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Abstract. This work introduces the class of generalized tempered stable processes which en-
compass variations on tempered stable processes that have been introduced in the field, in-
cluding “modified tempered stable processes”, “layered stable processes”, and “Lamperti sta-
ble processes”. Short and long time behavior of GTS Lévy processes is characterized and
the absolute continuity of GTS processes with respect to the underlying stable processes is
established. Series representations of GTS Lévy processes are derived. Such representations
can be used for simulation and illustration of GTS processes as well as for their theoretical
study.

1. Introduction. Tempered stable distributions have been introduced as a modification
of stable laws to model systems exhibiting local spatiotemporal fractality and aggrega-
tional Gaussianity. It has been known that the velocity change in a turbulent flow is
extremely chaotic (fractal) in a short period of time but over long periods of time it can
be modeled by Gaussian distributions. Physicists Mantegna and Stanley [10] proposed
stable distributions with truncated Lévy measure to model such phenomena. The papers
of Novikov [11] and Koponen [J] replaced truncation by exponential tilting and put the
ideas of [I0] on a solid mathematical ground. Presently tempered stable models are used
in several areas of physics, including turbulence, plasma physics, solar winds, and their
popularity is still growing.
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Analogous behavior to turbulent velocity was observed in the study of changes of
certain stocks on financial markets. To model such phenomena, Carr, Geman, Madan,
and Yor [] introduced exponentially tempered stable processes (the CGMY model).
Barndorff-Nielsen and Shephard developed non-Gaussian Ornstein-Uhlenbeck-based mo-
dels applying, among others, exponentially tempered stable processes. At present, there
is a substantial literature in financial mathematics devoted to the CGMY and Barndorff-
Nielsen and Shephard models.

Exponentially tempered stable processes have their natural mathematical limita-
tions. For example, they are not closed under superpositions of independent terms,
and the tails are always decreasing exponentially fast. To gain a bigger flexibility but
yet to retain nice features of exponentially tempered stable processes, Rosinski [I3] in-
troduced tempered stable distributions, where tempering is due to a radial completely
monotone function. He also found special series representations of such distributions
and processes based on their intrinsic characteristics. Simulation methods of such pro-
cesses based on such series representations and Gaussian approximation of small jumps
were investigated by Cohen and Rosinski [0]. Terdik and Woyczyniski [I5] studied in
detail tempered stable distribution under several parametric classes of tempering func-
tions.

Several authors introduced different modifications of tempered stable distributions
and processes. Houdré and Kawai [6] introduced layered stable processes, Kim, Rachev,
Chung, and Bianchi [§] introduced modified stable processes, and Caballero, Pardo, and
Pérez [3] introduced Lamperti stable processes. The purpose of this work is to identify
the essential feature of all four classes of tempered-like Lévy processes that enables us
to prove stable behavior in short time scales, Gaussian in long time scales, and abso-
lute continuity with respect to underlying stable processes. The resulting distributions or
processes we call generalized tempered stable (GTS) distributions or processes, respec-
tively.

In Section 2 we give the definition of a GT'S distribution and discuss examples. Short
and long time behavior of GTS Lévy processes is proved in Section 3. In Section 4 we prove
the absolute continuity of GTS processes with respect to the underlying stable process.
Series representation of GTS Lévy processes are considered in Section 5. We examine two
methods of generating series representations in the context of GTS processes: the LePage
Method and the Rejection Method. We establish general forms of representations of GTS
processes and compute examples. Such series representations can be used for simulation
of GTS processes.

2. Generalized tempered stable distributions

DEFINITION 2.1. An infinitely divisible distribution p on R? is said to be generalized
tempered stable (GTS) if p has no Gaussian part and the Lévy measure v of u can be
represented as

= - r r&)r ldro d
vB) = [ [ 109an e drata). B e BRY, (1)
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where a € (0,2), o is a finite measure on S9!, and ¢ : (0,00) x S471 — R, is a
measurable function such that for some nonnegative function g € L'(S%1, o)

tim lg(r. ) — g)ll 2 (51, = 0. )
We write vT' to signify that this is the Lévy measure of a GTS distribution as in .

The class of GTS distributions contains various “tempered-like” distributions that
were earlier considered for their own merit. We will list some of them.

