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Abstract. This paper is a survey of recent results on some problems of supervised learning in
the setting formulated by Cucker and Smale. Supervised learning, or learning-from-examples,
refers to a process that builds on the base of available data of inputs z; and outputs y;,
i = 1,...,m, a function that best represents the relation between the inputs x € X and the
corresponding outputs y € Y. The goal is to find an estimator f, on the base of given data
z := ((z1,91),- -, (Tm,ym)) that approximates well the regression function f, of an unknown
Borel probability measure p defined on Z = X x Y. We assume that (z;,y;), ¢ = 1,...,m, are
indepent and distributed according to p. We discuss a problem of finding optimal (in the sense
of order) estimators for different classes © (we assume f, € ©). It is known from the previous
works that the behavior of the entropy numbers ¢,(©, B) of © in a Banach space B plays an
important role in the above problem. The standard way of measuring the error between a target
function f, and an estimator f, is to use the L2(px) norm (px is the marginal probability
measure on X generated by p). The usual way in regression theory to evaluate the performance
of the estimator f, is by studying its convergence in expectation, i.e. the rate of decay of the
quantity E(||f, — fz||ig(px)) as the sample size m increases. Here the expectation is taken with
respect to the product measure p" defined on Z™. A more accurate and more delicate way of
evaluating the performance of f, has been pushed forward in [CS]. In [CS] the authors study
the probability distribution function

Pz | fp— fZHLz(px) >n}

instead of the expectation E(||f, — [ H2Lz(px))' In this survey we mainly discuss the optimization
problem formulated in terms of the probability distribution function.
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1. Introduction. Notations. Settings. This paper is a survey of recent results on
supervised learning. Supervised learning, or learning-from-examples, refers to a process
that builds on the base of available data of inputs x; and outputs y;, ¢ = 1,...,m, a
function that best represents the relation between the inputs z € X and the corresponding
outputs y € Y. This is a big area of research both in nonparametric statistics and in
learning theory. In this paper we confine ourselves to recent results obtained in a direction
of further development of the settings and results from the fundamental paper of Cucker
and Smale [CS]. In this paper we illustrate how methods of approximation theory can
be used in learning theory. We begin our discussion with a very brief survey of different
settings that are close to the setting of our main interest.

1. Approximation theory. Recovery of functions. Deterministic model: given

z:=((x1,91), s @m,Ym)) = yi=flxy), i=1,...,m, fe€O.

Recover f € © (find an approximant of f). Error of approximation is measured in some
norm || - ||. Usually it is the L, norm, 1 < p < oo, with respect to the Lebesgue measure
on a given domain X.

2. Statistics. Regression theory.

a) Fixed design model: given

Z = (($17y1)u"'7(xm7ym)) : Yi :f(xi)+6i7 T1yeeeyTm ﬁxed7

¢; independent identically distributed (i.i.d.), Fe; =0, f € O.

Find an approximant for f (estimator f) The unknown function f is called the
regression function. Error is measured by expectation E(||f — f||?) of some of the standard
norms.

b) Random design model: given

zZ:= ((xlvyl)a"'a(xmvym)) Y :f($1)+6“
Z1,..., T, random, i.i.d.; €; i.i.d. (independent of z;), Ee; = 0, f € ©. Find an estimator
f for f. Error is measured by expectation E(||f — f|?).
¢) Distribution-free theory of regression.

Let X C R% Y C R be Borel sets, p be a Borel probability measure on Z = X x Y.
For f: X — Y define the error

Consider p(y|z), the conditional (with respect to x) probability measure on Y, and px,
the marginal probability measure on X (for S C X, px(S) = p(S x Y)). Define

folx) = /Y ydp(ylz).

The function f, minimizes the error £(f). It is known in statistics as the regression
function of p. Given: (z;,y;), i = 1,...,m, independent identically distributed according
to p, |[y| < M a.e. Find an estimator f for f,. Error: E(|[f, — fl|7,(,))- Assume f, € ©.
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For a class © consider

E©,m, )= swp E(|f, = fli,x): E(©,m):=int E©,m, f).
fr€® f

3. Learning theory. This is a vast area of research with a wide range of different
settings. In this paper we only discuss a development of a setting from [CS]. For results
in other settings we recommend a fundamental book of V. Vapnik [V] and a nice survey
on the classification problem by G. Lugosi [L]. Our setting is similar to the setting of the
distribution-free regression problem. The goal is to find an estimator f,, on the base of
given data z = ((z1,41),. .., (@m, Ym)) that approximates f, (or its projection) well with
high probability. We assume that (z;,v;), ¢ = 1,..., m are independent and distributed
according to p. Similarly to the distribution-free theory of regression we measure the error
in the Lo(px ) norm. This differs the distribution-free theory of regression and our setting
of learning theory from classical nonparametric statistics. One can find a discussion of
relations between the fixed design model, the random design model, and the distribution-
free theory of regression in the recent book [GKKW] (see also [VG], [BM1]). Here we
only mention that the problem of learning theory that we discuss in this paper can be
rewritten in the form

Yi = fo(wi) + &, e:=y— fp(),
close to the form of the random design model. However, in our setting we are not assuming
that € and z are independent. While the theories of fixed and random design models do not
directly apply to our setting, they utilize several of the same techniques we shall encounter
such as the use of entropy and the construction of estimators through minimal risk.

We note that a standard setting in the distribution-free theory of regression (see
[GKKW]) involves the expectation as a measure of quality of an estimator. An important
new feature of the setting in learning theory formulated in [CS] is the following. They
propose to study systematically the probability distribution function

pm{z : ”fﬂ - szLz(pX) > 77}

instead of the expectation. There are several important ingredients in mathematical for-
mulation of the learning problem. In our formulation we follow the way that has become
standard in approximation theory and based on the concept of optimal method.

We begin with a class M of admissible measures p. Usually, we impose restrictions on
p in the form of restrictions on the regression function f,: f, € ©. Then the first step is to
find an optimal estimator for a given class © of priors (we assume f, € O). In regression
theory the usual way to evaluate the performance of the estimator f, is by studying its
convergence in expectation, i.e. the rate of decay of the quantity E(]|f, — fZ||%2(pX)) as
the sample size m increases. Here the expectation is taken with respect to the product
measure p" defined on Z™. We note that £(f,) —E(f,) = [lfa = foll7, () As we already
mentioned above a more accurate and more delicate way of evaluating the performance
of f, has been pushed forward in [CS]. In this paper we concentrate on a discussion of
results on the probability distribution function.

An important question in finding an optimal f, is the following. How to describe the
class © of priors? In other words, what characteristics of © govern, say, the optimal rate
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of decay of E(||f, — sz%z(px)) for f, € ©7 Previous and recent works in statistics and
learning theory (see [B], [BM2], [BM3], [CS], [DKPT1], [DKPT2|, [GKKW], [KT1], [KT2],
[L], [V], [VG]) indicate that the compactness characteristics of © play a fundamental role
in the above problem. It is convenient for us to express compactness of © in terms of
the entropy numbers. In this survey we discuss the classical concept of entropy and the
concept of tight entropy. We note that some other concepts of entropy, for instance,
entropy with bracketing, proved to be useful in the theory of empirical processes and
nonparametric statistics (see [VG], [BM2], [V]). There is a concept of VC' dimension that
plays a fundamental role in the problem of pattern recognition and classification [V]. This
concept is also useful in describing compactness characteristics of sets. We do not discuss
this concept here because we have no new results in this direction.

