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Abstract. Starting from characterizations of continuous distributions in terms of the expected
values of two functions of record values we construct a family of goodness-of-fit tests calculated
from U-statistics.

1. Introduction. Characterizations play an important role in many techniques for con-
structing goodness-of-fit tests. For commonly occurring distributions, for example uni-
form, exponential and normal, characterizations are given in the literature (cf. Baringhaus
and Henze [2], Henze and Meintanis [10], [I1], Csorgs et al. [7], Hill and Perez—Abreu
[12]). Characterizations of continuous distributions in terms of expected values of order
statistics and of record values as presented in Lin [I4], Grudzien and Szynal [9], Mali-
nowska et al. [I5] were used to construct families of goodness-of-fit tests (cf. Morris and
Szynal [16]-]22]). Here we present a family of goodness-of-fit tests using characterizations
of continuous distributions via expected values of two functions of record values (cf. Ma-
linowska et al. [I5]). They are expressed in terms of U-statistics similar to those used in
Morris and Szynal [22].

2. Characterization conditions in terms of expected values of two functions of
record values. We recall the concepts of the kth upper record values. Let {X,,,n > 1}
be a sequence of i.i.d. random variables with a common cumulative distribution function
F, F =1—F, and probability density f. For a fixed integer k > 1 we define the sequence
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Ui (1),Ug(2),... of kth upper record times of {X,,, n > 1} as follows:
U(1) =1,
Up(n+1) = min{j > Ur(n) : Xjijrr-1 > Xv,(n):Up(m)4h—-11, 7= 1.
Write
Y% = Xp, ()0 () k15 n>1.

The sequence {Y,gk')7 n > 1} is called the sequence of kth (upper) record values of the
above sequence. For convenience we also take Yo(k) = 0 and note that

V* = X1, = min(Xy,..., Xz)

(Dziubdziela and Kopocinski [§]).
We note only the recurrence relations for the cdf of erk) and for its moments that are
useful here:

fn—1 k — n—1
FY,EH (r) = Fyfb’i)l (z) — m F(x)] [* log (F(x))] ) (1)

B(v)" =8 (W) oy [ ) e e )

(cf. Grudzien and Szynal [9], Bieniek and Szynal [3], [4]).
Characterizations of continuous distributions via expected values of two functions of
record values were first established in Too and Lin [25]. Some extensions were discussed

in Grudzieri and Szynal [9], Malinowska et al. [15]. Here we discuss and apply character-
izations in terms of the expected values of two functions of upper record values.

Let {X,,n > 1} be a sequence of random variables distributed as a variate X. Assume
that n > 1, k > 1 and s > 0, s # n are given integers and r # 0 a given real number
such that n+7+1 > 0. Then under some conditions (cf. Lin [I4], Malinowska et al. [15])
X ~ F and F is continuous iff

— k r TI'n+r+1
B [toa (F (1)) =,
))}7*"—8 _ I'n+r+1)
glkrtn—s °

[ o (F (12 Y

Lettingn =2 and s =1 in we see that X ~ F iff

s (1)) =

o s ()] = T2,

for r > —3. Thus by (4)) we have for F(z) =1—e™": X ~ Exp(1) iff

B[] =5 5
B [Y“ﬂm _T(r+3)

2 kr+1
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Note that for X ~ Exp(1) we have

- 3
P [}/3(1@)} _ %EXr-',-Qe—(k—l)X

(cf. Bieniek and Szynal [5]). Now using (1)) and (2) we get

(k) r+1 _ (k) r+1 (’l” + I)F(T + 2) _ 41 (?” + 1)I‘(r + 2)
E [Y2 } =K {Yl } + Ll - =E[Xpx] T+ - L1

Hence we conclude that X ~ Exp(1) implies

B [Xr+2e=(-DX] = F(};L?’)’
T (6)
- L(r+2)
E[Xu] ' = —
Taking into account (6) and the statement: X ~ F iff Y := —log (F(X)) ~ Exp(1) for

r > —1 we have the implication:

r+2:| I'(r+3)

E [(F(X))’H (—log(F(X))) T
r+1 F(’/‘ + 2)

E [-log(F(X1k))] = = Tl

X~F =

(7)

We apply the above formulae to construct goodness-of-fit tests. The characterization
condition (b)) cannot be used to construct tests since in practice only a finite sample
is available, whereas in general information about Yék) can be obtained only from an
infinite sample. The exception is Yl(k) = X1.,. The method used here is to base the tests
on consequences of these characterizations obtained by replacing the random variables in
by random variables that have the same expectations but can be estimated from any
sample of size k or more. Here the estimates used are U-statistics.

3. Tests of H : X ~ F when parameters are known. We consider the hypothesis
H : X ~ F when F is completely specified. From the sample X1,...,X,, we construct
tests of H based on for given k < n. To this end we estimate the expectations in
by the U-statistics

—(r,k 1 — k—
mel = n Z (F(Xz)) 110gr+2

We first construct tests of Hy : X ~ Exp(1), i.e. with Fl(x) =1—¢e®, > 0, and
then we reject H; if these estimates differ sufficiently from the expectations in @ Under
Hiy, (7)) appears as @, and the above estimates are

n

n—k+1 .
—(rk) 1 r42 —(k=1)X; —(rk) 1 n-—1 a1
an = ﬁ A_E - XZ e 5 Vn2 = % ‘_E - k‘ 1 Xi:n .
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Hence for F(z) =1 — e~ we have

—(r.k) 1 o —t-nx; | _ Dlr+3)
EV,| =F ﬁZXl e = s
i=1
BV —p

g (] -2
k)) _ 1[(F(2r+5) F2(7~+3)}

2k — 1)2r+5 T g2r+6

08) = oy (V) ) K[ TCres)
by, .—COV(V Vg )_n (k_l)r+1kr+33£%ﬂ(r+2’r+3)

T'(2r +4) T(r+2)I(r + 3)}

(2k — 1)2r+4 L2r+4
k—1
(r, k) B r,k) i 2F(2T =+ 4) v
o= v (V) = Z( )( ) {krﬂ(k—j)THBz‘:z r+2r+2)
k 1
. T'(2r+3) 2 (r +2) 1 T(2r+3)—T2(r+2)
+J (2k — j)2r+3 T g2rt2 @ L2r+2 )

where r > —3/2, k > 1 and B,(a,3) = [; t*7'(1 —t)?~'dt denotes the incomplete beta
function for 0 < z < 1, o, 3 > 0.