EXAMPLE 2.2 (Tempered Stable (TS) Distributions, [13]). These are infinitely divisible
distributions on R? with no Gaussian parts and Lévy measures of the form such
that for each ¢ € S9!, the function ¢(-,€) is a completely monotone function on (0, c0)
satisfying ¢(o0,&) = 0, and ¢(0+,&) = 1. (We refer here to proper tempered stable
distributions, according to the terminology of [13].)

The complete monotonicity means that (—1)" a“):;,q(r, &) >0forallr>0,¢e 891
andn =0,1,2,.... In particular, ¢(-, £) is strictly decreasing, convex, and since ¢(0+, &) =
1, it is bounded by 1. Thus condition (2)) holds with g(¢) = 1. A function q(r, &) = e "
is a standard example of the g-function for a tempered stable distribution. For classes of
more interesting examples of tempering see [15].

EXAMPLE 2.3 (Layered Stable Distributions, [6]). These are infinitely divisible distribu-
tions on R? with no Gaussian parts and Lévy measures of the form with ¢(r, ) being
locally integrable and such that

q(r,§) ~ci(§) asr—0 (3)
and
(€ ~ea(§)  as T — oo (4)

for o-almost every ¢ € S9~1. Here ¢; and cy are positive functions in L!'(S%71,0), a €
(0,2) and 8 € (0,00).

Layered stable distributions inspired our way to introduce GTS distributions. How-
ever, condition is not sufficient for the stable behavior of a layered stable process in a
short time, contrary to the claim made in Theorem 3.1 of [6], as a simple counterexample
can be constructed. For that reason we introduce . We do not require as it is not
satisfied by other examples. A layered stable distribution becomes a GTS distribution
with g = ¢; when we add the convergence in L*(S%~! o) to .

EXAMPLE 2.4 (Modified Tempered Stable (MTS) Distributions, [8]). These are infinitely
divisible distributions on R with no Gaussian parts and Lévy measures of the form
with
25 (T (2)) 7 (Apr) ™ Kasa (Ayr) ifE=1,
q(r,§) = ’

l—a a+1

27 (D (282)) 7 () T K (Ar) if€=—1,

where Ay, A_ >0, a € (0,2), and K, is the modified Bessel function of the second kind
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with an integral representation given by

A B
K,(z) = 5 (2) /0 e T dt. (5)

Since for any p > 0, the function z +— 2P K,(x) is decreasing with lim, .o 2P Kp,(x) =
2P710(p) and lim, o 2'/2e* K, (z) = (7/2)'/2, we get that for each ¢ = £1 the radial
tempering function r — ¢(r,§) is decreasing with

™

q(r,§) ~lasr |0 and gq(r,&) ~ (5)1/2 Aar)®2e™ T a5 1 1 0.

Thus MTS distributions belong to the class of GTS distributions with g(¢) =1 in (2).
We notice that an MTS distribution is not a special case of a TS distribution because
the second derivative of q(r, &) with respect to r fails to be positive for all » > 0. This is
not a layered stable distribution either, because ¢(-, §) decays at infinity faster than any
power function.

EXAMPLE 2.5 (Lamperti Stable Distributions, [3]). These are infinitely divisible distribu-
tions on R? with no Gaussian parts and Lévy measures of the form (1)) with

erf(€) patl

(er — 1)at1”

where a € (0,2) and f: %! — R is such that § := supgega—1 f(§) < o+ 1. We have

q(r,&) =

q(r,&) ~Tasr |0 and q(r,&) ~rotle @F=FO) 55 p 1 .

It is easy to see that there is a finite constant C'(a, 3) such that ¢(r, &) < C(a, 8). Thus
Lamperti stable distributions belong to the class of GTS distributions with g(§) = 1
in . However, as noted in [3], Lamperti stable distributions are not tempered stable nor
layered stable. This is because the function r — ¢(r, &) fails to be completely monotone
and decays at infinity faster than any power function.

