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Abstra
t.We give a state-of-the-art survey of investigations 
on
erning multivariate polynomialinequalities. A satisfa
tory theory of su
h inequalities has been developed due to appli
ationsof both the Gabrielov-Hironaka-�ojasiewi
z subanalyti
 geometry and pluripotential methodsbased on the 
omplex Monge-Ampère operator. Su
h an approa
h permits one to study var-ious inequalities for polynomials restri
ted not only to ni
e (nonpluripolar) 
ompa
t subsetsof R
n or C

n but also their versions for pie
es of semialgebrai
 sets or other "small" subsetsof R
n (Cn).I. Global polynomial inequalities. Multivariate polynomial inequalities are 
loselyrelated to the Si
iak extremal fun
tion asso
iated with a 
ompa
t subset E of C

n,
ΦE(z) = sup{|p(z)|1/ deg p},where p : C

n → C is a non
onstant polynomial with sup |p|(E) ≤ 1, z ∈ C
n. Si
iak'sfun
tion establishes an important link between polynomial approximation in several vari-ables and pluripotential theory. This yields its numerous appli
ations in 
omplex and realanalysis. It is known (Zakharyuta 1976, Si
iak 1981) that

log ΦE(z) = VE(z) := sup{u(z) : u ∈ L(Cn), u ≤ 0 on E},2000 Mathemati
s Subje
t Classi�
ation: 32B20, 14P05, 32E30, 32U35, 26E10, 41A17.Key words and phrases: multivariate Bernstein-Walsh and Markov type inequalities, Si
iakand Zakharyuta extremal fun
tions, pluripotential theory, subanalyti
 geometry, approximationand extension of C
∞ fun
tions, algebrai
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252 W. PLEŚNIAKwhere L(Cn) = {u ∈ PSH(Cn) : u(z) − log |z| ≤ O(1) as |z| → ∞} is the Lelong 
lassof plurisubharmoni
 fun
tions with logarithmi
 growth at in�nity. If E is nonpluripolar(i.e. there is no plurisubharmoni
 fun
tion u su
h that E ⊂ {u(z) = −∞}), then theplurisubharmoni
 fun
tion
V ∗

E(z) = lim sup
w→z

VE(w)is the unique fun
tion in the 
lass L(Cn) whi
h vanishes on E ex
ept perhaps for apluripolar subset and satis�es the 
omplex Monge-Ampère equation (ddcV ∗
E)n = 0 in

C
n \ E (Bedford and Taylor 1982). If n = 1, the Monge-Ampère equation redu
es tothe 
lassi
al Lapla
e equation. For this reason, the fun
tion V ∗

E is 
onsidered as a natural
ounterpart of the 
lassi
al Green fun
tion with logarithmi
 pole at in�nity and it is
alled the pluri
omplex Green fun
tion asso
iated with E.By the de�nition of ΦE one has
|p(z)| ≤ sup |p|(E) [ΦE(z)]deg p, z ∈ C

n,for ea
h polynomial p ∈ C[z], whi
h is a Bernstein-Walsh type inequality. Thereforethe 
ru
ial point for appli
ations is to establish the 
ontinuity of ΦE in C
n, whi
h isequivalent, by Zakharyuta 1976 and Si
iak 1983, to the following property(B-W) For ea
h b > 1 there exists a neighbourhood U of E and a 
onstant M > 0 su
hthat

sup |p|(U) ≤ Mbdeg p sup |p|(E) for ea
h polynomial p ∈ C[z].In su
h a 
ase the set E is said to be pluriregular or else L-regular.Let us noti
e the following useful result:Analyti
 A

essibility Criterion (Sadullaev 1980, Ple±niak 1980, 1984a, 1984b,Cegrell 1985). Given a ∈ E, suppose there exists an analyti
 map h : [0, 1] → E su
hthat h(0) = a. If for ea
h t ∈ (0, 1] the fun
tion ΦE is 
ontinuous at h(t) then ΦE is also
ontinuous at a.
L-regularity is invariant under nondegenerate holomorphi
 maps:Theorem (Ple±niak 1978, Klimek 1981,1982, Sadullaev 1981, Nguyen Thanh Van andPle±niak 1984). If E is a 
ompa
t, polynomially 
onvex L-regular subset of C

