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Abstract. We give a classification of Z/2Z-graded fusion categories whose 0-component is a
pointed fusion category. A number of concrete examples are considered.

1. Introduction

1.1. A fusion category over an algebraically closed field k of characteristic zero is a
k-linear semisimple rigid tensor category C with finitely many simple objects (the unit
object 1 is supposed to be simple) and finite dimensional spaces of morphisms. Our main
reference on fusion categories is [4]. Throughout this paper we work with k¥ = C although
many results hold for general k. If there is no ambiguity, we use the same notation for an
equivalence class and for its representative.

A fusion category C is said to be graded by a finite group G if C = ®4ec(g), where
c(g) are full abelian subcategories of C such that c¢(g)* = ¢(g~!) and the tensor product
maps ¢(g) xc(h) to c(gh), for all g, h € G (we call C a G-extension of its fusion subcategory
c(e), where e is the unit of G). A fusion category is said to be pointed if all its simple
objects are invertible with respect to the tensor product. Such a category is equivalent
to the category Vecg whose simple objects are elements of a finite group S with tensor
product s®t = st, the unit object 1 = 1g, the duality s* = *s = s~!, and the associativity
isomorphisms defined by w € H3(S,C*).
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Our aim is classification of Z/2Z-extensions C = ¢(0) & ¢(1) of ¢(0) = Vec¥. Tambara
and Yamagami [23] showed that for any such an extension with ¢(1) containing only
one simple object, S must be abelian and equipped with a symmetric non-degenerate
bicharacter x, and w = 1. The general case is much more complicated. We show that S

must contain a normal abelian subgroup A, so S = Ax.S/A, a twisted semidirect product
P

with an action of S/A on A and p € Z%(S/A, A); see, for instance, [3] (the simplest
example: S = Z/AZ = 7/27 x Z/2Z with trivial action and nontrivial p). Then, A must
p

be equipped with a symmetric non-degenerate bicharacter x and with an equivalence
class of 2-cochains y” invariant with respect to Aut(S) and such that 9?u" = w, modulo
2-cocycles on A which can be extended to 2-cocycles on S°P, the opposite group to S.

The above extensions of 2-cocycles are classified by couples (¢, v), where maps ¥ €
ZYS/A, Fun(A x A,C*)) and v € C?(S/A,C*) satisfy some relations. If S is a usual
semidirect product, i.e., p = 1, this was explained in [I2]; in this partial case we show
that there is only one class p”, so it can be omitted. Finally, the Grothendieck rings of
Z/27Z-extensions of Vecy are classified by couples (g, ), where ¢ € Aut(S/A),0 € S/A
are such that 2 = Ad(d) and £(8) = 4.

Thus, our main result, Theorem claims that Z/2Z-extensions of Vecy are clas-
sified, up to equivalence, by collections (A, x, u", 7,,0,%,v), where 7 = :t|A\_1/27 like
in [23]. It also describes their structure and allows to construct a number of new examples
of fusion categories.

We have to mention that Liptrap [14] earlier obtained some classification of Z/27Z-
extensions of Vec§ (analyzing, as in [23], the solutions of the system of 16 pentagon
equations for the associativity isomorphisms of C), but in terms that are difficult to ap-
ply to the construction of concrete examples. On the other hand, we need new examples
of fusion categories in order to construct new families of finite index and finite depth
11,-subfactors as follows: 1) For a given concrete fusion category C, the Hayashi’s recon-
struction theorem [25] (see also [24]) allows to construct a canonical weak Hopf algebra
(a quantum groupoid) H [I], [I8] whose representation category is equivalent to C. 2)
From a given H, one can construct a subfactor whose bimodule category is equivalent
to C, and compute its index, principal and dual graphs, and the lattice of intermediate
subfactors; see [19], [20]. If C is Tambara-Yamagami category, this was done in [I5] and
gave a family of subfactors of index (n + /n)%/d (n,d € N, d|n). We will describe in
a separate paper a much larger family of subfactors coming from the fusion categories
constructed in the present paper.

1.2. The classification of G-extensions of fusion categories given in [5] implies, in the case
when G = Z /27, that any Z/2Z-extension C = ¢(0) @ ¢(1) determines the following data
(for all needed definitions see [5] and the references therein):

(1) A group homomorphism ¢ : Z/2Z — m = BrPic(c(0)) (0 — ¢(0),1 — ¢(1)),
where the elements of the Brauer-Picard group m; are the equivalence classes of invertible
¢(0)-bimodule categories and the operation in 7 is the relative tensor product Xg). In
fact, ¢ is defined by the choice of an invertible ¢(0)-bimodule category ¢(1) such that
c(1) = ¢(1)°P.
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(2) A collection of ¢(0)-bimodule equivalences My 1, : c(g) Koy c(h) = c(gh) (g9,h €
Z/27) such that the following functors are isomorphic to Id:

Tftg,h : Mfgyh(Mﬂ!] gc(o) Idc(h))(ldc(f) |X|c(0) Mg_,i},)Mf_,glh : C(fgh) — C(fgh)

(3) Natural iSOHlOI‘phiSmS Qf gh - Mf,gh(ldc(f) ‘ZC(O) Mg,h) = Mfg,h(Mf,g gc(o) Idc(h))
satisfying the pentagon equations

My gn k(idery Mooy Qgn k)
X af,ghk(Ide(r) Beo) Mg,n We(o) Lde()) Mygn,k(ctf.g,n Be(o) ider))

= ay g nk(Ide(ry Weqo) Ide(g) Reo) Mug)rg ni(Ms g Mooy Ideny Mooy Lder))-

Vice versa, given ¢(0), c and M, j as above, the ¢(0)-bimodule category C = ¢(0)®c(1)
can be equipped with a ¢(0)-bimodule tensor product which is associative if and only
if certain cohomological obstruction Os(c) vanishes or, equivalently, if and only if the
functors T 4 1, are isomorphic to Id. If this is the case, the above tensor product admits
two possible families of associativity isomorphisms satisfying the pentagon equations.

1.3. The paper is organized as follows: Section 2 contains preliminary results on induction
and extension of cocycles from a subgroup of a finite group and also on invertible bimodule
categories over ¢(0) = Vec§. In Section 3 we give a classification of Z/2Z-extensions of
¢(0) = Vec. In order to do this, we obtain the following intermediate results:

- Description of homomorphisms ¢ : Z/27Z — BrPic(c(0)), or equivalently of invertible
¢(0)-bimodule categories ¢(1) such that ¢(1) = ¢(1)°P.

- Classification of fusion rings of possible Z/2Z-extensions of ¢(0).

- Explicit calculation of the ¢(0)-bimodule equivalences M .

- Explicit calculation of the functors T% 4 5 which allows not only to deduce that they
are isomorphic to Id (i.e., that the cohomological obstruction Oz(c) vanishes), but also
to calculate explicitly the natural isomorphisms a4 5 satisfying the pentagon equations
(there are exactly 2 families of them).

Section 4 is devoted to examples: we compute the number of non-equivalent Z/27Z-
extensions of Vec, where S is either an abelian group of order 2p, or dihedral group
D, (p is prime), or the alternate group Aa.

Note that our results imply the classification, up to (categorical) Morita equivalence,
of Z/2Z-extensions of group-theoretical categories, i.e., Morita equivalent to pointed ones
[]. Indeed, [0], Lemma 3.4 implies that for any such extension there is a Morita equivalent
Z/2Z-extension of a pointed category.

2. Preliminaries

2.1. Some cohomological constructions

2.1.1. Basic definitions, induction of cocycles. Let C(S,P) = {C"(S, P)},>0 be a
cochain complex of a finite group S with coefficients in a left or right S-module P [3].
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Namely, C"(S, P) = Fun(S™, P) is a set of normalized n-cochains (i.e., equal to 0 if at
least one of arguments equals to 1g), S™ = S x -+ x S (n factors). If P is a left S-module
with an action s-p (s € S,p € P), then the coboundary operator 9™ : C"(S, P) —
C™t1(S, P) is defined by

n
(anf)(sl, ) Sn+1) = Sl'f(SQ, ey Sn+1) + Z(—l)if(sl, ey Si—158iSi4+1,5 - - - ,8n+1)
i=1

(=) (5150005 8n). (1)

Similarly, if P is a right S-module with an action p - s, then the coboundary operator
9" : C™(S, P) — C"t1(S, P) is defined by

(an)(sl, ey Sn, Sn—i-l) = f(SQ, ey 5n+1) + Z(—l)zf(sl, ey Si—15SiSi4+1s 00y 3n+1)
=1

(=) f (S0, 00, 80) * Sntt (2)

Let Z™(S,P) = Ker(9™) (resp., Z"(S,P) = Ker(d")) be the set of n-cocycles, and
also B™(S,P) = Im(d" ') (resp., B"(S,P) = Im(0" ")) the set of n-coboundaries,
and H"(S,P) = Z"(S,P)/B"™(S, P) (resp., H"(S,P) = Z"(S,P)/B"(S, P)) the n-th
cohomology group of S with coefficients in P.

Any left G-module is also a right G-module with the action (s, M) + s~1- M. Let
o, 2 C™(S, P) — C™(S, P) be the map defined by o,,(f)(g1,...,9n) = —f(g; ", ... 97 "),
we have easily 0,,410"0,, = 9", so oy, is an isomorphism Z" (S, P) — Z"(S, P) and passes
to an isomorphism H"(S, P) — H"(S, P).