The following is an immediate consequence of . We state it for a convenient refer-
ence. There exists § € (0, 1] such that

/ a(r,€) o (de) < / 9(€)o(de) +1 = M; Ve (0,5, (6)
Sd*l Sd*l

LEMMA 2.6. Suppose o € (0,1). Then

/ ||| €T (dx) < 0.
{llzfl<1}
Proof. Using @ we get

[ el < [ v @) + 05T (e > 6)
{llz]l<1} {llall<s}

)
_ / / r=oq(r, €) dro(dg) + veTS({[lz] > 6})
sd-1Jo
)

< Ml/ r=%dr + vETS({||z] > 6}) < co. m
0
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Consequently, the characteristic function zi of a GTS distribution can be written as
1i(y) = exp(Cy(y)), where the cumulant function C,,(y), y € R, is given by

Jra(€0® = 1) 5T (dx) + iy, b), a e (0,1),
Culy) = ) ) ars . (7)
fRd(ez(y,x> -1 7Z<y7x>1{|\x||§1}($))y (dl‘)+2<y,b>, a € [1,2)
We will also write i = ST to signify that p is a GTS distribution.

DEFINITION 2.7. Given a Lévy measure %79 as in Definition define the associated
a-stable Lévy measure by

* = h r&)r= tdr o 4.
)= [ [ et arg@ota. B esE) 0

If p is a GTS distribution with the cumulant function as in , then the distribution p®
with the cumulant function
Jra (€@ —1)v(dz) + i{y,b), ae(0,1),
Cunl) = { | | 9)
f]Rd (el<y’$> -1- Z<y7 x>1{\|m\|§1}(x)) I/a(d(E) + 7’<y7 b>7 Q€ [17 2)7

will be called the associated a-stable distribution. In short, the associated a-stable distri-
bution y® has the spectral measure g(¢)o(d¢) and drifts analogous to pu&7.

3. Short and long time behavior of GTS Lévy processes. Let {XZT%},>0 be a
Lévy process in R? determined by a GTS distribution x of X&79 (in short, a GTS Lévy
process). A Lévy process {X;* }1>0 such that X{* has an a-stable distribution associated
to L(XET9) is called the associated a-stable Lévy process.

The following theorem extends similar results obtained for special cases of GTS Lévy
processes. It shows that in a short time a GTS process behaves like a stable one but in
a long time (when ¢ decays appropriately) it converges to a Gaussian process.

The convergence in distribution «dn of processes is understood in D(]0, c0), RY), in
the Skorohod topology.

THEOREM 3.1. Consider a Lévy process {XFT5} >0 such that X1 has a GTS distribution
w with the cumulant function as in with b= 0. Put

0, a € (0,1),
ah = ars (10)
_f{hl/a<||:c\|§1}my (dz), «a€][l,2).
Case(i): (Short time) If h — 0, then
— « d (03
{h=XGTS — htan}ezo = {X7 50

where { X }i>o is the associated a-stable Lévy process.
Case(ii): (Long time) Assume additionally that

/ ||x\|2VGTS(dx) < 00 (11)
{llzll>1}



158 J. ROSINSKI AND J. L. SINCLAIR

and define

) Jow 2 vOTS (d), a e (0,1), -
h =
Joat>1y x9S (dz), a€|l,2).

Then, as h — o0,
{R=Y2XETS — htbp]} >0 4 {Bt}i>0

where {B}4>0 is a centered Brownian motion with covariance matriz
Y= / zx" vOTS (d). (13)
Rd

Proof. Case (i): Short time (h — 0). Since for each h > 0, Y}* := b=/« [XGTS — htay]
is a Lévy process, by a theorem of Skorohod (see [7, Theorem 15.17]) we only need to
check the convergence at time 1. Therefore, we need to show that

VP4 Xe ash— 0. (14)
In view of @, the cumulant Cylh of Y/ is given by
Cyp(y) = hCu(h™"y) — ik (y, an)
h fpu(e0h7 ) 1) 06TS (dr), a € (0,1),
thd(ei<y’h71/u”> — 1 —i(y, h=Y2) 1 <1y (B~ 2)) 6T 5 (do), a € [1,2).
This can be written as

J‘Rxe“m — 1) A (dz), ae(0,1),
CYlh (y) = (15)
Jaa (€W — 1 —i(y, &)1 (e <1y () A*(dz), o € [1,2),

where \*(B) := %75 (hY/*B), B € B(R?) is the Lévy measure of Y.
We will prove using [7, Theorem 15.14]. To this end we need to verify the following
conditions: as h — 0,

(a) A" converges vaguely to v* on R4\ {0},
B) Sgjap<ay @2 AM(d2) = [ijp<ay T v (d2),

¢) Jjep<ay TA(d2) = [(01<1y TV (dz) when a € (0, 1).

