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Abstract. In this paper we study embedding theorems for function classes which are subclasses
of Ly, 1 < p < oco. To define these classes, we use the notion of best trigonometric approxima-
tion as well as that of a (A, 3)-derivative, which is the generalization of a fractional derivative.
Estimates of best approximations of transformed Fourier series are obtained.

1. Introduction. It is well-known that if f € L,, 1 < p < oo, and Y ;o k" Ex(f),
< o0 for r € N, then f(") € L, and
£y < Cu(r) Yk Er(f)y
k=1
For p = oo this fact was proved by Bernstein in [Bel], for other p we refer to [p. 209,
De-Lo] and [Ch. 5,6, Ti]. As a corollary (see [Ste¢]) we have the following inequality

En(f7)y < Cor) (W En(flp+ > KT Ew(f)y)- (1)

k=n-+1
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On the other hand, one can write the inverse inequality (see [p. 206, De-Lo)):

0" En(f)p < Ca(r)En(fT),-

Thus, for o € (0,1) and € = {e, = n= T}, § = {5, = n~} the following function
classes coincide:

Ep[g] = {f €ELy: En(f)p = O[en]}, (2)
Wy E[S) = {f € Ly: f*) € Ly, Eo(f7), = O[5,]}. (3)

We shall obtain necessary and sufficient conditions for embedding theorems of some
function classes which are more general than (2) and (3). We shall use the concept of a
(X, B)-derivative, which allows us to consider f(") as well as f £,

As an r-th derivative we shall consider the fractional derivative in the sense of Weyl.
We would like to mention earlier papers [Ha-Li], [Kr], [Mu], [Og] in which this concept was
used to examine the question mentioned above. Also we mention papers [Bel], [Ch-Zh],
[Ha-Sh], [Mo], [Ste¢] where the results were obtained in the necessity part.

The paper is organized in the following way. Section 2 contains some definitions and
preliminaries. In section 3, we present our main theorems. Section 4 contains lemmas.
Sections 5 and 6 include the proofs of the main results for the cases 1 < p < oo and
p = 1, 00, respectively.

Finally, we mention the paper by Stepanets [Step] where the analogues of inequality
(1) for (A, B)-derivatives were obtained. Our theorems are stronger for the case of 1 <
p < 00.

2. Definition and notation. Let L, = L,[0,27] (1 < p < oo) be the space of 27-
periodic functions for which |f|P is integrable, and L., = C|0,27] be the space of 27-
periodic continuous functions with || f]|ec = max{|f(z)|,0 < z < 27}.

Let a function f € L; have the Fourier series

flx) ~a(f):= #—I—Z(ay(f)cosyx—kb ) sin vzx) ZA (f,z) (4)
v=1

By the transformed Fourier series of (4) we mean the series

a(f,\0): Z)\ [a,,cos(ux—i—?ﬁ)-kl) sm(yx+7ﬁ>]

v=1

where § € R and A = {\,} is a given sequence of positive numbers. The sequence
A = {\,} satisfies the As-condition if A9, < CA, for all n € N. For A = {\,, }nen we
define AN, == Ay — Ani1; A2\, 1= A(AN,).

Let S, (f) denote the n-th partial sum of (4), V,,(f) denote the de la Vallée-Poussin
sum and K, (x) be the Fejér kernel, i.e.

2n1

:Z;JAV(J;), Vi ZS Ky I):n—li—lz( +Zcosmm>

Let E,(f)p be the best approximation of a function f by trigonometric polynomials of
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order no more than n, i.e.

E.(f)p = inof Hf(x) - i(ak cos kx + O sin kx)

ak,frER
kB =0

p

Let ® be the class of all decreasing null-sequences. For 8 € R and A = {\,, > 0} we
define the following function class:

W;"’B = {f S Lp : Hg S Lp, g(ﬂC) ~ U(f7A7ﬂ)} (5>

We call the function g(z) ~ o(f, A, 3) the (), 3)-derivative of the function f(z) and
denote it by f*F)(z). Also, we define for ¢ € ®

WXPE[E] = {f e WP B, (f*P), = Olen]}. (6)

In the case A, =1 and § = 0 the class W;‘*BEM coincides with the class E,[e] (see (2)).

It is clear that if A\, = n",r > 0, 3 = r, then the class W'’ E[e] coincides with the
class W Ele] (see (3) where f (") denotes a fractional derivative in the Weyl sense) and
if \, =n",r >0, 8 =r+1, then the class WZ;\’[’E[s] coincides with the class

Wi E[e] :={f € L, : f") € L, Eo(f"), = Olen]}.

Here and further, f is a conjugate function to f.

By C(s,t,...) we denote the positive constants that are dependent only on s,t,---
and may be different in different formulas.

3. Main results

THEOREM 1. Let 1 < p < 00, 8 = min(2,p), 8 € R, and X\ = {\,} be a non-decreasing
sequence of positive numbers satisfying the Ng-condition. Let € = {e,},w = {w,} € .
Then

Eyle] C Wp)\ﬁ ~ Z()‘Z—H - /\Z)az < 0, (7)
n=1
Byl c WplBlel & { 30 (ay = A} + e = Olwnl, (8)
v=n-+1
1
WP C Byle] ¢ 3 = Ol 9)
WM EW] C Eyle] & 2% = Ole,]. (10)

THEOREM 2. Letp=1,00, B € R, and A = {\,} be a non-decreasing sequence of positive
numbers satisfying the Ng-condition. Let € = {ep},w = {wy,} € ®.
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A. If AN, < CANy, and A%), >0 (or <0), then