Given a subgroup A of S, we denote by p: S — S/A the usual surjection p(s) = sA,
for all s € S, and 1 = p(1g). Let us choose a representative u(M) in any coset M € S/A,
in particular, u(1) = 1lg. S acts on S/A via s - M = p(su(M)) and also on the set
{u(M)|M € S/A} via s-u(M) = u(s - M). Then, for all s € S, M € S/A, there exists
an element kprs € A such that su(M) = u(s - M)rp,s. One can check that kas s, s, =
Rsy-M,s1 "M, s5-

Let C = Fun(S/A,C*) be the coinduced right S-module with the natural action
fM)-s = f(s- M), for all s € S,M € S/A (here C* is viewed as a trivial right
S-module). By Shapiro’s lemma (see [3]) the groups H"(S,C) and H"(A,C*) are iso-
morphic. Explicitly, [16], Lemmas 2.1 and 2.2 show that for n = 1 this isomorphism is
induced by the maps

11 Z1(A,CX) = Z(S,C) : (p1(p) () (M) = plrinrs),

3
p1' 1 Z1(8,C) = Z'(A,C) = o1 (B)(a) = Bla)(1), ¥

and for n = 2, respectively, by the maps
P ZHA,C) = Z2(S,C) : (02(p) (51,52)) (M) = i(Ksy Moy, K3 )

o3t Z3(S,C) — Z2(A,C%) it (7)(a1,a2) = (a1, a2)(1).
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2.1.2. Extension of 2-cocycles. If A< S is abelian, then S is isomorphic (see [3], IV,
3)) to the twisted semi-direct product A x T defined by:
P

(a,t) - (a',t") = ((a- ‘a")p(t,t'),tt') Va,a' € A, t,t' €T,

where T' = S/A acts on A by inner automorphisms (i.e., ‘a = u(t)au(t)™1, u(t) € 9),

p € Z2(T, A) is given by p(t,t') = u(t)u(t')u(tt’) 1, the isomorphism between AxT and S
p

is defined by (a,t) — au(t). Moreover, the map (a,t)°? — (! 'a,t) is an isomorphism be-

tween S° and A x T°P, where p°P(t,t') ='D"" p(t/ 1) = w(t't) " u(t')u(t) € Z2(T°P, A)
por

and the action of T° on A is given by "a =t a.

In the case of usual semidirect product (i.e., p = 1) Karpilovski [12] explained how
to extend o € H?(A,C*) to u € H?(S,C*). We generalize this construction to twisted
semidirect products using essentially the same arguments (however, slightly more com-
plicated because of the presence of p). Like in [I2], Lemma 2.2.3, one can show that:

1) Any pu € Z2(S,C*) is cohomologous to p that is normal, i.e., i/((a,e), (e,t)) = 1,
for all a € A,t € T, and has the same restriction pp 1 on (e,T) x (e, T). Note that (e, T')
is not a subgroup of S, in general, because the products in S and in T are related by the
formula (e, t) -s (e,t) = (p(t,t'),tt").

2) Any normal p € Z2(S,C*) is completely determined by its restrictions ur 7,
pAA = ft(Ae)x(Ae), and pr 4 = ple,myx(a,e) Dy the following formula in which we
identify (a,t) with at and (a’,t') with o't (Va,a’ € A, t,t' € T):

plat, t') = pr e (1,8l @) (e, @)paa(ala’), p(t,¥)). 5)
PROPOSITION 2.1. A 2-cocycle o € Z%(A,C*) can be extended to a mnormal 2-cocycle
w € Z2(S,C*) if and only if:

1) o is cohomologically S/A-invariant, i.e., there exists up 4 € C1(S/A, Fun(A,C*))

such that tg = Ohuralt,-), where t € Tt o(a,b) := o(la, tb).
o

2) ur.a € ZYT, Fun(A,C*)), where “ur a(t, a) := pr alt, Ya), ¥ t,t' € T,a € A.

3) The 3-cochain on T
U(tp(t/, "), p(t, t't"))

o (oL, 1), pl2t, 7))
is a 8-coboundary, i.e., can be presented as 0?urr for some purr € C*(T,C*).

C(ta tl7 t//) = MT,A(t7 p(tla t//))

Proof. 1) Condition 1) is necessary due to [12], Proposition 1.5.8 (iii).

2) If a normal extension u of o exists, write for it the 2-cocycle equality restricted to
(e,T) x (e,T) x (e,T), in terms of the product in S. Passing then to the product in T
and using , we get the necessity of condition 3).

3) By direct calculations, exactly like in [12], Lemma 2.2.4, one has:

pr.att',a) = pra(t', a)urat’ a)
with the product ¢¢' in T'. This means that ur 4 € Z*(T, Fun(A,C*)).

Vice versa, it is straightforward to check that the relation defines, under conditions
1), 2), 3), a normal extension of o. m
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REMARK 2.2. 1) In a slightly more general situation when 2-cocycles p and o are replaced
by 2-cochains such that 9%y = 92?h for some h € C?(S,C*) and 8?0 = 9*h|axaxa,

respectively, one can use Proposition [2.1| applied to 2-cocycle which describes

hiaxa
when this 2-cocycle can be extended to a normal 2-cocycle % or, equivalently, when o
can be extended to .

2) Let 0 = 9'n be a cohomologically S/A-invariant 2-coboundary on A and p its
normal extension described by pr 4 and pr - as above. Then one can deduce from that

81
p is a 2-coboundary if and only if ur 4 = 9% and prr = ﬁ, where fr € CH(T,C>)
nop

and 7(t,-) = n is a constant function.

2.2. Invertible bimodule categories over ¢(0) = Vecy

2.2.1. Indecomposable left ¢(0)-module categories. These categories are indexed
(see [22]) by conjugacy classes of pairs (A, u), where A is a subgroup of S and a 2-cochain
p € C?(A,C*) satisfies 0?1 = wlaxaxa (50 ptlaxaxa =1 in H3(A,C*)). A 2-cochain p
satisfying the relation %u = w will be called an w-2-cocycle.

If M(A, ) is such a category, then group S acts transitively on the left on the set
Irr(M(A, n)) = S/A of its simple objects; its associativity isomorphisms are defined by
a 2-cochain fi(s,t, M) € C?%(S, C) induced from u and such that

oty u, M) (s, tu, M) = w(s, t,u) (s, t,u - M)a(st,u, M). (6)
In its turn, p(a,b) = fi(a,b,1) for all a,b € A.

REMARK 2.3. If w = 1, the induction above is given explicitly by the map ¢y from
subsection In general, there is no canonical way for such an induction. One can
proceed as follows. Fix po € C?(A,C*) such that 0%ug = w|axaxa and fig € C?(S,0C)
such that 0%fip = w. Then, for any other u € C?(A,C*) such that 9?1 = w|axAxa, We

can put it = fio2(f1/ ko).

Two pairs, (A, u) and (A, u'), give rise to equivalent ¢(0)-module categories if and
only if A’ = sAs~! for some s € S and p is cohomologous to the s-conjugate (u')® of ',
that is, they differ by a 2-coboundary. Let

04, = the set of equivalence classes of {p € CQ(A, CX)|82/L =w|axaxal

Note that Q4 is a torsor over H%(A,C*), in particular, Q41 = H?(A,C*). For any
s€ Sand €y, let us define

wds:=p® X Yelaxa, where

1

sts™L, sus™L, s)w(s, t, u)

Tyt u) = () = pu(sts ™, sus™),

w(sts~1, s,u)
for all s,t,u € S. Let (QAM)S be the set of S-invariant elements of Q4 ,, i.e.,
(QAM)S ={p € Qaulp’ x Tslaxa =pin H?(A,C*), for all s € S}.

If w =1, we have the usual definition of the class of S-invariant 2-cocycles on A.
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2.2.2. Invertible ¢(0)-bimodule categories. By definition, a ¢(0)-bimodule category
M is a left Vecgg“gz-module category, where S°P is the group opposite to S and also
WOP (8P 1P y°P) = w1 (s71 7t uTt), for all s,t,u € S. The action of (s,t°?) € S x S
on M € Irr(M) defines left and right actions of S by (s,t?) - M := (s- M) -t, so M can
be viewed as both left and right ¢(0)-module category. Note that right indecomposable
¢(0)-module categories are also parameterized by the classes of equivalence of pairs (A, i),
their associativity isomorphisms are defined by 2-cochains fi(s,t, M) € C?(S, C) induced
from p and satisfying

G(M - s, t,u)) (M, s, tu) = w(s, t,u) (M, s, t) (M, st,u). (7)

If M is dnvertible (i.e., M M gy M = M K,y M = ¢(0), where M is the
¢(0)-bimodule category opposite to M and XM is the relative tensor product; see [5]),
then it is indecomposable as both left and right ¢(0)-module category (see [5], Corollary
4.4), so it is indecomposable as a left Vecgggzz-module category. Thus, it is of the form
M(L, 1), where L < S x S° and p € C?(L,C*) satisfies 0?1 = (w ® wP)|Lxrxr- Its
associativity isomorphisms are defined by a 2-cochain fi € C?(S x S°?, C) induced from p.

Since S acts transitively on (S x S°P)/L on both sides, we have

(S x{e})L = ({e} x SP)L =S x S°P.
Let A; be the subgroup of S such that LN (S x {e}) = A; x {e} and A3 be the subgroup
of S° such that LN ({e} x S°P) = {e} x A, and let us denote p' = Bl(Are)x (Ar,e)s T =

I](e,As)x (e,45)- Then M(L, p) viewed as a left (resp., right) c(0)-module category is equiv-
alent to M(Ay, u') (resp., to M(Ag, u"™)).

LEMMA 2.4. The maps f1 : (S x SP)/L — S/A; and fy : (S x S°P)/L — S°P/A,
defined by M — p1(M N (S x {e})) and M — po(M N ({e} x S°P)), respectively, where
p1:(8,tP) = 8, po: (8,t°P) = t°P, for all s,t € S, are well defined bijections between
Irr(M) and S/A;y (resp., S°P/As). Let us define Inv : S°?/As — Ay \ S by sP Ay —
Ass™, then the composition f := Invo fy o ffl is a natural bijection:

fi8/A; — As\ S

such that:
L={(st?) €8x SP/f(sA1) = Aat}. (8)

We will denote L in (@ by L(A1, Ag, f) and, if Ay = Ay = A, by L(A, f).

