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Abstract. Let G be a finite group. Consider the algebra A of all complex functions on G (with
pointwise product). Define a coproduct A on A by A(f)(p,q) = f(pq) where f € A and p,q € G.
Then (A, A) is a Hopf algebra. If G is only a groupoid, so that the product of two elements is
not always defined, one still can consider A and define A(f)(p,q) as above when pq is defined.
If we let A(f)(p,q) = 0 otherwise, we still get a coproduct on A, but A(1) will no longer be
the identity in A ® A. The pair (A, A) is not a Hopf algebra but a weak Hopf algebra. If G is a
group, but no longer finite, one takes for A the algebra of functions with finite support. Then A
has no identity and (A, A) is not a Hopf algebra but a multiplier Hopf algebra. Finally, if G is
a groupoid, but not necessarily finite, the standard construction above will give what we call in
this paper a weak multiplier Hopf algebra.

Indeed, this paper is devoted to the development of this 'missing link’: weak multiplier Hopf
algebras. We denote a great part of this paper to the motivation of our notion and to explaining
where the various assumptions come from. The goal is to obtain a good definition of a weak
multiplier Hopf algebra. Throughout the paper, we consider the basic examples and use them,
as far as possible, to illustrate what we do. In particular, we think of the finite-dimensional weak
Hopf algebras. On the other hand however, we are also inspired by the far more complicated
existing analytical theory.

In our forthcoming papers on the subject, we develop the theory further. In [VD-W2] we
start from the definition of a weak multiplier Hopf algebra as it is obtained and motivated in this
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paper and we prove the main properties. In [VD-W3] we continue with the study of the source
and target algebras and the corresponding source and target maps. In that paper, we also give
more examples. Finally, in [VD-W4] we study integrals on weak multiplier Hopf algebras and
duality. Other aspects of the theory will be considered later.

0. Introduction. Let G be a groupoid. It is a set with a distinguished subset of pairs
(p,q) in G x G for which the product pg in G is defined. This product is associative, in
the appropriate sense. The product pq is only defined when the so-called source s(p) of
the element p is equal to the target ¢(q) of the element g. The source and target maps are
defined from G to the set of units and this set can (and will) be considered as a subset
of G.

For a more precise definition and the elementary theory of groupoids, we refer to [Br],
[H] and [R].

FEzamples of groupoids. Perhaps the simplest example of a groupoid is obtained from an
equivalence relation ~ on a set X. The elements of the groupoid G are pairs (y, z) with
z,y € X and x ~ y. The set of units is X and the source and target maps are given by

s(y,x) =z and i(y,z)=y.

for (y,x) in G. The set of units is considered as a subset of G via the map z — (z,x).
The product of (z,y) with (y,x) is (z,2) when z,y,2 € X and x ~ y and y ~ z.

This example is of course rather trivial and it will be of little use for illustrating
our theory. Instead, the following, also well-known but more involved example is more
interesting.

Now X is a set and H is a group acting on the set X, say from the left. We denote
by hz the element obtained by letting h € H act on x € X. We let

G={(y,h,x)|x,y e X,h € Hy= hx}.
The space of units is again X and the source and target maps are given by
s(y,h,z) =z and t(y,h,z)=y.

The space of units is a subset of G via the map x — (z,e,x) where e is the identity
element in the group H. The product of two elements (z, k,y) and (y, h,x) is (z, kh,x)
where of course kh is the product of the elements k, h € H in the group H.

This second example reduces to a special case of the first one if the group H is trivial.
On the other hand, the action of H defines an equivalence relation on X and this yields
a map from the groupoid in the second example to the groupoid in the first example.
Finally, if the set X consists of a single point, the second example will be the same as
the group H itself.

It is good to have these various cases in mind. However, mostly we will only use the
case of a general groupoid to illustrate definitions and results in our paper here.

The algebra K(G) and the coproduct on this algebra. In what follows, let G be any
groupoid. Consider the algebra K (G) of complex functions with finite support (and point-
wise operations). We will denote this algebra by A. Observe that it only has an identity
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when G is finite but that the product in A is always non-degenerate. The product in G
yields a coproduct A on A by the formula

f(pq) if pq is defined,

0 otherwise.

A(f)(pq) = {

It is a homomorphism from A to the multiplier algebra M (A ® A) of the tensor product
A ® A of A with itself. Recall that in this case we have a natural identification of A ® A
with K(G x G) and of M(A ® A) with C(G x G), the algebra of all complex functions
on G x G. The associativity of the product will yield the coassociativity of the coproduct
(to be understood in the appropriate sense, see Definition 1.1 in Section 1).

If G is finite, then A has an identity, we have M(A® A) = A® A and so A will map A
to A ® A. There is no difficulty with the notion of coassociativity in this case. However,
in general, we will not have that A(1) = 1® 1, precisely because the product in G is not
defined everywhere. Instead, A(1) will be an idempotent E in A ® A satisfying, among
other properties,

EA(a) =A(a) and A(a)E = A(a) (0.1)

for all @ in A. In this case, the pair (A4, A) is a (finite-dimensional) weak Hopf algebra
in the sense of [B-N-S]. This example is also considered further at various places in this
paper.

If G is no longer assumed to be finite, one expects that the resulting pair (A, A) will be
a weak multiplier Hopf algebra. A weak multiplier Hopf algebra should relate to a (finite-
dimensional) weak Hopf algebra as a multiplier Hopf algebra to a (finite-dimensional)
Hopf algebra. The new notion should generalize the concept of a (finite-dimensional)
weak Hopf algebra to the case of possibly non-unital, infinite-dimensional algebras.

Development of the notion of a weak multiplier Hopf algebra. This is exactly what this
paper is about. We develop the notion of a weak multiplier Hopf algebra. And we do
it in a special way. We will not start with stating the correct definition with its various
objects and conditions and continue with proving properties. Instead, we will gradually
develop the notion and devote a great deal of this paper to the motivation of the concept
and explaining where the various conditions come from. By doing so, we end up with
a notion and conditions that will be experienced as very natural. Moreover, this will
provide the reader with a better understanding of what weak multiplier Hopf algebras
really are. In fact, we also believe that this work might contribute even to a better
understanding of the existing theory of weak Hopf algebras as well as provide guidelines
to find a possibly simpler approach to the present (rather complicated) treatment of
locally compact quantum groupoids and their measured counterparts.

In a second paper on the subject [VD-W2], we will follow the traditional path and
start with the definition as given here and develop the theory from this definition. In a
third paper [VD-W3] we will continue this study and obtain more properties of the source
and target algebras, as well as of the source and target maps. In that paper, we will also
give more examples. In a fourth paper [VD-W4], we treat integrals on weak multiplier
Hopf algebras and duality.
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Our approach to weak multiplier Hopf algebras in this paper is inspired by the theory
of multiplier Hopf algebras as developed in the original paper on this theory [VD1]. We
will say more about this in the forthcoming item in this introduction where we give an
overview of the content of the paper.

We use the motivating examples, coming from a groupoid, to illustrate various aspects
of our approach. Of course, another main source of inspiration is the existing theory of
weak Hopf algebras (as developed by G. Bohm, F. Nill & K. Szlachdnyi in [B-N-S] and
B-5)).

