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Abstract. The aim of the paper is twofold. First we give a survey of some recent results concern-
ing the asymptotic behavior of the entropy and approximation numbers of compact Sobolev em-
beddings. Second we prove new estimates of approximation numbers of embeddings of weighted
Besov spaces in the so called limiting case.

The idea of entropy numbers goes back to the works of L. S. Pontryagin and
L. G. Schnirelmann and of A. N. Kolmogorov in the 1930s on the metric entropy of
compact sets in metric spaces. The definition of approximation numbers has its roots in
D. Eh. Allakhverdiev’s paper published in 1957. It is proved there that singular numbers
of a compact operator acting in a Hilbert space coincide with a quantities that nowadays
are called approximation numbers. The abstract Banach space setting of the topic was
given by A. Pietsch who developed the theory of operator ideals and s-numbers. Very
important contribution to the subject was provided in 1980 by B. Carl’s observation
that entropy numbers of a compact operator acting in a Banach space are related to its
eigenvalues by a simple inequality.

Embeddings between function spaces from the point of view of entropy numbers were
first investigated by A. N. Kolmogorov and V. M. Tikhomirov in 1959. They found
the asymptotic behavior of the natural embedding of C*([0,1]") into C([0,1]"). En-
tropy numbers of embeddings of Sobolev spaces were first treated by M. S. Birman and
M. Z. Solomyak in 1967. The great impetus to the development of the study of asymp-
totic behavior of the entropy and approximation numbers of embedding between function
spaces was given by D. E. Edmunds and H. Triebel in the 80s and 90s of the last century.
They proved several sharp estimates, gave the quasi-Banach version of the theory and
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moreover developed a method of application of the estimates to spectral properties of
some elliptic pseudo-differential operators.

Recently it has become obvious that the simplest and quite efficient way of studying
the asymptotic behavior of both entropy and approximation numbers leads through the
discretization of the function spaces. This strategy was used in a series of papers by
Th. Kiihn, H. G. Leopold, W. Sickel and the author [27]-[31], but also in D. Haroske,
H. Triebel [21] and B. Tomasz and the author [44], cf. also [43]. The first step of the
method is to reduce the problem from the function spaces level to related sequence
spaces. Then one deals with estimates for embeddings of the sequence spaces, using or
developing the knowledge about corresponding operator ideals and diagonal operators.
Theorems stated in Section 3 can be proved using this method. The strategy is presented
in the last section in which we prove one of the theorems of Section 3.

1. Compact Sobolev embeddings. Sobolev embeddings we mention above are the
embeddings between function spaces of Besov and Lizorkin-Triebel type. In the paper we
concentrate on (inhomogeneous) Besov spaces. But all theorems stated in Section 3 except
for Theorem 4 and Theorem 5 hold also for Sobolev and more general Lizorkin-Triebel
spaces.

We assume that the reader is acquainted with the definition and basic properties
of Besov spaces Bj (R?), 0 < p,q < oo and s € R. Triebel’s books [49] and [51] are
the classical references here but one can consult also [14] and many other books. In
this section we recall a definition and a few properties of weighted function spaces. For
simplicity we restrict our attention to the Besov spaces with indices p and ¢ greater than
or equal to one. In that case the spaces B;’q(Rd) are Banach spaces. If p < 1or ¢ <1
then the corresponding spaces are quasi-Banach. Most of the results we present in the
paper have their quasi-Banach counterparts. We will denote the continuous embeddings
between Banach spaces by —.

Let pg < p1 and sg > s1. It is well known that if 6 = s¢g — s1 — cl(pi0 — :0_11> > 0 or
§d =0 and g9 < ¢; then

Bt (RY) = Byt g, (RY.
The above embeddings are never compact. To get compact embeddings we must take a
smaller source space or a bigger target space. We will focus our attention on the following
three situations that found different applications in analysis:

(i) Spaces on bounded domains. Let 2 be a bounded domain in R? with smooth or
Lipschitz boundary. We define the Besov spaces on €2 by restriction, i.e.

B (Q)={fe€D(Q): f=gla, for some g € B (R},
1f1B; ,(Q)]] = inf [|g| B} ,(RY)],

Py

where the infimum is taken over all possible g € By  (R%).

Given any a € R we shall write a4 = max(a, 0). The embedding
Bpg a0 () = Byl g, ()

is compact if and only if sg > s1 and 01 = sg — 51 — d(pi0 — pil)-‘r > 0.
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(ii) Spaces of radial functions and distributions. We recall that the distribution f is
called radial if f(p) = f(v o R) for any test function ¢ and any rotation R around
the origin. We put

RB; (RY) ={f € B} ,(R?) : fradial}.