B | <
E,le] C Wlf"ﬁ & |cos nz::]-()\n_i'_l — An)én
+ sinﬂir i)\ng—"<oo (11)
2 n=1 n ’
E,le] C W];\ﬁE[w} < | cos %r Z (A1 — A)ew + Anen
v=n-+1
+ | sin 27 i A = Olwn]. (12)
2 v
v=n-+1
B. If for 8 = 2k, k € Z the condition A*(1/)\,) > 0 holds, and for 3 # 2k, k € Z the
conditions N*(1/A,) >0 and Y207 i < % are fulfilled, then
1
WZ;\’B C E)le] & S Olenl, (13)
W
WP Ew] C Eyle] 1 = Olea) (14)

One can draw many conclusions from the inequalities which we use in the proofs of
Theorems 1 and 2. The simplest ones are

COROLLARY 1. Let 1 < p < oo, § =min(2,p), andr >0, A > 0. If for f € L, the series

o0

SR W R BY(f),
k=1

converges, then there exists fMP) € L, with A ={n" In* n} and B € R, and

=

B, < Ol ) (i n By { 3 KO KB, )

).

k=n-+1
COROLLARY 2. Letp=1,00, andr >0, A>0. If for f € L, the series
S T It kEk(f),
k=1

converges, then there exist f9) f()"ﬂ) € L, with A\ = {n" In4 n} and 8 € R, and

Ea(fOD), + Ba(FO), < Ol A) (0 A n Bn(f)y+ 30 K W K ER(f), ).
k=n-+1

COROLLARY 3. Let 1 < p < oo, and r > 0, A > 0. If for f € L, there exist
FAB) - FNB) ¢ L, with A ={n" In4 n} and 8 € R, then

n" I n B, (f)p < C(r, A, p) En(fO),,.

n" I n B, (f), < C(r, A, p)En, (),

We note that if A = {n" In* n}, then f*P) is a fractional-logarithmic derivative of f
(see, for example, [Ku]).
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4. Auxiliary results

LEMMA 1 ([V. 1, p. 215, Zy]). Let f(z) have the Fourier series > .- (a,cosn,x +
b, sinn,x), where ny41/ny > q>1 and Y o (a2 +b2) < co. Then for 1 <p < oo

aaf S+ <l < oo X+ .

v=1 v=1
LEMMA 2 ([Vol. 2, p. 269, Ba2]). Let f(x) € Lo have the Fourier series y - ;(a, cosn,z
+ b, sinn,x), where a,,b, >0 and ny41/n, > q > 1. Then

Ci(q) > (v +b) < En(f)oo < Calq) Y (ay +by).

ny,>n ny,>n

LEMMA 3 ([Steg]). Let f(x) € Ly, p = 1,00, with 350 = B, (f), < 00. Then f(z) € L,
and

Eu(Dp < C(BaDp+ X K'Eulf)y)  (REN).

k=n-+1

LEmMA 4 ([V. 1, p. 182, Zy]). Let &, | 0. The condition ve,, — 0 is both necessary and
sufficient for Y07 | e, sinvz to be the Fourier series of a continuous function.

LEMMA 5 ([Te]). Let f(x) € L1 have a Fourier series (4). Then

v=n-+1 v
LEMMA 6. Let 1 < p < oo and Eyle] C WP E[w]. Then
AnEn = O(wy) n — oo. (15)

Proof. Suppose that (15) does not hold. Then there exists a sequence {m,,} such that
Amp,€m,, > Cpwm, and Cp, T 0o as n — o0o. One can also choose a subsequence {m,,, }
such that

My, 1

rrj—::l > 2, Emny, 2 5Ema, + Emay, and A, €m, > Cpwm,

Let us consider the case 1 < p < co. We consider the series

= 2 2 1 3
;(smnk — smnkﬂ)z cos <(mnk + 1)z — 2). (16)
Since
2 2 _ 2
,;)(Emnk Em"k+1) - gmnov

by Lemma 1, the series (16) is the Fourier series of a function fy(z) € L, and Es(fo), <
Ces, i.e. fo € E[e]. Then f; € WI;\ﬁE[w]. On the other hand,

A, 1
Ep, (F)p 2 Oy 11(€3,, =220, )

Mnpiq
1
= C)‘mnk+1[(5mnk —&mu, )(Emnk +Emn, )]z > C)‘mnk Emn, = anwmnk'

Thus, fo ¢ WP Ep[w]. This contradiction implies (15).
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Let p = 0o. Let us consider the series

o0

2:(am%-—EmnkH)cos<Onnk+—Ux——%?). (17)

k=0
By Lemma 2, there exists f; € L, with Fourier series (17) and E,(f1), < Ce,, ie.
f1 € Eyle] € WP E[w]. On the other hand,
A8
Em.,, (fl( ))p > C>‘mnk+1(5mnk - 5mnk+1) > C)‘mnk Emy, = Canwmnka
i.e. fl ¢ WZ?’BE[(U] ]

LEMMA 7 ([Si-Ti]). Let p = 1,00 and {\,} be a monotonic concave (or convex) sequence.
Let

n
T.(z) = Z a, cosvr + b, sinvz,

v=0

T.(\x) = Z Av(ay, cosva + by, sinva).
v=0
Then for M > N > 0 one has
[Thr (X, 2) = T (A, 2)llp < (M, N)||Tar () = Ty (2) I,

where

2M(Aar — Ar—1) + Avae1 — (N + D) (Ava2 — Ana1), if A T, A2X, >0;
WM, N) = ¢ 2X + (N + 1) (Anvi2 — Ang1) — Angis if An 1, A2, < 0;