n and
h : U → C

m (m ≤ n), where U is an open neighbourhood of E, is a nondegenerateholomorphi
 map (i.e. rankV f = m for every 
onne
ted 
omponent V of U su
h that
V ∩ E 6= ∅), then the set h(E) is also L-regular (in C

m).The analyti
 a

essibility 
riterion via te
hniques of subanalyti
 geometry permits oneto show thatTheorem (Ple±niak 1984b). If E is a 
ompa
t set in C
n that is subanalyti
 as a subsetof R

2n, and if intE is dense in E then E is (lo
ally) L-regular at every point a ∈ E.This result is also valid for de�nable sets in some polynomially bounded o-minimalstru
tures whi
h are essential generalizations of subanalyti
 geometry (Ple±niak 2003,Pierz
haªa 2005). Let us re
all that a subset E of R
n is said to be semianalyti
 if for ea
h



MULTIVARIATE POLYNOMIAL INEQUALITIES 253point x ∈ R
n one 
an �nd a neighbourhood U of x and a �nite number of real analyti
fun
tions fij and gij de�ned in U , su
h that

E ∩ U =
⋃

i

⋂

j

{fij > 0, gij = 0}.The proje
tion of a semianalyti
 set need not be semianalyti
 (�ojasiewi
z 1964). The
lass of sets obtained by enlarging that of semianalyti
 sets to in
lude images under theproje
tions has been 
alled the 
lass of subanalyti
 sets. More pre
isely, a subset E of R
nis said to be subanalyti
 if for ea
h point x ∈ R

n there exists an open neighbourhood Uof x su
h that E ∩ U is the proje
tion of a bounded semianalyti
 set A in R
n+m, where

m ≥ 0. If n ≥ 3, the 
lass of subanalyti
 sets is essentially larger than that of semianalyti
sets, the 
lasses being identi
al if n ≤ 2.The result about the L-regularity of subanalyti
 sets 
an be signi�
antly strengthenedwith the aid of the Hironaka Re
tilinearization Theorem and �ojasiewi
z's Inequality, viz.Theorem (Pawªu
ki and Ple±niak 1986). If U is a non-void bounded open subanalyti
 setin R
n then the extremal fun
tion ΦE, with E = Ū , has the following Hölder ContinuityProperty(HCP ) ΦE(z) ≤ 1 + Aδm, if dist(z,E) ≤ δ ≤ 1,where the positive 
onstants A and m depend only on the set E.A
tually, the last statement remains valid for an essentially larger family of uniformlypolynomially 
uspidal subsets of R

n (see Pawªu
ki and Ple±niak 1986).Definition. A subset E of R
n is said to be uniformly polynomially 
uspidal (brie�y,

UPC) if one 
an 
hoose 
onstants M > 0,m ≥ 1 and d ∈ N, and a mapping h :

Ē × [0, 1] → Ē su
h that for ea
h x ∈ Ē, h(x, 1) = x, h(x, ·) is a polynomial map ofdegree ≤ d and dist(h(x, t), Rn \ E) ≥ M(1 − t)mfor (x, t) ∈ Ē × [0, 1].Let us noti
e that some new examples of UPC sets have been re
ently found byPierz
haªa (2005) in o-minimal stru
tures generated by 
ertain Denjoy-Carleman quasi-analyti
 fun
tions.By the Cau
hy Integral Formula, the (HCP) property of ΦE yields the followingMarkov Inequality:For any polynomial P ∈ C[z], one has(MI) |gradientP (z)| ≤ M(degP )r sup |P |(E)for z ∈ E with some positive 
onstants M and r that do not depend on P .Markov's Inequality, alongside the Bernstein-Walsh Inequality, is one of the funda-mental tools of the Constru
tive Fun
tion Theory. Combined with Ja
kson's Theorem, itpermits one to 
hara
terize C∞ fun
tions on 
ompa
t subsets of R
n.Theorem (Pawªu
ki and Ple±niak 1986, Ple±niak 1990). If a 
ompa
t set E in R

n is C∞determining (i.e. for every f ∈ C∞(E), if f = 0 on E then for ea
h α ∈ N
n
0 , Dαf = 0on E) then the following statements are equivalent:



254 W. PLEŚNIAK(i) E admits Markov's Inequality (MI);(ii) (Bernstein's Theorem) For every fun
tion f : E → R, if the sequen
e {distE(f,Pk)}is rapidly de
reasing (i.e. for ea
h s > 0, ksdistE(f,Pk) → 0 as k → ∞), then fextends to a C∞ fun
tion f̃ in R
n.Let us also re
all an important appli
ation of (MI) in di�erential analysis. This is arelatively simple 
onstru
tion of a 
ontinuous linear operator extending Whitney jets of

C∞ fun
tions from a 
ompa
t subset of R
n that preserves (MI), to the whole spa
e R

n.Theorem (Pawªu
ki and Ple±niak 1988). Let E be a Markov 
ompa
t subset of R
n. Thenthere exists a 
ontinuous linear operator

L : C∞(E) → C∞(Rn)su
h that Lf|E = f for ea
h f ∈ C∞(E). Moreover, su
h an operator 
an be de�ned by
Lf = u1L1f +

∞
∑

k=1

uk(Lk+1f − Lkf),where Lkf is a Lagrange interpolation polynomial of f of degree k with nodes at Fekete-Leja extremal points of E and uk are appropriately 
hosen C∞ 
ut-o� fun
tions whosegerms on E are equal to 1.Here C∞(E) := {f : E → R; ∃g ∈ C∞(Rn), g|E = f} is given the usual quotienttopology of C∞(Rn)/{f ∈ C
∞(Rn); f = 0 on E}.(For another 
onstru
tion of an extension operator see Zeriahi 1993.) A
tually, Mar-kov's property of E is equivalent to the existen
e of the extension operator L, if the spa
e

C∞(E) is endowed with Ja
kson's topology de�ned by the seminorms ‖f‖E , ‖f‖E +

supk ksdist(f,Pk), s = 1, 2, . . . (Ple±niak 1990). The open problem of whether the sameholds true for C∞(E) equipped with the standard topology was solved in the negative byGon
harov 1996, who 
onstru
ted a non-Markov 
ompa
t subset E of R that admits theexisten
e of a 
ontinuous linear operator extending C∞ fun
tions from E to the wholespa
e R.For a Markov 
ompa
t subset E of R
n, one 
an also 
onstru
t a 
ontinuous linearoperator extending jets of ultradi�erentiable fun
tions on E to the whole spa
e R

n with
ontrol of the loss of regularity (see Ple±niak and Skiba 1990, Ple±niak 1994, Beaugendre2001).Another natural domain yielding examples of L-regular and HCP -sets is 
omplexdynami
s. Given a polynomial mapping P : C
n → C

n, we de�ne the �ojasiewi
z exponentof P (at ∞) to be the numberª(P ) := sup

{

δ : lim inf
|z|→∞

|P (z)|

|z|δ
> 0

}

.The set JP given by the formula
JP := {z ∈ C

n : {P j(z)}j∈N0
is bounded}is said to be the �lled-in Julia set asso
iated with the polynomial mapping P . Filled-inJulia sets in C

n arising from iterations of polynomial maps with �ojasiewi
z's exponent
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tly greater than 1 are L-regular (Klimek 1995, 1999). A
tually, Klimek's sets havethe (HCP) property (Kosek 1997, 1998).II. Polynomial inequalities on lower dimensional sets. In re
ent years, Markov andBernstein type inequalities have been intensively investigated on algebrai
 subvarietiesof R
n (Fe�erman and Narasimhan, Roytwarf and Yomdin, Bos, Levenberg, Milman andTaylor, Brudny��, Baran and Ple±niak, Gendre, Kosek, Comte and Yomdin, Erdélyi andKroó, Kroó and Szabados). The notion of Si
iak's extremal fun
tion extends naturally to
ompa
t subsets of analyti
 sets in C