For a compact subset © of a Banach space B we define the entropy numbers as follows

€.(0,B) == inf{e:3f1,..., fan €0:0 C UL (f; + eU(B))}

j=1

where U(B) is the unit ball of Banach space B. We denote N (0O, €, B) the covering number
that is the minimal number of balls of radius € needed for covering ©. The corresponding
e-net is denoted by N.(0, B). In the papers |CS|, [DKPT1]|, [DKPT2|, |[KT1| in the most
cases the space C := C(X) of continuous functions on a compact X C R? has been
taken as a Banach space B. This allowed us to formulate all results with assumptions
on O independent of p. In [KT2| and [BCDDT]| we obtain some results for B = La(px).
On the one hand we weaken assumptions on the class © and on the other hand this
results in the use of px in the construction of an estimator. Thus, we have a tradeoff
between treating wider classes and building estimators that are independent of px. We
note that in practice we often do not know the px. Thus, it is very desirable to build
estimators independent of px. In statistics this type of regression problem is referred to
as distribution-free. A recent survey on distribution-free regression theory is provided in
the book [GKKW].

In Sections 2 and 3 of this paper we always assume that the unknown measure p
satisfies the condition |y| < M (or a little weaker |y| < M a.e. with respect to px) with
some fixed M. Then it is clear that for f, we have |f,(x)| < M for all z (for almost all x).
Therefore, it is natural to assume that a class © of priors where f, belongs is embedded
into the C(X)-ball (Loo-ball) of radius M. We make this assumption in all theorems of
Sections 2 and 3 without formulating the assumption.

In [DKPT1], [DKPT2], [KT1] the restrictions on a class © have been imposed in the
following forms:

(1.1) (0,0)<Dn™", n=12,..., ©CDU(C).
or
(1.2) dn(0,C0) < Kn™", n=12,..., ©CKU(C).

Here, d,,(©, B) is the Kolmogorov width. Kolmogorov’s n-width for the centrally sym-
metric compact set © in the Banach space B is defined as follows

d,(0©,B) :=inf sup inf ||f —
(©,B) = in feggeLHf 9ls
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where infy, is taken over all n-dimensional linear subspaces of B. In [KT2| we impose a
weaker restriction

(1.3) en(©,La(px)) <Dn™", n=1,2,..., ©CDU(L2(px)).

We have already mentioned above that the study of the probability distribution func-
tion p"™{z : ||f, — fallLo(ox) = M} is a more difficult and delicate problem than the
study of the expectation E(||f, — fz||2LQ(pX)). We encounter this difficulty even at the
level of formulation of a problem. The reason for this is that the probability distri-
bution function provides control of two characteristics: 7, the error of estimation, and
1—p™z : ||fp = fallLo(ox) = N}, the confidence of the error 7. Therefore, we need a
mathematical formulation of the above discussed problems of optimal estimators.

We propose (see [DKPT2]) to study the following function that we call the ac-
curacy confidence function. Let a set M of admissible measures p, and a sequence
E := {E(m)}°_, of allowed classes E(m) of estimators be given. For m € N, > 0
we define

AC,(M,E,n) = EmienEf(m) sup Pz fo = fallLagox) = 0}
where F,, is an estimator that maps z — f,. For example, E(m) could be the class of all
estimators, the class of linear estimators of the form

m
fz - Zwi(xla e ammax)yia
i=1

or a specific estimator. In the case E(m) is the set of all estimators, m = 1,2,..., we
write AC,, (M, n).

In Section 2 we discuss results on AC,,,(M,E,n) with M = M(0) :={p: f, € ©O}.
In this case we write AC,,,(M(0O),E,n) =: AC,,(0,E,n). Thus Section 2 is devoted to
the study of priors on f, in the form f, € ©. Sometimes this setting is referred to as
proper function learning problem.

It is clear from the definition of E(©,m) and AC,,(0,n) that
(1.4 | ACu©.0 ) < B©.m),
0

and for p, O satistying |y < M, © C MU(C(X))
(1.5) E(©,m) < min(n? +4M?AC,,(0,n)).
"

One of the important variants of the learning problem formulated in [CS]| is the
following. We now do not impose any restrictions on p, except |y| < M a.e. and instead
of estimating the regression function f, we estimate a projection (f,)w of f, onto a
compact set W of our choice. Sometimes this setting is referred to as improper function
learning problem. Similarly to the above case (f, € ©) we introduce the corresponding
accuracy confidence function

ACP (W, E,7) := EmienEf(m) sup Pz E(fz) — E((fo)w) = 0’}
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In the case E(m), m = 1,2,..., is a collection of all estimators F,, : z — f, € W we
drop E from the notation. We note that in the case of convex W we have for any f € W

1f = (Fo)w o on) < ECF) = E(fo)w)-

We discuss related results in Section 3.
In Section 4 we discuss an important statistical problem of how well the empirical
error (risk) of f
1 m
E(f) ==Y (flai) — )’

m
i=1

can approximate the actual error £(f). This problem is related to the concept of the
Glivenko-Cantelli sample complexity.

Section 5 contains a probabilistic inequality that we use in the discussion in Section
2. This inequality might be of an independent interest.

By C and ¢ we denote absolute positive constants and by C(-), ¢(), and Ag(-) we
denote constants that are determined by their arguments. For two nonnegative sequences
a = {an}2, and b = {b,}32 the relation (order inequality) a,, < b, means that there
is a number C(a,b) such that for all n we have a,, < C(a,b) b,; and the relation a,, < b,
means that a,, < b,, and b,, < a,,.

2. Prior on f, in the form f, € ©. We begin with the lower estimate of the accuracy
confidence function from [DKPT2]. We shall establish lower bounds in terms of a certain
variant of the Kolmogorov entropy of © which we shall call tight entropy. This type of
entropy has been used to prove lower bounds in approximation theory. Also, a similar
type of entropy was used by Yang and Barron [YB] in statistical estimation. The entropy
measure that we shall use is in general different from the Kolmogorov entropy, but, for
classical smoothness sets ©, it is equivalent to the Kolmogorov entropy and therefore our
lower bounds will apply in these classical settings.
For a compact © in a Banach space B we define the packing numbers as

(2.1) P(@,(S) = P(@,é, B) = sup{N = fl, ...,fN S @, 6 < ||fZ — fjHB7 Vi 75 j}

It is well known [P] and easy to check that N(©,4, B) < P(0©,4, B). The tight packing
numbers are defined as follows. Let 1 < ¢; < oo be a fixed real number. We define the
tight packing numbers as

(22) P(Gaé) = P(@,é,cl,B) ::Sup{N:Efla"'va € 63 d < ||f17f]HB Scl(s, VZ%]}

It is clear that P(©,4,c1, B) < P(0,4, B).

We let u be any Borel measure defined on X and let M(O,u) denote the set of
all p € M(O) such that px = p, |y| < 1. As above M(O) = {p : f, € ©}. We
specify B = Lo(u) and assume that © C Lo(u). We will use the abbreviated notation
P(6) := P(O, 6,1, La(y0).

Let us fix any set © and any Borel measure p defined on X. We set M := M(O, u)
as defined above. We also take 1 < ¢; in an arbitrary way but then fix this constant. For
any fixed § > 0, we let {f;}7,, with P := P(8), be a net of functions satisfying (2.2). To
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each f;, we shall associate the measure

dpi(z,y) := (a;()dd1(y) + bi(x)dd—1(y))du(z),
where a;(z) := (14 fi(x))/2, bi(z) := (1 — fi(x))/2 and dd¢ denotes the Dirac delta with
unit mass at £. Notice that (p;)x = p and f,, = f; and hence each p; is in M(O, p).
We have the following theorem.

