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Abstract. We describe a new model of multiple reinsurance. The main idea is that the rein-
surance premium is paid conditionally. It is motivated by some analysis of the ultimate price of
the reinsurance contract. For simplicity we assume that the underlying risk pricing functional
is the L2-norm. An unexpected relation to the general theory of sample regularity of stochastic
processes is given.

1. Introduction. The aim of this paper is to present a model of multiple reinsurance in
which the premium is paid conditionally (to be explained later). We formulate a theorem
on stability of the insurance system, i.e. for a wide class of such reinsurance systems the
total price of the insurance is approximately the same.

For clarity, randomness is modelled by considering the probability space [0,1) with
the Lebesgue measure A as the probability. If a random variable R: [0,1) — [0,00) is
interpreted as the insurance risk then its Lo-norm ||R|| = VER? is considered as the
price of the insurance. The use of the Ls-norm is assumed only for simplicity since the
model presented in this paper can be easily generalized.

A first of our ideas can be explained as follows. With the risk function R given, one

could consider a stop-loss reinsurance with the premium given by the following formula
1/2

P(R) = (E[((R—k)*)?|F]) ",

where k is the stop-loss level and F is a o-field representing the information available at
the time of purchase. The premium P(R) is a random variable and it is paid conditionally.

We also suggest (and it is our second idea) that in this setting a sequence of reinsurers
can be considered. Namely the Oth reinsurer is the insurance buyer himself, the 1st
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reinsurer is the insurer who accepts the risk of R—(R—k;)", with k; being the appropriate
stop-loss level. Analogously (R — k;—1)" — (R — k;,)* expresses the risk accepted by the
i-th reinsurer. This leads to the ultimate reinsurance price of the form

Price= Py (R—0)" = (R—k)"+ P (R— k)t —(R—ka)t + P2 (..))),
where P; is the conditional premium paid by the i-th reinsurer.
We shall explain the idea with the following example. Set
1/2
IR||F = (E(R*|F)) " (1)

If we consider an insurer and reinsurers described by ‘reinsurance levels’ k1 < ks, and by
o-fields F, C Fo C B[0,1) and if Fo = {0,[0,1)} then

Py ((R=k2) ") = (R = k)" ||, (2)

is the premium charged by the 2nd reinsurer,

PL((R—Fk)T = (R—k2)T + [[(R—k2)T || 5,)

= [(R=k1)" = (R—=ka)* +[|(R—k2) ¥ 5, (3)

ls,

is the premium charged by the 1st reinsurer,

Py (| (R=k)* = (R = ko)* + (R = k) 12|, )

= IR~ k)* = (R = k) + IR =) Il | @)

I,

is the premium charged by the insurer.

In order to describe our conditional pricing scheme it is necessary to introduce a
filtration of information available to consecutive reinsurers. For simplicity we start with
considering the filtration Fj, k > 0 associated with dyadic partitions of the unit interval
(into 2% equal-length parts):

Fe=o([n27F,(n+127%):0<n<2"), k>0 (5)

The main result of the paper states that the ultimate premium paid by the insurance
buyer is (almost) independent of the model parameters (cf. Theorem [2.1)). The system
of conditional reinsurance pricing is described by some subfiltration (fki)zzo (satisfying
rather weak requirements (12])). This implies that the final result is considerably general.

Section 2 specifies the model and presents the main theorem. It is interesting that the
cited fundamental Lemma[2:2] was used to solve a classical problem of characterization of
all orthogonal a.e. convergent sequences ([3], Theorem 1.6). In section 3, a short overview
of the theory and related results is presented.

The last Section 4 features examples, which show among other things that some
assumptions on the sequence of ‘reinsurance levels’ are necessary. These examples require
some technicalities. We also discuss the relations between our model of premium with
other models of reinsurance pricing. Models are compared with respect to the value of
the ultimate premium paid.
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It is natural that further generalizations of the insurance pricing at a single step should
be considered, e.g. described by an arbitrary Orlicz norm instead of the Lo-norm. It turns
out that the reasoning presented in this paper finds a clear generalization at least to the
case of Ly-norm, p > 1. This should however be presented elsewhere since some parts of
the paper are, even in the present setting, quite technical.