All of these cases will help to obtain the right axioms and conditions for a weak
multiplier Hopf algebra. There is however still another criterion we will use to see if the
conditions are good. They should be as much as possible ’self-dual’. By this we mean
that, for a dual pair, a given condition on one component should yield a given condition
on the other component by duality. The idea will be more clear when we come to the
first application of this principle (see e.g. Remark 2.3 in Section 2).

The idempotent E playing the role of A(1). Before we start with the description of
the content of the paper, let us discuss what is the first difficulty we encounter as a
consequence of the fact that we do not assume our algebra to be unital.

If we look at the definition of a weak Hopf algebra (A, A), we see that several condi-
tions are formulated in terms of the idempotent A(1) in A ® A. In the case we consider
here, we simply can not consider A(1) in the first place.

If we take a multiplier Hopf algebra (A, A), there is a possibility to extend the coprod-
uct A to a homomorphism from M (A) to M(A® A) using the fact that the coproduct is
assumed to be non-degenerate. This means that A(1) is defined but on the other hand,
it is necessarily equal to 1 ® 1 in M (A ® A).

In the case of weak multiplier Hopf algebras, we can not expect this to happen and
S0, in particular, we can not assume that the coproduct is non-degenerate. Hence we can
not apply this extension procedure and obtain A(1) in this way.

Fortunately, there is a weaker notion of non-degeneracy that can be used in this new
context. It does allow one to extend A to M(A) and hence give a meaning to A(1). It will
be an idempotent E in M (A ® A) satisfying the formulas (0.1) above. By the conditions,
it will be uniquely defined. This is explained in an appendix of this paper. See also further
in this introduction when we describe the content of the paper.

We believe that the solution we have here for this difficulty is precisely what makes a
satisfactory theory of weak multiplier Hopf algebras possible.

The content of the paper. In the first section, we start with an algebra A and we give
the precise definition of a coproduct A as we will use it in this theory. We recall the
definition of a counit and show that this is only a good notion if we also assume that
the coproduct is full, meaning roughly speaking that the legs of A are all of A. We
have to be more careful because, as mentioned already earlier, we cannot expect the
coproduct to be non-degenerate as is usually done in the case of multiplier Hopf algebras.
Another problem with the counit comes from the fact that it is no longer expected to be
a homomorphism.
We consider also coproducts on *-algebras, as well as regular coproducts in general.
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We give a preliminary definition of a dual pair in this context. We will not really
investigate this notion, but rather use it to motivate the conditions we impose throughout
the development further in this paper. As mentioned already, we want these conditions
to be ’self-dual’.

In the first section, we also give elementary examples.

In the second section we treat the antipode(s). The starting point is a pair of general-
ized inverses R; and Ry of the canonical maps T} and Ts, defined from A ® A to itself by

Ti(a®b)=A(a)(1®b) and Tr(a®b) = (a®1)A(b).

Under some natural conditions, the inverses yield antipodes S7 and S such that R; and
Ry are given by the well-known formulas in terms of these antipodes. The conditions are
‘self-dual’ in the sense mentioned earlier. In the regular case, we have two other canonical
maps T3 and Ty and a good choice of generalized inverses R3 and R, yield two other
(inverse) antipodes S5 and Sy. In the *-case, regularity of the coproduct is automatic and
we find natural relations between the pair (S5, S4) and the pair (S, .52).

The rest of the section is devoted to all sorts of properties of these two (respectively
four) antipodal maps and relations among them. Most of these further results are included
mainly for motivational reasons.

At the end of the section, we formulate the notion of a unifying multiplier Hopf algebra.
It is by no means yet the final object (weak multiplier Hopf algebras) and for the moment,
we do not plan to study the concept further.

We illustrate all this using examples.

In Section 3, we will impose some extra conditions. First, we look at the ranges of the
maps T7 and T». Essentially we will require that there is an idempotent E in M(A® A)
such that

BEA®A) =AA)(1®A4) and (A A)E = (A® 1)A(A),

together with the possibility of making choices for R; and R, that take into account
this property. As we show in an appendix, this will imply that we are able to extend the
map A, as well as the maps ¢t ® A and A ® ¢, to homomorphisms on M (A), respectively
M(A®A) (where ¢ is used for the identity map). We will have that A(1) = E as expected.

Further in this section, we consider the kernels of the maps T7 and T5. Also here,
we impose some natural conditions so that we have some equivalent of the multiplier F
related with these kernels instead of the ranges. We investigate relations between these
objects and find that the equality S; = Sy of the antipodes found in Section 2, is very
basic. In fact, we see that this requirement fundamentally fixes these antipodes (and so
also the kernels of the maps 77 and T3), given the multiplier E above. We feel that this
is quite remarkable (see a remark in Section 3).

In Section 4, we finally come up with a first definition of a weak multiplier Hopf
algebra, based on the considerations of the previous sections. It is a definition based on
the characterizations of the kernels and the ranges of the canonical maps 77 and T5. The
definition does not involve the antipode, just like in the original definition of a multiplier
Hopf algebra. It is shown that the basic examples, coming from a groupoid, satisfy the
axioms. Also a weak Hopf algebra is a weak multiplier Hopf algebra with our definition.
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Further in Section 4, we discuss the regular case. A weak multiplier Hopf algebra is
defined regular if the antipode is a bijective map from the algebra A to itself. We also
briefly treat the involutive case here. In this section, some of results are not proven and
we refer to [VD-W2] for details.

Finally, in the last section, Section 5, we formulate some conclusions and indicate
what will be done in the next papers on the subject (see also further).

As mentioned already, in Appendiz A we study the problem of extending the coproduct
A, as well as the derived maps A ® ¢ and ¢+ ® A to the multiplier algebras M(A) and
M(A ® A) respectively. Remember that in this theory, we cannot require that A is non-
degenerate and so we cannot use the existing method. Instead, we will use the existence of
the smallest idempotent multiplier E satisfying FA(a) = A(a) and A(a)E = A(a) for all
a. As we will see in Section 3, this is something we can assume instead of non-degeneracy
and it still works to get nice extensions.

The further development of the theory is continued in separate papers on the subject.
In the first one [VD-W2], we start from the definition of a weak multiplier Hopf algebra as
found here and develop the theory from the definition. In a way, this is first reorganizing
the material from this paper, leaving out the motivational part and adding some proofs
that are omitted in the treatment here. In the second paper [VD-W3] we investigate
further properties of the source and target maps and of the source and target algebras.
We are then ready for the construction of some more examples. Finally, in [VD-W4], we
will study integrals on weak multiplier Hopf algebras and the related theory of duality.

Conventions and notations. All our algebras will be algebras over the field C of complex
numbers (although probably algebras over other fields will be possible as well). We do not
assume that they have a unit. But we do assume that the product, seen as a bilinear map,
is non-degenerate. When A is such an algebra, we will denote by M (A) the multiplier
algebra of A. It is characterized as the largest algebra with 1 containing A as a dense ideal.