Simple calculations lead to the formula for Var(V( ’ )) The formula for Var(V,,
was derived in Morris and Szynal [22]. To derive Cov(V ffl’“),ﬁ;k)) we use the following
formula for the covariance of two U-statistics (Theorem 2 in Lee [I3], p. 17):

Let U,(ll) and U,(f) be two U-statistics, both based on a common sample Xi,..., X,
but having different kernels ¢ and ¢ of degrees k; and ks respectively, with ky < ko.

Define (Ta 4 to be the covariance between the conditional expectations of variables
Ye(X1,...,X,) and ¢q(X1,...,X,), and let |S| denote the number of elements in S.

Suppose that ¢ < d. If S isin S, , and Se in S, k, with |S7 N Sa| = ¢, where S,
denotes a k-subset of {1,...,n}, then

U?,d = Cov (1(S1)p(S2))

cov(U<1> U(z)) :Li ko) (n— k2 2
n r-n (n) gt c kl—C c,c’

k1
Let X1,...,X, be a sample from F, where F'(z) =1 — e~ 7, viz. X; € Exp(1). Now
let k1 =1, ks = k and

1 n
n_ 1 X2~ (k—1)X;

() 1 . r+1 1R (n—i r+1
Uy’ =7y Z (min (Xj,,...,Xj,)) = ko1 Xin
i=1

») 1<j1<...<ju<n (k

(r, k))

and

Write
v(xy) = 1371"+267(k71)””1, o(x1,...,xx) = (min (zq, . . . ,;z:k))rJrl .
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We suppose first that k£ > 1. Letting c = d =1 and z; := z we have
Pr(z) =2 PPem D2 gy (2) = E Kmin (X1, X)Xy = 2)} ;
with Z ~ Exp(1). Then

T —(k— F(T+3)
EY(Z) = BZ™2e~ (17 = —

To derive E¢1(Z) we write Ya  := min (X, ..., X}) and define
if Yo > 2,
T itYs, > 2
Yg’k if }/2’]C < z.

then U has possible values in [0, z] and its distribution consists of a lump of probability
at U = z, viz.
p= P[U = Z] = P[Yg,k > z] — 6_(k_1)z

and for y € [0,2) it has a density f2(y) equal to the density of Y2 ;. But since Y3 5 ~
Exp(k — 1) then fo(y) = (k — 1)e”*~1¥. Hence

EUT™ = grtle—(k—1)z (k—1) /Z yrﬂe—(kq)ydy

0
and
E¢(2) =B |Z7 e " D7 4 (k- 1) /Z yr+1e—(k—1)ydy] B %
0
SO
G

Also we have

Ep(Z2)p1(Z2) = E

Z
ZT+26*(]€71)Z <ZT+16(1<31)Z + (k o 1)/ yT+1€(k1)ydy>‘|
0

— EZ2r+3,2(k-1)Z + (k B 1)E

Z
Zr+267(k71)Z / yr+16(k1)ydy]
0

:M+(/€_1)/wzr+2e—kz
0

(2k — 1)20r+2) I'(r+2,(k—1)z)dz

(DG
T2r+4) k-1

= * oria —(2k-1)z , (L
T2k —1)20+2) + T+2/o z7 e 1Fi(1;r 435 (k—1)2)dz

T'(2r +4) k—1 T(2r+5) E—1
- Fi(1;2r +57+3 —
(2k_1)2(7"+2)+T+2(2k71)27a+5 ory | L;2r + 957 + OE 1

T(2r +4) k—1 T(2r+5)

k—1
By <2T+5,1;r+3; >

2k — 120D " 712 2k — 1)2r 5 2 fol
= k1) T o s Dk M2 +3)

where we used properties of the incomplete gamma function v(a, z) = [, t* ‘e 'dt and
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the hypergeometric function

) = (@)n . (ap)y 2"
pFolar, ..., ap;b1,. .., bg; 2) nz::O G (b
from Temme [24] and Andrews et al. [I] (cf. also Appendix in Morris and Szynal [22]).
Thus
L(2r+4) L'(2r+5)

E [¢1(X1)¢1 (Xl)] = (2]{7 _ 1)2(r+2) (k _ 1)r+1kr+3

B (r+2,r+3).

Therefore
Cov (¢1(X1)01(X1))
I'(2r +4) I'(2r +5) I'(r+2)T(r+3)
= _ 2(r+2) _ r+11.r+3 B% (T + 2’ r+ 3) - r+1 r43
2k —1) (k—1)r+1k k k
and

(7, —(r,k k
Cov (V17 7137) = = Cov (v1(X1)6n (X))

k[ T@r+d) Tr+20(r+3) TL2r+5)
= — [(Qk; — 1)2(r+2) a L2(r+2) (k — 1)r+1fr+3 B% (r+1,r+3)

When k& = 1 simple calculations (after letting B (r+1,7r+3)/(k—- 1)t =0)
show that ,
r,1 r,1
$(r1) _ ("E )) oy

2
Ugl) (ng))

2 2
(aW)) —T(2r +5) — T2(r + 3), (Ugnl)) —T(2r +3) - T%(r + 2)

oY =T(2r +4) = T(r + 2)T(r + 3).

where

Note that (V§{‘*’“) — po) is asymptotically Normal. Hence tests of Hy : X ~ Exp(1)
based on the implication @ can be obtained from

— / -1,
TR = (V0D —po) (00)  (V0H = o) 222 ®)
with . .
o = U(r+2) [55 $(rk) _ al™® bk .
k’r+1 1 ’ n bgﬁk) Cg"xk)

If X has a continuous distribution with specified distribution function F' then tests of
H are obtained from Ty(f’k) in by replacing the sample X1,...,X,, by Yi,...,Y, with
Y =h(X) =log

1
F(X)®

Since h is an increasing function then, referring to the definition of VELQ’ ) (at the
beginning of Section 3), in this case Y/, = min (Y;,,Y;,,...,Y;,) = h(X].,), where X/, =

min(Xil,...,Xik), 1<i4) <ig <...<i, <n,so that

i = 5o 5 % ()
Xik) AR k—1 F(Xix)
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where Z/ denotes summation over all 1 < i1 < iy < ... < i < n. The test statistic in
is thus
—1
T, T, r I7(r D
T( g (V( 8 —Mo) (Zgl’k)) (V%’k) —Mo) = x*(2)
where
—(r,k
=(rk) V;l )
Vn = | =(rk)
Vnz
with
k) 1 — 1 k) <t -
VIR SN EX)) og™ =, VU ( ) log" ! = :
Taking into account that
—1 1 C(Tvk) 76(77k") )
(r,k) _ n n (r,k) _ (r,k)
(Zn ) N Aﬁf’k) _bglﬂk) aglr,k) ) where Ay = det (Zn ) ,