THEOREM 2.1 ([DKPT2|). Let 1 < ¢; be a fized constant. Suppose that © is a subset of
Lo(p) with tight packing numbers P := P(8). In addition suppose that for § = 2n > 0,
the net of functions {fi}2 in (2.2) satisfies || fille(x) < 1/4,i=1,...,P. Then for any
estimator f, we have for some i € {1,..., P}
. D —8c¢?mn?—3/e
P72 I fa = fill Loy = m} = min(1/2, (P(2n) — 1)Y/2eSamm=3/¢),
vn>0 m=12,....

The proof of Theorem 2.1 is given in [DKPT2|. This proof uses the concept of the

Kullback-Leibler information. Given two probability measures dP and d(@ defined on

the same space and such that dP is absolutely continuous with respect to d@), we write

dP = gd(@) and define
K(P,Q) = /lngdP: /glnng.

If dP is not absolutely continuous with respect to d@ then IC(P, Q) := co.
It is obvious that
K(P™, Q™) =mK(P,Q).
The use of Kullback-Leibler information is well known in statistics and goes back to
Kullback, Leibler [KL] and Ibragimov, Hasminskii [IH].
As we already mentioned Theorem 2.1 provides lower estimates for classes © with
known lower estimates for the tight packing numbers P(©,6). We now show how this

theorem can be used in a situation when we know the behavior of packing numbers

P(©,9).
LEMMA 2.1. Let © be a compact subset of B. Assume that
Cr(6) <InP(0,6) < Cap(d), 6 € (0,01],

with a function ¢(3) satisfying the following condition. For any v > 0 there is A, such
that for any § > 0

(2.3) P(A4,8) < 7(6).
Then there exists ¢y > 1 and 63 > 0 such that

lnp(®75, Cl,B) > Cg 11’1P(@,§), o€ (0,52]

Proof. For § > 0 we take the set F' := {fi}fl(le’&) C O satisfying (2.1). Considering a

[6-net with [ > 1 for covering © we obtain that one of the balls of radius [ contains at
least P(©,5)/P(©,16) points of the set F'. Denote this set of points by F = {fi}ieaq)-
Then, obviously, for any ¢ # j € A(l) we have

6 < ||fi = fill < 210.
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Therefore
In P(©,6,2], B) > In P(0,6) —In P(6,15) > C1p(8) — Cap(I6).
Specifying v = C1/(2C2), | = A, and §5 := 6; /] we continue

C

As a corollary of Theorem 2.1 and Lemma 2.1 we obtain the following theorem.

THEOREM 2.2. Assume © is a compact subset of Lo(u) such that © C 1U(C(X)) and

EOMQWQZ;imP@ﬁ) 5 € (0,65,
2

(2.4) €n(0, La(p)) xn™".

Then there exist 5o > 0 and 1y, 1= Ny (1) = m~ 1% such that

(2.5) AC,, (M(©,u),n) = d for 1n<mnm

and

(2.6) AC,,,(M(©,1),7) > Ce ™" for >,

Proof. Condition (2.4) implies
C1(r)6~ Y <InP(©,5) < Co(r)d~ YT, §€(0,8,].

Clearly, the function ¢(d) = §~ /" satisfies the condition (2.3) from Lemma 2.1. Therefore
by Lemma 2.1 we obtain

In p<®7 n,C1 (7‘)7 LQ(I’L)) 2 03(74),'7—1/7'7 ne (07 (52(7")]7
with some ¢1(r) > 1. It remains to use Theorem 2.1 with 7,, a solution of the equation

CST(T)(%))*UT — 8¢y (r)*mn? = 0.

It is clear that

Mm XM~ o,

REMARK 2.1. Theorem 2.2 holds in the case © C (M/4)U(C(X)), |y| < M, with con-
stants allowed to depend on M.

We note that we do not impose direct restrictions on the measure p in Theorem 2.2.
However, the assumption (2.4) imposes an indirect restriction. For instance, if p is a
Dirac measure then we always have €,(0, La(n)) < 27". Therefore, Theorem 2.2 does
not apply in this case.

Let us make some comments on Theorem 2.2. It is clear that the parameter r controls
the size of the compact ©. The bigger the r the smaller the compact ©. In the statement
of Theorem 2.2 the parameter r affects the rate of decay of 7,,. The quantity 7,, is an
important characteristic of the estimation process. The inequality (2.5) says that there
is no way to estimate f, from © with accuracy < 7, with high confidence (> 1 — dy). It
seems natural that this critical accuracy 7, depends on the size of © (on parameter ).
The inequalities (2.5) and (2.6) give

(2.7) AC,,,(M(6, 1), ) > dpCeclrm”

for all . The exponent mn? in this inequality does not depend on the size of ©. This may
indicate that the form of this exponent is related not to the size of © but rather to the
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stochastic nature of the problem. Other argument in support of the above observation
is provided by an inequality from Section 5. We will use that inequality to show that in
the case of a compact © consisting of only one function we have an analogue of (2.7) in
the case of linear estimators. Let © = {1/2}. Suppose that we are looking for a linear
estimator

(2.8) sz Tlyenny Ty T)Yi

of the regression function f,. Conmder the following special case of the measure p. Let
px = u be any probabilistic measure on X. We define p(y|z) as the Bernoulli measure:

p(llz) = p(0jx) =1/2, z€ X.
Then for the above measure p we have f,(z) =1/2 € ©. Then

= Foliao > [ Vo= ol | [ (1= £ = S e~ 172]
i=1

where
wi(x1, ..., ) ::/ wi(x1, ... T, x)dp.
X

Using Theorem 5.1 we get

"z | fz = foll Loy = 1} = Probgezm {‘ Zwi(xl, e Tm)Yi — 1/2’ > 77}
i=1

m—1
> exp(—25mn? — 6.25 Z 1/k) > m~%2% exp(—25mn? — 1).
k=1
Therefore, in the case E(m) is the set of estimators of the form (2.8) we have for M, :=
{p: fo=1/2,px =}
Cin (M, E,n) > m =% exp(—25mn? — 1).

We now proceed to upper estimates. In order to prove upper estimates we need to
decide what should be the form of an estimator f,. In other words we need to specify the
hypothesis space H (see [CS], [PS]) where an estimator f, comes from.

The next question is how to build f, € H. In this paper we discuss a standard in
statistics method of empirical risk minimization that takes

= 1 g B
fan = argmin £,(f)
where .
1
is the empirical error (risk) of f. This fz’H is called the empirical optimum. We begin

with the following estimate.

THEOREM 2.3 (|CS], [DKPT1,2]). Assume that O satisfies (1.1). Suppose that f, € ©.
Then for n > Ao(M,D,r)m"™ PleEaD)

(2.9) Pz fae = follLa(ox) = 1} < exp(—c(M)mn?).
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Let us compare this theorem with Theorem 2.2. First of all we note that the estimator
E, : z — f,e does not depend on 7. Secondly, this estimator provides an optimal
estimate for the probability distribution function with the exponent mn that matches the
exponent in the lower bound (2.6). However, (2.9) holds for 1 > m ™ 209 and (2.6) holds
forn > m~ 27 . Thus Theorem 2.3 does not cover the range of m™ 72 < n<<m gEcoN
Also, we should point out that © satisfies (1.1), which is stronger than the corresponding
condition (1.3).

