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Abstract. In this paper we consider processes X; with values in L?, p > 1 on subsets T of
a unit cube in R" satisfying a natural condition of boundedness of increments, i.e. a process has
bounded increments if for some non-decreasing f : Ry — Ry

[Xe = Xsllp < F(IE=sl), steT.

We give a sufficient criterion for a.s. continuity of all processes with bounded increments on
subsets of a given set T'. This criterion turns out to be necessary for a wide class of functions
f- We use a geometrical Paszkiewicz-type characteristic of the set T. Our result generalizes in
some way the classical theorem by Kolmogorov.

1. Introduction. In this paper we investigate conditions of almost sure continuity of
processes with ‘bounded increments’ in L,, spaces, for p > 1. For a fixed probability space
and a non-decreasing function f: Ry — Ry we will say that a process (X;)ier on a
subset T of the unit cube in R” (with 7 fixed) has bounded increments if

Vster [ X — Xsllp < fdoo(t, ). (1)
More precisely, sets T C [0,1]", > 1 are considered, and doo($,t) = maxi<i<y |$; — ti,
for s = (s1,...,8y), t = (t1,...,t,) in R". It is merely a matter of convenience to use doo

instead of the natural Euclidean metric. We give a condition on 7" which is sufficient for
existence of a.e.-continuous version of every process (X;)iers satisfying onT' CcT
(Theorem (1| below). This condition is also necessary if the function f satisfies some
additional requirements (Theorem .
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The techniques which are used in this paper stem from the works of Paszkiewicz ([5],
[7] or [@]). Therein similar operators, albeit based on conditional Ly-norms, were invented
to give a complete characterization of a.e. convergent orthogonal series (and processes)
in Ly (cf. our formula (). It is also worth noting that much similar operators were also
used in [§] for insurance pricing in an unconventional reinsurance model.

The theory of processes with bounded increments on a general compact space T, where
the right-hand bound in (1)) is a metric on 7', was extensively investigated in e.g. [9], [2],
[1]. The special case of the unit interval with an additional assumption of continuity of
fin was investigated by e.g. [3]. This result generalizes the approach used in [4]
to investigate a.s. continuity of processes with bounded increments with respect to the
metric (d)€, 0 < € < 1, on the unit cube.

2. Criterion of continuity of processes on subsets of unit cube in R”. In order
to present the crucial characterization of sets T' C [0, 1]” we will define the sequence of
sets A; = AT, i <0 determined by 7. We will omit the superscript whenever it does not
cause ambiguity.

Foranyi>0and 0 <n <2—1let Pi = [n27" (n+1)2") and P, , = [1—27"1].
We consider families of dyadic (i-atomic) cubes in [0,1]", i.e.

Fl={Pi,x...xP,:0<n* <2 1<k<n}, i>0. (2)
Moreover we will also consider the o-fields
Fi=0(F), i>0 (3)
and finally we define for T C [0, 1]"
Ai=Al=(zeF:Tcz}y, i=o (4)

For h € LP([0,1]7) we will use an unusual but convenient notation for the conditional
Ly-norm, i.e.

pi = (E(RPIF))7, =1 Al

7] 2 po = [Pl = VE[A[P.
The expectations are taken with respect to Lebesgue measure in [0, 1]7.

Our criterion of sample continuity is based on so-called Paszkiewicz-type operators
associated with sets 7' C [0,1]". Thus to formulate Theorems [I| (below) and 3| which

constitute the main result of the paper, we need to define for any integer ¢ > 0 the

operators

V=207 (2 + Bl for he LP([0,1]7). (5)
Once again we will omit the superscript 1" whenever it is clear what set determines
the operators in question. A basic observation is that those operators are positive and
increasing with respect to T and with respect to positive arguments h.