") in the following extended form

2
1 k) (PR L(r+3)
Aglr,k:) n nl kr+3

—(r r —(r r 9 s r 2\ 2
—2p(rH) (V;{k) _ (7"+3)> (Viék) B (7‘+)> b <V(2,k) B (r+)> ] .

kr+3 kr+1 n kr+1

. T
we can write Tfl ’

T(r,k) —

n

We also consider tests using the statistics obtained from the following partitions:

T = TR 4 Tk = 7{rk) 4 7{nk)

where
rig) = - (77 - ey
i) = < [T o7 - T (i )]
T = g (v - T
K
T = Ag,ki @ [ GOV — o7 - 7F(£:32> ((r+2)er® — k%sz*’f))r

4. Tests of H : X ~ F when there are unknown parameters. We now study the

hypothesis H that F has the form F(x;A) where A(p x 1) are identifiable parameters with

unknown true value Ay in the parameter space A, and we denote the pdf by f(z;X).
Here we define
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where
. k) [ I e~ /— o o \k1 1
wal’k) = Ezl’k) ()‘n) = - (F(Xu n)) loegr+2 - N
et F (Xi;/\n>
. . 1 n—k+1 o 1
v =75 (W) = o (” ) log" ™! ————.,
k) i=1 k-1 F (inv)\n)

where A, is the MLE of X\. We then construct tests of H as in Section 3, but using
F(z;\y,) instead of F(z). And we further assume regular estimation, for which

Vi (R =20) 2N (0,17 (M)
where I(Ag) is the expected information matrix based on a single observation X from
F(xz; o).
Following the procedure presented for this case where a theorem of Pierce [23] is used

(cf. Morris and Szynal [I7]) for a sample from F(x;Ag) the variance matrix of V;T’k) for

large n is given approximately by

T T 1 T — T ! T T
0 o) = 0 = ~BIP ()T (o) (BEP (o)) = S0 — KM ()

with
= (7.k)
v (a)
(r,k) _ n

where Fy means expectation when X is F(x;Ap), and

T Lo — r
e (BG)

Here
N (r,k) n
(r.k) WV " (A) _ 1 0 k=1, ,49 1
by (Aj) = E o n;E N (F(Xi50)" log Y5
0 = 1
= B | (F(X; \)F log™2 — }
[ L FOr) o s
-+ — _ . 1 OF(X; A
= B2+ (= ) loa(FOGN)] (FOGAD* g™ s éx )},
) J
and
(k)
k) y e Ve (A o k=2, .1 OF(X;N)
b (N) = E o = k(r+ 1DE | (F(X;X)" " log VY
(cf. Morris and Szynal [22]). Write
— - 1 OF(X;)\)
b(“’“)A-:E[FX;,\ " log" — ’ ]
(X)) (F(X;X)" "log X oy

j=1,...,p. Then
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Bk .— B — bET;(Al) b%’”’g(kp)
POO0) b ()
_ [+ 2B O0) = (k= DU () L (4 206U (A) — (k= 1IN ()
k(r 4+ 1)b*) (Ay) k(r+ 1R (2)

and

1 A RO RN
K(r,k) — 7B(r,k)z-—1 (B(r,k)) — Sn n
n no " n slr ,k) (r,k)

Thus corresponding to T,(f’k) in we have

!
Ar A ~ (r,k) r L (k)
e =20 o) = (V0 g ) (5000) (VY o) B

under H, but this can be used for testing H only if it does not depend on the unknown
Ao, ie. if K0 (Ao) does not depend on Ay.
In one or two parameters when A = (a) and A = (a, 3) we write
I = [iy4] and .= {Z_H 2.12]
12 122
and then for A = () we have

T T, 1 T r d ? )
s = L (009@) i = L [+ 200119 @) = (k- D829 (@) i,
1
t0 = b ()b (@)in
_ k( +1) {(T + 2)b(r+1,k)(a) — (k- 1)b(7'+2,k)(a)} b(T’k)(OZ)’hh
n
r 1 r 2 k2(r +1 2 r 2.
u{k) = - (b(2 ’k)(a)) 111 = % (b( ’k)(a)) 11,
with OF ( )
— 1 F(X;a
b(?”k:) E |: F(X: k— 21 _ ? :|
(@) = B[ (Fxsa)21og’ 4 0P

and for A = (o, 3) we have
s = (@) i+ 2 @ )i + (1709) i
_ % { [+ 2B 10 (0) = (k= b2 () S
+2 [+ 2060 (@) = (k= D)h 2 (a)]
[+ 2B EB) — (k= 10 (B)] iy
[ 2B 00) — o= 8020 i .
4 = L[ (@) (ayins + (B (@05 (9) + 0 (@) (5)) i

+b§r,k) (ﬂ)bér-&-l,k) (/6)222:|
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- ]“(7";1){ [+ 20 (0) = (k= 1)) (@) | 69 (@)iny
+ ( [(r +2)br R () — (k- 1)br 2R (ﬁ)] b (@)
+ [+ 2B @) — (k- )b () b“’”(ﬁ))z‘u

+ [(r + 2)bU TR () — (k — 1)b<r+27k>(5)] b(“k)igg},

ulrk) = M [(b(T’k)(a)>2i11 + 26T (@)p™E) (B)iry + (b(nk)(ﬂ))zim}
with
R e
D) = B | (P00 o e P
Write
()" = g | D], A - (o),

Then in extended form the above test statistic 7 T(f’k) is

2
porky _ L | ) (k) DO+ 3N oy (e Dt +3)\ (o Ll +2)
n A(Tl’k) nl nl Lr+3 nl nl fr+3 n2 Lr+1
2
(k) (¢rrky _ D(r+2)
tang (VnQ - Lr+1

and we use the partitions

T = £ + B = T + T4

where
1 - oy (145 - Y.
) = S |61V RV - S (Rl - 2l ;
208 = - (450 - HER)
Tgéli) — A(?'ch(nk) [cﬁf{’“) A,Ef’k) B bgﬂk)vy&;k) B F(}::f) <(r n 2)65:1,1@) _ kaglrl,k)):| 2.
nl nl
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5. Special cases

5.1. Exponential distribution: X ~ Exp(a). Here F(x;a) = 1 — e *® for > 0,
A={a:a>0}, I"'=a® and

. 1 = 1
an:fnv Xn:ﬁ;sz

bR (o) = E [(F(X; @) 1og"

1 8F(X;a)]_ 1T(r+2)

F(X;a) Oa a2
Then we can write s(r k) t(r %) and u(r %) as follows

ky L (T(r+4)—kL(r+3)\°
Sn - E kr+4 ’

Hrb) 1@ +3) =T +2) (T +4) —k[(r+3))

n k2r+5 ?

py L (T(r+3)—T(r+2)\"

T Fr '