(N +1)(An+1 — Ave2) + An+1, if \n 1, A%\, > 0.
LEMMA 8. Let p=1,00. Set

2n+1

Ton gn+1(x) = Z (¢y cosva + dy, sinvz).
v=2"
Then
11 Tom 21 Ol < 1T 1 Olly < CollTon vt ()l (18)

Proof. We rewrite Tha on+1(2) in the following way

2n+1

1
Ton gn+1(x) = Z —(ve, cosva + vd, sinve).
v=2" v
Applying Lemma 7 and the Bernstein inequality we have
1 2'n.+1
| Ton gn+1()]lp < 02—n V;n(ycl, cosvx + vd, sinvz) )

1 2n+1 ,

= Co||( 32 —dvcosva +c, sinwe)
on ,,;n cosvz + ¢, sinve )

< O Ton gnt1 (4) |-

The same reasoning for T2n72n+1 (z) implies the correctness of the left-hand side of (18). m
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5. Proof of Theorem 1. We divide the proof of Theorem 1 into two parts.
5.1. Proof of sufficiency

STEP 1. Let us prove the sufficiency part in (7). First, if A,, = 1, the Riesz inequality
(V- 1, p. 253, Zy]) || fllp < C(p)IIf[lp implies

1FXD N, < C Al (19)

Let the series in the right part of (7) be convergent and f € E,[e]. We use the following
representation
n+1

77—>\9+Z NS = M)

Applying the Minkowski’s inequality we get (here and further Ay := A;(f, ), Npqa =

2n+1

Yoveonp1 Au(fix),n =0,1,2,..., where A, (f,z) is from (4))
:{/%[ixgn_lﬁl}%dx}% <C(A)</2ﬂ{/\fAf+>\§A§+i>\n 2A2}% )%
0 n— 0 ot
con( [ {psieang+ 3 w308 -4 0] Y )’
o (e [ [ ] o} + o —gof [T [0

By the Littlewood-Paley theorem ([V. II, p. 233, Zy]) and
1f = Sn(Hllp < Cp) En(f)p, (20)

IN

N\v

IA

IR
N———
LS

)

we get

1
[

1< o, V{ME() +Z X = X)L ()}

Since f € E,[¢] we have I; < co. Thus, by the Littlewood-Paley theorem, there exists a
function g € L, with Fourier series

i Agn 1A, (21)
n=1

and [|g||, < C(p)I;. We rewrite series (21) in the form of > 7 | v, A, (f, x), where ; :=
Xi,i=1,2 and 7, := Ao for 2771 +1 < v < 2" (n = 2,3,---). Further, we write the
series

D AAn(fim) =Y b An(f, ), (22)
n=1 =

where Ay := Ay :=1, A, := A/ = A\ /Adan for 271 +1 < v < 2" (n=2,3,---). The
sequence {A,} satisfies the conditions of the Marcinkiewicz multiplier theorem ([V. II,

p. 232, Zy]), i.e. the series (22) is the Fourier series of a function f* € L, ||f*0]|, <

Clp, Mlgllp-
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Using the properties of {\,} and (19), we write

%) 2°5—-1 1
1FOD1, < o N MES, + 2 By D O 4l
— n=92s—1
< C(p, A){Ai)Eo pt Z /\n+1 )‘0 Ee(f) }5. (23)

Thus, the sufficiency in (7) has been proved.

STEP 2. Let the relation in the right-hand side of (8) hold, and f € E,[¢]. Let us prove
f € WM E[w]. We have

En(fO)y < IFM = Su(FXD)lp = 1(f = S0) D -
Applying (23) for the function f — S,, we get

-

Eu(fO), < Clo, N{NES(f - Sn ﬁi Xover = M) (F = Sl )
m=1

n o0

=

< CoN{NEL D+ Eoy 3 N = X) + Y2 (Mo = MER(F), |
m=1 m=n+1
<O N{NEND, + Y N = N)EL(Dp ) < O N

m=n+1

This proves the sufficiency in (8).

STEP 3. Now we shall prove that the conditions 5~ = Ole,] and ¥* = Olg,,] are sufficient
for WP C Eple] and WP E[w] C Eple], respectively.

Let f € Wp)"ﬁ . From the properties of the sequence {\,}, using the Littlewood-Paley
and the Marcinkiewicz multiplier theorem, we get

Cp.A)
)\n En(f(>vﬂ))p
If/\%:O[an],thenE (f)p < /\Q:O[En] and if 2 = Ole, ], then E,,(f), < 5= En(f*9),
<O =Olen), ie. f € Eple].
The proof of the sufficiency part in (9) and (10) is complete.

Bufp <17 = SalPlly < CEA 09 5, (709, <

5.2. Proof of necessity

STEP 4. Let us prove the necessity part in (7). Let E,[e] C W;"B but the series in (7)
be divergent.
Let 2 < p < 0o. We consider the series

oo

Z(sg,,_l — Egu“,l)% cos2¥z. (24)
v=0

Since Y o7 (€3, —€%,41_,) = €&, by Lemma 1, the series (24) is the Fourier series of a
function fa(x) € Lp.
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Let 2V —1 <n < 2" — 1. Then E,(f2)p < |lf2 — Sn(f2)llp < Cen, ie. fo € E,le] C
Wif‘ #.On the other hand,

1

1N = O Doy — B3}
v=0
o0 v 1
=>C Z(Egvfl 82,,+1_1)[Z()\2n+1 A3n) + A }}

Q
— — — —N —
>’
0’)
oN
_|_
>/
N
‘E
>/
[\
3
(T)
[\eR V)

3
,_.
——

ol

This contradiction implies the convergence of series in (7).
Let now 1 < p < 2. We shall consider the series