THEOREM 1. Let Ty C [0,1]" and V; = VZ-TO, 1 > 0 be the operator associated with the set

lim Vp...V,0 < . (6)

n—oo
then for every countable T C Ty and any process (Xi)ier with bounded increments on T
(cf. [@) (Xi)ter is a.s. path continuous.
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Before we present the proof of Theorem [1|let us introduce the following lemma

LEMMA 2. Let T C [0,1]7 be countable and the operators V; = V', i > 0 be given by (@
If (Xt)ter is a process with bounded increments on T, k > 0 and B(t,€) denotes a e-ball
in (T,dw) then for anyt € T

sup | X — X
s€B(t,27F)

<47 lim ||[Vi... V0, +27£(27%).
P n—oo

Proof. Fix a point ¢ € T. First let us notice that since (X;)ser is separable we have
sup | X — X5
s€B(t,2F)
Let F' be a finite subset of T" such that ¢t € F' and let i9 > k be an integer large enough
so that F;, separates the points of F' e.g. iy satisfying 2% < ming ,er doo (s, w). For any
i <ig, and for any §; € F} (cf. ) such that 6; N F # 0 let us fix an element t5, € §; N F.

Obviously || max.es, nr [ Xs — Xi,, ||, = 0 for all §;, € F7, 6;, NF # 0. Let us assume
ig
that for some ¢ < ip and all §;41 € .7-'%_1, Siv1 NF #£ 0,

sup | X — X5
s€B(t,2=F)NF

= sup
p FCT: F finite

p

seglff%F | X = Xt&i+1 |Hp =2 HH‘SiHVi-*‘l s VioOHP'
Then, for any §; € F? we have the estimate
X, - X ’
sgt%?%(F| 8 t5i| p
SH max X¢. _X'H —|—H max max | Xs — X;, ’
511+1€-7'-'LQ+1 | foita tal‘ P 5i+1€f?+1 566i+1ﬂF| 3 t51+1| p
0i41C0i, 0341 NF#D 0i41C0;, 6i1NF#D
1
< 91 f(2-i ( 3 X, — X p) ’
<27 + | e X~ Xo,,
57‘,+1€~7:?+1757‘,+1C5i
8it1NF#D
1
<o+ (0 Vi Vi)
Sit1€FY 1,8:41C9;
= 27(]|2 £ (27 Vs, llp + |1Ts, Vi - - VigOllp.illp) = 2715, Vi - - Vi Ol -

Finally, by induction and a similar estimate we have

sup | X: — X5

s€B(t,2=F)NF p
< max [ X, = Xull| + max max | Xs— Xy, |
—k k+1 —k 65- NF k+1
5k+1ﬁB(t,2 )75(0 p 5k+1ﬂB(t,2 )#@ S5C0k+1 p
5k+1€]:2+1,5k+1ﬂF7é@ 5k+1€-7:18+1

<27f(27F) + AN g2-+-1) Vi1 -+ VigOllp
<47 lim |[Iggo-r-1)Vi... VaOll, +27f(27%). m

n—oo

Proof of Theorem . Let ¢ be a point in 7. Let k > 0 be an integer. Notice that f(27%) =
||Vk{t}0||p. By (6) we have for &, € F

lim ||Is, Vi ... V50|, — 0 for £ — oo,
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thus by @ we can choose an increasing sequence of integers (k;);cn such that
SO+ Jim |[Lpg, 0401 Vi, - VaOllp) < 00
ieN
With B(t,e) denoting the d..-ball with centre at ¢ and radius e, since obviously
0<VI<Vi=V™ i>0,by Lemmawe have

sup [ Xy — Xy
SEB(t,27ki)

< 27f(27F) + 47 lim L g-ki-1y Vi, - - - VaOllp-
P n—oo

This implies that D ;. Esup,ep(s,0-#:) [Xs—Xi| < 0o, which (by properties of monotonic
sequences) yields
sup | Xs—X¢| — 0 as. with i — oco.
sEB(t,27 ki)

Thus (X;)ser is a.s. continuous in ¢t € T'. m

THEOREM 3. Let Ty C [0,1]7 be a closed set and V;, i > 0 be the operators associated
with the set Ty by . If the non-decreasing function f introduced in satisfies an
additional growth condition, namely for some constant C' > 0

i F7+ i iRy <C 27", n>0, (7)
k=n k=0

then whenever
lim Vy...V,,0 =00

n—oo

there exists a countable T C Ty and a process (X¢)ier with bounded increments on T
which is a.s. discontinuous at some ty € T.

It is convenient to first prove the following lemma.