Referring to Zg:l’k) it follows that for k > 1

o) — gy L (FQ(T +4) — kD(r + 3))2
n

n1 n fr+4

3

1 [ L(2r +5) I2(r+4) 2U(r+3)(T(r +4) — k[(r + 3))
= ﬁ (2k — 1)2r+5 T 28 L2r+7 ]

B _ p(rik) 1T(r+3)-Tr+2)T(r+4) —kI'(r+3))
nl  — Yn - E L2r+5
k I'(2r 4+ 5) I'(2r +4)
=— | ———F=8 L 2, —_—
n {(k — 1)r+lfr+s Tt (P2 +3) + (2k — 1)2r+4

)

CDr+2)T(r+3) (I‘(r +3)—T(r+2)(T(r+4) —kI'(r + 3))]
2r+a L2r+6

(8 _ oy (D +3) —T(r +2))°
Cn1 n nk2r+2

E

(Z);(j) (k—j> {2kr+1(k_j)r+132’;_aj( +2,7+2)
- T@2r+3)  T%(r+2) 1 [D@2r+3)—T2(r+2)
+.7(2k )27"+3_ L2r+2 } (Z){ 1272 }

_ (D(r+3) -T(r+2)*
nk2r+2 ?

and when k=1
(r,1) _

Ap1 "~ =

[D(2r+5) —T?*(r+4)+20(r+3)(T(r+4) - T(r+3))],

b(ral) —

nl

3\>—‘3\'—‘

T@2r+4)—-Tr+2)L(r+3)—(Tr+3)-Tr+2) T (r+4) —T(r+3),
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b — % [F(Zr +3) T (r+2)— (D(r+3)-T(r+ 2))2} ~

nl

For the direct tests we have

n r+2 2
Jirk) 1 (k) (1 <Xi ) o (k=1 Xi/X _ D(r+ 3))
n rk n Y r+3
Aszl ) " i=1 Xn k
_Qb(r,k) l i: Xi 2 —(k=1)X;/Xn _ F(’/‘ + 3)
nt | X< € L3
=1 n
(% ) )
(Z) P k—1 X, fer+1
2
+a(™®) 1 n_zkfl n—1i\ [ Xin\ T(r+2)
a _— — - 7
nl (z) gt k—1 Xn k.r-i-l
~(rk m(r,k) _ m(rk m(r,k
= T’r(L;cl) + T7(L;02) - T7(L;C3) + TT(L;C4)
where
n r+2 2
gy L |1 3 Xi —-Dx:/x, _ Lr+3)
mer w0 2\ X, =

. 1
rk) __
T(L;CQ) = A(r,k)ag{k) la

nl
nox T i — I'(r+2) (k) (k) 2
() e~t-0x/% _TUAD) (2,000 _ (o oy |

(T',k‘)i n_f_l n—1 Xiin T
nl (n) k—1 Yn

k =1

1
76(7”7]?)7 =
"on ; X, L3
2
T(T’k) = 1 L nfl n—1 X’i:n r _ M
n;cs Slrl,k) (Z) pt k—1 Yn L+l 5

. 1 18N /X \ T2 _
T(T‘,k}) — (’mk)i 72 _(k?_l)X'i/Xn
7 - | Cn1 n E Xn e

n;c r,k) (r,k
! Agﬂ )0511 ) i=1
n—k+1 . r+1 2
rk 1 n—1 Xln F(T + 2) rk rk
—bSLl )ﬁ Z (k _ 1) (X ) T s ((T+2)C7(11 ) kang )) .
k i=1 n

5.2. Rayleigh distribution: X ~ Ral(a). Here F(x) := F(z; @)
20we™ for x>0, A = {a:a >0}, I"(a) = o2 and

A - = 1
G =1/X2, nggZXf.

The quantities al;*), ;¥ ¢"*) are as for the exponential distribution and the tests

statistics are given by similar formulae.



GOODNESS-OF-FIT TESTS 215

5.3. Normal distribution: X ~ N(u,0?). Here by f and F we denote the correspond-
ing density and the cumulative distribution function, A = {(i1,0?) : p € R, 62 > 0}, and

fin = X &QZEZH:(X‘—Y )2 S = ./62 7-1 — o2 0
’ " ton i=1 ' e " " 0 204
Hence
F - 1 OF (X;p,02)
p) —E[FX; ,62)" log” = L Hy
(1) (F(X;p,0%)" " log r e Ry
1 — k—2 r 1 1 (k)
= ——F|(®(Z 1 | = Lt
where 1
(k) k=2,
E = E Z @ Z 10 = — | Z ~ N O’ 1 ,
= o2 @2) w2 o)
and ¢, ® denote the pdf and cdf of Z, respectively. Similarly
T ]- r.k rk = b2 1
B0 (0%) =~z B, where Ey"V = {th(Z) (®(2))" " log" (Z)] .
Then
BOh) _ l—rir“EY“’k’ + AL gt ’EZQEST“”C)]
n k(r rk K(ra1 i
~HRE Mo gl
and o
1 / s T T
(T‘,k) — (T,k‘,) —1 (T‘,k) o n n
K" = ~BNI7 (BUN) — L%” o)
with

1 T r 21 r r 2
Sglr,k) — E |:|:(k'_1)E£ +2,k) (T‘—|—2)E§ +1,/€):| +§ [(k—l)Eé +2,k) (T‘—|—2)E§ +1,k):| :|7
2
T r 1 T T
—(k—l) <E§ ’k)E£ +2’k)+§Eé ’k)Eé +1,k)):|,

W) K2 (r+1) [(Eir,m)?Jr; (Eér,k))2:|7

n

k(r+1) k) m(rLE) | L (k) (et 1k
{1 HEED [ (omgan Lo

T 1 r r 2
afﬂ,k) _ aglr,k) _ - |:((k_ 1)E£ +2,k) (T+2)E§ +1,k))
n

1 - - 2

2

T s 1 T r
—(k—1) <E§ ’k)Ei +2’k)+§E§ ’k)Eé +1,k)):|7

cijl”” = (k) M |:(E§T’k))2—|—; (Eér,k:))Q] .