2V+1
(eh — ef)% cosx + 22” __1)(52V+1 L€z q) )» Z COS . (25)
v=0 p=2v+1
By the Jensen inequality and
P
i< | Y cospa| < Cap2 Y, (26)
u:?”’l—‘rl P
we have
o 00 2v+1 »
2
/ {Z [(6’2’U+1 L —Ehraq) P2" Z coS ,ua:] } dx
0 v=0 u=2v+1
2 e 2" P
< / {Z2y(1_p)(ggy+l_l - 5127V+2_1)‘ Z cosux‘ ]d:zc < C(p)el
0 v=0 M:2u—1+1

By the Littlewood-Paley theorem, there exists a function f3 € L, with Fourier series
(25). Let n = 2. Then

2m+1

oo
1_ 1
s = Sulfs)llp = || 30 275 D = s )P Y cospu
m=v p=2m41 p
2 0 2m p 1
< {/ {Z 27"(1*11)(5’2’,%1_1 —5§m+2_1)‘ Z COS T }d:c}p
0 m=v p=2m+1

< Cp)egsr 1 < Clp)ene.
Let n = 0. Then Ey(f3), < C(p)(ef) — €Y + )y = C(p)eo.
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Let 2 < n < 2¥*!. Then

gu+1
1_ 1

s = Sulf)llp = |25 (Rrsy —hoa )P D cospa
p=n+1

o0 2m+1
1_ 1

+ Z om(5 1)(512’”&171—5127,“271)? Z cospuzx|| < C(p)en
m=v+1 p=2m+41 p

Therefore, one has f3 € E,[¢]. By our assumption, this implies f3(x) € WPA’H )
On the other hand, Paley’s theorem on Fourier coefficients [V. 2, p. 121, Zy] implies

oo ovtl
A3 v(l— —
||f?§ )Hg Z C(p>{(810) - 511)))\11) + Z(Egu+1,1 - 512)1/+271>2 (1 P) Z Afuup 2}
v=0 pn=2v+1

= C(A, p){( —ef Ap*z €51 — Ehui1_ 1»‘&}

v=0
> CONP){ehX + Y (N4 = A} = oo
v=1
This contradicts f3(x) € Wg‘ﬁ . The series in (7) converges.

STEP 5. Now we shall prove the necessity in (8). Let 2 <p < oo and 2 <n <2Vl v =
0,1,2,.... We consider

(e2 - €§V+1_1)% cos(n + 1)z + Z(egu_l - 5§u+1_1)% cos 2"x. (27)

v=0

Repeating the argument we used for series (24) we can see that the series (27) is the
Fourier series of a function f4, € L, and fs4, € Eple]. Therefore, f1, € Wé\’ﬁE[w].

Let us show that the positive constant C; in the inequality E,,( f;;ﬁ ))p < Crwm
(m=0,1,2,...) is independent of m and n. Indeed, for the function

fon(@) = fo(2) + (2 — €50 _ 1)%cos(n—|—1)x

one has

En(f0)0 < 1D = S S < 1M = S F )],

+ (5 = 3vs1_1) 2 cos(n+ 1)a] M = Sy ([(€5 = 3os1_y) 2 cos(n+ 1)a] M) .

Since fo € Eyle] € WM EW], En(f5), = O(wm).
Then for m > n+1: E,,( ij\n’ﬂ))p = En( 2(M”)p < C(fa,p, A, B)wm and for 0 < m < n,
E.( i:\,;ﬁ))p < C(fa,p, A, B)wm + C(p, \)Aneyn. By Lemma 6, we have

En(f37)y < C(f2,0, A B)om + C (0, N Amgm < C(fas 0, A, Bwom

Thus, En,(f, - ﬁ)) < Ciwy, where C does not depend on n and m.
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On the other hand,

N|=

Cun = En(£07)p 2 Co N |2 = o )02+ Y (Bs — o)

m=v+1

] 1
> Cp, N |(e7 = €5vii )AL + Ajvrr 18501y + Z (N1 — )51271} i

) m=2v+1

_ ovtl_q oo 1
>CE N[N+ (Y R =)L) Y (M - AR)e]

) m=n+1 m=2ov+1
>cpnfEe e Y 02, - 2]

m=n+1

Thus, the relation in the right-hand side of (8) holds.
Let 1 < p < 2. For n = 0 we consider the series (25). For 2™ < n < 2™t m =

0,1,2,... we define

o) 21/+1
l v ,,1) D 1
(eh —el)v cosa + —|— 2 (GO L COS YT
v=0 v=m+1 p=2v+1
1
p _ P z
+(eb —edie y)P cos(n+ 1)z (28)
Since
m—1 ovtl »
1 14 1
H(sg —el)p cosx + E 2 )(512’,,“_1 — b2 1) E oS px
v=0 p=2v+1 p
out1
y2 21/ ——1) 1 P
+ (P 52m+2 )+ (52”1 1 52y+2 r COS U
v=m+1 p=2v+1 p
P p_ P P
< C(p)(eh —ef +ef — Ehmt1_1 T € — Ehmya 1 T Eomiz 1 — Egmis_q T )

< C(p)eg
there exists a function f5,(x) € L, with Fourier series (28). One can verify that
Eo(fon)p < C(p)eo, Ex(f5.n)p < C(p)ek. Therefore, f5, € E,le] C WI;\’ﬁE[w].
()‘vﬁ))p é CQWm

5,n

Let us show that the positive constant Cs in the inequality E,,(
(m=0,1,2,...) is independent of m and n. We note
2m+1
1_ 1
Z 2™ (5 1)(51277%171 — Eh2 )P COSUT

p=2m+1

fsn(x) = f3(x) —
(el — €2, )7 cos(n + 1)

= 2,3,..., and

If n = 0,1, then Ej( ()‘6)) = Ek(f:g)"ﬂ))p < C(f3,p, N\, Bwg. If n
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2™m < n < 27F! then for k=0,1,.