The embedding
RB?% (RY) — RB3 (R%)

P0,q0 P1,q1
is compact if and only if 1 < py < p;1 < o0 and § :=s9 — s1 — d(p% — p%) > 0.

(iil) Weighted function spaces. We restrict here to the function spaces with polynomial
weights

we(z) = (1+|z*)¥%,  a>0.

The weighted Besov spaces with the above weight can be defined in the following
way':

By (R wa) = {f € S'(RY) : ||f1B; (R, w)]| = || fw| B} o(RY)|| < oo}

The study of the properties of embeddings between two weighted spaces can be
easily reduced to properties of embedding of weighted spaces into unweighted spaces
by taking a new space with weight equal to the ratio of the two original weights.
The embedding
d d
Bpg g0 (R wa) = By, 4, (R)
1

1 1 1
p1 Po

)4, where 0 = sg — 81 —d(p—o — p_1>'

is compact if and only if min(«, §) > d(
So called limiting embeddings are other interesting cases. They are embeddings into
spaces that do not belong to the Besov or Triebel-Lizorkin scales. In particular embed-
dings of the Trudinger-Strichartz type are embeddings into exponential Orlicz spaces
E, ,(R%). The latter are Orlicz spaces generated by Orlicz functions ¢ — t” exp(t*) (one
can use also t — exp(t?) — 1 on bounded domains). It is well known that the space
B;l,/qp(Rd) is not contained in Lo, (R?) but we have Bif,l/qp(Rd) — E,,R%) if v > p and
p< ¢ = qiLl, 1< qg<oo,1<p< oco. This justifies the name “limiting embeddings”.
In a similar way a function f belonging to the (fractional) Sobolev space H;+d/ P(RY),
1 < p < o0, is Holder-continuous with exponent o« < 1 but not Lipschitz-continuous. It
was noticed by Brézis and Wainger that f is “almost” Lipschitz-continuous in the sense
that

|f(2) = f(y)| < Cla = yl|log |z — yl| /| | H, /P (R

with 0 < |z —y| < %, x,y € R?. In the paper we restrict our attention to the embeddings
of the Besov spaces into spaces of the same type.

REMARK 1. (a) The compactness of the embeddings of classical Sobolev spaces defined
on bounded domains into L, spaces was noticed by V. I. Kondrashov in 1945.

(b) The fact that symmetry as well as weights can be used to generate compactness of
embeddings on R? is known since the seventies, cf. e.g. Strauss [46], Coleman, Glazer and
Martin [10] and Lions [32] about the first order Sobolev spaces.

(c) It follows immediately from the definition that an operator f — wf is an isomorphic
mapping from B;’Q(Rd, w) onto B;yq(Rd). There are different ways to introduce weighted
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function spaces, but for the polynomial weights we use, these different approaches coin-
cide, cf. [33, 40, 41, 14].

(d) The Trudinger-Strichartz embeddings were first considered by Trudinger [53] and
Strichartz [47], whereas the Brézis-Wainger embeddings were introduced in [4]. There
is a quite large literature on entropy and approximation numbers of these embeddings,
cf. e.g. [48, 26, 42] about the Trudinger-Strichartz embeddings and [11, 9] about the
Brézis-Wainger embeddings.

2. Approximation and entropy numbers. Approximation numbers and entropy
numbers are popular tools for qualitative description of the compactness of a bounded
linear operator with applications to the spectral theory. Approximation numbers measure
the closeness by which a bounded operator may be approximated by linear maps of finite
range, whereas entropy numbers measure compactness of the operator by means of finite
coverings of images of the unit ball.

Let us briefly recall the definition and basic properties of approximation and entropy
numbers. Let Ag and A; be two complex Banach spaces and let T : Ag — A; be a
bounded linear operator.

DEFINITION 1. The kth approximation number ar(T) of a bounded linear operator T :
Ao — A; is the infimum of all numbers ||T'— F|| where F' runs over all continuous linear
operators F': Ag — A; of rank smaller than k.