Here R? denotes the one-point compactification of R?. To prove (a) we need to show that
for any bounded continuous function f : R¢ — R, vanishing in a neighborhood of the
origin and such that lim| ;o f(2) exists, we have

, f(z) N (dz) — y f(z)v¥(dx) as h— 0. (16)
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Let C = supga |f(x)] and let rg € (0,1] be such that f(z) = 0 whenever ||z| < rg. Then

@) MNe(da) = h . f(h=Yoz) veTS (da)

= - “epgypmaly(r ro
Pl g0t €) drotas)
= [ et drotag)

:/ F(r)yr—"tdr,

To

where
) = [ et i), vz,

By condition (2)), for each r > rg,

Fn(r) — f(r&)g(§) o(ds), ash—0,

Sd—1
and also, by (6], |Fy(r)| < CM; whenever h < §%ry . Therefore,

i h _ [ T o(d&)r=* tdr = x) v(dz
fim [ X = [ soea@ ot tar = [ v as),

h—0

which proves and so (a).

To show (b) we write

/ zx" N'(da) = B12 / zx| V9T (dx)
{ll=ll<1} {llzli<ht/o}

pl/e

_ - 2/a/5d / £Trl0g(r €) dro(de)

= / Gp(r)yrt=>dr,
0

where G}, is a matrix valued function given by
Gulr) = [ &/ n (). re .1
G, is uniformly bounded,
1G] < /S alher g o(dg) < My

for h < 6 by (6)), and limp—o G (r) = [ga_1 £ g(€) o (d€) by (). Since r'=*1( 1)(r) dr
is a finite measure, we obtain by the Dominated Convergence Theorem

1
li T\ (dx) = T de)r = dr = d
= {nxnsuw () /o /SH55 oot ' /{|m|§1} oo’ V(o)

which proves (b).
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To show (c) we notice that, when a € (0, 1),

/ x N (dz) = ht=Y/e / v (d)
{llzll<1} {ll=li<ht/o}

pl/e

—wve [ et drotag)
1

:/ Hy,(r)r=“dr,
0

where

) = [ st/ n g o). re .1

By the same arguments as above we get that Hj, is uniformly bounded for small A and
limp g Hp(r) = [ga-r £9(€) 0(dE). Since r~*1(g4j(r) dr is a finite measure, we obtain

1
li Ah d — d 1—ad — o d
o {”37||§1}x (dx) /o /Sdilfg(f) o(dé)r r /{|m|§1}xy (dz),

which proves (c¢) and concludes proof of the short-time part of the theorem.

Case (ii): Long time (h — o0). Notice that under condition (LI), E[|X{*7%[|? < oo (see,
e.g., [14, Theorem 25.3]). Thus, for each h > 0,

Zp = h"Y2 (X5 — htby]
is a zero mean Lévy process with the cumulant of Z' given by
Cyn(y) = hCu(h™?y) —ih>(y, by)

- h/@e“%“”” —1— iy, h™22)) &7 (dar)

= / (ei<y’”> —1—ily,z)) lih(d{b)7
Rd

where the measure «"(B) = hv®T5(h'/2B), B € B(R?) is the Lévy measure of Z.

Similarly to the proof of the small time behavior, it is enough to verify the convergence
in distribution at time ¢ = 1. Using [7, Theorem 15.14], the latter amounts to verifying
the following three conditions: as h — oo,

(a’) k" converges vaguely to the null-measure on R4\ {0},

) Sejay<ny zx ! kM (dr) — 3,

(c”) f{\|az|\>1} x k" (dz) — 0.

To prove (a’) we take ¢ > 0. Then, as h — oo,

Kl > h<e? [

[ et = | ol 975 da) — o,
T||>e€

{llzl|>ent/2}
which follows by .
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Now we consider (b’). Recall the definition of ¥ from (I3)). Then, in view of (LI)),
/ zx! kM(dr) = / zx' VO (dz) — X,
{llzll<1} {llz[|<ht/2}
as h — oo.
Finally, we consider (c¢’). We have

| [ awtan|< [ feletn < [ el )
{llzf|>1} {llll>1} {llzll>1}

= [ el ) o,
{llzl>ht/2}

as h — o0o. The proof is complete. m

4. Absolute continuity with respect to a stable process. In this section, absolute
continuity of GTS processes with respect to the associated stable process is studied. This
should be compared with the results of [13], [6] and [3].