A, A A, A N
B < 1 - Sy < L — SN,
2m,+1 (Aﬁ)
T 1 )
+H( Z 2" 1)(51207”“—17512)m+2_1)”008,ux) H
p=2m41 »

1
+[1((h = e5nia_y) ¥ cos(n+ 1)z) M|,

By Lemma 6, using f3 € W*E[w], we have Ek(f5 ’ﬁ))p < C(f3yp, A\, Bwy for k =
0,1,2,...,n. For k > n we write Ex(f{3), < £ = S(F8) 1, < Cfs,p, A, B)wh-

Thus, Ej (fg;;g))p < Cywy, for any k and Cj is independent of m and n. On the other
hand,

Cown > En( M)) > O = Se(f)

[

> C(p)( ; {([(efl - sngrLl)% cos(n + 1)z] 92

- Lo (AB)\ 2
+ Z <[(5gu+1_1*€§y+2_1);2(1’ D Z cos;m} >}

v=m-+1 p=2v41

> C){[(eh ~ B )N, / 7 costn + DafFda]

gda:)%

1
P

2m oo 2t (MB)y 2y 2 1
) 3
/ E 52,,+1 |~ btz 1) 2”( -1 E cos ,ux] > ) d;v] ! }
u m+1 n=2v+1

1

> CO (8 ~ a4 3 (v — o )N}

=

o
> CE{(Eh = G DMt D (s =B )05}
v=m-+1
1

{EPAP Z A1 —AD) EP} .

v=n-+1

This implies the necessity in (8) for 1 < p < 2. The proof of the necessity part in (8) is
complete.

STEP 6. Now we shall prove that W,# C E,[e] implies 1~ = Ole,].
First, we note that the last condition is equivalent to the following one: Vy = {y,} € ®
one has 3% = O[e,|. We shall obtain only nontrivial part which is : = = Olg,] implies

ﬁ = Olen).

Let us assume )\1 = O[En] does not hold. Then there exists a sequence {C}, T oo} such

c ,- 1
that ¢ P > (.. Ublng = Ole,| we have o > Cj. Choosing vy, = 7= 0, we
write C > /C} — o0. ThlS contradiction gives
1 n
— =0 & VYy={m}ed® =0 (29)

An An
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Let us assume * = Olg,] does not hold for all v € ®, but Wy 8 C E,[e]. Then there exist
= {7} € ® and {C,, 1 0o} such that "= > Cpep,, . Further we choose a subsequence

{mnk} such that ""“ > 2 and Vi, g 2 k. Consider the series

cos(my,, + 1)z. (30)

Since

there exists a function fg € L, with Fourier series (30). Because > - Vi, < <o <
00, we have fé)‘ ) e Ly, ie. fs € W]f‘ #. By (20) and by Lemma 1,
N Yo, \ ¥
By, (50 2 CO)Ifs = S, (o)l = C0) (3 35 ) > C(p)

s=k

Vi,

A,
2 C(p)cnk Emnk )

i.e. fo ¢ Eple]. This contradiction implies that the condition ﬁ = Ole,] is necessary for
WP C Eple]. The proof of the necessity part in (9) is complete.

STEP 7. Let us prove that W}’ E[w] C Ej[e] implies £= = Ole,,]. If the last condition does
not hold, then there exists {C,, 1 oo} such that w:" 2 Cnamn. We choose a subsequence

{mp, } such that "’““ > 2 and wy,,, > %wmnk +wm,,, - Since

0o _ 2 2

mnk+l < wmno
§ — )\2 )
— mnk Mng
by Lemma 1, the series
© m - w’?n %
n n

E < ML cos(mp, + 1)z (31)
k=0 A,

is the Fourier series of a function f7 € L,. We have also f(/\ ) e L,, E.(f; ( B)) < Cuwy.
On the other hand,

e w?n —wfn 3
B, () = CONr = S ()l = o) 3025522
s=k Mng
> (W, —Wmg ) (Wi, tWm, ) 3 W
_ s s+1 s s+1 > Nk >
o(p)(g . ) C)3 = 2 Co)Cnim,

ie. fr & Eple]. Therefore, $* = Olen]. The proof of the necessity part in (10) is com-
plete. m
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6. Proof of Theorem 2. We divide the proof of Theorem 2 into two parts.
6.1. Proof of sufficiency

STEP 1. Let us show that if the series in (11) converges and f € E,[e], then f € W5
We consider the series

cos ”—ﬁvl(x f) —sin @17“1@7 f) (32)

n Z{cos—ﬁ Vor 0 )~ Vars (0, ) — sin 2 (V5 (0 ) —V;Tu,f))},

where Vi(A, f) := M AL (f, x),

2n—1
Va(hf) = ZA An(fi)+ Y an(1-

m=n+1

Let M > N > 0. From the inequality || f — V,.(f)|l, < CE,(f), and Lemma 7, using the
properties of {\,}, we get

") an(s.0) 02 2)

M <8 78— -
A= H D feos T (Vanis (0, f) = Van (A, £)) = sin = (Vauin (A, f) = Vor O )]
n=N