The approximation numbers ay(T") form a decreasing sequence with a1 (7T) = ||T||. If
the sequence converges to zero then the operator T is compact. The opposite implication
in general is not true. It may happen that limy_,o ax(T) > 0 for some compact T' if 4;
fails to have the approximation property. The approximation numbers have in particular
the following properties:

— (additivity) anJrk,l(Tl =+ Tg) < ap (Tl) +an, (Tg),
— (multiplicativity) anqrx—1(T172) < ap(Th)an (1),
— (rank property) ai(T) =0 = rank (T) < k.

DEFINITION 2. Let A, A; be two complex Banach spaces and let T be a linear and
continuous operator from Ag into A;. Let k € N. The k-th entropy number ex(T : Ay —
Ay) is the infimum of all numbers e > 0 such that there exist 2k=1 halls in A; of radius €
which cover the image of the unit ball U := {z € X : ||z||4, < 1} under the mapping 7.

Entropy numbers have properties similar to approximation numbers: they form a de-
creasing sequence with e; (T') = ||T'||; they have additivity and multiplicativity properties,
but not the rank property. Moreover,

T is compact < klim ex(T: Ag — A1) =0.
—00
For details proofs and other properties we refer to the monographs [7, 14, 25, 37].

We shall use the operator ideals c,(,‘fgo and Léilo, 0 < p < oo, formed by all bounded
linear operators T' between Banach spaces such that the quasi-norms

L) (T) = sup k'/Pay(T) and Lz(,e?)o(T) = sup k'/Pe,(T)
k k

p,00
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respectively, are finite. The classes (ﬁé?go,Lz(ffgo) and (C;fc)m Lz(je?,o) are quasi-normed op-
erator ideals in the sense of A. Pietsch [37, Definition 6.1.1].

Both concepts, entropy and approximation numbers, are related to each other. Namely
for a compact operator T there is some constant ¢ > 0 such that for all k¥ € N the
inequality ex(T) < cay(T) holds assuming that there is some ¢’ > 0 such that agi—1(T) <
cagi (T) for all j € N, cf. [50].

Both quantities have their importance for spectral theory. For example the Carl in-
equality links entropy numbers and eigenvalues of the compact operator. More precisely, if
T: Ay — Ap is a compact operator and (A, (7)), is the sequence of all non-zero eigen-
values of T, repeated according to algebraic multiplicity and ordered in the decreasing
way then

An(T)] < V2e,(T),

cf. [6], [8] or monographs [7] and [14].

On the other hand if T" is a compact operator acting in the Hilbert space H and |T|
is a square root of T*T then the k-th approximation number of T coincides with the
k-th non-zero eigenvalue of |T|. In particular if T is nonnegative and self-adjoint then
ar(T) = M\ (T). Moreover, for any compact operator in T acting in the Hilbert space H
we have the following well known Weyl inequality

H |\ (T)] < H a;(T).

For Banach spaces H. Konig proved the following weaker version of the last inequality:

(zn: nmr) " < Kp(iag(T>)l/p,

where 0 < p < 0o and K, is an explicit numerical constant depending on p, cf. [25].

In [14] D.E. Edmunds and H. Triebel systematically developed a method of investi-
gation of spectral properties of some compact elliptic differential and pseudo-differential
operators, both on bounded domains and on R¢, cf. also D. Haroske, H. Triebel [20]. One
of crucial ingredients of the method is a factorization through compact Sobolev embed-
dings in order to use estimates of entropy and approximation numbers as well as their
relations with spectral theory. Then using the Birman-Schwinger principle they studied
the "negative” spectrum of the Schrodinger type operators H = A — V| where A is a
positive, self adjoint operator in Ly and V' is a positive potential. One should also mention
forerunners by M. S. Birman, M. Z. Solomyak [3], K. Mynbaev and M. Otel’baev [35]
and others.

3. Approximation and entropy numbers of Sobolev embeddings. We start with
function spaces defined on bounded domains  C R?. For convenience we will use the
following abbreviations. Let 1 < pg < p; < 0o then

1 1 1 1 1 1 1

-=——-— and —-=—F—, S =1-—

P P P t  min(ph,p1)’ P po’
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Moreover we denote ap ~ by if there exists a constant ¢ > 0 independent of k such that
el <ap<cb,, k=1,23....