The left action of S (resp., S°P) on Irr(M) identified with S/A; (resp., S°P/As), is
given by the multiplication of left classes. The left action of S°P on Irr(M) identified
with S/Ay, is the right action of S on S/A; given by:

(xA1)-s=xf (Ays™1).

Proof. As (S x {e})L = S x S°P, then for any s,t € S there exists ¢ € S such that
(0,€) € (s,t°P)L, so p1 (M N (S x {e})) is a nonempty class in S/A;, for any M € Irr(M).
Thus, the map f1 above is a bijection of Irr(M) and S/A;, and similarly for f5. One can
see that the natural left action of S (resp., S°P) on (S x S°P)/L becomes the natural left
action of S (resp., S°P) on S/A; (resp., S°?/As). Moreover, for all s,t € S, f(sA1) = Ast
means (s,e)L = (e, (t°?)~1)L which is equivalent to (s,t°?) € L. So, L = {(s,t°P) €
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S x S| f(sAy) = Aat}. For any M € Irr(M), there exists z € S such that M = (z,e)L
and, after identification with S/A;, M = xA;. One also has, for any s € S: (e, s?)M =
(x,8°P)L; if y € S is such that (z,s°P)L = (y,e)L, this means (z 71y, (s°?)~1) € L, hence
yA; =xf 1 (Azs71). m

Let us describe M(L, i) in other terms; see [10], 2.1.1. Using notations ji!(x,y, M) :=
((z,e), (y,e), M), g"(M,z,y) := i((e,y°P), (e,z°?), M), and finally also let us define
(x, M,y) := i((z,e), (e,y°?), M) and the decomposition

(1, 257), (yr, y5"), M) = X1, y1 - Moyo) il (wa, y, M)A ((z1y1) - My, 32),  (9)
(see [I1], p. 27), one can check that §%fi' = w, d?fi" = w and that the following compati-
bility conditions hold:

il (z,y, M - 2)X(zy, M, 2) = X(y, M, 2)X(z,y - M, 2) i (z,y, M), (10)

ii
X

A" (M, y, 2)x (@, M, yz) = xX(2, M -y, 2)xX (@, M, y) i (x - M.y, ). (11)
Here i and " define left and right Vecg-module category structures on M(L, ), re-
spectively, x, x1, 22, Y, y1,Y2,2 € S, M € Irr(M(L, p)).
LEMMA 2.5. If M(L,u) is an invertible ¢(0)-bimodule category, then:

(i) Ay and Ay are normal abelian subgroups equipped with S-invariant w-2-cocycles !
and p", respectively.

(ii) The map f:S/A;1 = S/As in Lemma is a group anti-isomorphism.
Proof. [5], Definition 4.1 and Proposition 3.5 imply that the dual category of ¢(0) with re-
spect to M(L, 1) viewed as a right ¢(0)-module category (and so equivalent to M (Asg, u")),
is equivalent to ¢(0) itself which is pointed. But due to [16], Theorem 3.4, this is possible
if and only if the pair (As, u") satisfies conditions (i). Similarly for (Ay, u!).

(ii) Follows from (i) and from Lemma n

In what follows we denote by x(-,-) the bicharacter x(-,1,)|a,xA,-

2.2.3. The additive endofunctor L(s) of M(L, 1) defined by left multiplication by (s, e),
where s € S, is isomorphic to the identity if and only if s € A;. Due to , its right
¢(0)-module functor structure can be defined by

X (s, M, x)idg.ar.e : L(s)(M - x) =5 (L(s)(M)) -z, s,x € 8.

Similarly, the additive endofunctor R(s) of M(L, ) defined by left multiplication by
(e, s°P), has a structure of a left ¢(0)-module functor:

(@, M, 8)idypr.s : R(s)(x- M) = - (R(s)(M)), xz,s €S.
Let us summarize these observations:

LEMMA 2.6. L(s) is equivalent to the identity as a right ¢(0)-module autoequivalence of
M(L, ) if and only if s € Ay and as(-) = 1 on As, where the group homomorphism
a: Ay — As is defined by

a:s—ag(x):=x"'(s,1), € Ay. (12)

A similar statement is valid for R(s).
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PROPOSITION 2.7. M(L, ) is invertible if and only if:

(i) The conditions of Lemma [2.5 hold.
(i) There is ' cohomologous to p such that the well defined S-invariant bicharacter
X = 1[4y ,e)x (e,45) + A1 X Ay — C* is non-degenerate.

Proof. The only thing to prove is (ii). [5], Prop. 4.2 claims that M = M (L, u) is invertible
if and only if the functors ¢(0) — Fungq)(M, M) : s = L(s) (respectively, c(0) —
Fun(M, M) : s — R(s)) are equivalences. Since those functors are tensor, the latter
condition is equivalent to L(s) 2 ida as a right ¢(0)-module functor (respectively, R(s) 2
ida as a left ¢(0)-module functor), for all s # e. Due to Lemma these conditions
hold if and only if the group homomorphisms and

Ay — Ay : x s d,, where d,(s) == x(s,2), s € Ay, (13)

are injective. This is equivalent to x being non-degenerate on A; X As. m

3. Z/2Z-extensions of ¢(0) = Vecy

3.1. Group homomorphisms c: Z/2Z — BrPic(Vec¢) and fusion rings

3.1.1. Homomorphisms ¢ : Z/2Z — BrPic(Vec§). Such a group homomorphism ¢
is defined by an invertible ¢(0)-bimodule category M (L, ) which is equivalent to its
opposite. The last one, M°P(L, 1), has the same simple objects as M(L, ) on which
S x S acts as (8,tP) op M = (5,t°P)V M, where V : (s,t°P) — (t71, (s71)°P) is canonical
involutive automorphism of S x S° (see [B]). The corresponding subgroup of S x S is
L°P = V(L) and fi0p = p(V x V)~1. Passing to the quotient we have a canonical bijection
V(S %x8)/L — (S x S°)/L° which transforms the opposite action of S x S° on
(S x S°P)/L into the left natural action -y of S x S° on (S x S°P)/L°P, and one can check
that MP(L, y1) = MOP(LP, p1,p). In particular, uf, = (u"oV)™" uy, = (o V)™ xop =
xoV.

In terms of Lemma L(Ay, Ag, f)°P = L(Ag, Ay, f71), s0 M(L,p) =2 M(L, u)°?
if and only if subgroups L(A1, Aa, f) and L(As, A1, f~!) are conjugate and p,, is
cohomologous to the conjugate of u. In particular, this implies A1 = Ay = A, so f is an
anti-isomorphism of S/A.

LEMMA 3.1. If f and f' are anti-isomorphisms of S/A, then L = L(A, f) and L' =
L(A, f') are conjugate subgroups of S x S°P if and only if f = Ad(xA) o f' for some
x € S. For such an x, we have L' = Ad(1,z)L in S x S°P. In particular, L and L°P are
conjugate if and only if

f? = Ad(zA) for some x € S. (14)
For such an z, we have L°? = Ad(z,1)L = Ad(1,z)L in S x S°P.

Proof. The sufficiency is clear. Let (h,k) € S x S°P be such that L' = Ad(h,k)L. If
(s',t") € L', then f'(s’A) = t'A, but Ad(h,k)~(s',t') € L, so f((hA)(s’A)(hA)~1) =
(kA)(#'A)(k~A), from where f = Ad(zA) o f’ for zA = f(hA)~ (kA).
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For any x € S such that f = Ad(xA) o f' and any (s,t') € L', one has in S x S°P:
Ad(1,z7 Y (s, ") = (s, at’z™Y), but (xA)(H'A)(x7LA) = Ad(xA) o f'(s'A) = f(s'A), so
Ad(1,271)(s',t') € L. The proof of the remaining statements is similar. m
REMARK 3.2. If M(Ly, p1) and M(Lg, po) are equivalent invertible ¢(0)-bimodule cate-
gories, then L1(A1, f1) and Lo(Ay, fo) are conjugate and p; is cohomologous to a conju-
gate of 1o, so A1 = Ag = A and f; = Ad(xzA) o fy for some = € S. In terms of the triples
(f4, it, 1) and (@b, fih, Xo), this equivalence is a bijection F' of S/A equipped with left
and right D-module functor structures f!(s, M) : F(sM) + sF(M), f7(M,s) : F(Ms)
F(M)s such that, for all s,t € S,M € Irr(M(Ly, p1)):

/1l1(37t7F(M))fl(8t7M) = fl(t7M)fl(87t ’ M)ﬂé(&t,M),
[y (F (M), s,6) f" (M, st) = f" (M, s) f"(M - s,t) a5 (M, s,t),
)Zl(S,F(M),t)fl(S,M)fT(S : Mat) = fr(Mvt)fl(va ’t)XO(SaMat)

(see [10], Remark 2.14). This implies that u} and p} are cohomologous, respectively, to
/Jé and pg, and that x; = xo.

As SEAXT, T=S5/A (see [3], IV, 3), we have the following
p

LEMMA 3.3. Identifying [ with an anti-automorphism ¢ of T' such that ¢? is inner, we

have L(A, f) = (Ax A) X T with the action of T on Ax A given by *(a,da’) = (ta,? ") @)
P

and the 2-cocycle p(t,t') = (p(t,t'), (D" p(t' 1)).

The map ¢: ((z,t), (y, 5)) — s~ ¢(t) factors through L to a bijection (SxS°P)/L — T.
If T is abelian, L(A, f)<(S x S°P) and Irr(M(L, i) is a group isomorphic to T via the
canonical decomposition of ¢.