=

n=N

cos ?’”‘/QTHJ(J() = Vau (F)llp

2n+2+3
(X 1A% malm 1) + (272 = 1)| Do )
m=2n—1-1

2n+2 +3

+ sin?\@im—’vé?(f)np( 3 |A2Am+2|(m+1>+<2”+2—1>mw_uﬂ
m=2n—1-1
+ cos—‘H Z Agnt1_1(Vont1 — Vzn)(f)Hp+ - (@':1—‘7;)(]”)”

p

S O{)\QNI (

+ Z Ang1 — ( coS

n=22N-1

COs ? ‘EQNI (f)p +
ik

sin ? ’EQNI (f)p)

+ | sin ?‘E&f),,) }

Further, we apply Lemma 3. Then the convergence of series in (11) and f € E,[e] imply

that there exists ¢ € L, such that the series (32) converges to ¢ in L,.
Let us show that o(¢) = o(f*A). If F, is the n-th partial sum of (32), then, say for
cosine coefficients, a,(¢) = an(@¢ — Fnin) + an(Entn) = an(@— Fnin)+ an(f()"ﬁ)), and

T

1
an(p — Fnin) = ;/ (¢ = Fyin)(z)cosnzdr < C(p)|le — Fninllp — 0 (N — o0).

—T

The proof of the sufficiency part in (11) is complete.

STEP 2. Let us prove the sufficiency part in (12). Let sin %ﬁ = 0. If n = 0,1, then the
proof comes from (11). If 2m~1 + 1 < n < 2™ m € N, we consider the best approximant
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Ty (x) = T;(f, @), Le. En(f)p = IF() = T5(f,)llp-

En(fOP), < [IFO) = T2 4 Voo (FOD) = Vogia (FOD)
<N — Vo (FON), + (| FAP) = Vamaz (FOD) .

By Lemma 7, we obtain
175 = Voo (FOD) [, < COINI Ty = Vamrz (F)llp < COVAER(f)p-

Further, applying two times Abel’s transformation and Lemma 7 we write for M > N

M
A= 32 Vo (FO9) = Van (507)

n=N p
M ont2_3
<Y Warn (D =Var (Al (D 182N ms2lm+ 1) 4+ (2772 = Dldowsa 1 = Apusa])
n=N m=2"+1

M
]| 32 Avea (Vores = v2) ()|
n=N

< C()‘){)‘QNJrlEQN(f);D + Z Eon(f)p(Agn+a_1 — )\2n+171)}~
n=N

Then

oo

1O Voa (O < COV MBSy + 30 Cuir = MBS} (33)

v=n-+1
Let sin g—ﬁ # 0. Then the convergence of series in (11) implies that there exist fe L,

fO0 e L, and fO0 € L,. Then

E,(f*™P), < En(cos ?fo"o) —sin %f(/\,o))
P

<[eos 2| atr 0, + s 22 700,
Applying (33), we get
En(fO), < COV{MBn(£)y + ilwﬂ = AM)ED)y )
By Lemma 3, (33) implies _
En(FO), < COV{MBalD)y + _f;wH = MBS}

< COV{ABa(f)y + i %E"(f)P}'

v=n-+1
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Therefore, for all § € R we have

B0, < COB BNy + | s | 2 Ouir =MD,
v=n-+1
+ smﬁ i %E,,(f)p}.
v=n-+1

If f € Eple], from (12) we obtain E,(f*?)), = O(w,), i.e. f € WP E[w]. The proof of
the sufficiency part in (12) is complete.

STEP 3. Let us show that if {- = O(e,,) and f € WP, then f € E,[e]. Also we shall
verify that if -~ = O(e,) and f € W>‘ B E[w], then f € E €] Set § = {/\1, VS /\13 3.

Let sin % = O. Applying two times Abel’s transformation and Lemma 7 we have for
M >N

A || 3 o - v (] = 5 (Vs (FOON) ) — (13 (709 0|
n=N n=N

p
M
<3 Varnn (FO) = Vau (FON),
n=N
ont2_3
(2 1A Im+ )+ @ - DG, - gk )
m=2"+1
M
AL Vs (FO) — 1o (r0 ] < CAL s 34
| 30 Ak Vo (PO =V (PO < SO (34)
n=N
Then, from (34), one has
C(A
B,y < S oy, (35)
oN

Let T/ (z) be the best approximant for f*) ie. E,(fO9), = [|[fOD () — T ()|,
Using (35) for f — T:G’*ﬂ), we get

En(f)p = En(fo\ﬁ) _Tg(%’_ﬁ))p < ) Hf(/\ #) ()— T;(')”p = En(fo\ﬁ))p‘ (36)

ey
-
Let sin 72 ;é 0. Then
M

2 [ T (Varas (PPN RO — (v (7)) 3 0)

n=N

A:

in T (Tarna (PO — (T (70930

p
M

03 T2 3 (Vo (FOPNED — (Vi (700 ()

n=N

<

p

M
7T/3 1
7 T?:N V2n+1 f(/\ 1B) )(MO) (VQn(f(/\ﬁ)))(wO)]

P
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To estimate the first item we apply (34) and to estimate the second one we use Lemmas

7, 8, as well as the condition Y 2 il V; < )\Q We get

M
| 3 Vo r9) — van (0| < SRy g0y,
n=N

Repeating the argument we used in proving (36) we arrive at the inequality

c\B)

n

E.(f)p < En(f()\ﬁ))p'

From this it is clear that -~ = O(e,) and ¥* = O(e,) are necessary conditions for
WP C Eple] and WP E(w) C Ep[e], respectively. The proofs of the sufficiency parts in
(13) and (14) are complete.

6.2. Proof of necessity

STEP 4. Let us show that if Ep[e] C W#, then the series in (11) converges. Suppose
that it diverges.