Recall that a process {X(t) : ¢+ > 0} in R? is said to be canonical if X (t,w) = w(t),
t >0, w €, where Q = D([0,00),R?); Q is equipped with the o-algebra F = o{X(s) :
s > 0} and the right-continuous natural filtration 7 = (., 0{X(u) : u < s}, £ > 0.
The canonical process is completely described by a probability measure P on (2, F). As
usual, we set AX(t) = X(t) — X(t—). By P|x, we will denote the restriction of P to the
o-algebra F;.

THEOREM 4.1. In the above setting consider two probability measures P and Q on (Q, F)
such that under P the canonical process is a GTS process, Xy = XET9, with L(XFTY) =
w determined by @ and under Q) it is the canonical process is a a-stable process, X; =
X — txg, with L(X{) = p* determined by @D Then, the following two statements are
equivalent:

(1) Px, and Q)z, are mutually absolutely continuous for every t € (0, 00)
(2) The following three conditions hold

(2.2) o-almost everywhere on S41

€09 =0={e [aoar=o},

/ / (a(r )2 — g(€)2)r=2 dr o(d€) < oo,
g4-1Jo

o {0 ifa€(0,1),
O Wams € J1(a(r,€) = g(9) rmdro(d€) i a € [1,2).

If P, and Q7 are not mutually absolutely continuous for some t > 0, then they are
singular for all t > 0.

Proof. In the proof we verify conditions for the equivalence of distributions of Lévy
processes from [I4, Theorem 33.1]. The first condition for (1) is that %75 and v® must
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be mutually absolutely continuous. We claim that this is equivalent to (2.a). Indeed, let
U={¢c8¥1:g9(¢)=0}and Uy = {¢ € 541 fooo q(r, &) dr = 0}. Then by

v¥{ré:r>0,£€U}) =0.
Consequently,

= CGTS (e - = Oorfo‘fl dro(d
0 ({ré:r >0, £€UY) /U/ 4(r,€) dro (dg),

which shows U C U; o-almost everywhere. Proceeding in the reverse order yields U; C U
o-almost everywhere, which completes the proof of (2.a). Conversely, if U = U; o-almost
everywhere, then for every B € B(R?)

) = [ [T a9 ot
= [ [ w69 atner et aratag

- /Sd_l /OOO 150€) W81y (€)7o L dr g(€)or(d)

9(8)
= /B Q(m’/ﬁik”)1{g<m/|w||>>0}(l‘> v (dz).

Thus v is absolutely continuous with respect to v, and since
v ({z : g(a/|lx]) = 0}) = v*({z : g(=/||z])) = 0}) = 0
by (2.a), v“T9 and v® are equivalent with the Radon-Nikodym derivative

) = {q('g?ﬂﬁi'ﬁ” it gla/e]) > 0,

dve

(17)

1 otherwise.

The second condition in [I4, Theorem 33.1] for (1) is

/ (e?@)/2 _ 1)20%(dx) < oo,
Rd

where

Substituting we get

/Rd(e(ﬁ(xw — (e = /{g(g)>o} /oOO <(q§(”§§)

= [ [T a9 — g2y drotag),
si-1Jo

1/2 2
) - 1) o 1g(€) dro(de)
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where the last equality employs (2.a). Observe that

[ [ e - g arota)

< » / q(r, &)r~tdro(de) + /Sd / r="tdro(d€)

= v ({Jlall > 1) + v ({2l > 13) < oo.

Thus

/ (e?®@/2 _1)2p%(dx) < oo
Rd
if and only if

£)1/2 1/22 .—a=1 g, o o
[ [ gt arotag < o

which is (2.b). The third condition in [I4, Theorem 33.1] gives z as in (2.c).

The last statement of the theorem comes from a general dichotomy result of [2]. m

REMARK 4.2. A direct application of Theorem 33.2 in [14] to the Radon—Nikodym deriva-

dpP
tive yields the Radon-Nikodym derivative @ -
REMARK 4.3. The critical condition in Theorem 4.1| for the absolute continuity is (2.b).
It depends on the rate of convergence of ¢(r, &) to g(£€) as r — 0. We will state a (usually)
simple to verify condition which yields (2.b). Suppose there exists a function k(r) > 0
such that fol k(r)r=tdr < oo such that

for each ¢ > 0.