Proof. Obviously,

L(A, f) = {((a,1), (b, (1)) /a,b € At € T},
and the map ((a,t), (b, ¢(t)) — (a,d(t)~1b,t) is an isomorphism L(A, f) — (A x A)
with the above action of T on A x A and 2-cocycle p. Let = ((a,t),(b,s)) and y =
((a/, 1), (b',s"), then z~ 1y € L(A, f), means that ¢(t~1#') = s’s7 L or s/~ L1p(t') = s71¢(t),
the remaining statements follow. m

x T
7
Y

COROLLARY 3.4. 1) Given a triple (u', ", x) as above, let us construct the w ® wP-2-
cocycle on A x A:

to((a,b), (a/7 b/)) = Ml(av a’);f(b, b/)X(aﬂ b/)'
In fact, o = plaxa. Let h € C*(L,C*) be such that (w@wP)|xrx1, = O*h. Then there
exists an w ® wP-2-cocycle p on L such that p' = pi](ae)x(ae)s 1 = pl(e, A)x (e, 4)s X =

Bl(a,e)x(e,a) if and only if the 2-cocycle on A X A satisfies the conditions of

JAxA
Proposition with respect to the action *(a,b) = (*fa,*" ) b) of S/A on A x A, the
2-cocycle p = (p,p°?) € Z%(S/A, A x A), and some ¢p € Z*(S/A, Fun(A x A,C*)),
v e C*(T,C*).
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2) The condition (o (V x V)™t 2 pl&®) | for some x € S°P such that f> = Ad(z),
implies the conditions p'(a,b) = (u"(b=1,a7 1)1, x(a,b) = x(b~1,a™Y); in particular,
the bicharacter x is symmetric.

Proof. 1) Lemma and relation (w ® wP)|Lxrxz = 0%h allow to use Remark 1)
which gives the needed result. Note that the relation between p and extensions of !, "
and x (in fact, of ud, uf and xo) to L is:

u((a,b, ), (@ W, ¢)) = i ((a,bt), (@B )" (@, V1), (a, b, 1)
x x((a,b,t), (a’, V', "), for all a,a’,b,b’ € A,;t,t' € T. (15)
2) Direct computation. m

Let us summarize the above considerations. We will denote 9 := pr axa, v := prr
(see Preliminaries), e(M) := f~1(M™1), for all M € S/A, and (BrPic(Vec))(a, the
subset of BrPic(Vec) composed by order two elements attached to L < S x S, i.e.,
to the couple (A, ¢).

LEMMA 3.5. Homomorphisms ¢ : Z/27Z — w1 are indexed by collections (A, u", x,&,%,v),
where A <4 S is abelian and equipped with a symmetric non-degenerate bicharacter ¥,
pro€ (Naw)®, e € Aut(S/A) such that €2 is inner, ¢ € Z'(S/A, Fun(A x A,C*)),
v € C%(S/A,C*) such that:

(i) {'u—o = 04 at(t,-), for any t € S/A, where the w @ wP-2-cocycle pg is defined above;
Ho

t— t/ t”) ﬁ(t t/t//))
i) o2 (e, ¢, ") = (e, p(t!, o)) POCLUL DD ET)) gy s r g,
(ii) ( ) = (t, p( ) 1o(p(t, ), p(tt ) /

(iii) There exist k € C1(A x A,C*), g € C1(S/A,C*) such that:
polpo o (V x V)] = 9'k,
blwo (e x V) = %,

1
vivo(e xe)] = 7150(%,

where k is the constant map t — k on S/A;
(iv) (BrPic(Vec§))(a,e is not empty.

!

Two collections, (A,u",x,e,¥,v) and (A, 1", x', &', ', V'), define the same homo-
morphism if and only if: A = A’ye =& in Out(S/A), x = X/, u~ = 1" and there exist

/ /
neC AxA,C*), ¢ € CHS/A,C*) such that % =o'y, %
0
/
map t — n, and Y- al(é,
v nop
Proof. 1) Any homomorphism ¢ is defined by an equivalence class of invertible ¢(0)-
bimodule categories ¢(1) such that ¢(1) = ¢(1)°?, i.e., of the form M(L, i) (see Proposi-
tion , where p 2 (o (V® V))~L. The subgroup L of S x S is of the form L(A, f)
- see Lemmas [2.5| and this gives A, e(t) := f~1(t71). Now we can use Corollary
which describes the relation between p and triples (u!, 4", %) in terms of ¥ and v and
gives the relations p'(a,b) = (u"(b=',a=1))"1, x(a,b) = x(b~',a~1). To do this, due to

= 97, where 7 is constant
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condition (iv), we can use as h a particular fixed & corresponding to one of invertible
¢(0)-bimodule categories attached to the couple (A, ) and remark that 7/u € Z%(L,C*)
can be chosen normal changing, if necessary, a representative y in the same class. Finally,
one can check, using Remark 2), that conditions (iii) are equivalent to the relation
p=(po (Ve V)t

2) Two ¢(0)-bimodule categories, M(L(A4, f),n) and M(L(A’, f'), '), are equivalent
if and only if A = A’ and there exists « € S such that L' = Ad(1,z)L and Ad(z)o f = f’
for some x € S (this gives relations between (4,¢) and (A’,e'); see Lemma and
Remark and ' = p(®®) . In order to show that this last condition is equivalent to

/

the above conditions, one can apply Remark 2) to the coboundary % and its
M k)

/ / /
restrictions @, w—, LA

po ¥ v

REMARK 3.6. When w = 1, condition (iv) follows from other conditions because we can
take in the proof h = 1.

3.1.2. Fusion ring structures for C = ¢(0) ® ¢(1). In order to equip the category
C with a tensor product and a duality, we have to define an involutive ¢(0)-bimodule
equivalence v : ¢(1) = ¢(1)°? 2 ¢(1) by v : M — M*, for any M € Irr(M(L, p)), such
that (s- M -t)* = t~!. M - s~1. This implies some restrictions on the structure of the
fusion ring of C (see also [14], Lemma 2.3):

PROPOSITION 3.7. 1) Given an invertible c¢(0)-bimodule category c¢(1) = M(L(A, f), u)
equivalent to ¢(1)°P, let us suppose that ¢(0) ® ¢(1) is a fusion category with some tensor
product ®. Then all possible Z/27Z.-graded fusion rings for ¢(0)®c(1) are characterized by
elements § € S/A such that f? = Ad(6) and f(5) = 6—1. Namely, for all s,s' € S,M,N €
Trr(ML(A, f), p)):
st =571 M* = f(M)s,
s@s =355, s@M=p(s)M, M®s=Mf 1 (p(s)™'),MoN*= I\/GIBN x.
Tre -t

2) Let (f,0) and (f',0") be as above, then c(0)-bimodule categories c(1) =
M(L(A, f),p)) and (1) = M(L(A, '), 1)) are equivalent if and only if there is x € S,
such that

f'=Ad(zA)o f, i = po Ad(1,z) in H?(L(A,f"),C*).

3) Z)2Z-graded fusion rings for ¢(0) ®c(1) and ¢(0)®c(1)" are isomorphic if and only
if there is F' € Aut(S) such that:

F(A)=A, F(6)=4¢', FofoF ' =Ff.

Proof. 1) Relations s* = s7!, s@s’ = ss’ are obvious, relations s@ M = p(s)M, M®s =
M f~Y(p(s)~1) follow from Lemmas [2.4|and The map 7 : M — M* is involutive and,
for any N € S/A, (M - (au(N)))* = (au(N))™1 - M*, so y(Mf~1(N-1)) = N~ 1y(M). If
M =1and N = f(N')71, this gives v(N') = f(N’)y(1), and if N’ = § := (1), we have
ORI

The Z/27Z-grading implies that M @ N = @ cgn,x, where n, € N, and the properties
of duality, that n, = 1 if and only if M = N* and n. = 0 if not. This gives n, = 1 if
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and only if M = £N* (the set of such x is an A-coset) and n, = 0 if not. In the above
mentioned terms we have
M®N = ® T = &) T = <) T
{z€S/M*.2=N}  {2z€S/f(M)6f~1(p(z)-1)=N}  zeMs-1f(N-1)

which gives M @ N* = ®,cprn—12, so N =1 = A is the only simple object of ¢(1) such
that, for any other simple object M of ¢(1), one has: M @ N* = ®,cpx, hence 1 is an
invariant of fusion rings.

2) Follows from Lemma

3) Let (f,d) and (f',0") be two pairs as above, then any isomorphism ¢ of Z/2Z-graded
fusion rings for ¢(0) @ ¢(1) and ¢(0) & ¢(1)’ is given by a pair (F,¢) where F' € Aut(S)
and ¢ : S/A — S/A are such that, for any s € S, M, N € S/A, one has:

P(s © M) = F(s) @ (M), (1) = 1,0(M @ 5) = ¢(M) © F(s),
P(M™) = (M)", p(M & N*) = (M) ® ¢(N)™.

The first equality gives ¢(p(s)M) = p(F(s))d(M), so F(A) C A and F factors through

A. Let us write the last one as F(M)F(N)™! = ¢(M)¢(N)~1; together with ¢(1) = 1,

this gives ¢ = F. The remaining equalities can be written as ¢(M f~1(p(s)71)) =

(M) =L (p(F(s71))) and ¢(f(M)S) = f'(¢p(M))d’, respectively, which can be summa-
rized by:

f'=FofoF ! ¢ =F(). (16)

The converse also holds: given (f, ) and F' € Aut(S) such that F(A) C A, let us define
¢ := F and f’, & by (16)); then routine computations show that f is an anti-isomorphism
of S/A such that f? = Ad(8') and f/(8’) = §'~1. If, moreover, there is z € S such that
f'=ad(xA)o f and if one defines u' := po Ad(1, z), then M(L(A4, f), 1') is an invertible
¢(0)-bimodule category equivalent to its opposite and such that ¢ associated with (F, ¢)
gives an isomorphism of the corresponding Z/2Z-graded fusion rings. =

3.2. Vecg-bimodule equivalences M, ;. Given a group homomorphism ¢ : Z/2Z —

BrPic(c(0)) : 0 — ¢(0), 1 — ¢(1) := M(L, ), there exist (by definition of an invertible
¢(0)-bimodule category) ¢(0)-bimodule equivalences My 4 : c(g) M.y c(h) — c(gh) (g, h €
{0,1}). They are defined by linear functors respecting the fusion rule of Proposition
MO.,O tXs — ts, MO,l XM — t'M, Ml,O c MX¢t — M't, Ml,l T MXN = OpyeanN+T
equipped with natural isomorphisms M ;h and M/ .