n (Sadullaev 1983, Zeriahi 1987, 1991, 1996, 2000).We have the following beautiful 
hara
terization of algebrai
ity of analyti
 subsets of C
n.Theorem (Sadullaev 1983). An analyti
 subset A of C

n is algebrai
 if and only if theextremal fun
tion ΦE is lo
ally bounded on A for some (and hen
e for ea
h) nonpluripolar
ompa
t subset E of A.Sadullaev's 
riterion is 
ru
ial for the study of polynomial inequalities (of Bernstein-Walsh, Markov or van der Corput-S
haake type) on algebrai
 sets (Baran and Ple±niak2000a). It also plays a fundamental role in 
hara
terizing 
ompa
t pie
es of an algebrai
variety in C
n in terms of tangential Markov, Bernstein or van der Corput-S
haake in-equalities (Bos, Levenberg and Taylor 1995, Bos, Levenberg, Milman and Taylor 1995,Baran and Ple±niak 1997, 2000a, 2000b). Let us add that the te
hniques developed byBaran and Ple±niak 2000 are based on �ne bounds for Si
iak's extremal fun
tion asso
i-ated with a ball in R

n whi
h are due to Baran 1988, 1992, 1998. The tangential Markovinequality with exponent 1 
hara
terizes the property of a 
ompa
t subset K of R
N tobe a pie
e of an algebrai
 variety. More pre
isely, we haveTheorem (Baran and Ple±niak 2000b). Let K be a 
ompa
t subset of R

N admitting ananalyti
 parametrization φ of order M (1 ≤ M ≤ N). Then the Zariski dimension of Kis M i� there exists a 
onstant C > 0 su
h that
|DT (t,v)P (x)| ≤ C(deg P )‖P‖Kfor x ∈ K and for every polynomial P ∈ C[x1, . . . , xN ], where T (t, v) = Dvφ(t), thederivative of φ in dire
tion v.If K is a smooth 
ompa
t subvariety of R

N of dimension M , 1 ≤ M ≤ N , the abovetheorem was earlier proved by Bos, Levenberg, Milman and Taylor 1995.If E is a polynomially 
onvex, HCP 
ompa
t subset of C
M with HCP-exponent mand f is a nondegenerate analyti
 map de�ned in an open neighborhood of E, with valuesin an algebrai
 subset M of C

N of dimension M , 1 ≤ M ≤ N , then we haveTheorem (Baran and Ple±niak 2000a). There exists a 
onstant C > 0 su
h that forevery polynomial Q ∈ C[z1, . . . , zN ] we have
|DT (t,v)Q(f(t))| ≤ C1d

1/m‖Q‖f(E),where t ∈ E and T (t, v) = Dvf(t), the derivative of f in dire
tion v.Corollary. Let f be a polynomial map from R to R
n with

f ′(t) = (1 − t)s1(1 + t)s2Q(t),



256 W. PLEŚNIAKwhere Q is a polynomial map from R to R
n, Q(t) 6= 0 on [−1, 1]. Let α = max (s1, s2).Then there exists a 
onstant A > 0 su
h that for any polynomial P ∈ R[x1, . . . , xn] ofdegree d we have

|DTx
P (x)| ≤ Ad2+2α‖P‖N , for x ∈ N = f([−1, 1])with DTx

P (x) = D(Q(t)/‖Q(t)‖)P (x), x = f(t).Example. Let m and l, where m > l ≥ 2, be two relatively prime natural numbers. Let
f(t) = ((1+t

