled analogously), and recall
that we have already proved that

1 H ?
Qi la:w Z/ o |:K(W’2) (2t1, th) — 2/2 K(W’z) (2?1,1, 2t2)d’U,1:| dtldtg
[0,3] 0

1

1 2
= — {K(W’Q)(vl,vz)/ K(W’Q)(Z7U2)d2’:| dvidvg
16 [0,1]2 0

so that (27) in the case i = 2,3 derives immediately from (26). Since we have proved (27)
for i = 4 (to obtain part 1 of Theorem 3) we are now left with the case ¢ = 1.

To see that (27) holds also in this case, use (24) to write, after a standard change of
variables,

o 1 '
o L [W(tl,tg)— / W (1, uz)dus
[0,1]2 0

1 2

— W(Ul,tg)dul + W(ul,ug)dulduQ dtldtg
0 [0,1]2

and then apply relation (12) in Corollary 2.

REMARK. Note that the techniques used for the proof of Therorem 3 could be also applied
to the case of general n-variate Gaussian processes, for n > 2.

5. Application: Fourier transforms of double Wiener integrals with respect
to conditioned Gaussian processes. Let the above notation hold, and let W; and
W3, be two independent Brownian sheets. In this section, we are interested in finding the
explicit Fourier transform of the three double Wiener integrals

I= B (1, t5)BW2) (dty, dt,)
[0,1]2
=/ [Béwl)(thtz) - B(()Wl)(uhUz)dmduz]B(WQ)(dthdt2);
[0,1]2 [0,1]2

J:/ BW" (11, t)KW22) (dty, dt,)
[0,1]2

B /[0 1]2[B[()W1)(t1,t2) - / BV (1, uz)dus] KW (dty, dts);

[0,1]2
Y = B (11, t2)BSWV?) (dty, dt,)
[0,1]2
1
:/ [BéW1)(f1,t2)—/ B(()Wl)(tlv'UQ)dUQ
[0,1]2 0

1
_/ B8W1)(u17 t2)du1 + /[ 2 ngl)(ul, u2)du1du2]B(()W2)(dt1, dtz).
0 0,1
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We shall show that such computations can be made by means of Theorem 3. To this
end, we introduce some notation borrowed from [1]: for every a € C,

o0

1. Cla)=]] cosh(;;_);

Jj=1

Moreover, we recall the following result:

PROPOSITION 5 (see [1, Proposition 4.1]). For every u € R

- 2 _%
(i) E exp(—% BW(s,1) dsdt)} ( odd( 2u )) ;
L [0,1]2

) Blexp( =% [ B (.02t )| = (s00y

r 2
(111) E exp<%/ K(W’l)(s,t)2dsdt>} = {Soaa(2u)} 2.
[0,1]2

Then, we have
THEOREM 6. Under the above assumptions and notation, for every u € R

1.

E[exp(iul))

2 2
=E exp _Uf / Béw) (tl, tg) — / BE)W) (ul, Ug)duldUQ dt1dt2
2 Jiope [0,1]2

e () el
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2.

Efexp(iud)] 2
:E[exp(—%z/mm {Bg"")(tl,m)—/[o’”z B(()W)(tl,UQ)dug:| dtldt2>]
SO

3.

Elexp(ivY)]

1
= E{exp (/ l:BéWl)(tl,tQ) —/ B(()Wl)(tl,UQ)dUQ
[0,1]? 0

1 2
.= / B((le)(ul, tg)d’ul + / B((le)(ul, UQ)dUldu2:| dtldt2> }
0 [0,1]

FE)

Proof. The first equality in (28) follows from conditioning and independence. To obtain
the second just recall that Theorem 3 implies that

2 2
E exp 7U_/ B(()W)(tl,tg) 7/ B(()W)(’U,l,UQ)d’U,ld’U,Q dtldtg
2 Jioap2 [0,1]2

4 2
= E[exp(—m Béw)(tl,tg)zdtldQ):l
2 Joap

4 2
X E[exp <—M / B(W)(t17t2)2dt1dt2):|
2 [071]2

4)2 2
X E|:8Xp (— (u/ ) K(W’l)(tl,tg)thldt2>:| 5

[0,1]2

and the conclusion follows from Proposition 5. Likewise,

2 2
E exp 7u—/ B((]W)(tl,tg) 7/ BéW)(t17U2)du2 dtldtg
2 Jioap2 [0,1]2

2)2 2
= E|:8Xp (—m B(()W) (tl,t2)2dt1dt2):| y
2 [071]2

so that the proof is completed with another application of Proposition 5. Formula (30)

is proved in exactly the same way. m

As pointed out in the Introduction, Theorem 6 extends part of the results contained
in [1, Section 4] and [4].

Acknowledgements. The authors thank J.-R. Pycke for showing them the paper [6]
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