The key ingredient of the proof of Theorem 2.3 is the following theorem from [CS].
For a compact H denote

fr = arg %1735(1“)
THEOREM 2.4 ([CS]). Suppose that H is a compact subset of C(X) which is either conver
or f, € H. Assume that for all f € H, f: X — Y is such that | f(x) —y| < M a.e. Then,
foralle >0

Pz E(fat) — E(fr) > €} < N(H,€/(24M),C(X))2exp <_728ZL;42)'

THEOREM 2.5 ([DKPT1,2]). Let © satisfy (1.2). Suppose that f, € ©. Then there exists
an estimator f, such that for n > Aog(M, K,r)(In m/m)Trzrr

P2 | fa = Foll Lapx) 2 1} < exp(—c(M)mip®).

Theorem 2.5 allows us to build estimators with better accuracy than in Theorem 2.3:
with error = (Inm/m)T = instead of error =< m ™ 20+7 . This is done under assumption
(1.2) instead of (1.1). We note that condition (1.2) is stronger than (1.1). By Carl’s
inequality [C] (1.2) implies (1.1). We now describe the construction of the estimator f,
from Theorem 2.5. Let {L,} be a sequence of optimal (near optimal) subspaces for ©,
dim L,, = n. Then for any f € © there is a ¢,, € Ly, such that || f — n|c(x) < 2Dn™". Tt
is clear that ||, |lc(x) < 3D. We now consider the set V;, := 3DU(C(X)) N Ly,. In other
words we take as a hypothesis space the set V;,. We construct an estimator for f, € © by

Ja:=fav, = argl{gi‘g E(f)

with n := [(lgm)ﬁ] This construction has an advantage over the choice f, = fz0
in Theorem 2.3. Building f, v, we optimize over a ball in a finite dimensional space L,
instead of optimizing over ©. We note that the set H, smaller than O, that is used as a
hypothesis space is known in statistics under the name sieve [G], [BM2]. In the proof of
Theorem 2.5 we also use Theorem 2.4.

THEOREM 2.6 ([KT1]). Let © satisfy (1.1). Suppose that f, € ©. Then there exists an
estimator f, such that for n > Ag(M, D,r)m*Trzr

P2 2 | fa = Follatox) = 1} < exp(—c(M)mn?).

Comparing this theorem with Theorem 2.2 we see that Theorem 2.6 provides both
the optimal rate of accuracy =< m~ T2 and the best estimate of probability distribution
function with the exponent mn?. The only thing in Theorem 2.6 that does not match the
assumptions of Theorem 2.2 is the following. In Theorem 2.6 we assume that © satisfies
(1.1) that means we impose restrictions in the uniform norm but not in the Ly(px) norm
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as in Theorem 2.2. Thus, Theorem 2.6 provides an optimal result in the case of © such
that
€n(0,C(X)) < €,(0, La(p)) xn~"
for some measure f.
The construction of f, in Theorem 2.6 uses e-nets of © in the uniform norm. We
choose € = Aé/Qm_TT% and define V; to be a e-net of © in the C(X) norm. We construct
an estimator for f, € © by

Jz = fav. = arg]{lg‘g E(f)-

The set V, is not convex and we cannot claim that f, € V.. Therefore Theorem 2.4 does
not apply for this set. In [KT1] we used the following theorem in the proof of Theorem 2.6.

THEOREM 2.7 ([DKPT1,2]). Let H be a compact subset of C(X). Assume that for all
feH, f: X =Y is such that |f(x) —y| < M a.e. Then, for all e >0

™o () ~ E(f) > & < N/, CO0Rexp - iy )
under assumption E(fr) — E(f,) < Re.

THEOREM 2.8 ([KT2|). Assume that © satisfies (1.3) with r > 1/2. Suppose also f, € ©.
Let mn* > 1. Then there exists an estimator f, such that

P2 [ fa = Foll Latox) = 0} < C(M,7) exp(—c(M)mn*).
THEOREM 2.9 ([KT2|). Let © satisfy (1.3). Suppose that f, € ©. Assume that r €
(0,1/2) and mn**t1/" > C1 (M, D,r). Then there exists an estimator f, such that

pm{z : ||fZ - f,l)”Lz(Px) Z 77} S C(M,D,T) eXp(—C(M, Da r)m772+1/r)-

Assume that v = 1/2 and mn*/(1 + (log(M/n))?) > C1(M, D). Then there exists an
estimator f, such that

P2 | fa = follLatox) = m} < O(M, D) exp(—e(M, D)mn'* /(1 + (log(M/n))?)).

Theorems 2.8 and 2.9 are close to Theorem 2.2 in formulation of assumptions. In both
cases we impose restrictions in the Lo(px) norm. Combination of Theorems 2.2 and 2.9
gives the optimal rate of accuracy = m~ 7% for classes M(O, 1) with

(2.10) (0, Lo(p)) = n™", 1€ (0,1/2).

In the case r > 1/2 Theorems 2.2 and 2.8 do not match. It is an interesting open problem:
find optimal rate of accuracy for classes M(O, u) such that €,(0, La(p)) < n~" in the
case r > 1/2.

The above discussed fact that in the case r € (0,1/2) for any measure p the behavior
(2.10) of the entropy numbers determines the optimal rate of accuracy = m~ T+ in the
estimation problem indicates that it is natural to classify classes of priors by the behavior
of their entropy numbers.

We now describe the construction of the estimator from Theorem 2.9. Contrary to
the estimators from Theorems 2.3, 2.5, and 2.6 the estimator in Theorem 2.9 depends
on 7). Here we take f, = f, (o) With N} (0) := N, (0, La(px)). Proofs of Theorems 2.8
and 2.9 are somewhat more direct than the proofs of Theorems 2.3, 2.5, and 2.6. In the
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proofs of Theorems 2.8 and 2.9 we use the Bernstein concentration measure inequality
and apply the chaining technique (boot strapping technique, peeling device). We now
formulate the Bernstein inequality. If £ is a random variable (a real valued function on a
probability space Z) then denote

E¢) = dp; 2¢) = — E(&))2dp.
©:= [ edn @ = [ (€~ B©Fa
The Bernstein inequality says: if [£(z) — E(§)| < M a.e. then for any ¢ > 0

(211)  Prob.ezn {’% éam - E(&)‘ > e} < 2exp(—2(02(§fM€ /3))

We complete the discussion of Theorem 2.9 by a theorem that is a corollary of Theo-
rem 2.2, Remark 2.1, and Theorem 2.9.

THEOREM 2.10. Let p1 be a Borel measure on X. Assume r € (0,1/2) and © is a compact
subset of La(u) such that

en(0, La(p)) xn~",  © C(M/4)U(C(X)).
Then there exist 6o > 0 and 1, < nt, no =< nf = m~ 52 such that
AC,(M(©,u),n) =60 for 1<,
and
C1 (O, M)e=1(©:Mmn’ < AC, (M(O, 1), 1) < Ca(©, M)e=c2(O:M)mn* /"
forn = nf,.

The above theorems give the upper estimates in the following style. For a given class
M there exist 7,}, (M) and positive constants C, ¢, a such that for n > 7} (M)

AC,,(M,n) < Cecm",

Theorem 2.1 and 2.2 give the lower estimates of the following type. For a given M there
exist dp(M) > 0 and n,, (M) > 0 such that for n <, (M) one has

These inequalities indicate that the behavior of the accuracy confidence function changes
dramatically within the critical interval [n;,, (M), n;}, (M)]. It drops from a constant do(M)
to an exponentially small quantity C exp(—cmn;} (M)?). One may also call the interval
[0, (M), - (M)] the interval of phase transition. Clearly, good estimates for 7, (M) and
Nt (M) are of great importance. We introduce more terminology in this regard. Suppose
for a given class M there exist a function (M, m) and two constants C; (M), Co(M)
such that
CH(M)p(M, m) < m(M) < 15 (M) < Co(M)(M, m).