The ¢(0)-bimodule category structure on c(0) is defined by u!(s,t,x) = w(s,t, ),
ur(z,t,8) = w(a,t,8), x(t,z,s) = w(t,x,s), so the definition of a ¢(0)-bimodule functor
and relations @, , , give, for all t,z,y € S, M € S/A:

Mé’o(t, v XWy) = w(t, z,y)idiey, Myo(r Xy, t) = w Nz, y, t)idpyt,
M o(t, M Rx) = Y(t, M, x)idirge, M{o(M Rz, t) =" (M, z,t)idaa,
M (t,x ®M) = i (t, 2, M)idanr, My, (xRM,t) =X (z, M, t)idyas.

LEMMA 3.8. Given ¢(1) := M(L,u), there exists an equivalent c(0)-bimodule category
for which
(s, t, M) = " ((stM)*, s,1). (17)
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In this equivalent category we have, up to a functor isomorphism:

M (t, MB. o) N):= @& [0 (M*t ' t,2)] ids,, (18)
’ M=x-N*
My (M ey N, t) := M_@_N*[ﬂT(M*7Jf,t)]_lidzr (19)

Proof. M}, and M{; must be defined by the equalities
M{I(taMgc(O) N) = D ’Yl(taM?N)x)idtI’
’ M=x-N*

er,l(M Ny N, t) = (x, M, N, t)id;,

e A"
M=x-N*
where the functions ~v'(t, M, N,x) and " (x, M, N,t) satisfy, for all s,t € S, M,N €
Irr(M), the conditions

w(s,t,x)y' (st, M, N,x) = ~'(t, M, N, x)y'(s,tM, N, tz)ji' (s, ¢, M),

w Nz, s,t)y"(x, M, N, st) =~"(z, M,N, s)y"(xs, M, Ns,t)i"(N, s,t),

w(s, @, )7 (s, M, N,x)y" (s, sM, N,t) = 5" (¢, M, N, t)y'(s, M, Nt, xt).
The first of them with M = N*,z = e gives, denoting ¢'(t, M) := ~(t, M, M*, e):
g'(tz, N*)
g'(x,N*)
and, similarly, the second condition gives, denoting ¢" (¢, M) := " (e, M, M*, t):
9" (xt, M)
g"(z, M)
Now the last condition becomes equivalent to the relation
taM)’Y(Sat'M)

y(st, M) 7

Y (t,M,N,z) = [ (t, @, N*)] 71,

Y (z, M, N, t) = [ (M* 2, 1))

(s, M) = 7 (stM)*, 5,1) 20

gr(t7 t- M)
g'(t, M)
M1 as a surjective ¢(0)-bimodule functor.

Next, let us show that, passing to an isomorphic ¢(0)-bimodule functor, we can choose
g'(t,M) = 1 and ¢g"(t, M) = ~(t,t~' - M). Indeed, the definition of a c¢(0)-bimodule
functor isomorphism implies that two equivalences, M; 1 and Mj ;, corresponding to two
couples, (g', g") and (g"*, g'"), respectively, are isomorphic if and only if there is a natural

where y(t, M) := , and one can check that M{A and M7, as above define

transformation

a(M Xy N) = M:EEN* a(M,z,N)id,,

where a(M, z, N) satisfies the following system of two equations:

l * 11 *

g'(tx, N*)  g"(tz,N*)
M,xz, N = t-M,te, N
oM, , )gl(m,N*) g (z, N*) o o, N),

g (xt, M) ¢ (xt, M)
a(M,x, N = a(M,xzt, N -t).
W N ety = r@an :
Putting M = N*  x = e, and denoting 6(¢, N*) := a(t - N*, ¢, N), we have:

g'(t,N*) = 6(t, N*)g"(t, N*), g"(t,N*) = 6(t, (N -t)*)g" (t, N*).
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As §(t, N*) can be arbitrary, we can choose d(¢, N*) = g'(t, N*) and ¢’ (t, N*) = 1 which
giVGS g/r(ta N*) = ’Y(ta (N ’ t)*)

Finally, replacing fi'(s,t, M) by fi‘(s,t, M)

~ 7(57 M - t)
X(s, M, t)—————
( ) (s, M)

bimodule category, where the relations (17)), (18] and (19) are true. m
Let us deduce from (17)) some properties of x(s, M,t) (s,t € S,M € S/A).

REMARK 3.9. Theorem 3.4(iii) from [I6] and relation imply the existence of 7j,,(,) €
C'(S,C) (defined up to an element of Z'(S,C)) such that map x(x, M,y)i,)(M,y) €
Z1(S,0), 7 = 1. Similarly, and imply that, for any fixed y € S, one must have
x(z, M, y)ﬁ;(;,l)((a:M)*,a:) € Z*(S,C). Then Shapiro’s lemma shows that ¥ (z, M,y) is
completely defined, up to a 1-coboundary, by one of its restrictions, x(z,1,b) or X(a,1,y),
where a,b € A.

’Y(ta M)’Y(S, t- M)
~(st, M)

and also x(s, M,t) by

and taking the same " (M, s,t), we pass to the equivalent ¢(0)-

LEMMA 3.10. For any x € S, there is 0y, € C1(A,C*) such that

X(,1,b) = x(K1,0, 01,3, (B)-
Proof. Fixing 7j,,) and applying the restriction map to (10), we have
() (@ () (P) (1, ab)
m(ad) X 1,0)x(,1,6)
where 7, (b) = lp(z) (b, 1). So, for any z € S,b € A, X(z,1,b)n,,,(b) = () is a

character on A; this can be written as X(u(p(x)), 1, b)1,,, (b) = x(k1.0, b)~lr,(b), where

the character in the right hand side depends only on p(z). Since 77; () 18 defined modulo

A, we have the needed equality, where Mp() (0) = 1,y (D)X (K10, byr;1(b). m

COROLLARY 3.11. (i) As x(x, N,y) satisfies (9), then, putting there N = 1, M = p(y),
and z = b, we get
_ X(kara, 0)mar ()
Similar formula holds for x(a, M,y) (a € A,y € S, M € S/A). In particular, X(a, M,b) =
x(a,b), for all a,b € A.

(i) The following equalities hold, up to a product of two 1-coboundaries:

X(a, M, z) = X(x, 2 *M*,a), X(x,M,a) = x(a, M*z~",x) for alla € A,z € S.
Proof. (i) follows from Lemma and (ii) from Lemma and the symmetry of x. m

Rewriting and with the usage of , then comparing again with these
relations and, finally, taking into account Corollary (ii), we get:

COROLLARY 3.12. If i* and fi" satisfy , then the 2-cochain
X(z,x7IN*271 2)
X(z’ N’ 'r)

X(x, M, b)

is a product of two 1-coboundaries.
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Vice versa, let " satisfy (@ and X satisfy the above mentioned properties. Then [it

defined by satisfies (@) and @)
3.3. Vanishing of Os3(c). Associativity isomorphisms. Main result

3.3.1. Quasi-tensor product on C = ¢(0) @ ¢(1). Now, according to [5], 8.4, we have
to equip C with a quasi-tensor product, i.e., with a bifunctor ® : C x C — C such that
®o(®@xIde) 2 ®o(Ide x®). If we know a group homomorphism ¢ : Z/2Z — m equipped
with ¢(0)-bimodule equivalences M, 1, : c¢(g) X (o) c(h) = c(gh), then [5], Theorem 8.4 says
that such a bifunctor exists if and only if the cohomological obstruction Osz(c¢) vanishes
or, in other terms, if the following ¢(0)-bimodule autoequivalences are isomorphic to Id,
for all f,g,h € Z/2Z:

Trgn: Mpgn(My.gReoy Ideeny)(Tde(y Beo) My )My o, e(fgh) — e(fgh).  (21)

Equivalently, we have to find conditions on parameters of ¢ such that the ¢(0)-bimodule
functors Fy g = My gn o [id X Mg,h] 2 Cy |Z|c(0) Cy &C(O) Ch — Cygn and Gy gp =
Mg o [MsgRid]: Cy Ny Cy XMooy Ch — Cygn are isomorphic. In this case, they define
the corresponding associativity isomorphisms:

afgn s My gn(Ide(ry Beo) Mg,n) = Mpgn(My,g Beo) Ideqn))- (22)

First, we compute F} ., Ff 1, G, j, and G }, using the formulas for left and right
bimodule structures of a composition of two bimodule functors:

(Fy 0 Fy)'(t, M) = F3(t, Fy(M)) o Fy(Fi(t, M)),

(23)
(F2 0 F1)"(M,t) = F5 (F1(M),t) o Fo(FY (M, 1)).

This and the fact that [id X M, ;]! and [M; , Kid]" are identities, give:
Fi o ht,XRY R Z) = M}, (t, XR (Y - 2)),
Ff W(XRYRZ,t) =M, (XR(Y - Z), )My gplidy RM], (Y R Z,1)],
Ton(XRY R Z 1) = M, (X Y)RZ,1),
Ghont. XRYRZ) =M, (¢, (X - Y)RZ)Mpgn[Mf,(t, X BY) Ridz].