In general we also will need the algebras to be idempotent in the sense that any
element is a sum of products of elements in the algebra. We write this as A2 = A. In
fact, we will see later (see Proposition 4.9 in [VD-W2]) that the underlying algebra of a
regular weak multiplier Hopf algebra automatically has local units. This of course implies
that the product is non-degenerate and that the algebra is idempotent.

Occasionally, we will need to work with the algebra L(A) of left multipliers of A
and the algebra R(A) of right multipliers of A. Elements of L(A) are maps A : A — A
satisfying A(ab) = A(a)b for all a,b € A. Similarly elements of R(A) are maps p: A — A
satisfying p(ab) = ap(b) for all a,b € A. When m € L(A) we will write ma instead of
m(a) for a € A. When on the other hand m € R(A), we write am for m(a). This notation
is compatible with the defining properties and consistent in the case where M(A) is
considered as a subset of both L(A) and R(A). Remark that M(A), L(A) and R(A) are
all identified with A itself in the case of a unital algebra.

We use 1 to denote the identity element in the algebra M (A). We use ¢ for the identity
map on any vector space. Finally we use e for the identity element in a group.

When T is a linear map from one vector space to another, we will denote the kernel
of T by Ker(T) and the range of T by Ran(T).
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We will use A°P for the algebra A with the opposite product. And when A is a
coproduct on A, we use AP for the new coproduct on A obtained by composing A with
the flip map (extended to the multiplier algebra).

We will use the leg-numbering notation in different circumstances. If e.g. A is an
algebra (with or without identity) and € A ® A, we will use x12, x13 and xa3 for the
elements z as sitting in the multiplier algebra of the threefold tensor product A ® A ® A
in the three possible ways. We have x12 = 2 ® 1, 203 = 1 ® x and x13 = 093(2x ® 1) where
093 flips the last two factors in the threefold tensor product. A similar convention is used
for maps with the identity element of the algebra replaced by the identity map ¢. This
notation is also used for coproducts in the obvious sense.

We will often use the Sweedler notation for a coproduct A. In the case of a coproduct
in the usual sense, so a map from a vector space A to the tensor product A ® A, this
presents no problem. As in our case, the coproduct mostly does not map into this tensor
product, but rather into a bigger space, the Sweedler notation has to be used with care.
Sufficient covering is needed. For a detailed account on the use of the Sweedler notation
in this more general context, we refer to [VD3].

Finally we use the items Definition, Proposition, etc. in the usual sense. But in this
paper occasionally, we will also have items like Condition and Assumption. In the first
case, it will be a condition that we temporarily assume (and we will mention when we
do this) whereas in the second case, we formulate a condition that will be assumed from
then onwards. We will recall this convention when we first use these terms.

Basic references. For the theory of Hopf algebras, we refer to the basic works of Abe
[A] and Sweedler [S]. For multiplier Hopf algebra the references are [VD1] and [VD2].
For the use of the Sweedler notation for coproducts with values in the multiplier alge-
bras and the covering technique, a good and detailed account is found in [VD3]. We
have a note that might be useful when dealing with local units and multiplier algebras
([VD-Ve)).

The theory of weak Hopf algebras is developed in [B-N-S] and [B-S] by G. Béhm, F.
Nill & K. Szlachanyi. However, our notations will be more inspired by the survey paper by
D. Nikshych & L. Vainerman [N-V2]. We also refer to various papers in the proceedings
of a conference in Strasbourg on locally compact quantum groups and groupoids [V]. In
these proceedings, also material is found about the analytical theory of locally compact
and measured quantum groupoids.

1. The coproduct and the counit. Let A be an (associative) algebra over the field
C of the complex numbers. We do not assume that A has a unit, but we do require that
the product, seen as a bilinear form, is non-degenerate. This means that, whenever a € A
and ab = 0 for all b € A or ba = 0 for all b € A, we must have that a = 0. Then we
can consider the multiplier algebra M(A) of A. Recall that M(A) is the largest algebra
with identity containing A as a dense two-sided ideal. In particular, we still have that,
whenever a € M(A) and ab=0for allb € A or ba = 0 for all b € A, again a = 0. Further
we consider the algebra A ® A. It is still non-degenerate and we also have its multiplier
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algebra M (A ® A). There are natural embeddings
ARAC MA@ M(A) C M(A® A).

Observe that in general, when A has no identity, these two inclusions are strict.

Later, we will need to assume that our algebra A is also idempotent, that is that
any element in A is a sum of products of elements in A. We write this condition as
A = A?. There are reasons to believe that this condition follows from the others, but we
have not been able to prove this. For regular weak multiplier Hopf algebras, it will be
shown in [VD-W2] that local units exist. This is of course a stronger property than being
idempotent. There are also reasons to believe that the existence of local units is also true
in the non-regular case, but again we have not been able to show this.

We will also consider *
satisfying (ab)* = b*a* for all a,b € A. In this case, also M (A) is a *-algebra in a natural
way. The same is true for A® A and M(A® A).

We have the following (basic) example in mind. Let X be a set and let A be the
algebra K (X) of complex functions on X with finite support. For the pointwise product,
it is a non-degenerate algebra. Clearly A ® A is naturally identified with K (X x X) while
M(A) and M(A ® A) are identified with C'(X) and with C(X x X), the algebras of all
complex functions on X and on X X X respectively. We have a natural *-structure on
this algebra. It is given by f*(x) = f(x) whenever f € K(X) and z € X.

-algebras. Then A has a conjugate linear involution a — a*

The coproduct. Now we are ready to introduce the concept of a comultiplication (or
coproduct) as we will use it in this theory.

DEFINITION 1.1. Let A be an algebra with a non-degenerate product. A coproduct on A
is a homomorphism A : A — M (A ® A) satisfying

i) A(a)(1®b) and (a ® 1)A(b) are in A® A for all a,b € A,
ii) A is coassociative in the sense that

(@212 1)(A®)A0)1®d)=(eA)((a®)AD) (11 ¢c)

for all a, b, c € A, where ¢ is used for the identity map on A. In the case of a *-algebra
we assume that A is a *~homomorphism.

Remark that i) is needed to formulate ii). This is also the way coassociativity was
first introduced for multiplier Hopf algebras (see [VD1]). Other ways to formulate coas-
sociativity, used for multiplier Hopf algebras are based on the non-degeneracy of the
coproduct, making it possible to extend the homomorphisms A ® ¢ and ¢ ® A to M (A).
Then coassociativity can simply be written in its usual form, i.e. as (A®¢)A = (1@ A)A.
This however is not so simple here as we will not have that A is non-degenerate. There is
a workaround, but we need more conditions. We discussed this already in the introduction
and we will come back to this problem in Section 3 (as well as in the appendix).

On the other hand, the conditions i) are very natural as we know from the theory of
multiplier Hopf algebras and as we will see shortly when we consider our basic examples.
The conditions allow us to define the following canonical maps, playing a very important
role in our approach to the theory.
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NOTATION 1.2. When A is a coproduct on A as in the previous definition, we denote by
T1 and T5, the linear maps from A ® A to itself, given by

Ti(a®b)=A(a)(1®b) and Tr(a®b) = (a®1)A(b)
for a,b € A.