STEP 4(a): p = co. We start with the case sin % = 0. Then we define the series

o

Z(Ey_l —&,)(cosvz + sinvz),
v=1

which converges to the function fg € L,. It can be easily found: E,(fs), < en, ie.
fs € Eple] € WP, On the other hand,

v

||f(>\ﬂ)|| >Z>\ Ey—_1 — )—)\1 o — €1 +Z Ev—1 — [Z(AmfAm—l)+)‘1

m=2
Z — Am—1)€m—1 + Aigp = Z(An+1 — An)en + A1gg = oo.
m=2 n=1

This contradiction implies the convergence of the series in (11).
Let sin %ﬁ = 0. Since

e e 00 2¥—1 A 0o A
Z()‘n-‘rl - /\n)gn < CZ )\2”52” < C<Z€2v Z T;;L —+ )\151> < CZ ann’
n=1 r=0 v=1 m=2v—1 n=1

we have
™ > > 3
S )\n - An n S - = A'rL_n- 37
cos nz_:l( 1 )en + | s nz::l - (37)

We consider the series Y 07 | < Lemma 4, the sum of this series, say,
fo(x) is in L. From [Bal], F, (fg) < Cep, ie. fo € Eyle] C WP, We also have

||f”>||p>cz ne 1An>oz An =

Thus, the series in (11) converges.
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STEP 4(b): p = 1. First let sin ”5 = 0. We define the series
o0
St — 2)ma), (38)
v=1
where
v+l j S pt2
Tya1(z Za sin jx and of = {i’-tf’uﬁv }/-2t<2j<_j<21/+1.

The series (38) converges to a fio € L, and E,(fi0)p, < Ce, (see [Ge]). Then fi9 €
Ey[e] € WP, One can rewrite (38) in the following way:

2v—2 o]

> 14 1%
b, sinvx, where b, = 1— —— |(ep1— &) + - Eu_1 — Ey).
2 O R AP o LR

By Lemma 5, we get

1372 0320 = 00 = e + dues) = o

v=2
This contradicts the divergence of the series in (11). Thus, the series in (11) converges.
Let sin 2P ;é 0. As we saw in (37), the divergence of the series in (11) in this case is

equivalent to the divergence of Yo" | 2n¢,.
We consider the series
Z(e,,_l — &) K, (x). (39)
v=1

This series is convergent in L; (see [Ge]) to a function f11(z), and E,(f11), = O(en).
Therefore, fio € Eple] € WP,
One can rewrite (39) in the following way:

o0
E] 1 —
E a, cos vz, where =€, 1—V E .
=V j + 1

We note that {a,} is a monotonic null sequence. Indeed,

oo

Eji_1 —E&j
ay, — ay41 :Z% 20 (40)

Jj=v

By Lemma 5, using monotonicity of {a,} and the conditions on {\,}, we have

||f()‘ B)H > CZ —al, > CZ)\QV+1(12V = CZG2V {Z Agnt1 — Agn) —l—)\g}
n=1
2ntl g

> C<>\1a1 + i@\znﬂ - )\zn)azn) > C()\ﬂll + i Qgn Z (Aog1 — A,,))

n=1 n=2 v=2"

> C(Am + i(xnﬂ - /\n)an). (41)
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On the other hand, by (40), we have
(\5) o~ A &
) v _ cj—1—¢<j
£ Ml Zczjau—c(z—&/ 1—2/\ Z T >
v= v j=v
>C i ﬁ61/—1 - i(av - au+1)>\l/+1
- v

v=1 v=1

_ c(z A =30~ ) [ S = M) + MD
v=1 v=1 n=1

(5 o S 2]).
v=1 n=1

Combining this inequality and (41), we get
[ PNl PP PR
v=1

and so, the series in (11) converges. The proof of the necessity part in (11) is complete.
STEP 5. Let us show the correctness of the necessity part in (12).

STEP 5(a): p = oo. We consider the series

€n COS ((n +1)x — 7;—6> + ;::1 (cos ?(Eufl — £,) cos VT + sin F—zﬁgl’*l

sin m;> . (42)

There exists a function fia, € L, with the Fourier series (42). One can see Ep,(fi2,n)p <
Em, 1.e. fian € Eple] € WP E[w]. Therefore, le’B) € L,. Note that the series

= 73 . mBE,1 .
Z 0087(51,,1—5,,)(3081/904-51117 sin vz

v
v=1
is the Fourier series of a function fi3 € L, and fi3 € E,[e] C W;"BE[w], ie. Ep(fi3)p =

O(wm)-
Let us show that the positive constant C; in the inequality E,,( f;‘,’f))p < Chwm
(m=0,1,2,...) does not depend on m and n. We have

Fran(@) = Fia(e) + en cos (<n 1) ?)

Let m > n. It is easy to see that
1(;5) (z) = fl(g"g) () + Apen cos(n + 1)x.
(\.B) (A\.B) ; .
Then, Ep(f127 )p < Em(f1377)p < C1(f13, A, B)wm. We write for 0 <m < n :
Em(fl(g\:fj))p S Em( fg’ﬁ))p + Em()\ngn COS(” + 1).’15)17 S C’1 (fl?n )‘7 ﬁ)wm + C12)\n€n~

Hence, by Lemma 6, E,( fg,’f))p < Cwy, where C' does not depend on n and m.
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Then
(Aﬁ) o T3 - .o mf3 — A
Cwyn, > En(f15n )p > C{)\nsn + cos o Z (€v—1 — &)\ +sin o> Z — v
v=n-+1 v=n-+1
Wﬂ 2n ﬂ
>C {)\nsn + cos? 7)\n(2(5 —&pt1) + €2n+1) + cos? 5 Z v(Ev_1— &)
v=n v=2n+1
yo) . T
) v .92
+sin 7)\n27+5m — ” ]
v=n v=2n+1
T > .l > I
> C’[ nEn + | cos -5 U:;H()\VH — A)ey + | sin -5 D:;Ll )\,,7} .