2. Reinsurance based on conditional premium. In this section we present the main
result on the ultimate premium paid by the insurance buyer in the model suggested in
our paper (Theorem . Namely, we assume that we have a sequence of reinsurers
of ‘increasing levels’ i = 0,1,...,j. The premium of (higher) level i + 1 is an
Fi-measurable random variable (see ) paid by the reinsurer of level i. We
give an upper and a lower bound for the ultimate price of insurance in the system. As
mentioned before we assume that each reinsurance is based on the stop-loss scheme. An
additional assumption on the reinsurance sequence is suggested by formula (12]). This
assumption is in fact not very restrictive but, as implied by examples given in Section 4,
an assumption on the reinsurance sequence could not be omitted (for validity of Theorem
2 1).

Let us recall that we consider the probability space ([0,1),)), with A being the
Lebesgue measure. We also consider the filtration and conditional Lo-norms

1/2
lgllz = (B(e21F:) ", g€ Lool0,1), k >0,

with E(-|F%) being the conditional expectation in ([0, 1), A).

Let us fix a non-negative risk function R, a sequence of non-empty events (Ag)i>0

and a sequence of integer levels k = (ko, ..., kj(x)) satisfying
0="FKo <k <.. <kju=:L (6)
and
0,)=A¢0DA1D..., Ay Fi, k>0, (7)
R:[0,1) = 0.0, 1= kg0, ®)
{R>k} CAy, C{R>k}, 0<i<jk). (9)

Let us define operators Vi, k > 1 on L[0,1) by (cf. [3], Section 2a or [2])
Vig = ]IAIC + ||g||.7'-ka g & LOO[O7 1) (10)

We also define a sequence of operations in L[0,1) associated with the risk function R
and the sequence k by

Py =(R—ki-)* = (R— k)" +lgll7,, g€ Lol0,1), (11)

for 1 <i < j(k), according to ideas given in (2), (3), ().
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THEOREM 2.1. Let conditions , , @ be satisfied for some R and (A;);>o. If the
‘reinsurance system’ k = (ko, ..., k;x)) satisfies @ and
{202, .3 n{1,...,1} C {ko,....kjao} (12)
then
%Ilvl VIO < (1P P O < 2][Vi L Vo + 1 (13)

The quantity ||V ... V0| is determined by the sequence of events Ay C ... C Ay,
which may be interpreted as a description of randomness associated with insurance loss
and the information available to the (re-)insurance buyer. The ‘pricing’ operators P,fk,
1 > 0 are on the other hand dependent on the risk function R and the assumed levels of
reinsurance k;, thus on the assumed ‘reinsurance system’ k. Thus Theorem is in
fact a theorem on stability of the price of insurance in the model suggested
in our paper. Despite the constants %, 1, 2 in the formula the result is, as implied
by the examples of Section 4, Theorems .1} [£.4] still meaningful.

The proof of Theorem is connected with the properties of the operators Vi, k > 1
described in [3], Section 2a. Namely, taking additionally

Vig = 2i71HA2i + llgll2i, 9 € Lo[0,1), >0 (14)
we have the following estimate for any fixed I > 1, with j(I) given by
2001 <1 <20, (15)
LEMMA 2.2. For any sequence (Ay)r>1 satisfying the following estimate is valid:
Vo o V0 <Vi...Vi0<2V... V0 + 1.

The proof can be found in [3], Section 2.4, Step II-III.

In order to prove Theorem [2.]] it is convenient to generalize our notation. Let us
recall that we have fixed the sequence of sets . In the following reasoning we will be
considering classes of risk functions, rather than a single risk function R.

For any increasing sequence k = (0 = ko, k1, ..., kj() ) of integers we define operations
(cf. (11))

P9 =(Q-kis)" = (Q—k)T +lgllm,, 1<i<jk). (16)

By definitions , we have immediately the following lemma.
LEMMA 2.3. Forj >0, k=d:=(0,20,2",...,29), Q= =Ia,, +>7_, 2" 'Ia,, we have:

P Y=V, 1<i<y,

- 1
P;g d_ §HA20 + V.