Then we call the function (M, m) the critical rate of accuracy. The following theorem
is a corollary of Theorem 2.10.

THEOREM 2.11. Let r € (0,1/2). Assume © is a compact subset of La(1) such that
€, (0,La(p)) xn™", ©C(M/4)U(C(X)).
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Let M(©,u) :={p: f, € ©,px =, ly| < M}. Then the critical rate of accuracy exists
for M(O, 1) and has the order

P(M(O, p),m) < m~ T2

Results of this section show that from a theoretical point of view the entropy numbers
€n(0, La(px)) are the right characteristic of a class © in the problem of estimating the
regression function f,. However, the above discussion indicates certain difficulties with
the use of the entropy numbers €,(0, L2(px)). As we have mentioned the estimator f,
from Theorem 2.9 has been built using the n-net of © in the Lo(px) norm. In many
cases the measure px is unknown. Therefore, we would like to construct an estimator
that does not depend on px and provides good estimation for all px. This is the main
goal of distribution-free theory of regression. One of the ways out of the above problem
with the use of the characteristic €,(0, L2(px)) is to go through the uniform norm, i.e.
to use the characteristic €,(0,C(X)). Clearly, this narrows the set of classes of priors
© we can work with. Theorem 2.6 shows that we can construct an estimator f, that
does not depend on px and does an optimal (in the sense of order) job for classes sat-
isfying (1.1). From a theoretical point of veiw this estimator is very good. However, it
is clear that we have a problem with direct practical implementation of this estima-
tor because it is built on the base of an e-net of ©. The estimator from Theorem 2.5
is better in the sense of implementation. It is constructed by least squares method in
the finite dimensional subspace L,,. Thus in addition to theoretical problem of finding
optimal rates of estimation we have a practical problem of implementation of optimal
(near optimal) estimators. We want to understand what characteristics of prior classes
© are suitable for the task of convenient practical implementation. It is somewhat clear
that the description of © in terms of the entropy numbers does not fit this goal. Indeed,
at this point it looks unfeasible to implement algorithms based on e-nets of function
classes.

Interesting results in this direction on building estimation schemes with nice imple-
mentation properties have been obtained in the recent paper [BCDDT]. The most impor-
tant property of those estimation schemes is universality. It is a very important property
of an estimation algorithm. We do not discuss the universality property in this paper and
refer the reader to the papers [DKPT1], [DKPT2|, [BCDDT], [KT2] where this property
has been discussed in detail.

We present here a result from [KT2] in a style of Theorem 2.5 with a description of
© in the Lo(px) norm instead of the C(X) norm. Let B(X) be a Banach space with
the norm || f|| p(x) := sup,ex |f(z)|. Let {L,}72; be a given sequence of n-dimensional
linear subspaces of B(X) such that L,, is also a subspace of each L., (1), where p is a
probability measure on X, n =1,2,.... Assume that n-dimensional linear subspaces L,,
have the following property: for any probability measure ¢ on X one has

(212) ||Pgn||B(X)—>B(X) SK, n:172,...

where P}’ is the operator of Lo(p) projection onto L. For a finite dimensional linear
subspace L C La(px) and f € La(px) we denote by d(f,L)r,(,y) the La(px) distance
between f and L.
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THEOREM 2.12 (|KT2]). Assume that a sequence {L,}>2 , satisfies (2.12). For given m,
r > 0 there exists an estimator f, such that for any p satisfying

d(fo, Ln)Lypx) < Dn™", n=12,...,
we get for n > Ao(M, K,r)(Inm/m) e

Pz || fp = fallLa(ox) = m) < exp(—c(M)ma?).

The above theorem can be used, in particular, in the following situation. Let X be
a compact subset of R?. Let P, denote the set of all partitions of X into n disjoint
Borel subsets. Let p, € P,, n=1,.... Define L,, as a subspace of all functions that are
piecewise constant on the partition p,. The subspaces L,, satisfy (2.12) with K = 1.

Thus we can obtain simpler estimators when we replace assumptions on © in terms
of entropy numbers (a characteristic of nonlinear approximation) by assumptions on ©
in terms of approximation by linear subspaces (a characteristic of linear approximation).
It is known from works in approximation theory (see surveys [D], [T]) and statistics
([DJ], [KP]) that nonlinear approximation is more flexible than linear approximation
and provides optimal means of approximation and estimation. The most important in
this regard form of nonlinear approximation is the n-term approximation with regard
to a given basis or more generally with regard to a dictionary. We present one result in
this direction from [DKPT1|. We will consider n-term approximations with regard to a
given system W. Assume that the system ¥ = {¢;}72, is a (VP)-system, i.e. satisfies the
condition:

(VP) There exist three positive constants A;, ¢ = 1,2,3, and a sequence {ng}>,,
npr1 < Aing, k = 1,2,... such that there is a sequence of de la Vallée-Poussin type
operators P, with the properties

Pi(y) = Aijibj,
Akd- =1 for .7 = ]-a sy TS )\k,j =0 for ] > AQTLk,
[Prllex)—cx) < Az, k=1,2,....
Denote

on(f, V) = i inf

LyeeesKniClyeensCn

f-= Z Uk,
=1

cx)’

and

0n (0, V) := sup o, (f, V).
feoe

THEOREM 2.13. Let f, € © and let © satisfy the following two conditions.
O'n(@, \I/) < C’lnfr, O C ClU(C(X)),

En(0,¥) := ?ug linf | f —§ :cjwjnc(x) < Cynb,
€O C1y--5Cn "
Jj=1

where U is the (VP)-system. Then there exists an estimator f, such that for n >
Ao(M,r,b)(Inm/m) =

P2 1 fa = FollLaox) = 1} < exp(=C(M,r)mi?).
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We note that the trigonometric system and wavelets are (VP)-systems.

We now give a concrete example of a class of priors © to demonstrate how the general
theory developed in this section works. Let X = [0,1]¢ and Wy, s €N, 1 <p< oo, be
the Sobolev class (the unit ball of the Sobolev space): the set of all functions g € L,(X)
whose distributional derivatives D¥g, ||v|l¢, < s, are also in L,(X) and

Z 1DgllL,x) < 1.

vlle, <s
Then it is known [BS] that for s > d/p one has
en(W,y,C) xn™", r:=s/d,
and
en(Wy, La) xn™".
Then by Theorem 2.6
A (W3, m) < e mt* s iy st

By Theorem 2.2 and Remark 2.1 with y - Lebesgue measure we get

AC,,(Wsn) =8, n<n,=<m =%,

AC,,(W;,n) > Ceme2MDmi* -y > g

These results give a very accurate description of the accuracy confidence function
AC,, (W3, n).

We complete this section by a remark concerning the quantities E(©,m) that give
the rate of accuracy of optimal estimation in the sense of expectation. We have already
mentioned in the Introduction (see (1.4), (1.5)) how the accuracy confidence function
AC,,(0,n) can be used for estimating E(©,m) from below and from above. We now
develop the ideas of (1.4) and (1.5) to obtain the right order of

E(©,m)q = irfszSlé% Epn([lfp = fllT,00x)): 0 <a <o
Suppose that a class © is such that there exists a critical rate (0, m) := (M (O),m) of

accuracy for this class and for any ¢ € (0,00) we have AC,,(0,n,) < ¢(©,m)?. Then
on one hand for any f,

By = Fell ) = | ACH (O > o) > (6. m)".
On the other hand for =, there exists f, such that
By (1fp = Fall 1, (o)) < (0m)7 + (2M)TACH(O,11,,) < 9(©,m)".
In particular, this implies that for any 0 < ¢ < co we have for 1 <p < oo, s > d/p
(2.13) E(W,,m), = m- T ri=s/d.