. 1 1
limsup [ a7 = gl6)' ) o) < . (18)

Then condition (2.b) of Theorem holds.

Proof. There exists rg € (0,1] and a constant M such that
[ @92 = g(€) 22 a(ae) < Mk i € (0.1
Hence
[ [ atre2 - e tarotas < v [ kot < e,
Then we estimate
[ e - g arotag
s ro )

< v ({llz]) > ro}) + v ({llall > ro}) < oo,

similarly as in the proof of condition (2.b) of the above theorem. m
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EXAMPLE 4.4 (A Tempered Stable Process). Let ¢(r,&) = e /(&) where f : S9!
(0,00). Here g(¢) = 1. Then,

[ a2 =g 2 ate) = [ (12— 1ot
gd—1 gd—1
1
<3 [, rerat.
Thus condition holds with k(r) = 7>~ as long as [g._, f(£)* 0(d) < 00

EXAMPLE 4.5 (Lamperti Stable Processes). Let
e (&) patl
q(r,§) = W,
where f: S — R is such that § := supgcga—1 f(§) < a+ 1. Here g(£) = 1. Then, for
€ (0,1]
rf(€)/2 plat1)/2 2
1/2 _ o(6)1/2)2 - S
[ a2 =g 2ota = [ (i 1) o)

potl plat1)/2 2

<o [ @1 etag +2 (s - 1) et

Crer? [ R olde) + 200 (57,
gd—1

<

N | =

a1 _ (a+1)/2 2
where C1 = sup,¢ (g (eriw < o0 and Cy = sup,¢(gq) 7 Q(W’;l)w —1)" < o0 by

elementary calculus. Thus a Lamperti stable process is equivalent to an underlying stable
process provided [¢q . f(£)? o(d€) < oo (we take k(r) = 7>~ in (18)). Such result was
proved in [3, Theorem 5.1].

ExXAMPLE 4.6 (A Not Equivalent Tempered Stable Process). In conclusion, we recall an
example from [I3] Example 4]. Consider d = 1 for simplicity, o = é; and ¢(r) = ¢(r,1) =
e~ where 0 < 3 < $. Since 1 — e=*/2 > x/4 when x € [0,1],

1 1
1
/ (e_rﬁ/2 —1)%)r ol dr > 1—6/ r2P=ol gy = oo,
0 0

Thus (2.b) fails and the resulting tempered stable process is not equivalent to any stable
process.

5. Series representation of GTS Lévy processes. In this section we examine two
methods, LePage and Rejection Methods [12], to generate series representations of GTS
Lévy processes. First, a series representation using LePage’s Method is considered. It
involves looking at a decomposition of the Lévy measure of the form:

VOTS (4) _/Sd 1/ A(ré) pu(dr, &) o.(d€)

where o, is a probability measure on S?! and p.(-, &) is a Lévy measure for o,-almost
all ¢ € S%1. Such a decomposition is naturally provided by if we take 0,(d§) :=
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o(d€)/a(S*1) == a(d)/|lo]| and p.(-, &) given by
px([z,00), &) = llo|l p([z; 20),£),

where -
pl(2.0).9) = [ atr o (19)
Since -
[ [ an® pangona = [ el < .
sa-1.Jo R4
we get

/ (1A T%)p,(dr,&) < 0o o.-almost everywhere on S,
0

so that p.(-, &) is a Lévy measure for o.-almost all ¢ € S9~1. Define the right-continuous
inverse of the tail function © — p,([z, ), &) as:

Pzt (u, &) = inf{z > 0: p.([x,00),&) < u}.