T ]f 1 r r 1 ” .
bgll,k) — bglr,k) _(TT_F) |:(’I“+2) (Ei ,k)Eg +1J€)+*E§ ’k)Eé +1’k))
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The test-statistics for the direct tests are

" Y k-1 r+2 2
- 1 I ~= (X — X _X T(r +3)
(rk) _ (r.k) _ T A n i n _Lr+9)
" A,(fl’k) fnt (" ;(@ ( Sh )) log ( S, ) Lr+3
n ~ k-1 r+2
(rky [ 1 —(Xi— X, i—Xn I(r+3)
2 (n ; <(I) (&)) log ® ( s, e

= Xi:n_fn
e (R )

S,
= Xi'n_yn
* ( S )

(&% ()
i (52 (1)

k i=1

e 2))

e F(r+2)>2

kr+l

prk) | rk) _ prk) | p(rk)

n;cy n;ca n;cs n;ca

where
n - k—1 T2 2
1 — [ X; - —(X;,— X L(r+3)
rk) i n [ n
0 = 1= (@ log @ pr=s; ,
n i=1 n n
. 1 1" =i\ | (X = X\ [
T = ——— [a(ﬁ’k)n ( ) 1og¢>< )
;C2 A;Tik)aq(lek) n (k) Zz:; E—1 Sn
n — k—1 = r+2
1 —(X;— X X
_b(r,k)i ) i n log ® i n
F(T + 2) r.k r.k 2
T (kQafn D= (2] )) :
n—k+1 ) r+1 2
oy T o (O N | I Uk i
n;cs C(r,k) (n) . k—1 Sn kr+1
nl k i=1

k—1

) 1 I~ (5 (XX
Fow L | enls (5 (XX :
n;cy Agl,k)cgl,k) |f%L1 n Z Sn

r+2

_ /X, - X
loep [ =27
o ( S )

=1
2
bglr,k) n—k+1 n—i (X — X, T+ F(T + 2) rk rk
T (ST e
Ko "

6. Simulations. We have selected tests and alternatives in Table 1 from Cabana and
Cabaiia [6] as standards of comparison with our proposed tests. When n = 20 and n = 50
the test-statistics T}ET”“) and their components for r = —0.9, -0.5, -0.3, -0.1, 0.1, 0.3, 0.5,
0.9,1.0,1.2,1.5,1.7,2.0and k =1, 2, 3, 4, 5 and 6 (not all for all tests). Critical values
were simulated using 100 000 and the associated powers were obtained using 100 000
samples, but only some results are presented here.

For samples of size 20 we include simulations for some favorable omnibus tests with
Av. powers > 44.5 (Table 2). Powers of tests with Av. powers < 44.5 and greatest powers
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for some alternatives are given in Table 3. For samples of size 50 we include (Table 4)
simulations for tests with Av. powers > 75.2. Table 5 contains tests with Av. powers
< 75.2 and greatest powers for some alternatives. Bold numbers stand for powers greater
than those from Table 1, and the stars denote the overall maxima.

Table 1. (Source: Cabana and Cabana [6]) Empirical comparison of the performances of the
test TEEP based on 100 000 replications and of seven other tests, under several alternatives.
The entries are simulated powers of 5% tests.

Alt. TEEP | EP | BHKS | BHCM S co BH T
W (0.8) 26 24 17 22 24 28 24 1
W(1.4) 35 36 28 35 35 37 37 45
'(0.4) 85 76 71 75 76 91 80 11

I'(2) 54 48 40 47 46 54 51 56

LN(0.8) 37 25 30 27 24 33 29 34
LN(1.5) 64 67 58 66 67 60 66 2
HN 17 21 18 22 21 19 21 31*
U 47 66 52 70 70 50 61 82

n =20 | CH(0.5) 72 63 56 61 63 80 67 6
CH(1) 12 15 13 16 15 13 15 23%*
CH(1.5) 77 84 67 83 84 81 83 89*
LF(2) 24 28 24 30 29 25 25 39*
LF(4) 36 42 34 43 42 37 41 54%*
EV(0.5) 11 13 18 16 15 13 15 23%*
EV(1.5) 35 35 48 47 46 37 43 58*
DL(1) 25 20 20 21 19 25 23 28
DL(1.5) 72 64 56 63 62 72 68 71

Av 42.9 42.8 38.2 43.8 43.4 | 444 | 441 | 384
W (0.8) 53 48 35 46 48 56 50 17
W(1.4) 82 80 71 77 79 82 81 81
'(0.4) 100%* 99 97 99 98 100* 99 90

I'(2) 94 91 86 90 90 96* 93 92
LN(0.8) 73 45 62 60 47 66 58 66
LN(1.5) 95 95 92 95 95 92 95 54

HN 45 54 50 53 54 45 52 60*

U 93 98 99 99 99 91 97 100*
n =50 | CH(0.5) 98 94 90 94 94 99* 96 79
CH(1) 31 38 36 37 38 30 35 44%
CH(1.5) | 100* | 100* | 100%* 100* 100* | 100* | 100* | 100*
LF(2) 61 69 65 69 69 60 68 T4*
LF(4) 81 87 82 87 87 80 86 90*
EV(0.5) 30 38 36 37 38 30 35 44%
EV(1.5) 80 90 88 90 90 78 87 93
DL(1) 57 39 43 44 39 55 47 54
DL(1.5) 99 97 96 97 97 99 98 98
Av 74.8 74.2 72.2 74.9 742 | 741 | 75.1 | 72.7

The meaning of the headings and the test-statistics can be found in Cabana and
Cabaifia [6] and Henze and Meintanis [1I] and their references:

TEEP: The transformed estimated empirical process (TEEP) test

EP: The Epps and Pulley test

BHKS: The Baringhaus and Henze test suggested by the Kolmogorov—Smirnov statistic
BHCM: The Baringhaus and Henze test suggested by the Cramér—von Mises statistic
S: The test based on spacing

CO: The Cox and Oakes test

BH: The Baringhaus and Henze test based on the empirical Laplace transform

T: The Henze and Meintanis test based on the empirical characteristic function (ECF).
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The alternatives considered are:

D. SZYNAL

W (0) — Weibull distribution with parameters (1, 0)
I'(#) — Gamma distribution with parameters (1, 0)
LN(6) — Lognormal distribution with parameters (0, 6)

HN — Half-normal distribution: the law of |Z|, Z standard normal

U — Uniform distribution on [0, 1]
E

0

h

D
C

Table 2. Powers of 5% tests based on 100 000 simulations using empirical critical values with

F

V(6) — Modified extreme value distribution: the law of log(1 — #logU), U uniform on

1

]

Av. powers > 44.5; n = 20

(
1
1

(6) — Linear increasing failure rate: the law of 6=(v/1+2Y8 — 1), Y ~ Exp(1)
L(#) — Dhillon’s Distribution: the law of e(~ log U)!/ (74 _ 1, U uniform on |

0,
H(#) — Chen Distribution: the law of (log ( — %log U))l/e, U uniform on [0,

]
].