In the case ¢ = 2 the lower estimate in (2.13) has been obtained by Stone [S] in 1982.
The corresponding upper estimate and a discussion can be found in [GKKW].
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3. No prior on f,. In this section we briefly discuss the following setting. We now do
not impose any restriction on the unknown measure p, except our standard assumption
lyl < M. In such a situation we, clearly, cannot estimate f, with a nontrivial error
estimate. Instead of estimating f, we now estimate the Lo(px) projection of f, onto a
compact W that we may choose. This setting is a more general setting than the one from
Section 2. Indeed, if we know that f, € © then fo = (f,)e = f,. Therefore, the results
of this section apply with W = ©. This remark motivates us to impose restrictions on
W in the same style as we did in Section 2. We begin with the upper estimates. For a
compact in Ly(px) set W denote by fu := (f,)w the La(px)-projection of f, onto W.
In other words

fw = arg;réivr;g(f)-
Let us denote
S =8(X)={W:e,W,C(X))<Dn™", n=12,..., WcCDUCX)}
THEOREM 3.1 ([CS], [DKPT1]). Assume that WeS". Then fornZAO(M,D,r)m_m
Pz E(faw) = E(fw) = n*} < exp(—e(M)man?).

THEOREM 3.2 ([KT1]). Assume that W satisfies (1.1). Then we have the following esti-
mates

Pz E(faw) — E(fw) = 0°} < C(M, D,r)exp(—c(M)mn*),
provided r > 1/2, mn* > 1;
Pz E(fow) — E(fw) 2 0} < CL(M, D) exp(—c(M, Dymn" /(1 + (log(M/n))?)),
provided r = 1/2, mn*/(1 + (log(M/n))?) > C2(M, D);
Pz E(faw) — E(fw) = 1°} < CL(M, D, r)exp(—c(M, D,r)mn*'"),
provided v € (0,1/2), mn?/" > Cy(M, D, 7).
In Theorems 3.1 and 3.2 we choose the f, y as the estimator. Theorem 3.2 gives the

following upper estimate for the accuracy confidence function. For W € 8", r > 1/2 we
have

(3.1) ACP (W,n) < C(M,D,r)exp(—c(M)mn*) for n>m /4

Let us compare this estimate with the corresponding estimate for AC,,, (0, 7). Theorem
2.6 gives for © € §”

(3.2) AC,,(0,n) < exp(—c(M)mn?) for n>m =,

The estimates (3.1) and (3.2) differ in two ways. First, the accuracy =< m” T in (3.2)
depends on 7 and better for » > 1/2 than the accuracy < m~4 in (3.1) that does
not depend on 7. Second, the exponent mn? from (3.2) in the bound for the probability
distribution function is better than the corresponding exponent mn* from (3.1). The
following proposition shows that we cannot improve (3.1).

PROPOSITION 3.1. There exist two positive constants ¢y, co and a class W consisting of
two functions 1 and —1 such that for every m =2,3,... and m~/* <n < 1/2 there are
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two measures py and py such that for any estimator f, € W for one of p = py or p = p1
we have
Pz E(fa) = E(fw) = 1°} = er exp(—eami?).

—1/4

In the case n = m this proposition has been proved in [KT1]|. The proof in

—1/4

the general case m < n < 1/2 is similar. Proposition 3.1 indicates that there is a

phenomenon of saturation for collections S” for r > 1/2.
In the case r € (0,1/2) Theorem 3.2 gives the estimate
(3.3) AC? (W, n) < exp(—c(M, D, r)ymn*") for n>m~"/2

Similarly to the above comparison of (3.1) and (3.2) we see that (3.3) is weaker than (3.2).
The following proposition from [KT1] shows that the accuracy bound in (3.3) cannot be
improved on the whole collection S”.

ProprosITION 3.2 ([KT1|). For any r € [0,1/2] and for every m € N there is W C
U(Loo([0,1]) satisfying €,(W, Loo) < n~" for n € N such that for every estimator f, € W
there is a p such that
Pz E(f2) = E((fp)w) Zm™"/4} 2 1/7.

We now present two results in the case of W satisfying a weaker condition (1.3) instead
of (1.1).
THEOREM 3.3 ([KT2|). Assume that W satisfies (1.3) with r>1/2. Let mp?(1+max(1/r.1))
> Ao(M, D,r) > 1. Then there exists an estimator f, € W such that

Pz E(fa) = E(fw) = 0} < Ci(M, D, r) exp(—cr(M)min?).
THEOREM 3.4 ([KT2|). Assume that W satisfies (1.8) with r € (0,1/2). Let mn?(+1/7)
> Ao(M,D,r) > 1. Then there exists an estimator f, € W such that
Pz E(fo) — E(fw) = 1°} < C(M, D, r) exp(—c(M, D, rymy* /7).

We now give an idea of proofs of the upper estimates of this section. This idea provides
a motivation for our interest in the problem discussed in the next section. Let W be a
hypothesis space. Then we have

g(fLW) - g(fW) = 8(fz,W) - gz(fz7W) + gz(fz,W) - gz(fW) + 5z(fW) - 8(fW)
< E(faw) = Elfaw) + E(fw) — E(fw).

Thus we want to estimate

sup [E(f) = E(f)]-
few

4. Estimates for L,(f). One of important questions discussed in [CS], [DKPT1],
[DKPT2|, [KT1], [KT2] is to estimate the defect function L,(f) := L, ,(f) := E(f)—&(f)
of f € W. If £ is a random variable (a real valued function on a probability space Z) then
denote as above

Be) = [ edp 00 [ (€~ B©Pdp
In this section it will be convenient for us to assume that

(4.1) forall feW, f:X—Y issuchthat |f(z)—y|<M ae.
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THEOREM 4.1 ([CS]). Let W be a compact subset of C := C(X). Assume that p, W satisfy
(4.1). Then, for alln >0

2
mn

4.2 Iz sup |Ly >nt < NW,n/(16M),C)2exp | ————5——5—— | .
(42) s sup (0] > 0} < NV 1600). 0200 (~ s s )
Here 02 := 0*(W) := sup ey 02 ((f(x) — y)?).
REMARK 4.1. In general we cannot guarantee that the set {z : sup,cyy [La(f)] > 1} is
p™-measurable. In such a case the relation (4.2) and further relations of this type are
understood in the sense of outer measure associated with the p™. For instance, for (4.2)

this means that there exists p™-measurable set G such that {z : supcy [L(f)| > n} CG
and (4.2) holds for G.

In [CS] this theorem has been derived from Bernstein’s inequality (2.11). We note
that other variants of this theorem can be found in the literature (see, for instance, [Po],
[GKKW]). Theorem 4.1 contains a factor N (W, n/(16M),C) that may grow exponentially
for classes W satisfying (1.1): N(W,n,C) < o(D/mM LA stronger (in a certain sense)
estimate than (4.2) has been obtained in [KT1] under the assumption that W satisfies

(1.1).
THEOREM 4.2 ([KT1]). Assume that p, W satisfy (4.1) and W is such that

(4.3) > nm%e,(W,C) < oo
n=1

Then for mn2 > 1 we have

p"{z sup |Lo(f)| = n} < C(M,e(W)) exp(—c(M)mn?)

with C(M,e(W)) that may depend on M and e(W) = {e,(W,C)}; ¢(M) may depend
only on M.