Remark that coassociativity, as defined in Definition 1.1, can be written with the help
of these maps as
(To@)eeT)) =0T (T ® ).

In general, we will not automatically have that also the elements A(a)(b ® 1) and
(1®a)A(b), defined in the multiplier algebra M (A® A), will belong to A® A. This takes
us to the following definition and notation.

DEFINITION 1.3. A coproduct A on a non-degenerate algebra A is called regular if also
iii) A(a)(b® 1) and (1 ® a)A(b) belong to A® A for all a,b € A.

If A is regular, then AP obtained from A by composing it with the flip map, is a
coproduct in the sense of Definition 1.1. Also remark that regularity is automatic in the
case of a coproduct on a *-algebra because A is then assumed to be a *~homomorphism.
It is also automatic if the algebra is abelian or if the coproduct is coabelian (i.e. when
AP = A),

In the case of a regular coproduct, we also introduce the following notations.
NOTATION 1.4. For a regular coproduct A on a non-degenerate algebra A, we denote by
T3 and Ty the linear maps from A ® A to itself, given by

T3(a®b) =(1®b)A(a) and Ty(a®b)=A(b)(a®1)
for a,b € A.
The notational conventions are such that, in the case of a *-algebra, the pair (17, T3)

is converted to the pair (T5,T4) by the involution. Other conventions are possible, e.g.
the ones that are suggested by duality (cf. the following item).

Dual pairs. This is the point where we can give a preliminary definition of a dual pair.
A more complete definition will be given in [VD-W4], but for our purposes, this is not
yet needed.

DEFINITION 1.5. Let (A,A) and (B, A) be two pairs of non-degenerate algebras with a
coproduct as in Definition 1.1. We use the same symbols for the maps defined in Notation
1.2 for each of them. A pairing between (A, A) and (B, A) is a non-degenerate bilinear
map (a,b) — (a,b) from A x B to C such that

(Ti(a®d),b@b)={(axd , To(bx®b)) and (Th(a®d),bxV)=(a®@d, Ti(bxb))
for all a,a’ € A and b, b’ € B.

If the algebras have identities, we see that these two conditions are equivalent with
the fact that the coproduct on one algebra is dual to the product on the other one.
If the two pairs are regular, we also will have

(T3(a®d'),b@b) =(d @a,T5(0) @b)) and (Ty(a®d),b@V') = (a' @a,Ty(b @0))
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for all a,a’ € A and b, € B. Observe that these equations involve flip maps and do
not convert T3 to Ty as in the case of T} and T5. This is due to the choice we made in
Notation 1.4 where we have given priority to the implications of having an involution.
Another choice would have made these formulas nicer.

At this moment, we cannot yet give the correct definition of a pairing in the case of
*-algebras as we will need the antipode to do this.

It is this notion of duality that we will be using throughout the paper mainly for
motivational reasons. As mentioned already, in a forthcoming paper on the subject, we
will develop, fine tune and study the notion in greater detail (see [VD-W4]).

Up to now, nothing prevents A to be completely trivial (i.e. identically 0). Of course,
we will exclude this case.

But first, we consider the examples associated with a groupoid. We have the following
two propositions.

PROPOSITION 1.6. Let G be a groupoid. Let A be the algebra K(G) of complex functions
with finite support on G, with pointwise product. Let A be defined by

f(pq) if pq is defined,
0 otherwise.

A(f)(p,q) = {

Then A is a regular coproduct on A. If moreover A is considered with its natural

*-structure, given by f*(p) = f(p) when f € K(G) and p € G, then A is a *-
homomorphism.

Proof. Tt is clear that A is a homomorphism from A to M(A® A) and a *-homomorphism
for the natural *-operation defined on A.

Take f,g € A and consider the function A(f)(1 ® g). It maps the pair (p,q) to
f(pq)g(q) if pq is defined and to 0 otherwise. The presence of g forces ¢ to lie in a finite
set (for the result to be non-zero). Also pg must lie in a finite set and because p = (pq)q~!
when pq is defined, the result will be 0 except when also p lies in a finite set. Therefore
A(f)1®g) € K(G x G). Similarly for (f ® 1)A(g) so that condition i) in Definition 1.1
is satisfied.

The coassociativity of A, as formulated in ii) of the definition, is a straightforward
consequence of the associativity of the product in G. Regularity here follows automatically
because the algebra is abelian. m

The identity for this algebra is the function that sends all elements of G to 1. This will
only belong to A if G is finite. We have however a natural candidate for A(1). It should
be the function on G x G that maps a pair (p, q) to 1 if pq is defined and to 0 otherwise.
This is a self-adjoint idempotent in C(G x G). And of course A(1)A(f) = A(f) for all
f € K(G). It is the smallest idempotent with this property. In Section 3, we will consider
such an idempotent in general.

Observe also that A% = A for this algebra.

In the following proposition, we consider the dual case.

PROPOSITION 1.7. Let G be a groupoid. Let B be the space CG of complex functions with
finite support on G. It is a non-degenerate associative algebra for the convolution product
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(defined below). We use p — X, for the imbedding of G in CG. If then we define A on
B by A(Ap) = Ap @ Ay for all p € G, we get a regular coproduct on B. If moreover B
is considered with its natural *-structure, given by A\j = A\p-1, when p € G, then A is a
*-homomorphism.

Proof. The convolution product is defined by A,A\; = A\pq when pq is defined and A,A\y =0
otherwise. It makes B into an associative algebra (because of the associativity of the
product in G). It need not have an identity (see a remark following this proof) but the
product is non-degenerate. To see this, let a = )" a(p)A, be an element in B and assume
that ab = 0 for all b. Fix pg, let g be the source of pg in G and put b = A;. Then
> a(p)A\pg = 0 where now the sum is only taken over those elements p in G that have
the same source as pg. This will imply that a(p) = 0 for all these elements, in particular
a(po) = 0. Therefore a = 0.

In this case, we have A(B) C B ® B and the conditions i) and iii) in the Definitions
1.1 and 1.3 are automatic. Also coassociativity is straightforward. The same is true for
the last statement about the involutive structure. m

The identity in the multiplier algebra is Y A, where the sum is taken over all units e
in G. This will belong to B if and only if the set of units is finite. Otherwise, it will not
and then we get an algebra without identity.

Also here, there is a natural candidate for A(1), namely > A.® A, where again the sum
is taken over the set of units in G. It satisfies A(1)A(X,) = A(Ap) and A(X)A(L) = A(N,)
for all p € G and also here, it is the smallest idempotent in M (B ® B) with this property.

The algebra B is also idempotent.

The two cases, given in Proposition 1.6 and 1.7 are really dual to each other in the
sense of Definition 1.5. The pairing is the obvious one.

At the end of this section, we will consider these examples again and also the one
coming from a weak Hopf algebra.

Full coproducts and the counit. First we consider the concept of a counit. The following
seems to be a natural definition.