THEOREM 1. Let Q C R? be a bounded domain with smooth or Lipschitz boundary. Let
—00 < 81 < 59 < 00 and 1 < po,p1,q0,q1 < 00, (po,p1) # (1,00), and suppose that

1 1
(5+:80—81—d(———> > 0.
+

Po D1
Then
er(B3 () — B3t () ~ kT (1)
and
ap (B () < B3 (Q) ~ k™ (2)
where
& if 1<pyg<p1<2o0r2<py<p <oo,
or 1 < p; < pg < oo,
» = %Jr%f% if1§p0<2<p1§ooand5>%,
5.1 if 1<po<2<pi<ocoand§<}$

REMARK 2. (a) The estimate (1) was proved by D. E. Edmunds and H. Triebel, cf.
[12, 13, 14]. They also proved the estimate (2) except for some cases if 1 < py < 2 <
p1 < 0o. These remaining estimates were improved by A. Caetano [5] except for one case,
when 04 = d/ min(pj, p1). The last step was recently done in [43].

(b) Tt follows from (1) and (2) that the asymptotic behavior of the entropy numbers
and approximation numbers of Sobolev embeddings on bounded domain depends mainly
on the difference of the smoothnesses sy — s1. For approximation numbers we have an
additional effect when we cross the Hilbert case p = 2.

In the next theorem we will see that the asymptotic behavior of both entropy and
approximation numbers is quite different for spaces of radial functions.

THEOREM 2. Let —0co < 81 < 89 < 00, 1 < pp < p1 < 00 and 1 < qo,q1 < oo and

suppose that
1 1
5280—81—(1(———) > 0.
Po P

Then
e(RB}Y 4, (RY) = BBy, (RY) ~ k550 (3)
and
Ou(RB o, (RY) = I, (RY) ~ @
where
o if 1<po<p1 <2or2<py<p < oo,
» = %—i—%—% ifl§p0<2<p1§ooand%>%,
%'% iflﬁpo<2<p1§ooand%§%,
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REMARK 3. (a) The estimate (3) was proved by Th. Kiithn, H.-G. Leopold, W. Sickel and
the author, cf. [27], whereas (4) was proved by B. Tomasz and the author [44].
(b) In contrast to the last theorem now neither estimates for entropy numbers nor for
approximation numbers depend on the difference of smoothnesses sg—s1. This means that
behavior of radial functions at infinity is dominating. But for approximation numbers we
have a similar additional effect when we cross the Hilbert case p = 2.
(c) The above estimates for spaces of radial functions depend of the geometry of the
underlying space. One can consider also the Besov and Sobolev spaces on Riemannian
manifolds with bounded geometry e.g. on hyperbolic spaces H? (the space H? is the
Lobachevsky plane). Let us fix one point 0 € H? and call it the origin. One can regard
radial functions on H? to be functions whose value at a point x depends only on the
distance of = to the origin o. The notation can be extended to distributions in the standard
way. Let RB; q(Hd) denote a Besov space consisting of radial distributions defined on H¢.
If —co<s1 <sp<00,1<pyg<p <00,1<qg,q1 <ocoandd = so—sl—d(pio—p%) > 0.
then

ex(RB . (H?) < RB3'  (H%)) ~ k= (0751,

Po,90 P1,91
This reminds more the behavior of the Sobolev embeddings on bounded domains on R?
than the embeddings of radial spaces on RY, cf. [45].

Now we consider the embeddings of weighted function spaces. As it was mentioned
before we restrict our attention to the polynomial weights. First we formulate the result in
so called non-limiting case, i.e. when the power of the weight is not equal to the quantity
(5:80—81—d(i—i).

Po p1
THEOREM 3. Let 1 < pg,p1 <00, 1 < qp,q1 <00 and —o0 < 81 < Sg < 00. Let a >0
and % =9+ pio. We assume that

(a) 1<po<pi <ooorp<p <py< oo,
(b) a#sg—s1 —d(=—-L)=:5 and § > 0. Then

Po P1
er(Bpg g (R, wa) = Bt 4, (RY)) ~ k77, (5)
where
B f0=2L if % <d<a,
* ap L _ 1 yrdopncf
d Po P1 D :
If in addition (po,p1) # (1,00) then
ak(By 4o (RY, wa) — Byl (RY)) ~ k™ (6)
where
min&a,(;) if 1<po<p1<2o0r2<py<p <oo,

min(a,d) 11
d + Po

o W P<p1<po< oo,

» = .
W‘F%_% if 1 <py<2<pi<ooand min(e,d) > 2,
minf;x,é) % if 1<pg<2<p <ooand min(a,é) < %.