LEMMA 4. Let T C [0,1]7 and let V; = V,', i > 0 be the operator associated with the
set T by . Assume that a non-decreasing f satisfies , for some C' > 0. For any
integers jo < io and dj, € .7-'300 there exists a finite F C 0;, NT and a process (Xi)ier
with bounded increments (cf. (1)) for which

1 iy
[ 6 2 oW Vi Vil s 1Xelly < Ko @7), (8)
where K¢, > 0 is a constant.

Proof. Fix integers jo < iy and a set §;, € .7-']00. Let F' C T'N§;, be a finite set satisfying
AT nd;, = AF (it is enough to choose one point from each nonempty set in the family
(T N6, N6)sero ), according to .
0
Now by induction we define sequences of variables & and X[, t € F, jo < k < iy on
the probability space [0,1]". For t € F let

X (w) = Y 2077 f(27) (1 - 27d(t, ) Is(w)ar (),
SeFY
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where AT := max{A4,0}, A € R. Moreover let §;, = |[Ia,, ||p io—1la,, with 0/0 := 0. Then
inductively we define for jo <k <ig

Xp(w) = XpHw) + Y 2" f27) (1 - 28d(t, 6)) TT5 ()€ (w),
seFy

maxieprs,, X (@)

{k(w) = T R for 6p_1 € .7:]8717 w € (5}671,
|| maXie FNég_1 Xt Hp,kfl

withO/O:anndﬁk;OifFﬁék,l:(Z). A
For the process Xgo, t € F we have maxcp || X{°||, < 37Cf(279°) since by an easy
computation using (7)) for any jo < k < iy and ¢ € F' we have

1XElp < Z DR - 2%d(t,6) |, < 3"Zf 27) <37C- f(27%) (9)
i=k §eF) i=k
(notice that for any i > 0 the term (1 — 2id(t,8))" is positive for at most 3" sets § in
F9).
To demonstrate that the first stipulation in is also satisfied (up to some constant
factor) for the process (X7°)icr we will inductively show that for any &, € F) we have

maLXXJ0
teF

2 H]L; max X]0
0 te PNy,

» > ||]I5j0 ijo s ‘/ioO”P'
Assume that for some jo < k < ip and any & € ]—'}3 we have

HJLsk tg;%)gkX H > ||Ls, Vi - - - Vig Ol -

Notice that this is indeed true for k = iy, namely

|ITs, max XZOHP = 2i0"/pf(2_i°) .

0 teFrs, P = ||H5i0‘/ioo||p7

for any 6;, € }-0 For any 0,1 C AF | = Al || 6,1 € F)_,, by collinearity of
mMaXte Froy,_, XF and &, on 0g_1, the followmg estimate holds

teFNék_1 teFNék_1

> H(H Is, max Xk
- Z . S teFNS

51 CO—1, 0k EFD

>H< > 20k=n|[I5, Vj, ... Vi, O||5 + 2= Dn/P f (2~ “)))Hgk_l

81 COr—1, 0k EF}

H]LSH max X{HH :H}L;H[ max (th+2(k’1)"/pf(2’(k’1))Ek]l(;Fl)}Hp

p.k—

R LS (OO PR ey ) oA

< > 20 0||Ly, | max XF|J}+ + 2= /P (9= (= ”))HJH

85 COk_1,0kEF?

P

p
= || L5, V=1 Vi - .. Vi, 0]l -

Now, let us assume that s,¢ € F' and let j be an integer satisfying 27 < d(s,t) < 27+,
By (7) we have
F277) < fd(s,1) <2C- f(277). (10)
We will show that || X; — X||, is also of order f(277).
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We have
1X70 = X2, < I1X7° = X7 + XI = XPlp + 11X 11, + 11X,
and

1X7° = X7 + X2 = X2,

(1 — 2%d(t,8))F — (1 — 2%d(s, 8))F|2¥/P f (2~ 5,.3115H

k=jo s€ FY

< Z 2-3"d(t,s) - 27F f(27F)
k=jo
since the expression |(1 — 2%d(t,8))" — (1 — 2Fd(s,)) | is positive for at most 2 - 37 sets
§ € FP, k >0, and it does not exceed 2¥|d(t,8) — d(s,d)| < 2*d(t,s). By @, we
further obtain

j—1
Z 2-37d(t,s)- 27" f(27F) <2.37 Y 27k p(27h) <2.37C - f(27).
k=jo k=jo
This, together with @, implies that ((4C37)~1X7°),c p has bounded increments. Thus
it is enough to take X; = (4C37)71X]° for t € F, and K, c = 4C3". m