DEFINITION 1.8. Let A be a non-degenerate algebra and A a coproduct on A. A counit
is a linear map € : A — C so that

(e®)(A(a)(1®b)=ab and (®e)((a®1)A(D)) =ab
for all a,b € A.
If A has an identity and if A(A) C A® A, this is equivalent with the usual conditions
(e®@)A(a) =a and (®e)A(a)=a

for all a € A.
If A is regular, the two conditions are equivalent with

(e@)(1®b)A(a)) =ba and (®@e)(A(b)(a®1))=ba

for all a,b € A. In other words, ¢ is also a counit for the coproduct AP,
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In the *-algebra case, when ¢ is a counit, also &, defined by Z(a) = £(a*) will be a
counit. And by taking %(E + ¢€), we see that we can assume in this case that the counit
is self-adjoint, that is that £ = ¢.

There is a problem however with this definition of a counit in this context as we
explain in the following remark.

REMARK 1.9. An attempt to prove uniqueness, although trivial in the unital case, will
fail.

If the counit is an algebra map, an argument can be given as follows. Assume that ¢
and &’ are algebra maps and satisfy the axioms for a counit. Take a,b,c € A and apply
e ® &’ on the expression (¢ ® 1)A(a)(1 ® b). Using first that € is an algebra map we get

e(@)(E((e@)A(a)(1©D)))

and this is, using that € is a counit, equal to £(c)e’(ab). Similarly, if we use first that &’
is an algebra map and then that it is a counit, we find that this expression is equal to
¢’(b)e(ca). This implies that

e(c)e' (a)e'(b) = €' (b)e(c)e(a)
and this will imply that € = &’.
However, we know from the examples (see further) and from the theory of weak Hopf

algebras, that we cannot expect the counit to be an algebra map. Therefore, the above
argument will not work to prove uniqueness of the counit as defined in Definition 1.8.

It turns out that we will need another condition on the coproduct to have that the
counit, as defined in 1.8, is unique.

DEFINITION 1.10. A comultiplication A is called full if the smallest subspaces V, W of A
satisfying

AA)(1®A) CVR®A and (AR1AA)CAQW
equal A itself.

We have the following easy lemma.

LEMMA 1.11. If A is full, the span of elements in A of the form (w ® ¢)((c ® 1)A(b))
where b,c € A and w € A’, the linear dual space of A, equals A. Similarly for the span of
elements of the form (t@w)(A(b)(1®¢)). Also conversely, if these conditions are satisfied,
then the coproduct is full.

Proof. Suppose that such elements do not span all of A. Then there exists a non-zero
linear functional ¢ on A that vanishes on all such elements. This implies that

w(t@e)((c@1)A(b) =0

for allw € A" and all b,c € A. Then (t ® ¢)((c®1)A(b)) =0 for all b,c € A. If now W is
the kernel of ¢, we see that (c® 1)A(b) € AQ W for all b, ¢ € A. By the assumption, this
will imply that W = A and therefore that ¢ = 0. This gives a contradiction. Similarly
for the other statement.
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Conversely, assume that the span of these elements is all of A and assume e.g. on the
other hand that (A ® 1)A(A) C A® W for a proper subspace W of A. Then (w(c-) ®
t)A(a) € W for all a,b,c € A and all w € A’. This will give a contradiction. m

One can show quite easily, using the non-degeneracy of the product, that a regular
coproduct A is full if and only if AP is full.
The following is now an easy consequence.

PROPOSITION 1.12. If the coproduct is full and if there exists a counit, then it is unique.

Proof. If ¢ is a counit, we must have e.g.
e((w(c) @ L)A(b)) = w(cd)

whenever b,c € A and w € A’. And by the lemma, every element in A has such a form.
Therefore, the coproduct is uniquely determined by this formula. m

Remark that in the *-algebra case, by uniqueness of the counit €, we have that e(a*) =
Z(a).

Of course, when the algebra has an identity, the comultiplication will be full if there is
a counit. This will also be true if A has no identity and if the counit is a homomorphism.
However, here we do not have an identity and the counit will not be a homomorphism.
Therefore, we do not automatically have that the coproduct is full. So it seems necessary
to assume both the existence of a counit as well as that the coproduct is full.

It is also possible to formulate a weaker useful condition. One can require e.g. that,
given b € A, then b = 0 if A(a)(1 ®b) =0 for all @ € A. Similarly one can require that
given ¢ € A, then ¢ = 0 if (c® 1)A(a) = 0 for all a € A. This will be true if there is a
counit (by the non-degeneracy of the product) or if the coproduct is full.

In the sequel however, for convenience, we will always assume that the coproduct is
full and that there is a counit. We refer to Section 5 where we discuss possible further
research on this topic.

It should be mentioned that the conditions on the coproduct we have in this section,
are not self-dual conditions. In fact, it is not so obvious to see in the case of a dual pair
(as defined in Definition 1.5) what these conditions on one algebra will imply on the other
one. But as the conditions are reasonable enough, we will not bother about this problem
at this moment.

Also some problems remain. We will discuss this more in Section 5 where we draw
some conclusions and suggest further research.

Let us now rather verify that these conditions are fulfilled in the examples we want
to consider.

ExaAMPLE 1.13.

i) Let G be a groupoid and consider the algebra A = K(G) with the natural coproduct
as given in Proposition 1.6. The counit is given by the formula e(f) = Y f(e) where
the sum is taken over all the units G. To show that A is full, take any element p € G
and let e be the range of p. Take f = d,, the function that is 1 in p and 0 everywhere
else. Then A(f)(e, -) = f and this shows that the right leg of A is all of A. One
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could also argue that (J. ® 1)A(d,) = . ® ¢, for all p. Similarly, by taking the
source of an element, we get that the left leg of A is all of A.

ii) Again let G be a groupoid and consider now the algebra B = CG with the natural
coproduct as given in Proposition 1.7. The counit is given by ¢(\,) = 1 for all
p € G. As in this case, A(B) C B ® B, the coproduct is automatically full.

The situation in the case of a weak Hopf algebra is essentially trivial.

ExamMPLE 1.14. If (A, A) is a weak Hopf algebra, a counit exists by assumption and
again the coproduct is full because already A(A) C A ® A.

2. The antipodes. In this section, we start with a pair (A4, A) of a non-degenerate
algebra A and a coproduct A on A satisfying the assumptions discussed in Section 1.
Also here, there is no need to assume that the algebra is idempotent. However, we do
assume that A is full (cf. Definition 1.10 in the previous section) and that there is a
unique counit € satisfying the conditions of Definition 1.8.

We consider the maps T7 and T (as defined in Notation 1.2) and in the case of a
regular coproduct also the maps T3 and Ty (as defined in Notation 1.4).

In the case of a multiplier Hopf algebra, the maps 77 and 75 are assumed to be
bijective from A ® A to itself. Then the inverses T, ' and T, ' are given in terms of the
unique antipode S by the following formulas:

T a®b) = ((t®8)A(a)(1®b) and Ty '(a®b) = (a®1)((S® )A(D))

for all a,b € A. In fact, S is constructed from the inverse maps 7, * and T, ' using
these formulas. Recall that also the counit is constructed in the theory of multiplier Hopf
algebras.