REMARK 4. (a) The first results concerning entropy and approximation numbers of em-
beddings of weighted spaces were proved by D. Haroske and H. Triebel, cf. [19, 20] for
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entropy numbers and D. Haroske [16] for approximation numbers. The above theorem
was partly proved there. The final estimates for entropy numbers were proved in [21]
and [28]. The related final result concerning approximation number can be found in [43].
(b) The interpretation of the last theorem is the following: if the weight is increasing fast
enough near infinity then we are back in the compact case, that means, the asymptotic
behavior of the corresponding entropy and approximation numbers coincides with that
of the unweighted Besov spaces defined on a bounded domain with smooth or Lipschitz
boundary. If the weight is not increasing fast enough, i.e. @ < J, then there is a direct
influence of the weight on the asymptotic behavior of the entropy and approximation
numbers.

(c) One can also consider more general weights in this context. Entropy numbers for
perturbed polynomial weights are considered in [30] and for subpolynomial weights in
[31]. Some partial results concerning logarithmic weights can be found also in [17, 18].

The estimates in the limiting case are harder to prove and still interesting. For entropy
numbers the following theorem was proved in [30].

THEOREM 4. Suppose

d d 1 1 — 1 1
a_(so—)(sl—)>d<——> andsetT::so 81+_7_.
Po P P Po/ d @ 9o

(i) If 7> 0, then

ex(Bp g0 (R, wq) — Byl o (RY)) ~ kT

(1+logk)".
(ii) If 7 <0, then

ex(Bp g (R, wa) — Byl o (RY)) ~ ko

REMARK 5. (a) Now the asymptotic behavior of the entropy numbers depends on the
fine indices of the involved Besov spaces, i.e. on ¢y and g1, a phenomenon that does not
occur in non-limiting cases. This was observed first by D. Haroske [17]. She proved part
(i) of Theorem 4 under additional restrictions, see [17, 18].

(b) In contrast to the first three theorems the last theorem cannot be immediately ex-
tended to Triebel-Lizorkin or even Sobolev spaces. Some partial results related to Sobolev
spaces of fractional order can be found in [21].

Much less is known about the asymptotic behavior of the approximation numbers in
the limiting case. To the best of our knowledge the following theorem is the first one
presenting a partial but sharp result in this direction.

THEOREM 5. Suppose

()3~ w)
a=(so—— | —|s1—— | >d| —— —
Po P p1 Po/ 4

and qo = po, q1 = p1, (Po.p1) # (1,00). Then
ar (B o (R, wa) — Byt (RY) ~ k~*(1+ log k)4,

Po,Po P1,P1
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where
g if 1<pg<p1<2o0r2<py<p < oo,
%—&-p% p% if p<p1<po< o0,
= arl-_1 if1<py<2<p <ooand a> 4,
%-% ifl§p0<2<p1§00anda§%-

We give a proof of the above theorem in the next section.

REMARK 6. The only former sharp result (concerning the above described limiting situ-
ation § = «) is that of Mynbaev and Otel’baev [35, §3, Theorem 9]. They proved that

ap(Hz (R wa) < Ly, (RY) ~ (k~1(1 +log k)4,

ifsp>0and 1 <py<p; <2o0r2<pg<pr <oo. Some, but not sharp, results can be
found in [18].

4. Proof of Theorem 5

4.1. Discretization of function spaces. We use wavelet bases as a method of discretiza-
tion. They are now a well developed concept in Besov spaces. In the case of unweighted
spaces we refer to the monographs of Y. Meyer [34], P. Wojtaszczyk [54] and the article of
G. Bourdaud [2]. Here we are interested in wavelet bases in weighted spaces. We quote the
wavelet characterization of weighted Besov spaces proved in [29], but cf. also [39] where
the more general weights are considered and [21] where quasi-Banach case is included.

First of all we need to fix some notations. By N we denote the set of natural numbers,
by Ny the set N U {0}, and by Z? the set of all lattice points in R? having integer
components. Let 56 be an orthogonal scaling function on R with compact support and of
sufficiently high regularity. Let zz be a corresponding wavelet. Then the tensor product
yields a scaling function ¢ and associated wavelets 11, ..., ¢qa_1, all defined now on R%.
We suppose

peCM and suppé C [— N2, Noj
for certain natural numbers N; and Ns. This implies
é,; € CM and  supp ¢, suppy; C [-Ns, N3¢,  i=1,...,29 —1. (7)
We shall use the standard abbreviations
Gio(x) =224z —0) and ¢y je(z) = 292202 — 0). (8)

Similar to function spaces with weights we introduce sequence spaces with weights. If
w is a given continuous weight function, j € Ny and £ € Z¢ then w(j,¢) = w(277¢). Let
1 <p,q < oo. We put

éq(Qijp(wa)) = {/\ = {A¢7j7g}i,j7g : /\i,j7g S (C,
291

|\A|eq<2%<w>>||=(ZW(ZZm,jewy, o)) <s) o)

=1 (€74



318 L. SKRZYPCZAK

For smooth weights and compactly supported wavelets it makes sense to consider the
Fourier-wavelet coefficients of functions f € L,(w) with respect to such an orthonormal
basis. The following proposition was proved in [29].