2 )l, ( 1+t
2 )m). Then

N = f([−1, 1]) = {(x, y) ∈ R
2 : 0 ≤ x, y ≤ 1 and xm = yl}.Sin
e in this 
ase α = l − 1, by the above 
orollary we get

|DT(x,y)
P (x, y)| ≤ Ad2l‖P‖N ,for any polynomial P ∈ R[x, y] of degree d. (See also Bos-Levenberg-Milman-Taylor 1998,Gendre 1998.)On the other hand, Bos, Levenberg, Milman and Taylor (1995) gave an example ofan analyti
 fun
tion f : [0, 1] → R su
h that f([0, 1]) does not admit a tangentialMarkov inequality with any �nite exponent. Therefore one 
ould 
onje
ture that su
h aninequality holds i� f([0, 1]) is a pie
e of an algebrai
 variety. This was disproved by are
ent result of Bos, Brudny��, Levenberg and Totik 2003:Theorem. Given a polynomial T ∈ R[x], for any interval [a, b] ⊂ R, there exists a
onstant C > 0 su
h that for any polynomial P ∈ C[x, y] we have

max
x∈[a,b]

∣

∣

∣

∣

d

dx
P (x, eT (x))

∣

∣

∣

∣

≤ C(deg P )4 max
x∈[a,b]

|P (x, eT (x))|.Moreover, the exponent 4 is optimal.III. A Generalized Bernstein Inequality. Let K be a non-pluripolar 
ompa
t subsetof C
N and let V1 ⊂ V2 ⊂ · · · ⊂ O(Ω) be a nested sequen
e of linear subspa
es of the spa
e

O(Ω) of holomorphi
 fun
tions on an open bounded neighborhood Ω of the polynomialhull K̂ of K. Let {φ(n)}∞n=1 ⊂ (0,∞) be an in
reasing sequen
e tending to ∞.Definition. The 
ompa
t K is said to have property (B) (of Bernstein) with respe
tto {Vn} and {φ(n)} if there exists a positive 
onstant C = C(Ω,K) su
h that for ea
h
n ∈ N and ea
h f ∈ Vn, one has

sup
Ω

|f | ≤ Cφ(n) sup
K

|f |.Examples.1o (Si
iak 1962) Let K be a non-pluripolar 
ompa
t subset of C
N and let Vn =

Cn[z1, . . . , zN ], the spa
e of algebrai
 polynomials of degree at most d in N 
omplexvariables z1, . . . , zN . Then the Si
iak extremal fun
tion
ΦK(z) = sup{|P (z)|1/degP ; P ∈ C[z], sup

K
|P | ≤ 1}
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ally bounded in C
N . Hen
e for any bounded open neighborhood Ω of K we have
sup
Ω

|P | ≤ Cn sup
K

|P |, with C = sup
Ω

ΦK .2o (Baouendi 1974) Let D be a bounded open set in R
N with Lips
hitz boundary and let

A be a di�erential operator of order 2 with 
oe�
ients in the spa
e O(D̄) of holomorphi
fun
tions in a neighbourhood of D̄. We assume that A is formally self-adjoint. We denoteby (A,D(A)) a stri
tly positive self-adjoint realization of A in L2(D). We assume moreoverthat the embedding of D(A) into L2(D) is 
ompa
t and that A has the following iterationproperty: If u ∈ D(A∞) and if there exists a 
onstant L > 0 su
h that
‖Aku‖L2(D) ≤ Lk+1(2k)!for every k ∈ N, then u ∈ O(D̄). (Su
h operators are generalizations of the 
lassi-
al Legendre operator A = − d
dx (1 − x2) d

dx + 1 with D = (−1, 1).) We denote by
(λj)j∈N the nonde
reasing sequen
e of eigenvalues of A repeated a

ording to their mul-tipli
ities, and by (hj) the sequen
e of eigenfun
tions of A asso
iated to (λj). We set
Vn = Lin{h0, h1, . . . , hn}. Then for every b > 1 there exists a neighborhood Ω of K in
C

N su
h that for ea
h n ∈ N and for ea
h f ∈ Vn, f extends holomorphi
ally to Ω and
sup
Ω

|f | ≤ b
√

λn sup
K

|f |.3o (Tijdeman 1971) Let K = {z ∈ C : |z| ≤ 1} and let Vn = {f(z) = P (z, ez)) : P ∈