k 2
Tests | T T | TG o g frhamh [ anh i
Alt \r -0.3 -0.3 -0.5 -0.3 -0.3 -0.1 -0.1 -0.5 -0.3
W (0.8) 26 26 26 26 25 25 24 24 22
W(1.4) 38 37 39 37 39 36 37 39 41
G(0.4) 84 87 88 87 84 82 79 89 86
G(2) 53 51 55 51 54 49 50 58 59
LN(0.8) 31 30 36 32 32 28 27 45 44
LN(1.5) 65 66 59 63 62 66 65 48 52
HN 20 20 20 21 21 21 22 19 21
U 59 60 57 67 65 71 69 48 55
CH(0.5) 72 70 77 75 72 69 66 78 74
CH(1) 14 13 14 14 15 15 15 13 15
CH(1.5) 83 83 82 83 84 84 85 78 82
LF(2) 28 28 28 29 30 30 30 26 29
LF(4) 41 41 41 43 44 44 44 39 43
EV(0.5) 14 14 14 14 15 15 15 13 15
EV(1.5) 42 42 41 45 45 47 47 37 41
DL(1) 24 23 26 23 24 21 21 31 31
DL(1.5) 70 68 73 68 71 65 66 78 78
Av. 44.9 44.5 45.7 45.8 45.9 45.0 44.9 44.9 46.3
k 4
Tests | T\K  oink ok wnk ok ek pink pink ik
Al \r -0.1 0.1 0.3 0.5 -0.5 -0.3 -0.1 0.1 0.3
W (0.8) 21 20 20 20 18 19 18 16 16
W(1.4) 42 42 40 39 43 42 43 44 45
G(0.4) 82 78 74 70 76 86 83 79 76
G(2) 59 57 54 51 58 61 62 62 62
LN(0.8) 40 36 32 28 35 52 50 47 44
LN(1.5) 55 58 60 62 41 41 43 46 49
HN 23 23 24 24 24 20 22 24 25
U 60 65 69 72 69 48 53 58 62
CH(0.5) 69 64 61 57 61 73 69 64 60
CH(1) 16 16 17 17 17 14 16 17 18
CH(1.5) 84 84 85 85 87 79 81 83 84
LF(2) 31 32 33 33 33 28 30 32 34
LF(4) 45 46 47 47 47 40 43 46 48
EV(0.5) 16 17 17 17 17 15 16 17 18
EV(1.5) 44 47 49 50 49 37 41 44 47
DL(1) 29 27 25 22 27 35 34 33 33
DL(1.5) 76 74 71 67 74 80 80 80 79
Av. 46.7 46.2 45.8 44.7 45.8 45.3 46.1 46.6 47.0
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k 4 5
Tests | T TLY TND TR | LY TR TRD TN
Alt \r 0.5 0.75 0.9 1.0 0.5 -0.3 -0.3 -0.1
W(0.8) 15 15 15 15 17 15 13 14
W(1.4) 44 43 43 42 46 39 48 44
G(0.4) 71 69 65 64 83 82 68 81
G(2) 60 58 56 55 64 58 65 64
LN(0.8) 41 36 34 32 48 56 a7 57
LN(1.5) 50 53 55 56 38 33 37 32
HN 26 27 27 27 24 20 26 21
U 65 68 70 71 58 59 64 47
CH(0.5) 56 53 51 50 68 66 52 66
CH(1) 19 19 19 19 17 15 19 16
CH(1.5) 85 85 85 85 85 80 87 79
LF(2) 35 35 36 35 32 27 35 29
LF(4) 49 50 50 50 46 40 49 42
EV(0.5) 18 19 19 19 17 15 19 15
EV(1.5) 49 50 51 52 44 40 49 38
DL(1) 30 28 26 25 35 34 35 38
DL(1.5) 77 74 72 71 82 77 82 82
Av. 46.5 45.9 45.5 45.2 | 47.2% 445 46.8 45.0
k 6
& (rk 2 (e k (e k & (r ke 5 (rk 2 (e k (e k & (r ke
T | TN TG Twb  Tud) T Twb | Tud ol
Alt \r 0.1 0.3 0.5 0.75 0.9 1.0 -0.5 -0.3
W (0.8) 12 11 9 8 8 8 16 12
W(1.4) 45 46 ar ar ar 46 44 ar
G(0.4) 77 73 67 60 58 56 86 76
G(2) 64 65 64 63 63 62 65 67
LN(0.8) 55 53 50 a7 45 43 56 56
LN(1.5) 33 35 35 36 37 38 30 31
HN 23 25 26 27 28 28 21 24
U 52 56 60 63 65 66 a7 54
CH(0.5) 60 56 50 44 42 41 71 59
CH(1) 17 18 19 20 20 20 15 17
CH(1.5) 81 83 84 85 85 86 79 83
LF(2) 31 34 34 36 37 37 29 32
LF(4) 44 47 48 50 51 51 41 45
EV(0.5) 17 18 19 19 20 20 15 18
EV(1.5) 41 44 46 48 50 51 38 42
DL(1) 38 38 36 34 34 33 38 39
DL(1.5) 82 82 82 80 79 78 83 84*
Av. 45.4 46.1 45.7 45.0 45.1 45.0 45.5 46.4
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Table 3. Tests with Av. powers < 44.5 and greatest powers for some alternatives; n = 20

k 5 6
Tests | T\ TR | 1Y 10y oty Tk Tnh o ninh iny Tk
Alt \r 0.1 0.3 -0.3 -0.1 -0.1 0.1 0.1 0.3 0.3 0.5
W (0.8) 8 7 14 7 11 5 8 4 5 3
W(l.4) 47 46 41 48 43 49%* 45 49* 46 49%*
G(O.4) 20 12 84 47 79 20 72 10 64 5
G'(2) 63 61 63 68%* 65 67 66 67 67 65
LN(0.8) 42 39 62* 54 62* 52 61 49 59 46
LN(1.5) 26 21 21 27 21 21 20 17 19 13
HN 28 28 19 26 21 27 22 28 24 29
U 71 74 39 58 43 62 47 66 51 69
CH(0.5) 16 10 69 34 62 15 53 8 45 4
CH(1 20 20 14 19 15 19 16 21 17 21
CH(1.5) 89%* 89* 74 85 T 86 79 87 81 88
LF(2) 37 38 25 34 28 36 30 38 32 38
LF(4) 52 52 37 48 40 50 42 42 45 52
EV(0.5) 20 21 14 18 15 19 16 21 18 21
EV(1.5) 53 54 32 45 36 48 39 51 41 52
DL(l) 32 30 39 39 41%* 37 41%* 37 41%* 35
DL(LE)) 79 76 82 84* 83 83 84* 83 84* 81
Av. 41.3 39.9 42.8 43.6 43.6 41.0 43.5 40.4 43.6 39.5
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Table 4. Powers of 5% tests based on 100 000 simulations using empirical critical values with
Av. powers > 75.2; n = 50