Then
p*_l(u7£) = p_l(u/HJH7§)7

where p~1(-,£) is the right-continuous inverse of the function x — p([z,00),&) given
by .
THEOREM 5.1. Let uCT% be a GTS distribution with the cumulant function @, where
vGTS s given by and b = 0. Put ||o|| := o(S9) and let T > 0 be fized. Let
{T'i}i>1 be a sequence of partial sums of iid standard exponential random variables. Let
{Ui}i>1 be a sequence of iid uniform random wvariables on [0,T] and let {V;};>1 be a
sequence of random variables in S1 with common distribution o(d€)/||o||. Assume that
the sequences {L';}i>1, {Ui}is1, and {V;}i>1 are independent of each other. Then,

- Ty t
XETS =3 "3p = Vi ) Vil <y — i 20
t {p ol s =y 20)

i=1

converges uniformly a.s. on [0,T] to a Lévy process such that L(XFTS) = pGT5 | where
¢; =0 when a € (0,1) and for o € [1,2)

: S
;= E{pt <7V)V11S . o s}ds.
/i_1 { o V1) Vil tszlolman.oe) v} ()

In particular, if the function q does not depend on &, q(r,&) = q(r), then p~
depend on & either and the above series representation is simplified to the following:

00 - FZ' ¢
Z{” 1(||a||T>m{Ui<”‘CiT} 2D

i=1

L will not

where ¢; = 0 when o € (0,1) and for a € [1,2)

S

c¢; = E(V; =) 150 o1 (s) ds.
( 1)/1,71/’ <|U||T) {s2llol|Tp([1,00))} ()

Proof. This representation is a special case of series representations considered in [12],
where the pathwise uniform convergence of the series is proved in general. m
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Practical applicability of series 7 (e.g., for simulation of GTS processes) de-
pends on whether or not p~! has a closed form. We will give a couple of examples where
this is the case.

EXAMPLE 5.2 (Lamperti Stable Processes). Recall that

erf (&) patl
q(r, &) = G

Asssume that f(£) =1 for all £ € S9~1. Then

[ee] erra+1
pl(2.50),€) = pllo0)) = [ = e -y

which implies that
p~Hu)=In (1 + (au)*l/a> .

From Theorem we get a series expansion of Lamperti stable processes on [0, T] with
f(€) =1 (and b= 0 in (7))

> al; \ e t
X, = In|1 — Vilig. <o —CGi— », 22
f ;{“( + (o) ) v "T} -

where ¢; = 0 when a € (0,1) and when «a € [1,2)

‘ as \ Ve
. —E log (14 (-2 1ol ds,
“ B0 [ °g< (i) ) ozl (s) s

where k = p([1,00)) = a~ (e — 1)~®. The representation was also obtained in [3].
The next is the well-known series representation of stable processes.

EXAMPLE 5.3 (Stable Processes). A stable process is a GTS process when we take
q(r,§) = 1. Then,

p([z,00),&) = p([z,00)) = /OO pmalge = 70

(67

which implies that

Thus,
X, = EOO ol )7 Vil el (23)
¢ = 2\ \ ol iLi<y — Girp

where ¢; = 0 when « € (0,1) and for « € [1,2)

¢ =E(V1) /1 <<|:TT>_ 1{s>a1|o|T}(8)> ds

converges pathwise uniformly on [0,7] to an a-stable process with spectral measure o

and b =0 in .



GTS PROCESSES 167

EXAMPLE 5.4 (Ezponentially tempered stable process). Consider a tempered stable pro-
cess with ¢(r,&) = e™". Then,

oo

p([x,00),8) = p([z,00)) = / T r—a=1 g

x

does not have a closed form, neither does its inverse p~*(u).

The above example shows a simple case where the series representation based on the
LePage method is difficult to apply in practice. For tempered stable processes a different
kind series representations were introduced in [I3]. However, such representations will
not work for arbitrary GTS processes. The next result develops the rejection method
of Rosiriski [12] for series representations of GTS processes which applies whenever the
function ¢ is bounded and beyond.

THEOREM 5.5. Let uCTS be a GTS distribution with the cumulant function @, where
vGTS s given by and b = 0. Suppose there is a function h : (0,00) — Ry such that
JoS (@ AA(r) rmldr < 0o and
sup q(r,&) < h(r) forallr > 0. (24)
cesd—1
Define

oo

oz, 00)) = / W(r) ot dr (25)

and let p~t be the right-continuous inverse of the function x — p([x,0)). Put ||o| :=
a(S9YY and let T > 0 be fized.