Cn[z, w]}, where Cn[z, w] denotes the spa
e of all polynomials in C
2 of degree at most n.For R > 1, set ΩR = {z ∈ C : |z| < R}. Then for z ∈ ΩR, for ea
h f ∈ Vn and for ea
h

n ∈ N,
|f(z)| ≤ ‖f‖Ken2 log R+6nR.4o (Coman and Poletsky 2003) Let K = {(z, f(z)) ∈ C

2 : |z| ≤ 1}, where f(z) = ez. Put
Vn = Cn[z, w]. Then there exists a 
onstant C > 0 su
h that for every R > 1 and forevery P ∈ Vn (n = 1, 2, . . . )

|P (z, w)| ≤ ‖P‖K exp

(

n2 log n

2
+ C1n

2 + n log R

)

for any (z, w) ∈ ΩR := {max{|z|, |w|} < R}.5o (Bos, Brudny��, Levenberg and Totik 2003) Let T (x) be any �xed polynomial in x ∈ R.Put Vn = {f(x) = P (x, eT (x)) : P ∈ Cn[x, y]} and φ(n) = n2. Then, if 0 < R1 < R2,there exists a 
onstant C = C(R1, R2) su
h that for ea
h n ∈ N and ea
h f ∈ Vn,
|f(z)| ≤ Cφ(n) sup

[−R1,R2]

|f |for ea
h z ∈ C with |z| ≤ R2.By a standard pluripotential theory argument, property (B) implies a Markov typeinequality on a su�
iently regular 
ompa
t set K. More pre
isely, we haveTheorem. Suppose VK := log ΦK is Hölder 
ontinuous on K, i.e. there exist 
onstants
M > 0 and s ≥ 1 su
h that

VK(z) ≤ M(dist(z,K))1/s for z ∈ C
N .



258 W. PLEŚNIAKIf the 
ouple (K,Ω) has property (B) with respe
t to {Vn} and φ(n), then there exists a
onstant C > 0 su
h that for ea
h n ∈ N and for ea
h f ∈ Vn one has
|grad f(x)| ≤ C(φ(n))s‖f‖K for x ∈ K.In the de�nition of property (B) no assumption on dimVn is imposed. However, wehaveTheorem. If K satis�es (B) with respe
t to {Vn} and {φ(n)}, thendimVn = O(φN (n)).The above theorem follows by 
ombining the next two lemmas.Uniform Bernstein-Walsh-Si
iak Theorem (Ple±niak 1972). Let H∞(Ω) be thespa
e of all bounded holomorphi
 fun
tions in an open set Ω ⊂ C

N . For every poly-nomially 
onvex 
ompa
t subset K of Ω there exist 
onstants M > 0 and a ∈ (0, 1) su
hthat for every f ∈ H∞(Ω), distK(f, Cn[z]) ≤ M sup
Ω

|f |an.Krein-Krasnoselsky-Milman Lemma (
f. Singer 1970). Let E be a normed linearspa
e and G1, G2 two linear subspa
es of E su
h that
dim G1 < ∞, dimG1 < dim G2.Then there exists an element y ∈ G2 \ {0} su
h that
‖y + g‖ ≥ ‖y‖ for every g ∈ G1.It is well-known that

V[a,b](z) ≤ M(dist(z, [a, b]))1/2, z ∈ C.Hen
e by the �rst theorem of this se
tion, the Bos-Brudny��-Levenberg-Totik theoremwith exponent 4 follows from property (B) with φ(n) = n2.In this 
ase, the 
urve Γ := {y = eT (x), x ∈ [a, b]} is not algebrai
 (if T (x) 6≡ 0),when
e
dim Vn = dim{P (x, eT (x)) : P ∈ Cn[x, y]} = dim Cn[x, y] =

n(n + 1)

2
.Therefore by our previous Theorem we must have

φ(n) ≥ Cn2, n = 1, 2, . . . ,independently of the 
hoi
e of the polynomial T . Consequently, we getCorollary. The Bernstein exponent φ(n) = n2 of Bos-Brudny��-Levenberg-Totik's ex-ample 5o is optimal.
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