There are some remarks to be made about these formulas. We will do this later in
this section (after the proof of Proposition 2.4).

Generalized inverses of the canonical maps. Now, we no longer assume that the maps T
and T are bijective and so we do not have the inverse maps. Nevertheless, we will proceed
very much as in the case of multiplier Hopf algebras using the concept of a generalized
(or von Neumann regular) inverse (see e.g. [G]). It can be defined in any set with an
associative multiplication. In the case of our maps, we introduce it as follows. For the
moment, we treat only 77, but of course, similar properties can be obtained about Tb
and in the regular case also about T3 and 7.

DEFINITION 2.1. A generalized inverse for the map 77 is a linear map Ry : AQA — AQA
such that

T1R1T1 = T1 and R1T1R1 = Rl.

Multiplication is composition of maps. If we have such an inverse Ry for T} and if we
let P=T1R; and Q = R1T}, then P and @ are idempotents. It is clear that P projects
onto the range of 77 and that @ projects onto the range of R;. On the other hand, 1 — @
(where we use 1 for the identity map here) is also an idempotent and it projects onto the
kernel of T;. Remark that, given 77, the generalized inverse R; is completely determined
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by P and . Therefore, properties of R; are expressible in terms of P and Q). We will
use this at various places in the paper, especially in Section 3.

We will need the existence of such a generalized inverse R; for T3 satisfying natural
properties that are derived from related properties of T;. This takes us to the following,
natural pair of conditions. Recall the convention explained in the introduction. The fol-
lowing conditions are not assumptions in the sense that when we assume the conditions,
we explicitly will mention this.

CONDITION 2.2. We consider the following two conditions for the generalized inverse Ry
of Tlt

) Ri(tem)=(@m)(Ri®t) on AR AR A,
i) (A®u)R1=(®R1)(A®t) on A® A,

where m denotes multiplication, seen as a linear map from A ® A to A.
The first condition means that
Ri(a®bV) = (Ri(a®Db))(1 D)

for all a,b,b’ € A. This is a natural condition as it is also satisfied by T3 itself. To see
where the second one comes from, multiply with an element of A in the first factor from
the left. Then the condition reads as

(To®)(t®@Ry) = (@ R) (T2 @)
and again this is natural to require because we also have coassociativity:
(Ta@)eT)=0eT)(Te ®1). (2.1)

Later, in Section 3, we will formulate conditions on the projection maps 71 R; and Ry T}
that will imply the above formulas for R;.

In a completely similar way, we can require the existence of generalized inverses for
the other maps T5, T3 and Ty, satisfying similar conditions. We will not formulate them
explicitly here as we continue first to focus on the maps 77 and R;.

At the end of this section, we will see that such inverses naturally exist for the examples
we consider.

Observe the relation between the two conditions i) and ii) in 2.2. This is explained
with duality as we see in the following remark.

REMARK 2.3. Suppose that we have two algebras A and B with a coproduct and a
non-degenerate pairing (-, -) on A x B as defined in Definition 1.5. Recall the notational
convention mentioned earlier. We use the same symbols for the canonical maps on A and
on B.

Consider the adjoint of the coassociativity condition (2.1). It gives

(L®T2)(T1 ®L) = (Tl ®L)(L®T2) (22)
If we then apply the counit on the third factor, we find, because (¢« ® €)T5 = m, that
Gem)(Th @) =Ti(t®@m). (2.3)

Moreover, it is not hard to see that also (2.3) will imply (2.2) so that these two conditions
are in fact the same.
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On the other hand, if R; is a generalized inverse of T7, the adjoint Ry will provide a
generalized inverse of T,. Therefore, we have that the conditions i) and ii) in Condition
2.2 above, are in some sense dual to each other. So, from this point of view, it is also
natural to assume one if the other is assumed.

The antipode S1. We first show the existence of an antipode S7, relative to 77 and R;.
In a next item, we will consider the other cases.

PROPOSITION 2.4. Assume that there is a generalized inverse Ry for Ty, satisfying Con-
dition 2.2. Then there is a linear map Sy from A to L(A), the space of left multipliers of

A, such that
®b) = Z ay ® S1 (a(Q))b
(a)
for all a,b € A.

The last formula is given a meaning by multiplying with an element of A in the first
factor and from the left. The formula is completely similar to the one we encounter in
Hopf algebras and multiplier Hopf algebras. We will give more comments on this result
later, after the proof.

Proof. Take a € A and define Sy(a) b

Si(a)b=(e®t)R1(a®D)
for b € A. By the first condition about R;, we see that indeed this formula defines S1(a)
as a left multiplier of A (and it justifies the notation).

Next let a,b,¢c € A. Then we have, using the Sweedler notation and the second
condition about R in 2.2 that

Z ca(y @ Si(agg))b = Z(A ®e®1)(t® Ry)(capy ® ap) @b)
(a) (a)

=(Re®)L@R)(Ta®@t)(c®a®b)

=(®Re®)(Te®)(t® Ri)(c®a®b)
=m®)(t®R1)(c®a®b)

= (c®1)(Ri(a®D)).

And this is precisely the formula of the proposition, interpreted as above. m

We can argue that S; is completely determined by the formula above, but for that
we need to use that A is full. We cannot conclude it from the existence of the counit.

One also has some converse result. If a map S1 : A — L(A) exist so that R, is given
by the formula in the proposition, then the conditions in 2.2 are automatically satisfied.

All this indicates that these conditions are natural ones.

There is also the following remark to be made. Whereas by assumption, we have
Ri(a®b) € A® A, this is not obvious for the right hand side } ) a@) ® Si(a2))b in
the equation. The same phenomenon occurs in the theory of multiplier Hopf algebras.
However, as we are usually working with regular ones, so that the antipode is bijective,
this expression is written as (¢ ® S1)((1 ® ¢)A(a)) where ¢ = S7*(b) and then it is clear
that this element is in A @ A.
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The following two well-known formulas in the theory of Hopf algebras, are also true
here, but they need the correct interpretation. We will first formulate the result and prove
it. Then we will indicate how the formulas are given a meaning.

PrOPOSITION 2.5. With the assumptions and the definition of S1 as in the previous
proposition, we have

Z a(l)Sl(a(g))a(g,) =a and Z Sl(a(l))a@)Sl(a(g)) = Sl(a)
(a) (a)
for all a € A.

Proof. These two equations follow if we insert the formula for R; in terms of Si, given
in the previous proposition, in the formulas 77 R,1, = T} and RiT1R; = Ry, and if we
then apply € (or use the fullness of A). m

REMARK 2.6.

i) First consider the first formula in the above proposition. Take b € A. We have that
A(a)(1®0b) is in A® A. Write this element as ), p; ® ¢; with p;,¢; € A. Then we
have

Z acyS1(ac))a)b = Z Pi1)S1(Pi(2)) i
(a) i,(pi)
and this is well-defined in A as Z(p) Pa) ® S1(p2))g isin A® A for all p,q € A.

ii) For the second formula, take again b € A and use first that >, a(1) ® S1(a2))b is

in A® A. If we now write this element as ), p; ® ¢; with p;,¢; € A, we find

Z Sl((l(l))(l(z)Sl(a(3))b = Z S1 (pi(l))pi(Q)Qi
(a) i,(pi)
and again this is well-defined in A.
The formulas can be written as ¢ * S; x ¢ = ¢ and Sy * ¢ * .S; = 57 in the convolution
algebra of linear maps from A to itself, but of course, it would be more difficult to make
these formulas meaningful. Nevertheless, it is good to keep this interpretation in mind.