3.3.2. Associativity isomorphisms for C = ¢(0) ® ¢(1). The associativity isomor-
phisms ay 4, (X, Y, Z), if they exist, must satisfy the system of relations:

apgn(t- XY, Z)F} (6, XRY R Z) = aygn(X,Y,2)GY, ,(t, XRY K Z),
argn(X,Y, Z - )Ff (X RY R Zt) = apgn(X,Y,2)G} , (X KY K Z,1).
At the same time, if this system has a solution, this means that the ¢(0)-bimodule
functors Fy g4 5 and Gy g4 5 are isomorphic. We compute step by step, using and :

1) f=9g=h=0. F(lm’o(t,x Ry z) = w(t,z,y2)idieyz, Fioolz Ry X 2z,t) =
w(z,yz, w(y, 2,t)ideyzt, Gpoolr Ky W 2,t) = w(wy, 2,t)idey.t, Gé,oyo(t,x KyKz) =
W(t,l‘y,Z)W(t,l‘,y)idmyz,

040,0,0(5177 Y, Z) = W($, Y, Z)Zdwyz
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2) f=19g=h=0. Floot,MRaRy) = x(t, M,zy)idircy, Floo(M Rz Ry,t) =
AT (M, 2y, )w ™ (z, y, t)idrrayts GlooMRxXy,t) =g (Mz,y,t)idyreyt, GlLO)O(t,M X
e ®y) =x(t, M- z,y)x({t, M, z)idirgy,
al,O,O(Maxvy) = [/&’T(Mvmvy)]ilidey'

3) f=9g=0,h =1 Flg,(t, s Ry R M) = ' (t,z,y - M)idsayrr, F§o,(x Ry R M,t) =
)2_1(337 yMa t))z_l(:% M; t)ld:cyMtv GS,O,I(‘IIZ'?AX'M t) _1(xy, M t)deth GO 0, l(t X
y B M) = gl (t, zy, M)w(t, ,y)ideey

a0,0,l(ma Y, M) = ﬁ’l($7 Y, M)Zd:vyM
4) f=h =09 =1 F,,t,a ®MXy) = pt,z, M - y)idinry, F§ioz R MK
yvt) - )271(':6 M Y, )~ (M Y, )id£Myt7 GSlO(I ‘Z M |Z yvt) = [I‘T(I : M7y7t)idxMyt7
G010(tI®M®y) il (t, @, M)X(t, @ - M, y)ideanry,

ao,1,0(x, M,y) = X(x, M, y)idynry-
5 f=g=1,h=0. F1l71)0(t, MRNKXS) = Spyr—pn- 1t x5, (N -8))]  Lidigs, FTio(MX
NRs,t) = Spp—on=[A"(M*, xs,t)] " i" (N, 5, 1)idys, also one gets G o(MRINKs,t) =
Op—eN-w (1,8, 1)idysss, GlLLO(t,M K NKs)=®y—an-w(t,z,s)[i (t,z, N*)] Vidys

al,l,O(M7 Na 8) = @M:ZN*,&T(M*) z, S)idIS'

0,9 =h=1 F,,(t,s®IMKX N) = OM=aN-W(t,5,2)idssz, FG11(s XM K
Br—on-w (s, 2, t) [ (M*, 2, 1)) idsgy, Gh 1 (s MK N, t) = EBM N+ B ((s-
)] idsat, Gh 1 (6,5 M R N) = Gpr—an- [ (8, sz, N*)] 71 Xl (t, s, M)idysa,

@0.1.1(8, M, N) = ©pr—on-[i' (s, 7, N*)| id,.

N f=h=1,g=0. Fll’o’l(t,MlgsgN) = EBMS:zN*[/]l(t,CU, (S-N)*)}_lidtz, F{’O’I(Mg
s®N,t) = X '(s,N,t) ®rrs—on+ [A7(M*, x,t)] Vidyy, and also Gf (M K s K N, t) =
Drrs—an+[i7 (M -5)*, @,t)] " Vidy, and finally one gets GY  , (t, MRsXN) = x(t, M, s) x
EBMS::EN* [la t I7N )} Zdta:-

Then

6) f
N,t)
M)*,

w

01,01(M,s,N) = ®Bprs=an-a(M, s, N, z)idy,
where the function a(M, s, N, x) satisfies the following two equations:
alt-M,s,N,tx)[il(t,z, (s - N))] 7! = a(M,s, N, z)[i(t,z, N)] " x(t, M, s).
a(M,s,N -t,zt)[i" (M*,z,t)] X (s,N,t) = a(M, s, N, z)[i" (M - 5)*, x,t)]

Putting M = (s- N)*,z = e and denoting «(s, N) := a((s - N)*,s,N,e), one can
deduce, for arbitrary M, N and z such that M - s =x - N*:

a(M,s,N,z) = a(s, N)x(z,z~ - M,s),
a(M,s,N,z) = a(s,N -z~ x(s, N -2~ 2).

Comparing these equalities and using 7 where one can write
N
Bz, ) = )

————— with N !
oz N -3) ith a(z, N) € C*(S,C),
one has the following
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LEMMA 3.13. The ¢(0)-bimodule autoequivalence T .1 is isomorphic to the identity, and
we have:

a1,01(M,s,N) = a(s,N) ®prrs—zn+ )Z(x,xil - M, s)id,. (24)

8) f=g=h=1F ,(t, MRNREK) = Gy_yx-X(t, M,y)iderry, F{ 1 (MENREK, t) =

DN=yK* %idﬁ@t» GT 1 (MRNRK, t) = Or=en-X (2, K, 8) Vidercr, G p 4 (1 MK
1

N R K) = @y=on- S idi
As a1 (M,N,K) : ®p=gn+2 - K = &N=yr+-M -y (let us note that z- K = M - y),

this isomorphism is defined by an |A| x | A|-matrix
(a(M,N,K,x,y)idy. i) M=2N*;N=yK*»
whose coeflicients satisfy the system of the following equations

i(t,z, K)

t-M,N,K,tex,y)X(t, M,y) = (M, N, K U o N
ot M, N, Kt )R (0 M) = oM, NS K y) £ 2,

i (M, y,t)
i (N*,y,t)

Putting here M = N* = K,z = y = e, we have that a(t - N*, N, N* t,e) =
a(N*,N,N* e,e) which we denote by 7(N), a(N*,N,N* -t e,t) = 7(N). Inserting
these expressions again into the above equations, we have

o(M,N,K -t,z,yt) =a(M,N,K,z,y)%(z, K, t)"".

a(M,N,K,z,y) = 7(N)X" ' (z, N*,y).
Thus, we have proved
LEMMA 3.14. The associativity isomorphism ay1,1(M, N, K) is defined by the matriz
(r(N)X™ (2, N*, y)ida. k) M=oN* N=y - (25)
REMARK 3.15. The above results show that the obstruction 03(c¢) vanishes.

3.3.3. Vanishing of the obstruction Oy(c, M). As H*(Z/2Z,C*) = {0}, the obstruc-
tion O4(c, M) (see [0], 8.6) vanishes automatically, so there is a choice of a4 5, satisfying
the pentagon equations (see [5], (51)) which can be given a form similar to that in [23]:

My gn i (id g Be(0) ag,ni) © 0t gh,k (Ide; Kooy Mg,n Moy Ide, ) © Mygni(or,g,n Meo) id)
= Oéfv_()’hk(fdcf |Zc(0) Idcg &c(o) Mh,k’) o C)zngL,k(Mfy gc(o) Idch @c(o) Ide)- (26)

Moreover, given two systems of associativity isomorphisms, ay 4, and a’f’ o [,
Theorem 8.9 shows that B(f,g,h) = aﬁg,h(a}’gyh)_l can be viewed as an element of
Z3(Z)27,C*), and that they give equivalent Z/2Z-extensions of ¢(0) if and only if 3 €
B3(Z/27,C*). As the only nontrivial 3-cocycle on Z/2Z is defined by 8(1,1,1) = —1,
there are exactly 2 different classes of associativity isomorphisms which differ by a sign of
7(NN). The simplest choice of representatives in these classes corresponds to a(t, M) = 1
and 7(N) = 7. Exactly like in [23], one can find easily from the pentagon equation for

11,1, using the non-degenaracy of x, that 7 = +|A|71/2.
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3.3.4. Main result. Let us recall, for the convenience of the reader, some notations,
for other notations see Preliminaries. For a triple (u", u!,x), where u" € (Qa,,)%, u! =
(o (Vx V)L (z,y) == (y~Ha™t), V(z,y) € (S x S°P), we denote uo((a,b), (c,d)) :=
pt(a,c)u” (b,d)x(a,d) - the w ® wP-2-cocycle on A x A; the action of S/A on A x A is
denoted by “(a,b) := (*a,5® b), and we put ‘o ((a,b), (¢, d)) := po(*(a,b),! (¢,d)). Finally,
we introduce the 3-cochain on S/A:

oA 1), 7, 1"
Ho (ﬁ(t, t/)vp(tt/a t/,)) ’
where 5 = (p, p°) € Z2(S/A, A x A) and p(t, 1), p°P(t,t') =D p(t',t) are 2-cocycles

giving, together with the action a ! a of S/A on A, the structure of twisted semidirect
product on S and S°P, respectively.