PROPOSITION 1. Let ¢ be a scaling function and let 1;, i = 1,...,2% — 1 be the corre-
sponding wavelets satisfying (7). Let 1 < p,q < 0o and let 0 < s < Ny. Then a function
f € L,(R% w,) belongs to B (Rd we ), @ > 0, if and only if We put

17183 (. wo)[* = (3 1(F.60.0wa(0) "

YA
d
29—-1 00 1/q

+ Z {22“5” (3 [ awa@0r) N <o (10)

Lezd

Furthermore, ||f| p’q(Rd,wa)H" may be used as an equivalent norm in Bj (R, wy).

REMARK 7. There is another way of discretization of the function spaces used in this
context. It is so called quarkonial decomposition. The method was developed by H. Triebel
in [52].

4.2. Approximation numbers of sequence spaces. Proposition 1 reduces the proof of The-
orem 5 to the study of approximation numbers of the following embeddings between the
sequence spaces

id : £y, (2%lp (wa)) — £y, (£p,) (11)

where we put

04270, (wa)) = {A = {yedie s A € C,

2wl = (3251 3 W) ) <), 2

j=0 ez
where wj ¢ = wq (277¢). We recall that o = § = (507 pl) (31 — p—) The finite summation
oni=12...,2¢ —1is irrelevant and can be omitted.

To estimate the asymptotic behavior of the approximation numbers of the embed-
dings (11) we divide the source space into two parts: the local part and the global part.
Namely we put

G2 (0a)) = (A = (Vo) € 620 (wa)) s Ay =0 i £>291), (13)
0290 (wa)) = {h = (Njenr) € Lg(27p(wa)) s Aje =0 if £ < 279},

The weight does not influence the behavior of the embeddings of the local part since then
wa(277k) ~ 1, but its influence is crucial for the second part.

The following estimates of approximation numbers of embeddings of finite dimensional
sequence spaces are well known.

LEMMA 1. Let N € N and k < &
(i) If 1<po<p1 <2o0r2<py<p; <oco then
ak(id : Eé\gﬁﬁg)wl.
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(11) If 1 S Ppo < 2< D1 S o0, (p07p1) % (1300) then
ap(id : €Y — ) ~ min(1, NV/Tk712)

1 _ 1
where § = St

The above lemma is essentially due to E. D. Gluskin [15], cf. also [35] and [14].
For p; < pp the corresponding approximation numbers are calculated by A. Pietsch,
cf. [37, p. 109].

LEMMA 2. Let 1 < p; < pg < oco. Then
ap(id: 6 — 0y = (N —k+1)/m=tro =1, N.

The following extension of the estimates of the second part of Lemma 1 will be also
useful, cf. [5] and [43].

LEMMA 3. Let 1 < py < 2 < p1 < o0, (po,p1) # (1,00), and N =1,2,3,.... Then there
1s a positive constant C independent of N and k such that

1 if k< N2/,
ap(id: € — ) < C ¢ NViE=12 4f N2/t < k<N, (14)
0 if k> N,
where % = max (p%’ i)

First we prove the estimates of the local part.

PROPOSITION 2. Let o« > 0 and let d > 0 be a positive integer. There exist a positive
constant C' > 0 independent of k such that

ap(idy : Lo (770" (wa)) — £y, (2)) < CKP

where
at+i-1 if 1<py<2<pi<oo, (po,p1)# (1,00), and & > 1,
ﬁ_ %% Zf1§p0<2<p1§007 (p07p1)7£(1700); and%g%,
IR if 1<po<p1<2or2<py<p <oo,
Gt~ A P<p<po< oo,
i__ 1 1 _a_, 1
and § = iy b - d T he
Proof. Step 1. Preparations. Let
A= {)\ = (Aj,e)jENo,OSZSde : )\j,g S (C, j € No, 0 S y4 S 2]d}
and
3 jd jd
Ao = Lo, (279027 and Ay = £y, (62°).
Then
. jd jd
(Lo (27203 (wa)) = L, (€2,7)) < Cag(Ap — Ay), (15)

since wq (279¢) ~ 1if 0 < £) < 274, Let P; : A — A be the canonical projection onto
j-level i.e. for A = (X ) we put

e fk=3j,

(Pj)\)g = {0 { € Ny.