Needless to say that a map S; satisfying the formulas of the previous proposition,
yields a generalized inverse Ry of T1, satisfying the natural assumptions.

DEFINITION 2.7. We call S; the antipode relative to the inverse Ry of Tj.

We will also illustrate these results in the case of our examples at the end of this
section.

The other antipode Sy and the inverse antipodes Ss and Sy. In a completely similar way,
we can treat T5. The natural assumptions for the generalized inverse Ry are

iii) Ra(a'a®b) = (a’ @ 1)Ra(a ®b),
iv) t®@A)Re(a®b) = (R2® 1)t ® A)(a®Db)

whenever a,a’ and b are in A. Again, the last equation means

(t®@T1)(Re®t) = (Re @)t @ TY).
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This will yield a linear map Ss from A to R(A), the right multipliers of A, satisfying and
characterized by the formula

RQ((Z & b) = Z aSQ(b(l)) X b(g)
(b)
for all a,b € A. It is called the antipode relative to the inverse Ry of T5 and it also satisfies
the equalities

Z a(l)Sg(a(Q))a(g) =a and Z Sg(a(l))a(Q)Sg(a(g,)) = SQ(G)
(a) (a)
for all @ € A, now interpreted in R(A) (that is by multiplying with an element of A from
the left).
In the regular case, we also have the (inverse) antipodes S5 and Sy, relative to T3 and
Ty respectively. They are given by the formulas

Rg(a ® b) = Z a(1) ® ng(CL(Q)) and R4 Z 54 1) a® b
(a)

for all a,b € A. Now we have

Z a(g)Si(a(g))a(l) =a and Z S 3) CL(Q (a(l)) = Sl(a)
(@) (@)

for all @ € A and i = 3, 4.
REMARK 2.8.

i) In the general case, we expect that actually Si(a), S2(a) € M(A) for all @ and that
in fact S; = S5. We will then denote it by S and call it the antipode. Moreover,
in the regular case we expect that this antipode S maps A into A itself, that it
is bijective and that also S3 = S4 = S~!. For this reason, we call these inverse
antipodes.

ii) However, it is clear that extra assumptions are needed. Indeed, there is no reason
why these equalities should be true without any extra relations between the inverses
R; themselves. On the other hand, the assumptions on these inverses seem already
quite strong so that, at least in principle, it is possible that they determine the
inverses uniquely. However, this is not what we believe.

iii) In the *-algebra case, it is also expected that the map a — S(a)
for the antipode and one may wonder if this would be automatic here. Again we
believe that this is not the case and that extra assumptions are needed, even for

* is involutive

this natural property.

In the next item, we look at possible relations among these various antipodes and this
in connection with possible properties. The results are, for the moment, purely informative
in the sense that we will not rely on them further in the development. They should rather
be seen as part of the motivation of what has to come. It should also help the reader to
get more insight in the problems that arise. A similar strategy will be used in the next
sections.
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The antipodes, relations and properties. The easiest case to consider is that of a *-algebra.
Indeed, when A is a *-algebra and A a *-homomorphism, we have

(A@)(1 b)) = (185)A(e)
for all a,b € A. Therefore, from the very definitions of T and T3 we have
Tz = (*®@") o Ty 0o (*®@*).
In fact, remember that T3 was defined in such a way that this equation would hold. See

a remark following Notation 1.4.
Then we arrive naturally at the following result.

PROPOSITION 2.9. Assume that A is a *-algebra and that A is a *-homomorphism. Let Ry
be a generalized inverse for Ty (satisfying the conditions in 2.2) with associated antipode
S1. Define R3 by
R3 — (*®*) ORl o (*®*)
Then it is a generalized inverse for Ts and the related antipode S3 satisfies
Sz(a) = Si(a”)”
for all a € A.

Proof. The proof of the first statement is obvious.
To show the relation of the antipodes, take a,b € A and remark that on the one hand
(because of the assumption on Rj)

Ryl ) = 3 (afy) @ Su(aly )" = 3 ag) © b1 (ay)"
(a) (a)
while on the other hand (because of the definition of Ss)

R3(a®b) = Z acy ® bSs(a(z))-
(a)
If we apply € on the first factor, we get the result. m

Of course, a similar result will be true for the triple (T4, R4, S4) in relation with

(T3, R, S2). Indeed, by convention, we also have

T4 — (*®*) OT2 ° (*®*)
and so, if R, is a generalized inverse of T5 with associated antipode Sz, we get a generalized
inverse R4 with an associated antipode Sy such that Sy(a) = Sa(a*)* for all @ € A.

Compare these results with the remarks i) and iii) in 2.8.

We know from the theory of finite-dimensional weak Hopf algebras, as well as from
the theory of multiplier Hopf algebras, that we will have, in the regular case, an antipode
S that is a bijective map from A to itself and that it is both an anti-algebra and an
anti-coalgebra map.

Now, let us assume that we have such a map. So, assume for a moment that there is
a bijective linear map S : A — A so that S(ab) = S(b)S(a) for all a,b and

A(S(a)) =0(S® S)A(a)
for all @ € A (where we use o for the flip map on A ® A, extended to M(A® A)).
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Then we find for all a, b that
T1(S(a) ® S(b)) = A(S(a))(1 @ 5(b)) = 0(S @ 5)((b ©1)A(a))
and we see that
Ty =0(S '@ S T (S®S)o.
In this case, we get the following result.
PROPOSITION 2.10. Assume that S : A — A is as above. Let Ry be a generalized inverse
of T1 with associated antipode Sy. If we define Ry by
Ry=0(S '@ S HRi(S® S)o,
then it is a generalized inverse for Ty and the associated antipode Sy satisfies
Sy =8718,8.

The proof is again straightforward.

We have the following interesting consequence. If S; would be known to be bijective,
and both an anti-algebra and an anti-coalgebra map, then we can apply the above result
with S7 and so we can choose R, given Ry, so that So = S7. Both properties are expected.

The following two results are also related to this remark.

PRroproOSITION 2.11.

i) Let Ry be a generalized inverse for Ty and assume that the related antipode Sy is a
bijective anti-algebra map from A to itself. Then T3 maps A® A to itself and if we
define R3 by

RS_(®Sl ) (®Sl)
we get a generalized inverse for Ts. The associated antipode satisfies S = Sfl.

i) Let Ry be a generalized inverse for Ty and assume that the related antipode Sy is a
bijective anti-coalgebra map from A to itself. Then Ty maps A ® A to itself and if
we define Ry by

R, = U(Sl (9 L)Tl(Sfl (9 L)(T,
we get a generalized inverse for Ty. For the related antipode Sy we find Sy = Sfl.
Proof. i) Given a,b € A, we have
Ri(a® 81 (b)) =Y aq) @ S1(a@)S1(b) = > aq) ® Si(bacz))
(a) (a)
and we see that
T3=(®STHR(1® S1).
It follows that T3 maps A ® A to itself. And clearly, if we put
Ry =(t® S Ti(t® Sy),

we will get a generalized inverse for T5. A simple calculation gives that S = ST ! for the
related antipode.
ii) Given again a,b e A, we have now

Rl( ZS a(g) ®a(1)b— O’Za(l)b@S (a(g))
(a)
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and this implies that
Ty =0(S1 @ )R (ST @ 1)o.