Proof of Theorem @ Recall that Vj, = V,CTO7 k > 0, are operators associated with the set
Tp. Since limy oo |V ... V,T00]|,, = 0o and

Vi ... VnOHp,k < [|Vk.. ~Vk’0||p,k + Vst - - VnOHp,kv 0<k<k <n,

by subadditivity of conditional norms, we can choose a sequence (5’“) k>0 of sets such that
3k € FO (cf. [©)); 6% c 851, k > 0 and

lim [T V... V.Io0|, = cc. (11)

Let us consider the point tg € Ty = cl(Tp), where cl(-) denotes closure of sets, satisfying
to € k>0 cl(0%1). Let mg be an integer such that all binary-rational coordinates of tg
are multiples of 270 If all coordinates of ¢ are binary-irrational put mg = 0. It is easily
seen that for all & > m there exist & > k such that deo (0%, 6™\ 6%) > 0, for all k& > k.
Namely, let k& > my. If for every k' > k we have d(6*, 5™ \5’“) = 0 then d(to, 0™\ §¥) <
limy o diam(6%) = 0. Thus, since to € 6* and ty € cl(6™ \ §*) a coordinate of tg
which is not a multiple of 27™0 is a multiple of 27%. This is a contradiction. Obviously
d(6™o \ 6%) < d(6*", 50 \ 6F), for k" > K.

Let us set kg = mg. Assume that k;, m; for some i > 0 are defined. Then, since for
m > k; by e.g. the monotone convergence theorem

mlgnoc 5, Vo™ VTN 0|, = (L5, VIO V00,

the condition (|11)) implies that we can choose integers k; 11 > n; so that
Q Ski — L
[Tge, VIO TN s 9 K o+ K2 (2R, (12)

as well as

doo (8551, 550\ §7) > 0. (13)
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By Lemma {4 for each ¢ > 0 there exists a finite subset of F; of Ty N ki \ 5" and a
process (X})ier, with bounded increments such that

max X/
teF;

Let us fix 7(i) in F; such that d(to, 7(i)) = d(to, F;). By taking X! = X/ — )N(i(i) or

X} = f(i(i) — X} we obtain a process X} with bounded increments for which

, 2 Knef @) 42 maxIXily < Ko f(27F).

‘ max | X}
teF;

>1, Xi,=0.
= ()

Set ¢; = maxyer, | X{|. It is a standard argument that by taking X} = X;'g[l/p, teF;
on the probability space ({¢; > 0}, A;), where dA; = [|(;||,7¢; d\ we obtain a process
(X})ter, with bounded increments and

X!, =0and max|X/|>1 ae.
(@) tek; ¢

Let T = ;2o F; U {to} and (X¢)ier be a process given by the following:
— (X¢)ter, and (X})er, have the same distribution, for i > 0,

- Xy, =0 ace.

Let (t,)nen be a sequence of all elements of U;OZO F;. Naturally t,, — to with n — oo.
Moreover min;>o maxcr, |X¢| > 1 on some set of full measure. Thus almost surely the
sequence (| X, — X, |)nen attains a value greater than or equal to 1 for an infinite number
of indices.

It suffices to show that (WlﬂXt)teT has bounded increments. Let t,s € T. If t € F;,

sechng’ forsomej>i2()thenby
27K < oo (689,670 \ 68 < doo (Fj, Fi) < doo(t, s),
since for arbitrary k > 0, A, B € F}, the quantity duo (A, B) is a multiple of 27%. We also
have
(t,s) +d(s,to) + d(to, (1)) < d(t, s) +27% + d(to, t)

doo(t, 7(2)) t
(t,s) 4+ 275 + d(t,s)+27% < 4d(t,s)

<d

<d
and by
10 = Xullp < I1Xe = Xogollp + Xl < F(4d(t, ) + (27

< f(4- 200800y 1 f(d(t,5)) < 4Cf(2M082 19T) 4 f(d(t, 5))

< 8Cf(d(t,5)) + f(d(t,s)) < (8C% + 1) f(dwo(t,5)). m
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