Ct, ¢, 1") = (t, p(t' t"))

THEOREM 3.16. Z/2Z-extensions C of c(0) = Vec§ are parameterized, up to a tensor
equivalence, by collections (A, x, u",7,€,6,1,v), where:

o A is an abelian normal subgroup of S equipped with a symmetric non-degenerate
bicharacter x, u" represents an equivalence class (QAyw)S modulo restrictions on A of
Z%(S,C%), T = £|A|7V/?;

e ¢ € Aut(S/A), § € S/A such that €2 = Ad(), €(0) = 0§, and the set
(BrPic(Vecs))(a,e is not empty;

o Yy € ZY(S/A, Fun(A x A,C*)) such that £= = 9%, forany t € S/A, v €
"o -
C?(S/A,C*) satisfying ¢ = 0*v, polpoo(Vx V)] = 0Lk, Y[po(ex V)] = %, vvo(exe)] =
kaop’ where k € CL(A x A,C%), q € C*(S/A,C*), k is constant map t — k on S/A.
Namely, C = ¢(0) ® ¢(1) with Irr(c(0)) = S,Irr(c(1)) = S/A, the fusion rule is:
=t M ="t ( M), 20y =2y, x @M = p(x)M, M ®@x = Me(p(z)), M @ N* =
Dremn-—12 (where z,y € S, M,N € S/A).
The associativity isomorphisms are defined, for any x,y,z € S, K,L, M € Irr(c(1)),

by 2-cochains p" and x induced,respectively, from p” and from the extension of x obtained
by ¢ and v:

@0,0,0(%, Y, 2) = w(T, Y, 2)idzys,
a10,0(K,,y) = [i" (K, 2,9)) " idray,
ao,1,0(z, K, y) = X(z, K, y)idsky,
@0,0,1(z,y, K) = " ((zyK)", v, y)idey K,
o1, (2, K, L) = ®p—sp- [0 (K*z" 2, 5)] idys,
a1,1,0(K, L, z)) = ®r=sr-it" (K, s, 2)idsg,
) =

a1,01(K, 2, L) = ©xe=sr-X(s, (xL)*, x)ids,
a11.1(K, L, M) is defined by the matriz (X (s, L*, t)idsar) k=siL=trr- -

Two such collections, (A,x,u",7,¢,0,0,v) and (A, X', pw'", 7', 6 ¢ V), define
equivalent Z/2Z-extensions of Vec§ if and only if:
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o A= A',7 =17" and there are F € Aut(S) and ¢ € C?(S°P,C*) such that wo (F x
F x F)Jw = 0%p, F(A) = A (so F factors through A), F(5) = &' and, modulo inner
automorphisms: p'" =2 plaxa-p o (FX F),x'=xo0o(F X F), Foe=¢'oF};
oo (F x F) 1 WYoF 0. VoF 0% ¢oF)
7/ :a B :8 7’], = —
o (04 v nop
7 : t — 1 is constant function on S/A, and ¢ € C1(S/A,C*).

, wheren € C1(Ax A,C*),

Proof. (i) If C = ¢(0) @ ¢(1) is a fusion category, then ¢(1) = ¢(1)°? is an invertible ¢(0)-
bimodule category, so it corresponds to a collection (A, u", x, €, %, v) described in Lemma
The existence of § and its properties follow from Proposition the existence and
the value of T, as explained above, from [5], Theorem 8.9 and from the pentagon equation
for a,1,1. Thus, we have associated with C the collection (A, u", x, 7,¢&,0, 1, v).

(ii) Vice versa, given a collection (A, x, u",7,¢€,d,1,v) as above, Lemma allows to
construct an invertible ¢(0)-bimodule category ¢(1) such that ¢(1) 2 ¢(1)°?, and Proposi-
tion a fusion ring. Now, Lemmas and the triviality of H*(Z/2Z,C*) show
that there is a tensor product on C = ¢(0) ® ¢(1) giving a structure of a fusion category,
with two choices of 7.

(iii) Let (A, x,u", 7,&,8,%,v) and (A', X', '™, 7',¢,8,4', V") be two collections cor-
responding to equivalent Z/2Z-extensions, C and C’, respectively. By definition, a tensor
equivalence of C and C’ contains:

1) A tensor autoequivalence of ¢(0) defined by a couple (F, ), where F € Aut(S) and
¢ € C?(S,C*) are such that wo (F x F x F)/w = 8%¢ (it is more convenient for us to
pass to ¢(0)°P and so to deal with ¢ € C?(S°P,C*)).

2) An equivalence of ¢(0)-bimodule categories ¢(1) = M(L(A, f),u) and ¢(1) =
M(L(A', f'), 1) which implies the following equalities with some f!, f* € C1(S,C) (see
Remark :

>2/5 B 6Ofl (/llr)s
Xo(FxF) §°fr" pro(FxF)
whose restriction to A gives (x')* = x o (F x F) and @|axa - p" o (F x F) = (u'™)*
(these equalities become simpler when considered modulo inner automorphisms: p/”
Olaxa-p" o (Fx F),x'=xo(F x F)); Lemma 3.5 gives the remaining list of relations
between the components of the above collections.

3) An isomorphism of their fusion rings, so Proposition implies that F(A) = A,

F(§)=9¢,and Foe=¢oF in Out(S/A).

=p-0'f"

Finally, the explicit formulas for the associativity isomorphisms for two given Z/27Z-
extensions of ¢(0) and the above relations between the two corresponding collections allow
to construct an equivalence of these categories. m

COROLLARY 3.17. If S = A % (S/A) is a usual semidirect product, i.e., p = 1, one
can omit u” in the above parameterization and the conditions on ¢ and v are simpler:

v € Z*S[A,CX), Y o(e®@V)= (Yo F)!, vo(e@e) = (voF)h.
Proof. Let us fix a Z/2Z-extension ¢(0) @ ¢(1) of ¢(0) and the w-2-cocycle pf giving a
structure of right ¢(0)-bimodule category on ¢(1). Let C be any other Z/2Z-extension with
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its pb. We want to show, using tensor equivalences of the form (Id, ), ¢ € Z?(S°P,C*),
that there is a Z/2Z-extension C’ equivalent to C for which p5 = pj. We have, on the
one hand, p = p|axapb, and on the other hand, ub = Z - uf, where Z € Z2(A,C*). So,
it suffices to choose as ¢ any extension of Z~!, if it exists.

ke
'u—z satisfies all

But the conditions imposed on (i}, x1) and (u}, x2) imply that Z =
Ky

the conditions of [12], Lemma 2.2.4, so its extension exists.

Thus, if S =2 A x (S/A), one can omit u” in the above parameterization of Z/2Z-
extensions of ¢(0). Also, as p4 = u}, we have n = 1 in the conditions of Theorem
so they take the above mentioned simpler form. =

REMARK 3.18. a) If w = 1, the condition that (BrPic(Vec%))(a,) is not empty follows
from other conditions (see Remark [3.6); if also S = A x (S/A), one can choose p" = 1.
b) If A = S, Theorem gives the result of Tambara and Yamagami [23]. This
result was also obtained by the methods of graded fusion categories in [5], Proposition
9.3, Example 9.4.
¢) The case A = {e} was treated in much more generality in [5].

4. Examples
4.1. Non-isomorphic fusion rings if S/A = Z/pZ, p is prime

LEMMA 4.1. If S/AXZ/pZ, p is prime, and let n be the number of isomorphism classes
of Z/27Z-graded fusion rings with basis X = S US/A, then:

(i) if p=2, one has n = 2;
(i) if p>3,p=1,4ie S=AXZ/PZ is a usual semidirect product, where « is an
(e}
action of Z/pZ on A, then n =3 if S is abelian and n = p + 1 otherwise.

Proof. (i) If p = 2, then Proposition gives f = Id and 6 = 0 or § = 1 give two
non-isomorphic fusion rings corresponding to the single subgroup L = L°P of S x S°P.

(i) If p > 2, S/A = Z/pZ = {0,1,...,p — 1}, then f; = id and f_1 : © — —x
are the only involutive elements of Aut(S/A) which give two subgroups, Ly = L} and
L_y = L%, - see Proposition

Now, only ¢ = 0 satisfies equation f;(J) = —d; on the contrary, any J € S/A satisfies
equation f_1(6) = —§. As Foido F~! = id, for any F € Aut(S/A), the fusion ring
corresponding to the couple (id,0) is not isomorphic to any other. Similarly, as F(0) =
0, for any F' € Aut(S/A), the fusion ring corresponding to the couple (f1,0) is not
isomorphic to any other. Let us also remark that F o f_; o F~! = f_;, for any F €
Aut(S/A).

Next, Proposition shows that the only condition under which two couples, (f_1,9)
and (f_1,¢") (6,8’ # 0), generate isomorphic fusion rings, is the existence of F €
Aut(S/A) such that F(§) = ¢" and F can be extended to G € Aut(S) such that G(A) = A.
If S= A xZ/pZ, this is equivalent to

ags-1,G(a) = Glay(a)), for all a € A,z € Z/nZ.
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Putting here z = 1, we get as = g, i.e, 8’671 € Ker(a), where a : § — a5 is a
homomorphism from S/A to Aut(A). Conversely, if 8’671 € Ker(a), then one can put
G(a) = a, for any a € A, in order to extend F. As p is prime, Ker(«) is S when S is
abelian or {e} otherwise, and the result follows. m

4.2. Number of non-equivalent Z/2Z-extensions in examples

DEFINITION 4.2. If S is a finite group, w € H3(S,C*), A< S is abelian and such that
Wlaxaxa = 11in H3(A,C*), we denote by n(S,w, A) the number of Z/2Z-graded fusion
categories (up to equivalence) associated with it.

PROPOSITION 4.3. If S is abelian, |S| = 2p (p is prime) and A is a nontrivial subgroup
of S, then n(S, 1, A) equals to 6 when S = Z/2pZ, A= 7/27, p > 2, to 8§ when S = 7 /47
or S = 7/2p7, A= 7/pZ, p>2, and to 16 when S = (Z/27)?, for any of 3 its nontrivial
subgroups.

Proof. 1t S # Z /47, all the subgroups L are direct products of A x A and S/A. If |A| = 2,
there is only one symmetric non-degenerate bicharacter on A; if A = Z/pZ, p > 2, [26]
tells us that there are 2 orbits in the set of non-degenerate symmetric bicharacters on A
with respect to Aut(A). As S is abelian, Inn(A) ={Id}, as S/A is cyclic, H(S/A,C*)=0.