k 1 2 3
(i k 5 (rk ~(rk ~(rk & (rk 5 (rk ~(rk ~(rk & (rk ~(rk
Tets | T00 | 0P FGD FeD FOD FUH FUD | FUD FUD  F0D
Alt \r -0.3 -0.5 -0.5 -0.3 -0.3 -0.1 -0.1 -0.3 -0.1 0.1
W(0.8) 52 53 53 52 51 50 49 49 48 47
W(1.4) 82 78 82 80 82 80 80 82 82 82
G(0.4) 100%* 100%* 100%* 100* 100%* 99 99 100* 100%* 99
G(2) 94 94 95 94 94 92 92 96 95 94
LN(().S) 58 81 73 74 63 61 52 81 74 67
LN(1.5) 94 92 92 94 94 95* 95%* 89 91 93
HN 50 48 47 51 51 53 53 46 49 52
U 96 98 94 98 97 99 98 92 95 97
CH(0.5) 98 99* 99* 98 98 97 96 98 97 96
CH(l) 35 33 32 36 36 38 38 31 34 37
CH(1.5) 100%* 100%* 100%* 100%* 100%* 100%* 100%* 100%* 100%* 100%*
LF(2) 67 64 64 68 68 70 70 62 66 68
LF(4) 85 83 83 86 86 87 87 82 84 86
EV(0.5) 35 32 32 36 35 38 38 31 34 36
EV(1.5) 86 86 82 89 87 90 90 80 83 87
DL(1) 50 58 59 54 52 47 45 65 60 55
DL(1.5) 99 99 99 99 99 98 98 100* 99 99
Av. 75.3 76.3 75.7 77.0 76.0 76.1 75.2 75.4 76.0 76.2
k 3 4
Tests Tk | PR k) k) PR k) pnR) (k) (k) (k)
Alt \r 0.3 -0.5 -0.5 -0.3 -0.1 0.1 0.3 0.5 0.75 0.9
W(0.8) 46 47 44 45 43 45 43 43 42 41
W(l.4) 81 78 84 79 79 83 83 82 82 81
G(0.4) 98 100* 99 100* 99 99 99 99 98 97
G(Z) 92 95 94 95 94 96 95 94 93 92
LN(0.8) 58 94 61 92 88 81 76 70 62 57
LN(1.5) 94 83 86 85 87 88 90 91 93 93
HN 54 42 55 44 45 48 51 53 55 56
U 98 97 98 98 98 93 95 97 98 98
CH(0.5) 95 99* 96 98 97 97 96 95 93 91
CH(1) 38 29 40 30 31 33 35 37 39 40
CH(1.5) 100%* 100%* 100%* 100%* 100%* 100%* 100%* 100%* 100%* 100%*
LF(2) 70 58 70 60 61 64 67 69 71 71
LF(4) 87 78 87 80 81 83 85 87 88 88
EV(0.5) 38 28 40 30 31 33 35 37 39 40
EV(1.5) 89 81 89 83 84 82 84 87 89 90
DL(1) 49 71 52 69 66 65 61 57 51 48
DL(1.5) 98 100%* 99 99 99 99 99 99 99 98
Av. 75.6 75.3 76.1 75.8 75.6 75.9 76.2 76.4 75.9 75.3
k 5
N I AN RIS T GO O L G G A G
Alt \r -0.5 -0.5 -0.3 -0.3 -0.1 -0.1 0.1 0.3 0.3 0.5
W (0.8) 44 47 41 43 39 37 36 34 40 32
Wi(l.4) 79 85 80 86 80 86 80 80 83 79
G(0.4) 100%* 100%* 100* 99 99 96 99 99 99 98
G(2) 95 97T* 96 9T7* 95 96 95 94 96 93
LN(0.8) 96 82 95 78 94 72 92 89 85 86
LN(1.5) 82 85 83 87 83 87 84 84 85 84
HN 44 49 46 54 47 57 48 49 48 49
U 96 93 97 96 98 98 98 98 91 99
CH(0.5) 98 98 98 96 97 89 96 94 96 92
CH(1) 30 34 31 38 33 41 34 34 32 34
CH(1.5) 100%* 100%* 100%* 100%* 100%* 100%* 100%* 100%* 100* 100%*
LF(2) 60 66 62 70 63 73 64 65 64 65
LF(4) 79 84 81 87 83 89 83 84 82 84
EV(0.5) 30 34 31 38 32 41 33 34 32 34
EV(1.5) 82 82 83 87 84 90 86 87 80 87
DL(l) 73 68 73 64 71 60 70 68 69 65
DL(LE)) 100%* 100%* 100* 100%* 100%* 99 99 99 100%* 99
Av. 75.6 76.7 76.2 77.6% 76.4 77.1 76.4 76.0 75.4 75.3
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k 6
Tests | Ty TP LY LD LY Ty TR TR T
Alt \r 0.1 0.3 0.5 0.75 0.9 1.0 1.2 1.5 1.7
W(0.8) 34 29 26 33 33 33 31 30 31
W(1.4) 87* 81 80 84 84 84 83 82 82
G(0.4) 96 99 98 98 98 98 97 96 95
G(2) 97* 95 95 96 96 96 95 94 93
LN(0.8) 82 93 92 85 83 81 77 70 66
LN(1.5) 86 79 78 83 84 85 86 88 89
HN 55 49 50 50 52 53 54 55 57
U 96 97 97 92 94 94 95 97 97
CH(0.5) 89 94 91 94 93 93 91 88 87
CH(1) 39 33 34 35 36 37 38 40 41
CH(1.5) 100* 100%* 100%* 100%* 100* 100%* 100%* 100%* 100*
LF(2) 71 65 65 66 68 69 70 71 72
LF(4) 87 84 84 84 85 86 87 88 88
EV(0.5) 39 33 34 35 37 37 38 40 41
EV(1.5) 87 85 86 82 83 85 86 88 89
DL(1) 68 71 70 69 67 66 63 58 55
DL(1.5) 100* 100* 99 100* 100* 99 99 99 99
Av. 77.2 75.6 75.3 75.7 76.0 76.3 76.0 75.5 75.4
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Table 5. Tests with Av. powers < 75.2 and greatest powers for some alternatives; n = 50

k 1 3 6
Tests | T\0LY  TLY | TGY | 700 minh o ninh o ninh o T
Alt \r -0.9 -0.9 -0.5 -0.5 -0.5 -0.5 0.9 1.0
W (0.8) 57* 57* 51 41 46 43 17 16
W (1.4) 79 79 81 78 83 75 84 83
G(0.4) 100*  100* | 100* | 100*  100*  100* 16 11
G(2) 96 96 96 95 97* 96 94 93
LN(0.8) 7 76 86 97* 92 97* 61 58
LN(1.5) 89 89 86 81 77 59 59 53
HN 37 38 41 43 42 30 62* 61
U 83 83 87 93 84 65 99 99
CH(0.5) | 99% 99* 99* 98 99* 99* 17 13
CH(1 25 25 27 29 28 20 46* 46*
CH(1.5) 99 99 100* | 100*  100* 98 100*  100*
LF(2) 53 53 57 59 57 44 76% 76*
LF(4) 73 73 77 78 76 63 91* 91*
EV(0.5) 25 25 27 29 28 20 46* 46*
EV(1.5) 70 70 74 79 72 55 93 93
DL(1) 61 61 68 73 75 78% 51 48
DL(1.5) | 100*  100* | 100* | 100*  100*  100* 99 98
Av. 71.9 72.0 73.9 74.8 73.9 67.1 65.2 63.8