Thus, the relation in the right-hand side of (12) holds.

STEP 5(b): p = 1. In this case we define the series

€n Sin ((n + D — ?)

+ ; ( —sin ?(z—:y,l —e,) K, (x) + cos ?(&;71 — 51,)Tl,(x)). (43)

Then there exists a function fi4, € L, such that (43) is the Fourier series of f14, (see
[Gel). Also, Ep(fian)p = Oem), i-e. fian € Eple] € WP E[w]. Note that the series

Z ( — sin Lf(su_l —e,)K,(x) + cos ?(@—1 - 5u)ﬂz(£)>

v=1
is the Fourier series of a function fi5 € L, and fi5 € Epe] C W;"BE[W], ie. En(fis)p =

O(wm)-
We shall prove that the positive constant Cy in the inequality E,,( 1(25 ))p < Cowm
(m=0,1,2,...) does not depend on m and n. We note

1(2 5)( ) = (A’ﬁ)(fﬂ) + Anén sin(n + 1)x.
Let m > n. Then E ( £4 n))P - E ( & ﬁ))p < C(f15>>\,,8)wm. For 0 < m < n we write
En( 1(2,’5))17 < En( l(g‘ﬁ))p + Em(Anensin(n + 1)z), < C(fi5, A, B)wm + CAnén.
(X,8)

Therefore, we have Ep,(f13),")p < Cowy, from Lemma 6.
We rewrite the series (43) in the following way :

&p Sin ((n + 1z — ?) + VZ:l ( — sin %ﬁa,, cos vx + cos %ﬁby sin Vx),

where

Ei_1 — &5
v = Ep— I_VZ J]+1Ja

2v—2 0o

by, = Z (1 - ﬁ>(6j1 —gj)+ Z j&(sy,l —&).

J=v j=2v-1
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‘We have

1(27/;3)( ) ~ Anepsin(n + 1)x + Z A ( — sin % cos %ﬂal, cosvx

v=1
+ sin? ?au sin vz + cos? ?by sin vz + sin ? cos ?by cos Vx) .

We note that if f(z) ~ co(f)/2 + Yooy (cu(f)cosve + dy(f)sinve), then E,(f), >
Cdpy1(f). Then

E.(f0), > C(/\nen + sin? %AW%H + cos? %Anﬂbm) > Chpen.  (44)

Also E,( 1(41\75))17 > (C'sin? %)\,H_lanﬂ and, by Lemma 5, we write for 2771 < n < 2™

B> 0t 3 s ot (Y 0 S )

v=n+1 v=n+1 k=m

. . e’} o) . . s}

> (C'sin® 75 I;n()\2u+l — Agv) ,; agr > C'sin? Eﬁ Z;n()\2u+l — Aov)agy
2T

> C'sin® 7 ng(Au-‘rl - Au)az/-

Hence,
Lo -
En( 1(2 5)) > C'sin® ?ﬂ ()\n+1an+1 + Z (Avg1 — )\V)al,>. (45)
v=n-+1

On the other hand,

E,( 1(25)) > C'sin? = Z

v=n-+1
Ay >

> ('sin? 7"26( Z —Ey_1— Z (ay — ay+1)/\,,+1)

v=n+1 v v=n+1

2 ﬂ-ﬁ )\V e

> (C'sin o> Z —e&,1—C) [)\n+1an+1 + Z (Aoy1 — )\l,)al,} .

v=n+1 v v=n+1

Applying (45), we get
(A,ﬁ) < 2 ﬂ.ﬁ > )\1/
En(fiin )p = Csin 3 Z -, vt (46)

v=n-+1
Hence, using (44), (46), and Lemma 5, we have

E,( 1(41\7’5));)20()\ £n + cos? — Z A, _+ in2 T2 Z )

v=n-+1 v=n-+1
> C()\nsn + cos? % Z e,(Avi1 — Ay) +sin? == Z )
v=n-+1 v=n-+1

This proves the necessity part in (12).
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STEP 6. Let us show that W/\ﬁ C Ey[e] implies 5= = Ole,]. As we noticed above (see

(29)) it is enough to show that WP C Eyle] 1mphgs In = Oley] for all v = {y,} € .
We suppose that the last condltlon does not hold "Then there exist vy={wm} e

and {C),, 1 oo} such that zm’; > Cpém,, - We can choose a subsequence {m,,, } such that

Mng g
My

> 2 and v, < 27%. Further, we consider the series (30), which is the Fourier
k

series of fs € L, and f(/\ B ¢ L,. On the other hand,

Y,
Em"k (fG)P Z C}\ . 2 CanEmnk’

mnk

i.e. f¢ & Ep[e]. This contradicts W# C E,[e]. The proof of the necessity part in (13) is
complete.

STEP 7. We shall prove that le\ﬁE[w] C Eple] implies §= = Oley]. If the last condition
does not hold, then there exists {C,, T oo} such that ‘:\)::" > Cpem, . We choose a

subsequence {m,, } such that ""“ > 2 and wp,,,, >4 3@, W, . The series

w — W

k=0 Mg
is the Fourier series of a function fig € Ly, and fl(g"ﬁ) € W) Ew]. On the other hand,

Wiy, = W, > Cwmnk yole.
- - n

mMn

Emnk (flG)p 2 C

kEMn, >

k Mny,

i.e. fig ¢ Eple]l. This contradicts our conjecture W#E[w] C Eple]. The proof of the
necessity part in (14) is complete. m
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