We have H'(S/A,A x A) = 0 when S = Z/2pZ, p > 2 because |S/A| and |A| are
relatively prime; see [12], Proposition 1.3.1. According to Lemma the number of
non-isomorphic fusion rings equals to 2 if |S/A| = 2 and to 3 otherwise. As in all cases
there are 2 choices for 7, we already have the needed result for S = Z/2pZ, p > 2.

To complete the proof if S = (Z/27Z)?, it suffices to remark that H(Z/27Z, (Z/27)?),
with trivial action, is (Z/27Z).

If S >7/47, A 2 7/27, then S =2 A x S/A with trivial action of S/A on A and the 2-

p

cocycle p: S/A — A given by p(1,1) = 1, and p = 0 otherwise. The subgroup L < S x S°P

is isomorphic to (A x A) x S/A with trivial action and the 2-cocycle p: S/A — A x A
P

coming from p. As above, H'(S/A, A x A) = (Z/2Z)?; in order to check condition 3) of
Proposition remark that the function v(s,t,u) := a(o,5/4),(ax,0)(5, p(t,u)) equals
identically 1 for two of them and equals the nontrival 3-cocycle on Z/27Z for two others.
Now, the equation d?cax = v has no solutions when + is a nontrival 3-cocycle because
the left-hand side is clearly a 3-coboundary. For two elements of H'(S/A, A x A) for
which the solution of the above equation exists, it is unique because H?(Z/27,C*) = 0.
Thus, taking into account 2 choices for 7, we see that the number of non-equivalent
7./2Z-extensions in this example is 4 for any of the two non-isomorphic fusion rings. m

REMARK 4.4. Tt was shown earlier in [2] (see also [I4]) that the number of fusion cate-
gories coming from S X Z/4Z, w =1, AX7Z/27, § =1 is 4.

PROPOSITION 4.5. n(D,,1,Z/pZ) = 8, where D, is dihedral group, p > 2 is prime,
A=7/pZ.

Proof. D, = A xZ/2Z where A = Z/pZ, the subgroup L = L°? < D, x DyP is unique
and isomorphic to (A x A) x Z/2Z with the action (a,b) — (—a, —b), so any bicharacter
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on A x A is S/A-invariant. Since [S : A] = 2, there are 2 non-isomorphic fusion rings; see
Lemma [4.7]

As above, there are two orbits in the set of non-degenerate symmetric bicharacters on
A with respect to automorphisms of S satisfying the conditions of Theorem [3.16]

Finally, H%(S/A,C*) = H*(Z/2Z,C*) = 1 and H'(S/A, A x A) = 1 because |S/A|
and |A x A| are relatively prime; see [12], Proposition 1.3.1.

Thus, non-equivalent Z/2Z-graded extensions of Vec}jp correspond to 2 choices of
fusion rings, to 2 choices of y, and to 2 choices of 7. =m

PROPOSITION 4.6. n(A4,1,Z/27 x 7/2Z) = 8.

Proof. Ay = A x7Z/3Z, where A =17/27 x 7/27Z, and both subgroups, L, and L_1, are
isomorphic to usual semidirect products of type A% x Z/3Z. Since [S : A] = 3, there are
4 non-isomorphic fusion rings (see Lemma , so we have to show that, for any fixed
€,0, there are exactly 2 fusion categories.

There are 4 symmetric non-degenerate bicharacters on A : xx((ap,a1), (bo,b1)) =
(—1)2;-7’:0]“““1’1’1, where a;,b;,ki; € {0,1}, k;; are matrix coefficients of a symmetric
invertible 2 x 2-matrix K.

Due to Theorem in order to find non-equivalent Z/2Z-graded extensions of
Vec}44, we have to look at the automorphisms of A4 under which A is stable. It is
straightforward to show that inner automorphisms of A, generated by Z/3Z transform
one into another the three bicharacters xx with K # (9}) and that the fourth one
is stable under Aut(A). A simple computation gives that in the case of L; the three
bicharacters in the same orbit are S/A-cohomologically invariant but not the fourth one;
conversely, in the case of L_; only the fourth one is S/A-cohomologically invariant.

Finally, H?(S/A,C*) = H*(Z/3Z,C*) =1 and H'(S/A, A x A) = 1 because |S/A|
and |A x A| are relatively prime - see [12], Proposition 1.3.1.

Thus, non-equivalent Z/2Z-graded extensions of VeclA4 correspond to 4 choices of
fusion rings, to 1 choice of x, and to 2 choices of 7. m

Acknowledgements. The authors are very grateful to Dmitri Nikshych for numerous
discussions. In particular, Proposition 2.7 is essentially due to him. They also thank
Deepak Naidu for helpful comments.

References

[1] G. Bohm, F. Nill and K. Szlachdnyi, Weak Hopf algebras I. Integral theory and C*-
structure, J. Algebra 221 (1999), 385-438.

[2] P. Bonderson, Non-Abelian Anyons and Interferometry, PhD thesis, Caltech, 2007.

[3] K. Brown, Cohomology of Groups, Graduate Texts in Mathematics, 87, Springer-Verlag,
1982.

[4] P. Etingof, D. Nikshych and V. Ostrik, On fusion categories, Ann. Math. 162 (2005),
581-642.

[5] P. Etingof, D. Nikshych and V. Ostrik, Fusion categories and homotopy theory, Quantum
Topology 1 (2010), 209-273.


http://dx.doi.org/10.1006/jabr.1999.7984
http://dx.doi.org/10.4007/annals.2005.162.581

(10]
(11]
(12]

[13]
[14]

[15]
[16]
[17]
18]
[19]
[20]
21]
[22]
23]
[24]
[25]

[26]

L. VAINERMAN AND J.-M. VALLIN

P. Etingof, D. Nikshych and V. Ostrik, Weakly group-theoretical and solvable fusion cat-
egories, Advances in Mathematics 226 (2011), 176-205.

P. Etingof, S. Gelaki, D. Nikshych and V. Ostrik, Tensor categories, preprint, 2009,
http://www-math.mit.edu/"etingof/tenscatl.pdf.

S. Gelaki and D. Nikshych, Nilpotent fusion categories, Advances in Mathematics 217
(2008), 1053-1071.

S. Gelaki, D. Naidu and D. Nikshych, Centers of graded fusion categories, Algebra and
Number Theory 3 (2009), 959-990.

J. Greenough, Monoidal 2-structure of bimodule categories, J. Algebra 324 (2010), 1818—
1859.

J. Greenough, Bimodule categories and monoidal 2-structure, PhD Thesis, University of
New Hampshire, 2010.

G. Karpilovski, The Schur Multiplier, London Mathematical Society Monographs New
Series, 2, 1987.

A. Kleppner, Multipliers on abelian groups, Math. Annalen 168 (1965), 11-34.

J. Liptrap, Generalized Tambara-Yamagami categories, preprint, 2010,
arXiv:1002.3166v2[math.QA].

C. Mevel, Exemples et applications des groupoides quantiques finis, Ph.D. Thesis, Univer-
sity of Caen, 2010.

D. Naidu, Categorical Morita equivalence for group-theoretical categories, Commun. Alge-
bra 35 (2007), 3544-3565.

D. Naidu and D. Nikshych, Lagrangian subcategories and braided tensor equivalences of
twisted quantum doubles of finite groups, Commun. Math. Phys. 279 (2008), 845-872.

D. Nikshych and L. Vainerman, Finite quantum groupoids and their applications, in: New
Directions in Hopf Algebras, MSRI Publications 43 (2002), 211-262.

D. Nikshych and L. Vainerman, A characterization of depth 2 subfactors of I, factors,
JFA 171 (2000), 278-307.

D. Nikshych and L. Vainerman, A Galois correspondence for Il factors and quantum
groupoids, JFA 178 (2000), 113-142.

V. Ostrik, Module categories, weak Hopf algebras, and modular invariants, Transform.
Groups 8 (2003), 177-206.

V. Ostrik, Module categories over the Drinfeld double of a finite group, rectified arti-
cle(2006), arXiv:math/0202130v2[math.QA].

D. Tambara and S. Yamagami, Tensor categories with fusion rules of self-duality for finite
abelian groups, J. Algebra 209 (1998), 692-707.

K. Szlachanyi, Finite quantum groupoids and inclusions of finite type, Fields Inst. Com-
mun. 30 (2001), AMS, Providence, RI, 393-407.

T. Hayashi, A canonical Tannaka duality for semifinite tensor categories, preprint (1999),
math.QA /9904073.

C. T. C. Wall, Quadratic forms on finite groups, and related topics, Topology 2 (1964),
281-298.


http://dx.doi.org/10.1016/j.aim.2010.06.009
http://www-math.mit.edu/~etingof/tenscat1.pdf
http://dx.doi.org/10.1016/j.aim.2007.08.001
http://dx.doi.org/10.2140/ant.2009.3.959
http://dx.doi.org/10.1016/j.jalgebra.2010.06.018
http://arxiv.org/abs/1002.3166v2
http://dx.doi.org/10.1080/00927870701511996
http://dx.doi.org/10.1007/s00220-008-0441-5
http://dx.doi.org/10.1006/jfan.1999.3522
http://dx.doi.org/10.1006/jfan.2000.3650
http://dx.doi.org/10.1007/s00031-003-0515-6
http://arxiv.org/abs/0202130v2
http://dx.doi.org/10.1006/jabr.1998.7558
http://arxiv.org/abs/math/9904073

	Introduction
	
	
	

	Preliminaries
	Some cohomological constructions
	Invertible bimodule categories over c(0)=VecS

	Z/2Z-extensions of c(0)=VecS
	Group homomorphisms c:Z/2ZBrPic(VecS) and fusion rings
	VecS-bimodule equivalences Mg,h
	Vanishing of O3(c). Associativity isomorphisms. Main result

	Examples
	Non-isomorphic fusion rings if S/A.5-.5.5-.5.5-.5.5-.5Z/pZ, p is prime
	Number of non-equivalent Z/2Z-extensions in examples