Proof. This follows simply from the definition since (Q —2~1)* —(Q —2')" =275 ,,
1>1. m

The following two general lemmas are straightforwardly implied by monotonicity and
subadditivity of conditional Ls-norms. For our increasing sequences k we have:
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LEMMA 2.4. For sequencesk Ck' = 0=k} <...< k;;.(k,) = kja) and for Q:[0,1) —
[0, kj)] satisfying (cf. @))
Vo<i<ij(x) HA% €Fy {Q >k} C Ay Cc{Q > ki,
we have
P PR o< PIY . P,ffi’/)o. (17)

Proof. The lemma can be obtained by repeated use of with only one additional index
k' in k'

K' = (ko kig—1, K Kig, - - -, Kjae))- (18)
By and monotonicity of conditional norms, it is enough to show that implies

k k' k'
1P, < 1P P2 g5, .

i
for g supported on Ay, . This can be done by using the condition {Q > ki} C Ay, C
{Q > k}}, namely

Pfkg = H[O,l)\Ak/Pi?kg + HAk,Piffkg
= [(Q —kiy—1)T = (Q — kl)ﬂ Toipna, +
[k = Kig—1 +(Q = k)T = (Q — ki)™ + [lgll 7, ] Ta,.»

thus by subadditivity of conditional norm

1P gl 7, < Q= kig—1)" = (@ = k)| 5, Loana, +
Hkl - kio*l + (Q - k/)+ - (Q - ki0)+ + HgH]:ko H]:k, HAk,/

< @ k)" = (@ =) + (@ = K)F = (@ = ki) + gl |,

Fur
LEMMA 2.5. For Q < @', Q,Q": [0,1) — [0,00) we have

Qk Qk Q'k Q'k
Pk1 ...ij(k)o < Pk1 ...ij(k).

Let us once again fix a risk function 0 < R < [, satisfying @, in which k satisfies @
and . With j(I) given by :
211 1 < Qj(l)7
let us consider the following two functions

J(—-1 j()—1

Q_ = HA20 + Z 2i_1HA2i7 Q+ = H[O,l) + Z 2i]IA2i' (19)

i=1 =0

Their useful properties are given in the following lemma.

LEMMA 2.6. For functions Q~, QT given in and our risk function 0 < R < [,
satisfying @D, where k satisfies (@, we have

Q- <R<Q" .
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Proof. By @D, we have
O
Q =T, + Y, 27'Ia,
i=1
i-1 ,
<SR- —(R-2"+ > [(R-27)" = (R-2)"]1a,,,

=1
i) _
S(R—O) R 20++Z 22 1 _(R_21)+]:R

i)
<Toy+ Y 27, , =QF.
i=1
Proof of Theorem- Let 0 < R <[ be arisk function satisfying @D where k satisfies @
(12). Let us observe that for e := (0,2°,...,2/)=1 1) € k and for d := (0,2°,...,2/®)

we have Pfe0 = (R —2/(-1)+ = P£g>0 By Lemma [2.4{ we immediately have

Py P 0= Pyic... B0 < P BT 0.
Similarly by Lemmas 2.5 and [2.6]

d d
Pg 4. P20 < PR PR,

and by Lemma 23]
- 1
Pg 4. P¢0= 5tV Vi

Finally, Lemma [2.2] implies
1
2V Vo< - + Vo...V; 00,

which further yields the first inequality in .
By Lemmas and we have

Rk Rk Q+k QTk
Py ...ij(k)O < Ps Y o 0. (20)

Let us define a new sequence of sets
A=Ay for 28 <k<2™i>0; Af=][0,1).

Then we have A; =Aqg,1>0and A € F, k> 0.
We should note that the function QT satisfies the assumptions of Lemma with
k' =n:=(0,1,2,...,1) and with A} instead of Ay, k <, thus
PRk pRTkg < pQTn | pATmy
kl k (k) . l .
We also define a new set of operators
Vifg=2""1z+ +llgll7,., g€ Locf0,1), i>0,
21
and
Vitg =1Iar +ll9ll7, 9 € La[0,1), k0.
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By definition for i > 0 we immediately have V;" = V; since Ay = A; We also have

(cf. (19))

j()-1 210 1
+ U —
QT =Ly + Y 2Ta, = Y Inr
i=0 k=0
thus P@'™ = Vi 1 < k<1 (cf. (1)),
It is now clear that
+ +
PR PO =V . VYO
and by Lemma [2.2] we have

Vit vto <1+ 2vf. 0=1+2Vy...V;)0.

J(l)
Finally, we have
14+2),.. V l)() <1+42V;...V0,

by Lemma once again. By . ) the second inequality in is proved. =

3. Relations to maximal functions of stochastic processes. Let us note that the
operators V;, i > 0 and Vi, k£ > 1 turned out to be a very useful tool in investigation
of continuity of processes with orthogonal increments in Ly and bounded increments in
L,. In particular Paszkiewicz in [3] used both sets of operators to prove the following
theorem. Let us say that a process (X;)ier satisfying X; € Lo, t € T is a process with
orthogonal increments if

”Xt - XS||2 = ‘t - 5|a s, teT.
THEOREM 3.1. Let T C [0,1]. Every separable process (Xi)ier, X; € L?, t € T with

orthogonal increments on T is sample continuous if and only if the set T possesses the
following property: for Ay = ({Z € Fr: T C Z}

klim IVi...V&0| < oo,
according to .