THEOREM 4.3 ([KT1]). Assume that p, W satisfy (4.1) and W is such that
302, (W,C) = o
n=1

For >0 define J := J(n/M) as the minimal j satisfying €25 (W,C) < n/(8M) and

J
SJ = Z 2(j+1)/262j—1 (W, C)

j=1
Then for m, n satisfying m772/53 > 480M? we have
P sup |La(f)] = 0} < COM (W) exp(—e(M)m/S5).
€

We formulate two corollaries of Theorem 4.3.

COROLLARY 4.1 ([KT1]). Assume p, W satisfy (4.1) and €,(W,C) < Dn™", r € (0,1/2).
Then for m, 1 satisfying mn*/" > C1(M, D,r) we have

p™{z s sup |Ly(f)] =} < C(M, D, r) exp(—c(M, D,r)mn*/").
fEW
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COROLLARY 4.2 ([KT1]). Assume p, W satisfy (4.1) and €,(W,C) < Dn~", r € (0,1/2).
Then for m, 1, 6 > n/(8M) satisfying mn>6'/"=2 > Cy(M, D,r) we have

p™{z: sup |L,(f)| >n} < C(M,D,r)exp(—c(M, D,r)ymn>s'/"=2)
fE./\/g(W)

where Ns(W) is a minimal 6-net of W in the C norm.

In [KT2] we have proved that it is impossible to have even a weaker form of Theo-
rem 4.2 if we use the Lo(px ) norm instead of the uniform norm C. However, it turned out
that we can prove an Ly(px) analogue of Theorem 4.2 for the §-net Ns(W) of W in the
L2(px) norm instead of W for §2 > 7. The following proposition shows that if we consider
entropy of W in L5[0,1) rather than in C[0, 1] then even a fast decay of e, (W, La(px))
(say, €,(W, La(px)) = o(n™") for every r > 0) does not guarantee nontrivial estimates
for supcyy |Lo(f)]. We assume that Y = [~1, 1], and thus, the functions f € W and f,
are uniformly bounded.

ProPOSITION 4.1 ([KT2|). Let N be a non-increasing mapping (0, +00) — [1, +00) such
that

lim log N(u)/log(1/u) = 4o0.
u—04
Then there exist a set W C U(L[0,1)) and a p such that
N(Wa €7L2(PX)) < N(G)
and for every m

p"{z : sup |L,(f)] <1/2} = 0.
few

THEOREM 4.4 ([KT2]). Assume that p, W satisfy (4.1) and W is such that
> n2e, (W, La(px)) < oo.
n=1

Let mn? > 1. Then for any § satisfying 5% > n we have for a minimal §-net Ns(W) of
W in the La(px) norm

Pz sup  |Ly(f)] =0} < C(M,e(W)) exp(—c(M)mn?).
FENs(W)

THEOREM 4.5 ([KT2]). Assume that p, W satisfy (4.1) and
(oo}
> e, =00, en = (W, La(px))-
n=1
Let 1,68 be such that 5% > 1. Define J := J(§) as the minimal j satisfying eo; < & and
J
Sy = 22(j+1)/262j—1, J>1;, Sy:=1.
j=1
Then for m, n satisfying m(n/S;)? > 36 M? we have

p"{z: sup )ILz(f)I > 1} < C(M, e(W)) exp(—c(M)m(n/S)?),

FENs(W
where Ns(W) is a minimal §-net of W in the L2(px).
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COROLLARY 4.3 ([KT2]|). Assume p, W satisfy (4.1) and €,(W, L2(px)) < Dn™", r €
(0,1/2). Then for m, n, 6> > n satisfying mn>6'/"=2 > C1(M, D, r) we have
p"™{z: sup |L,(f)| >n} < C(M,D,r)exp(—c(M,D,rymn>6*/7=2),
FENs (W)

where Ns(W) is a minimal §-net of W in the La(px).

On the base of the above discussion we propose to study the following function that
we call the accuracy confidence function for the defect function. Let a function class W
and a set M of admissible measures p be given. For m € N, n > 0 we define
ACE (W, M,n) = sup p™{z: sup |L, ,(f)| >n}.
pEM few

We note that the above function is related to the concept of the Glivenko-Cantelli
sample complexity of a class ® with accuracy 1 and confidence 9:

So(€,d) := min {n :Vm >n, Vp

pm{z = (21,..+,2m) : sup
IS

1 m

sdp - 23" 00| 2} < o},
[
In order to see that we define z; 1= (x;,v:), i = 1,...,m; ¢(z,y) := (f(z) —y)% @ =
{(f(x) —y)?, f € W}. One can find a survey of recent results on the Glivenko-Cantelli
sample complexity in [M].

Theorem 4.2 asserts that for W satisfying (4.3) and for M satisfying (4.1) we have

ACL (W, M, n) < COM, e(W)) exp(—c(Mymr?), 7> m"2.

Corollary 4.1 says that for W satisfying (1.1) with » € (0,1/2) and for M satisfying (4.1)
we have

AC? (W,M,n) < C(M,D,r)exp(—c(M,D,rymn*"), n>m".

It turns out that in some applications it is more convenient to have an estimate of
the ACY -function for a minimal J-net of W instead of W itself. Corollary 4.2 gives
the following estimate under the assumption that W satisfies (1.1) with » € (0,1/2)
M satisfies (4.1) and 6 > n/(8M):

ACE (N5(W,C), M, n) < C(M, D, r)exp(—c(M, D,r)ymn?s'/7=2).

3

Let now p be a fixed probability measure on X. Assume W is such that

Z "2, (W, Ly(1)) < co.
n=1

Consider M(W, p1) := {p satisfying (4.1) : px = p}. Then Theorem 4.4 claims that

for any p we have for 82 > n > m~1/2

ACL, (NG (W, L (), MW, ), ) < C(M, e(W)) exp(—c(M)mar?).

Corollary 4.3 states that for W satistying €, (W, L2(u)) < Dn~", r € (0,1/2) we have for
82 > n

AC? (N5(W, La(p)), M(W, 1), n) < C(M, D, r) exp(—c(M, D, r)mn?6*/7=2).
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5. Lower estimates for the Bernoulli scheme. We consider in this section the fol-
lowing estimation problem. Let y be a random variable such that
Prob{y = 1} = Prob{y =0} = 1/2.

Then E(y)=1/2. We begin our discussion with the standard estimator f,,,:==m=1Y"" | v;.
Then it is well known that

Prob{|fm —1/2| 2} =27"( 3 Ch),
|k—m/2|>me
where CF, are the binomial coefficients. It is easy to check that
Creame < N Ok < Cyemerme
|k—m/2|>me
with positive absolute constants C7, Cs, ¢1, co.

The main goal of this section is to prove that f,, is optimal in a certain sense among
all linear estimators. We will prove the following theorem.

THEOREM 5.1. For any € € [0,1/2], m > 2, and w = (w1, ..., W) we have
m cm—l 1
P {’ ii—12‘>}> —eme - S5 2
rob Zwy /2| > €p > exp| —cme 4Zk
=1 k=1
with ¢ = 25.

We begin with a technical lemma.

LEMMA 5.1. Lete € (0,0], 9n > €2, w, € [0,1/n]. Then for €1 := (e—w,/2)(1—w,)" !,
€2 := (e + wn/2)(1 —wy,)~" one has for c =25, f = (In2)'/2/5

(5.1) exp(—c(n — 1)€2) 4+ exp(—c(n — 1)€2) > 2exp (—cne2 _ ZL(TCD)

Proof. We consider separately two cases: I w,, € [0,1/(2n)] and II w,, € (1/(2n),1/n].