Let {T';}i>1 be a sequence of partial sums of #id standard exponential random vari-
ables. Let {U;};>1 be a sequence of iid uniform random variables on [0,T] and let {V;}i>1
be a sequence of random wvariables in S~ with common distribution o(d€)/|o||. Let
{W;}i>1 be a sequence of iid uniform random variables on [0,1]. Assume that the se-
quences {T';}i>1, {Uitiz1, {Vi}is1, and {W;};>1 are independent of each other. Define

]_".
JZ' = -1 . 5 , > 1
P <|o|T) =

and
1 if Q(Jia Vz) > h(Ji)Wi,
B 1= |
0 otherwise.
Then,
- t
XtGTS = Z {61]1‘/1 1{U¢§t} — CiT} (26)

=1

converges uniformly a.s. on [0,T] to a Lévy process such that L(XTTS) = uGTS | where

¢i =0 when a € (0,1) and for a € [1,2)
¢i=E{1,_1 ()" B11Vi}.

Proof. Consider a measure

AB) = [ [ 1atoneetdrotag). B e BE)

)



168 J. ROSINSKI AND J. L. SINCLAIR

GT

A is a Lévy measure by our assumption on integrability of h. Moreover, v“75 is absolutely

continuous with respect to A and
4TS o allelo/lal) _
dA hll=ll) — —
by (24). This is a case where the rejection method of [I2] applies. {J;V;};>1 is a Poisson
point process in R? with the intensity measure A obtained by LePage’s method and the

0B;’s provide trimming of this process. The conclusion follows from direct applications
of [12]. m

REMARK 5.6. This theorem gives us a possibility to choose p such that p has a closed
form. For example, if h(r) = 1, then p~'(u) = (au)~1/*.

ExaMPLE 5.7 (Lamperti Stable Processes again). Consider a Lamperti stable process

with
e (©) ot

q(r,§) = (er —1)ot1’
where v := supgcga-1 f(¢) < a+ 1. In Example we gave a series representation
for the case f(£) = 1. Surprisingly, the method of that example will mostly fail when
f(€) =~ # 1. This is because of the lack of a closed form for ¢~!(u).

In this example we will assume that f(£) <1, & € S?~1. Then
erf(&) potl el patl
= < = h .
Q(ra €) (GT — 1)a+1 = (GT _ 1)a+1 (’I")
Now we compute the quantities from Theorem

p~Hu) = In(1 + (au) =),

als -1/«
Ji=In[1+ (7> ,
: ( ol T )

as in Example

and
1 if e 0=V > w7,
b= 0 otherwise.
Then
= t
Xt = z_; {52’Ji‘/z’ 1{Ui§t} - CiT}

converges uniformly a.s. on [0, 7] to a Lamperti stable process (with b = 0 in (7)), where
¢; =0 when a € (0,1) and for o € [1,2)

ci = E {1y gTr)e BriVi}.
ExXAMPLE 5.8 (Modified Tempered Stable Processes). Recall from Example that

l—a a+1

27 (D (282)) 7 () F Ko (M) if€=1,

a+1

23 (D(2) " () T Kan (A1) if6=-1,
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where Ap, A_ > 0, a € (0,2), and K, is the modified Bessel function of the second kind
with an integral representation given by (). Since K,(z) = K_,(x), we get

1 - > z
Ky() = K@) = 5 (2) p/o R P

1aN—P [ _,  _ L(p) /2\"
< _ i P 1 — - .
=2 (2) /0 el = (:c)

Hence,
P K,(x) < 2°7'T'(p), = >0.

Using this bound with p = (o + 1)/2 we get that

sup ¢(r,§) <1 forallr > 0.
gesd—1

Therefore, we use the rejection method with
h(r) = 1.
Now we compute the quantities from Theorem

p(u) = (au)~"/®

I < al—\i )l/a,
el T

)

and
v 0 otherwise.
Then,
= t
Xy = Zl {ﬂijivi li,<ty — CiT} (27)

converges uniformly a.s. on [0, T] to a MTS Lévy process (with b = 0 in ), where ¢; = 0
when « € (0,1) and for « € [1,2)

ci =B {1 19T1)e BiliVi}
EXAMPLE 5.9 (Temnpered Stable Processes). Special series representations for proper tem-
pered stable processes were constructed in [I3]. They are based on intrinsic characteristics

of such processes. Here we will only indicate that the rejection method of Theorem [5.5]
can be applied as well to obtain alternative representations. Indeed, since

Sup q(T,f) S 17 r > 07
gesd—1

we may take h(r) = 1 in Theorem to obtain series representations based on trimming
of jumps of the associated stable processes.
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