The proof of the theorem is unexpectedly hard; especially the construction of a dis-
continuous orthogonal process in case when limy_, ||V1 ... V40| = oo requires a number
of combinatorial lemmata. In [2] a variation of the operators of V;, ¢ > 1, was used to
investigate sample continuity of processes in L, satisfying a weaker condition. Below, |- |

is the maximum norm in R” and || - ||, denotes the L,-norm. We use the standard dyadic
o-fields F2" in [0, 1] (cf. .

THEOREM 3.2. Let T C [0,1]", ¢ > 1. Every separable process (Xi¢)ier, Xt € Ly, t € T,

satisfying
1 X — Xsllp < ¥/|s—t], s,teT
is path continuous if and only if T satisfies: for A, = ({Z € ]—',?": T C Z}, VPh =

ob/a-in/rLy, + ([E(gr|FE"). g € Ly,

klim IVi... V40| < 0.
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Path continuity of processes with bounded increments in a more general setting was
also investigated by means of so called majorizing measures. In particular Talagrand in
[4] showed for a large class of Young functions ® that whenever for a compact metric
space (T, d) we have

. diam(T") - 1
M(T) = 1nf{§2$/0 ot <m{S€T: 06D <6}> ds:meP(T)} <oo (21)

(with P(T) denoting the set of all Borel probability measures) then all separable processes
(Xt)ter satistying || Xt — Xsllo < d(t,s) (i.e. E® (| X — Xs|/d(t,s)) < 1), s,t € T are
path continuous. Any m € P(T) for which the supremum in is finite is called a
majorizing measure. The condition M(T') < oo is also necessary if & grows faster than
the function ®.(x) = 27™"@+e) for some v > 0. In [I] it was also shown that is
also necessary for, roughly speaking, metrics being a root of a metric, i.e. d? is also a
metric in T, for some g > 0 (see [I] for details).

The following surprising theorem can be deduced from our reasoning and from [3],

[2]. Tt connects our reinsurance model with properties of stochastic processes on a set
T and with majorizing measures for || - ||lo = || - ||, d(s,t) = +/|s —t|. Thus we put
. 1
M(T || 1)) := infreper) suprer Jy /1/m{s € T: |s —t] <&} de.
As a crucial assumption we need the following

Av=({ZeFR:TcZz}, k>0 (22)

for our sequence .
THEOREM 3.3. Let 0 # T C [0,1] be a finite set. Let Ay be defined in (22)). Let k be a
‘reinsurance system’ 0 = ko < k1 < ... < kjx), satisfying

{202, .. n{1,2,3,... , kjao} Ck,

27%i09 < min [s —t].

s,teA
Let R: [0,1) — [0,k;q)) be a risk function satisfying @) For the operators Pkljk, i>0
defined by we have

| PP 0] ~ M(T, - ) ~

sup E max (X; — X,) ~ sup E max(X; — X5). (23)
X process s,t€A X process s,t€A
with bounded inc. with orthog. inc.

The relation ~ in the above theorem denotes equality modulo some universal constant,
i.e.

1
S~P=d4er |-S—a<P<aS+al,
a

for any quantities S, P.

4. Important examples. In this section we present some technical examples which
compare the conditional reinsurance scheme with two other natural schemes. As it turns
out, the total price of the insurance with conditional reinsurance can be con-
siderably larger than the price of the insurance without reinsurance (Theo-
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rem [4.1)); it can also be considerably smaller than the price of insurance where
all reinsurers are paid unconditionally (Theorem [4.4)).

The theorems of this section imply that our insurance system with conditional rein-
surance premiums is optimal if there is no single insurer willing to price the risk R at
|R||. Our conditional pricing scheme can also produce the ultimate price any given factor
lower than the premium in a system where all the reinsurance premiums are paid naively,
summing up to

(R ko)™ — (R—ki) [+ ... + (R = kjao-1)" — (B —kja0) Tl
THEOREM 4.1. For any C > 0 there exists a sequence [0,1) = Ay D Ay D ... D Ay,
Ap € Fr, 0 <k <27 and a function R: [0,1) — [0,27), for some j > 1, satisfying
{R>2'}C Ay C{R>2"}, 0<i<yj,
and for d = (0,2°,2%,...,27), according to , we have
CIR| < ||PES... PE].