T

Cask I. Using the convexity of function e™* we obtain for any C' > 0
(5.2) exp(—C(n — 1)e2) + exp(—C(n — 1)€2) > 2exp(—C(n — 1)(€2 + €2)/2).
Next,

e+ =1 —wn) (€~ wn/2)” + (e +w/2)%) = (1 — wn) *(26° + w} /2).

Using the inequality

n—1
A—w)? <n for w,€]l0,1/(2n)]
we get
(5.3) (n —1)(e2 + €3)/2 < ne® + 1/(16n).

Substituting (5.3) into (5.2) we obtain (5.1).
CAaskE II. We rewrite
S = exp(—c(n — 1)e}) + exp(—c(n — 1)e3)
= exp(—c(n — 1)e}) (1 + exp(—c(n — 1)(e3 — €7))).
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We have an identity

€2 — €2 = 2wpe(l —w,) "2

Denote a,, := (n — 1)(1 — w,)~2. We have
(5.4) 1-1/n<ap/n<n/(n-—1).

Let us estimate & := ne? — (n — 1)e2. We have

0= €2< i (1 —wy,)? — 1> A + Apwne — apw? /4.

n—1
Using
n (1—wn)2
l—wy)?—1="—"T"—1>1-w, —1=—w,
p—q ) 1-1/n = Y v
we get
8 > AnWn€ — QpWne> — anwi/ll.
Therefore

S > exp(—cne? — caw? /4)2 cosh(canwy,e) exp(—canw, ).
We note that by (5.4)
anw? <a,n 2 < (n—1)"1
Thus we proceed to estimating cosh(Ae) exp(—Ae?) with A := ca,w,. By (5.4) and by
our assumption w, > 1/(2n) we get
(5.5) A>ce(l—=1/n)/2>¢/3, n=3,....
It is easy to check that for the function f(x) := cosh(Az) — exp(Ax?) we have f(0) =0
and f’(z) > 0 for 22 < (In4)/A in the case A > 8. The latter inequality A > 8 follows
from (5.5). Therefore,
cosh(Ae) exp(—Ae?) > 1 if € <In4/A.
By (5.4) we have A < cn/(n — 1) and, hence, for ¢ = 25 and n > 2 we have (3% =
(1/5)2In2 < In4/A for all A of the form A = ca,w,. This completes the proof of the
lemma.
LEMMA 5.2. For any e € [0,1/2], m > 2, and wy > wa > -+ > wy, >0, > w; = 1 we
have

m—1
(5.6) HAC[1,m)]: Zwi >1/2+4¢€}| >2™ exp(cme2 - %)
ieA k=1

B~ 0

with ¢ = 25.

Proof. Denote
Le,m,w) := {A Cl,m]: Zwl > 1/2—|—e}.
iEA
Then for any € € [0,1/2], m, w we have |L(e, m,w))| > 1. Therefore, (5.6) obviously holds
for m < 6, € € [0,1/2] and for any m > 6, € € [3,1/2], 8 = (In2)'/2/5.
We first establish Lemma 5.2 for € € [0, (9m)~'/2]. We will use a simple property of
the Rademacher functions {r;(¢)}.
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LEMMA 5.3. Let > |¢;| = 1. Then

mes{ ’iczrl ’<29n) 1/2}§175/(9n).

Proof. Denote

n

g:= Zciri and E:={t:|g(t)| <2(9n)"'/?}.
i=1

Then we have on the one hand

(5.7) lgll3 =Y e} > 1/n.
i=1
On the other hand
(5.8) lgll3 < (4/(9n)|E| + (1 — |E]).

Comparing (5.7) and (5.8) we get
|E| <1-5/(9n).
We continue the proof of Lemma 5.2 in the case € € [0, (9m)~1/2]. We observe that

(5.9) 2m|£(emw|fmes{ szr, +1/2>1/2+e}

:mes{ Z >2€}

Using Lemma 5.3 we obtain
27 L((9m) V2 m,w)| > 5/(9m).
This inequality combined with the simple inequality

>1In(2m), m=2,3,...,

gives us (5.6) in the case € € [0, (9m)~1/2].

It remains to consider the case ¢ € [(9m)71/2,ﬂ]. The proof of this case goes by
induction. As we have already mentioned (5.6) holds for m < 6. So, we assume that
(5.6) holds for m — 1 and derive from it (5.6) for m. Denoting w’ := (w1,..., Wn—_1),

wh = w' (1 — wp,)"?

(5.10) L(e,m,w) ={{m} UAA € L(e — wm,m — 1,w)}UL(e,m —1,w).
Next,

we get

L€ — wpm,m —1,w') = L((6 — wp/2)(1 —wy) "t m—1,w'),
Le,m —1,w') = L{(e + wm/2)(1 — wp) " tm — 1,wh).
Using the notations €1 := (€ — w,,/2)(1 — wy,) 7!, €2 := (€ + W /2)(1 — w,,) " we obtain
from (5.10)
|L(e,m,w)| = |L(er,m — 1, w")| + |L(ea,m — 1,wh)].
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By the induction assumption we hence get

m—2

[£(e,m,w)| > 27 exp(—j > ,1) (exp(—c(m — 1)&) + exp(—c(m — 1)e3)).

k=1
We want to apply Lemma 5.1 with n = m. The assumptions of Lemma 5.1 € € (0, ],
m > (3¢)~2 follow from e € [(9m)~'/2, 3]. Therefore, by Lemma 5.1 we obtain

|L(e,m,w)| > 2™ exp(cme - - Z >

This completes the proof of Lemma 5.2.

THEOREM 5.2. For any € € [0,1/2], m > 2, and w = (w1, wa, ..., wy) we have
m—1
1
HA C,m]: ’“EZAwl — 1/2‘ > 6} > 2mexp<—cme2 — 2 ; E)

with ¢ = 25.
Proof. Denote

L' (e,m,w) := {A C1,m]: ‘sz - 1/2‘ > e}.
iEA
Similarly to (5.9) we have

(5.11) 27 L (e,m,w)| = mes {t : ’iwi(m(t) +1)/2— 1/2‘ > e}.

Denoting s := Y., w; we continue (5.11)
m m

= mes{t : Zwiri(t) >1- S+2€} +mes{t : Zwiri(t) <l-—-s-— 26}
i=1 i=1

— mes {t 2> wilri(t) > 1— s+ 26} + mes {t S Julri(t) <15 - 26} —: My + Ms.
i=1 1=1
Denote a := Y., |w;| and u; := |w;|/a. In the case a > 1, s > 1 we have

Mlzmes{ Z“’” l—s)/a+2€/a}2mes{ z:u,rZ >2e}

We get the required estimate by Lemma 5.2. In the case a > 1, s § 1 we get in the same
way as above

(5.12) M5 > mes {t : Zuiri(t) < —26}.
By Lemma 5.2 we complete the case.
Let 0 < a < 1. Then using s < a we get
(1—-s)/a—2¢e/a> —2¢

and, therefore, (5.12) holds also in this case. It remains to use Lemma 5.2.
Theorem 5.2 is now proved.
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Theorem 5.1 is an immediate corollary of Theorem 5.2.

I am grateful to Professor Kwapieni for the following remark concerning the proof of
Theorem 5.1.

REMARK 5.1. One can use the paper [HK] in the proof of Theorem 5.1. This gives the
estimate

(5.13) Prob{‘ Zwiyi - 1/2‘ > e} > exp(—cme? — 6 — In8)
i=1

with ¢ = 128.

Also, S. Kwapien has given an argument how to improve the constant ¢ in (5.13) from
128 to 24.
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