otherwise,
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Then id; = Z;io P;. The elementary properties of the approximation numbers yield for
any j € Ny
ar(Pj: Ao — Ay) <27 Pay(id: 2 — 2. (16)

Step 2. Let pg < p1. The estimates of approximation numbers between finite dimensional
spaces imply

N for k< N7,
; Nitti=s forl—1>0and NT <k<N
krap(id: £ — )y < roo2 - 17
e by = ) <O vz for L =1 <0and N? <k <N, 17
0 for k> N,
if1<py<2<p <oo,r>0,cf. Lemma 3, and
krap(id : € — () < ONYT, (18)
fl1<py<pr<2o0r2<py<p <o0,clf Lemma 1.
As a consequence we get for N = 27¢
2Jd for 2 <1 and
L1 1§p0§2<p1§007
jd(l4l 1 11
Lgao)o<Pj) <290 27d(s+x-3)  for + > 5 and (19)
’ ‘ 1<py<2<p <o,
2id3 for 1 <pyg<p; <2or
2<py<p; <.
Now, for given M € Ny let
M [e%S)
P:=%"P and Q:= Y P (20)

j=0 J=M+1

The expression L&"Qo (T) is a quasi-norm of the operator ideal c&“go therefore there exists
a number 0 < o < 1 such that

M ')
LOL(Pr <O LOEY, LLQSC Y LB (e
j=0 j=M+1
Due to (19), (21), and elementary properties of geometric series we have the estimate
oMde(£—3) for % < min{%, % ,
1 <po<2<p <00,
Mdp(lel_5_1 1_1_1.,36_1
Ly (Q)? < Mdelets=i=2) for j < <3+g5- 14 (22)
1<py<2<p <0
gMde(3=3) for L <2, 1<py<p <2
or 2 <py < p1 < oo

Now, if 1 <py <p; <2or 2 < py < p; <oo then (22) implies
agma(Q) < CZ_Md%7 (23)
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with the constant C' independent of M. In a similar way if 1 < pg < 2 < p; < oo then

1

e f e > 1

24
k—ds if e <1l (24)

a(@Q) < C {
with k& =2M9if & > 2 and k = [2Md2/t] otherwise. Here [x] denotes the integer part of
x. By monotonicity of approximation numbers we extend the inequalities (23) and (24)
to any positive integer k.

The estimate of the approximation numbers of the operator P goes in a similar way.
The only difference is that we should choose a different value of r to sum up the corre-
sponding sums. Namely we have

oMde(#:-3) for % < % < %,
1 <po<2<p <oo,
Mdp(l+l_ 5 _1 1 11,6 1
L@ (P <c!? eGremima) for L >max{z, 5+ - ¢} (25)
, 1§p0§2<P1§00a
gMde(z—3) for 1> 9 1<py<p <2
or 2 <py < p; <oo.
Now, if 1 <pg <p; <2o0r2<py <p; <oo then (25) implies
agma(P) < C27MdG, (26)
In a similar way if 1 < pg < 2 < p; < oo then
= (5+H5-1) ifa> 17
a(P)<C{ .. ‘a (27)
k=2 if ¢ <1
with k = 2M4 if @ > L and k = [2M92/*] otherwise.
Step 3. Let p < p1 < pg. Now using the Pietsch estimates, cf. Lemma 2, we get
1 . N N 1,1 1
krap(id: £, — £, ) <CN7™"p1 P, (28)
In consequence
Segd(li 11
L) (Py) < C2790940 4~ g), (29)
Summing up as in the previous step we get
L.(Q) < Mt o o~ @) (30)
. 1 _ o, 1 1
1f0<;<3+p—0—p—1.80,
agma(Q) < €2~ MG +a5 50, (31)
In an analogous way
L), (P) < 024G o e~ ) (32)
el a1 1
1f;>3+p—0—p—1&nd
o 1 1
agma(P) < 027 MGt~ 50), (33)

This finishes the proof. m
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It remains to consider the global part. This is done in the next proposition.