Our simplest omnibus tests when n = 20 and n = 50 are
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with Av. powers 47.2 and 46.5 for n = 20, and 76.7 and 76.4 for n = 50, respectively.
Our most powerful test for n = 20 is T£;2'5’5) with Av. power 47.2, and for n = 50 is

TTSTCS‘?”"’) with Av. power 77.6.

Acknowledgments. I am very grateful to my friend Kerwin Morris for corrections and
suggestions given in preparing versions and to Ms. Anna Nosalewicz for simulations and

typing.

References

[1] G. E. Andrews, R. Askey and R. Roy, Special Functions, Cambridge University Press,
2000.

[2] L. Baringhaus and N. Henze, A test uniformity with unknown limits based on D’Agostino’s
D, Statist. Probab. Lett. 9 (4) (1990), 299-304.

[3] M. Bieniek and D. Szynal, Recurrence relations for distribution functions and moments
of kth record values, J. Math. Sci. 111 (3) (2002), 3511-3519.

[4] M. Bieniek and D. Szynal, Limit distributions of differences and quotients of non—adjacent
kth record values, Probab. Math. Statist. 23 (1) (2003), 19-38.

[5] M. Bieniek and D. Szynal, On k-th record times, record values and their moments, J.
Statist. Plann. Inference 137 (2007), 12-22.

[6] A. Cabania and E. M. Cabana, Goodness-of-fit to the exponential distribution, focused on
Weibull alternatives, Commun. Statist. Simul. Comput. 34 (2005), 711-723.

[7] M. Csorgs, V. Seshadri and M. Yalovsky, Applications of characterizations in the area
of goodness of fit, in: C. P. Patil et al. (eds.), Statistical Distribution in Scientific Work,
Vol. 2, Reidel, Dordrecht, 1975, 79-90.

[8] W. Dziubdziela and B. Kopocinski, Limiting properties of the k-th record values, Zastos.
Mat. 5 (2) (1976), 187-190.


http://dx.doi.org/10.1016/0167-7152(90)90135-T
http://dx.doi.org/10.1023/A:1016178914240
http://dx.doi.org/10.1016/j.jspi.2005.11.005
http://dx.doi.org/10.1081/SAC-200068462

9
[10]
[11]
[12]

[13]
[14]

[15]

16]
17]
[18]
[19]
[20]
21]
[22]
23]
[24]

[25]

GOODNESS-OF-FIT TESTS 223

7. Grudzien and D. Szynal, Characterization of continuous distributions via moments of
record values, J. Appl. Statist. Sci. 9 (2) (2000), 93-104.

N. Henze and S. G. Meintanis, Goodness-of-fit tests based on a new characterization of
the exponential distribution, Commun. Stat. Theory Meth. 31 (2002), 1479-1497.

N. Henze and S. G. Meintanis, Recent and classical tests for exponentiality: a partial review
with comparisons, Metrika 61 (2005), 29-45.

T. P. Hill and V. Perez-Abreu, Extreme—value moment goodness-of-fit tests, Ann. Inst.
Statist. Math. 53 (3) (2001), 543-551.

A. J. Lee, U-Statistics, Theory and Practice, Marcel Dekker, New York, 1990.

G. D. Lin, Characterizations of continuous distributions via expected values of two func-
tions of order statistics, Sankhya Ser. A 52 (1990), 84-90.

1. Malinowska, K. Morris and D. Szynal, On dual characterizations of continuous distri-
butions in terms of expected values of two functions of order statistics and record values,
J. Math. Sci. 121 (5) (2004), 2664-2673.

K. W. Morris and D. Szynal, Goodness-of-fit tests, based on characterizations in terms of
moments of order statistics, Appl. Math. 29 (3) (2002), 251-283 .

K. Morris and D. Szynal, Tests derived from characterizations in terms of moments of
record values, Appl. Math. 30 (1) (2003), 11-37.

K. Morris and D. Szynal, Goodness-of-fit tests using dual versions of characterizations via
moments of record values, J. Math. Sci. 122 (4) (2004), 3384-3403.

K. Morris and D. Szynal, Tests resulting from characterizations using record values, J.
Math. Sci. 131 (3) (2005), 5646-5656.

K. Morris and D. Szynal, Goodness-of-fit tests via characterizations, IJPAM 23 (4) (2005),
491-555.

K. Morris and D. Szynal, Goodness-of-fit tests based on characterizations involving mo-
ments of order statistics, IJPAM 38 (1) (2007), 83-121.

K. Morris and D. Szynal, Some U -statistics in goodness-of-fit tests derived from charac-
terizations via record values, IIPAM 46 (4) (2008), 507-582.

D. A. Pierce, The asymptotic effect of substituting estimators for parameters in certain
types of statistics, Ann. Statist. 10 (2) (1982), 475-478.

N. M. Temme, Special Functions. An Introduction to the Classical Functions of Mathe-
matical Physics, John Wiley & Sons, 1996.

Y. H. Too and G. D. Lin, Characterizations of uniform and exponential distributions, Stat.
Probab. Lett. 7 (5) (1989), 357-359.


http://dx.doi.org/10.1081/STA-120013007
http://dx.doi.org/10.1007/s001840400322
http://dx.doi.org/10.1023/A:1014673230617
http://dx.doi.org/10.1023/B:JOTH.0000027032.41299.e6
http://dx.doi.org/10.1023/B:JOTH.0000031883.60349.a4
http://dx.doi.org/10.1007/s10958-005-0436-0
http://dx.doi.org/10.1214/aos/1176345788




	Introduction
	Characterization conditions in terms of expected values of two functions of record values
	Tests of H:XF when parameters are known
	Tests of H:XF when there are unknown parameters
	Special cases
	Exponential distribution: XExp()
	Rayleigh distribution: XRal()
	Normal distribution: XN(,2)

	Simulations