Before we proceed to the demonstration of the theorem first let us fix the following
notation. Let us notice that each o-field Fy:, i > 1 can be interpreted as the product
Foi-1 @ Fai—1. Thus for any i > 1 there exists an event A; € F: independent of Fyi-1
with A\(A;) being any given multiple of 22" Let us fix a number h > 1 and a sequence

(A;)i>p for which for every integer ¢ > h we have A; € Fy:i and the set A; is independent
of Fyi—1. Moreover A; satisfies

1/ i \? 1/ i \*?

- <A(A) < = . i>h 24

4(¢+1> <A )_4<i+1> i (24)
Such h (and sets A;) exist since for the bounds in we have %(ﬁ)i&&_ %(ﬁ)Q >

22" for i large enough.
We can additionally define
Ag,...,Ap =10,1). (25)
Now we can define
Ayi=AgN...NA;, i>0 (26)
and also
Ay =[0,1),
Ap=Ay, 20<k<2 i>0.
Thus Ay, € Fi, k> 0.
Let j € N, j > h. We define a risk function R; by
Rj=In, +2%0a, +...+2 7' Ia,. (27)
Now for the notions defined above we can formulate the following lemmas.
LEMMA 4.2. With R; as above we have R;: [0,1) — [0,27] and
{R; >2'} =Ny, 0<i<y,
{R; > 2} = Agira, 0<i<j,
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in particular @ holds for (ko, ..., kja) = (0,2°,...,27). Moreover (R; — 2'~1)*
(Rj—2)" =271a,, 1<i<jand Ry — (R; —2°)" =1a,,.

By independence of A;, and A;, i # i’ and by we have

LEMMA 4.3. For integers i > 1’ > 0 we have

la, |- = \/E(HAW, La,,, - La|For) = \/E(HAMUE o) B(La, | Fye)la,
= VA1) - A (AT,
This yields two almost immediate corollaries.
COROLLARY 1. For integers 0 < ¢’ < i < j we have
[(R—2"1)F - (R—Qi)+HEI = 12", |7 = VA (Airgr) )\(Ai)Qi_l]IAZi,.

COROLLARY 2. For d(j) = (0,2°,2%,...27) we have

HPR d(]

P 0|| = [[R = (R =2t 4 [|(R=2°)F = (R—21)*] + ...

F[(R=272)F = (R—27HT|| +[[(R—27)T].
Proof. Let us notice that ||Pﬁjd(j)0|\ﬂf1 = [[(R—2771)"||#,_,. Moreover for every 0 <
1 < 7 we have

J
R;d(j Rd m— m
1Py pfiAWo| Z [(R—2m"H* —(R—2™)*||x,_,,

assuming a convenient notation 271 := 0. Indeed, if the above is true for some 0 < i < j

then
||PR d(]) » PR d(j)OH

2i—1
J

= > EB=-2"T —(R=2") 5, .,

m=1—1

Foi—2

_ 9i- 2 —(R- 21—1) + HPR 5d ()

R;d(j
S O||f1 .

2i—2

i
27 %a, ., + ) I(B=2"") = (R=2")"| 5,

2i—2

since all summands under the outer norm are collinear (by Corollary . L]

Proof of Theorem[{.1 With an arbitrary integer j fixed let us observe that we have by
29).

IR;11% = (2°)* X (A0 \ Agn) + ..+ (27712 A(Agi-1) \ Agi) + (27)°MAg)

< (2°)°AMAg0) ..+ (2 j)QA(Azj)

= (29)2)\(4 )+...+(2j)2)\(A0)~...-)\(Aj) <K

for some K > 0 as, by (24 .7 for i > h,

. N b+ i \¥? ah(h41)32
202N (Ag) - ... - M(Ay) <4 - =
(2)°A(4o) () = (4) <h+2 i+1) (i +1)3/2
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On the other hand by Corollary 2] and Lemma
HPR d(J) ) .PR d(s) OH

> 2P /AN (Agnir) + ...+ 2771/ N(Ay)
> 2N A 4+ 2T M A n 04y (by @), @)

1 1
22h(h+1)<h 5+ +j) (by (24)).