PROPOSITION 3. Let o > 0 and let d > 0 be a positive integer. There exists a positive
constant C > 0 independent of k such that

ak(idQ : épo (2jagpo (wa)) - épl (Zpl)) ~ kiﬁ(l + IOg k)a/da

where
e+l-1  if1<py<2<pi<oo, (po,p1) # (1,00), and & > 1,
= 9% if 1<py<2<p1<oo, (po,p1) # (1,00), and & < ¢,
a if 1<py<p1 <2o0r2<py<p <oo,
Gt~ A P<pi<po< oo
and%:m, %:%—i—pio,

Proof. Step 1. Preparations. If |¢| > 27, £ € Z¢, then (1 + |277¢|?)*/2 ~ 2792|¢|. So,
ar(idz) ~ @i (L, (Cpq (va)) = Ly (£,)), (34)
where v (j, £) = £%/%. The norm in the space £,(£,(vs)) is given by
_ o0 oo a/d 1/p
MGGl = (30 3 yeerdp)
§=0 ¢=2id 41

If 274 < ¢ < 2+ 1d then ¢@/d ~ 2" So the condition

2l < ¢ < 20ntDd and N #£0

(35)

can be satisfied on any j-level with j < n for at most 27¢(2% — 1) entries. In consequence
taking N; = j274(2¢ — 1) and changing the order of summation in (35) we get

N Ly )| ~ A (27657 (36)
So it follows from (34)—(36) that
an(idz) ~ an(ids : £y, (2767) = 6, (630)). (37)

Now to prove the estimates from above we can deal as in the proof of Proposition 2. So
we only sketch the argument. Let the operators P;, P and @ be the same as above. We
have

ar(Py) < 279%y(id : £y — £)), (38)

Step 2. We prove the estimates from above. Let pg < p;. Using (17), (18) and (28) we get

= 11
th for - < 5 and
1 <po<2<pr <00,

iti—s 1.1
1@ (P-)<CQ’ja Nj for &= > 5 and (30)
[ 1<po<2<p <00,

1

er for 1 <pg<p; <2o0r2<py<p <oo,

111 ~

N PP forp<p; <po < oo.
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Now, for chosen M € Ny the formulae (20) and (39) imply

Ao oMde(Z -3 for - < min{3, §5},
1<py<2<p <00
et +i-oMde(i+1-3-1) for <1 <3+9-1,
L@ <C PSSz ep s
MetoMdo(t-5) for £ <&, 1<po<p <2
or 2 <py<p < o0,
MOGF R ) 2o MIGH R 5~ for L ey L L

If 1 <po<p1 <2or2<py<p <oo then (40) implies
aproma(Q) < C27MaG < O(1 + log(M2M))
In a similar way if 1 < pg < 2 < p; < oo then
1+log(k))dk—(G+3=1) i
0x(Q) < C ( ( ))g o |
(1+1log(k))ak az i

with k = M2M4 if 2 > 1 and k = [(M2M4)?/!] otherwise.
Finally, if p < p; < po then

ale
T
[N}
g
ISH
N
|
alR

1

aprama(Q) < C(1+ lOg(MQdM»%(M2Md>7(%+%,ﬁ).
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(40)

(43)

The proof of the estimates for the operator P goes in a similar way. This proves the

estimates from above.

Step 3. It remains to consider the estimates from below. We consider the following com-

mutative diagram

N S i pNj
by —— €p0(23 fpo)

)l s

N T N
by —— ém(gpl )7

where
o vy if (276):(],6),
(S(W))ie = {0 otherwise,
(T(A)e = Ny, 1<L<N;.
Then

ar(1d) < [|S]jax(ids).
Taking k = j2%~2 we get by (37) and Lemma 1 or Lemma 2
1 < Cay(Id) < C27%ax(idz) < C(k(1 + logk)™")*/4ay(idy),
if 1<pg<p1 <20r2<py<p; <oo,
(7292772 < Cap(Id) < C2%ay(idy),

a
if 1<py<2<p <00, (po,p1)# (1,00) and — >

d
(j29)pr "9 < Cay(Id) < C29%ax(idy), if < pr < po < 00

~ | —

)

(44)
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For 1 < py <2< p1 < 00, (po,p1) # (1,00) and & < 1 we take k = [(j2/¢)%/!]. Then
1 < Cap(Id) < C27%ay(idy).
This finishes the proof. =

Since id = id; +ids, cf. (11)—(13), it follows from Proposition 2 and Proposition 3
that
ar(id) ~ k(1 + log k)*/4

where [ takes the same values as in Proposition 3. Now Theorem 5 follows from the
above estimate and Proposition 1.
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