plid R]d

We can conclude that ||P, 0|| tends to infinity as j — oo, whereas || R;|| < K

for some constant K and all integers j>h.m

THEOREM 4.4. For any C > 0 there exists a sequence [0,1) = Ag D A1 D ... D Ayj,
Ay € Fr, 0 <k <27 and a function R: [0,1) — [0,27], for some integer j, satisfying

{R>2}yC Ay Cc{R>2, 0<i<j
and for d = (0,2°,21,...29), according to , we have
C-||PRY... PRy <
IR = (R =20 + (R =20 — (R—2)*] +...+ [(R—2")" = (R—2)*.
Denote j(s) = 2° for integer s (for typographical reasons). Then we have
LEMMA 4.5. There exists a non-increasing sequence of sets Aqi, i > j(4), satisfying

Ao is an interval with left end 0,

1 2
4112 — /\(AQI) — 41 Nis2? (28)
AQi S ng(s)7 fOTZ <.7(S+1) (29)

Proof. For s > 4 we have
209 > 2j(s +1) +2(s + 1),
92" 5 i1 (s 4 1)2,
92" S 42,
if only ¢ < j(s+ 1). Thus there exist numbers n(i) satisfying
1 < n(4) < 2
482 = 92i() = fig27

jls) <i<j(s+1).
It is enough to set
Ao = [0,n(0)27%), j(s)<i<ij(s+1),s>4 m
Now we can complete our definition of the sequence (Ag)r>0. Let
Ay =Ag=1[0,1), 0<i<j(4),
Agi =Agiy; =...=Agit1_4, 1>0.
Let us consider an integer ¢ > 4. We define a sequence

d, = (0,2°,2,...,27() (30)
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and a risk function (cf. (27)
Ry =1Tag +2%Tay +- - + 2707 a0 (31)

By definition of the sequence (Ag)g>o and the function R, we immediately have a
lemma on particularly strong measurability of increments of R;. Namely

LEMMA 4.6. With notation as above we have Ry: [0,1) — [0,2/®")] and
Ry — (R, — 226N F s ) -measurable,
for all s > 4.

Proof. Let us notice that Ry — (R; — 206+ )+ =T, + Effigl)_l 2"TA,, and can
be used. =m

The definition implies
LEMMA 4.7. Ifk = (ko, k1,... kja)),
O=ko<ki1<...<kj<...<kj<...<kjuy),
R:[0,1) — [0, k)] and
R— (R —kj)" is Fi,-measurable,
then

Pk P,f“‘()—(R k)t —(R—k;)*t

j+1 7

It is also a simple exercise to show that by subadditivity of conditional norms we have
LEmMMA 4.8. Ifk = (ko, k1, ... kjx)),
O=ko<kr<...<kj<...<kjp<...<kjp<..<kju,
R:[0,1) — [0, k)] then

1P BISO < ([P RSOl + || B POl

Proof. Notice that for any functions h,g € Ls[0,1) we have Pék(h +9) < (P,gkh) +
l9llF,, 1< < kjao). =
Proof of Theorem . For the risk function given in and ‘reinsurance system’
we have the estimate
1R = (Re —2°) "+ [1(Re = 2°) = (Re = 2") || ..+ (R, = 2707 H)F — (R, —27) |
> Y -2 -2 = Y 2 TWVA{R > 2

J(4)<i<i(t) J(4)<i<j(t)
J)—
_ i—1 ] i—1 —
TR S Z
J(4)<i<j(t) J(4)<i<j(t) i=7(4)

It is clear that the rightmost term grows to infinity as t — oo.
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On the other hand we have
| Pde . pledeo)|

24 (t)
< (| Pyt PR O]+ Py - Pyt Ol o 1Pl Pyt O]
(by Lemma [1.8)

< Ry — (Re — YD) 4 (B, — 27D) — (R — 2O + ...
+[|(Ry — 204 — (R, —27®)*||  (by Lemmas [4.6 and
<21 4
VEDPRA i) + (@ OH)2AAgsiorn) + ... + (212N (A1)
+ ...+
V@ ED2A Ay ) + (DA Ay i) o+ (5O-1)2A(Ags 1)
(by (1))

i(a) 1 1 1\
=2 N5(j<4>2*<j<4>+1>2+“'+<.7'<5>—1>2) e

+\/§< L ! + +1>1/2 (by (29))
JE=12 G- +1)2 7 () —1)? Y

<2 +V2. (24(21)2)1/2 V2 (2t—1(2t11)2>1/2

8
V2 -1

which completes the proof. m

<22 4 since j(s) = 2°,
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