Now, it follows that T, maps A ® A to itself and we can define a generalized inverse Ry
by
Ry =0(S1 @ )T (S7' @1)o

with associated antipode Sy satisfying Sy = Sfl
If we combine the previous results we arrive at the following.

PROPOSITION 2.12. Assume that Ry is a generalized inverse for Ty and that its related
antipode S is bijective from A to itself and both an anti-algebra and an anti-coalgebra
map. Then automatically, the coproduct is reqular. And we can define generalized inverses
Ry, Rs and Ry for Ty, T and Ty respectively so that for the related antipodes we get

Sy =981 and S;=S3=5".

The above results are only important for motivational reasons. Indeed, we want to
find conditions on the pair (A, A) so that we actually can prove that the assumptions
about Ry and S7 in Proposition 2.12 hold and so we get a good antipode S. This is what
we will do in the next section.

On the other hand, all these intermediate results motivate the following, also inter-
mediate definition.

DEFINITION 2.13. Let (A, A) be a pair of an algebra A with a regular coproduct A.
Assume that the coproduct is full and that there is a counit . Let there be a bijective
linear map S : A — A that is an anti-algebra and an anti-coalgebra map, satisfying

Za(l)S (a(2))a) =a and ZS yae)S(ag)) = S(a)

(a) (a)
for all a € A. Then we call (A, A, S) a unifying multiplier Hopf algebra. If moreover A is
a *-algebra, A a *-homomorphism and if S satisfies S(S(a)*)* = a for all a, we call it a
unifying multiplier Hopf *-algebra.

If the algebra A has an identity so that A maps A to A ® A, we speak of a unifying
Hopf (*-) algebra.

The conditions for the antipode are as in Proposition 2.5 and they give generalized
inverses for the four canonical maps, satisfying the natural requirements (as in Condition
2.2). Also observe that in this definition, all the conditions are ’self-dual’ in the sense
explained in Remark 2.3.

For a unifying multiplier Hopf algebra as defined above, we can consider already the
source and target maps €5 and &;, defined as

a) = Z S(aqy)ap) and g(a Za(l
(a)

for a € A. These maps have ranges in the multiplier algebra M(A). We will study these
maps in greater detail in [VD-W3].
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We do not plan to study this concept further. Some research on unifying (multiplier)
Hopf algebras can be found in [VD-W1]. It is an earlier (unpublished) version with some
of the material studied in this paper.

Of course, we cannot expect that this is the final definition for weak multiplier Hopf
algebras. Indeed, it is not possible to show e.g. that a finite-dimensional unifying (mul-
tiplier) Hopf algebra will automatically be a weak Hopf algebra. We know that we must
impose extra conditions on the counit (with respect to the product of the algebra) and
(dually) on the idempotent that has to replace A(1). This will be done in the next section.

Before we come to that, we look at examples to illustrate the definitions and results
in this section.

Ezxamples. We briefly consider the two examples coming from a groupoid, as well as the
case of an ordinary weak Hopf algebra.

EXAMPLE 2.14.

i) Consider first the example of Proposition 1.6. There exists an antipode S, defined
in the usual way by S(f)(p) = f(p~?!) for f € K(G) and p € G. The basic property
to use is that pp~'p = p as well as p~'pp~! = p~! for all elements p in G. We
obviously get all the conditions to have a unifying multiplier Hopf algebra as in
Definition 2.13.

ii) Next, consider the example of Proposition 1.7. Here an antipode S is given by the
formula S(\,) = A,-1 for all p in G. We are then exactly in the same situation as
in the previous example.

EXAMPLE 2.15. Also in a weak Hopf algebra, all the conditions of Definition 2.13 are
fulfilled (see Lemma 2.8 and Proposition 2.10 in [B-N-S] and Proposition 2.3.1 in [N-
V2]). So any weak Hopf algebra will be a unifying Hopf algebra in the sense of the above
definition.

3. The idempotent F in M(A® A) and related elements. In this section, we will
discuss the final assumptions that eventually will yield the definition of a weak multiplier
Hopf algebra in the next section.

The starting point is again a pair (A, A) of a non-degenerate algebra A and a coprod-
uct A on A (in the sense of Definition 1.1). Later in this section, we will need that A is
idempotent and so we assume that this is the case. We also assume that A is full (see
Definition 1.10) and that there is a (unique) counit € on A (as in Definition 1.8). In the
case of a *-algebra, we assume that A is a *~homomorphism.

We consider the maps 77 and 75 and now we assume that we have generalized in-
verses Ry and R, satisfying the necessary conditions (cf. Condition 2.2) so that there are
associated antipodes S; and Sy as discussed in the previous section. If the coproduct A
is regular (cf. Definition 1.3), we also consider the maps T5 and 7y and we assume that
they have generalized inverses R3 and R4 with associated (inverse) antipodes S3 and Sy.

For the moment, we will not require any of the relations among these inverses as
discussed at the end of the previous section (as in Proposition 2.9 and further). Some of
them however will be considered again at the end of this section.
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On the other hand, in this section, we will be considering extra conditions on the
idempotent maps T7 R1 and To R and on the idempotent maps R17T} and RyT5. We will
then see what the conditions on the inverses Ry and Rp imply in the new situation.
And conversely, we will try to obtain the conditions on these inverses in turn from the
conditions and formulas involving the idempotents.

We will discuss these new assumptions and give different arguments to see that they
are natural. We will show that they are satisfied in our basic examples. And what is very
important, we will see how they all are intimately related and that they will complete
the puzzle, finally providing a good notion of a weak multiplier Hopf algebra in the next
section.

The idempotent E. The first assumption is about the behavior of the idempotents 77 R
and T, Ry with respect to multiplication. It is a preliminary assumption and we will later
strengthen it (see Assumption 3.4 below). We formulate it as follows.

AssuMPTION 3.1. We assume that the generalized inverses R; and Ry can be chosen in
such a way that also

(i) TiR1(aad’ @ b) = (T1R1(a®b))(a’ ® 1),
(ii) ToR2(a®@ V') = (1 @b )T2R2(a ® D),
for all a,a’,b,b" € A.
Because we already have a similar property with multiplication for the other factor,
both for T} and R; (Condition 2.2), if we also assume this property, it follows that T Ry

is a left multiplier of A® A. Similarly T Rs is a right multiplier. This makes the following
notation possible.

NOTATION 3.2. Define a left multiplier F of A® A and a right multiplier E' of A® A by
E(a®b) = TlRl(CL®b) and (a®b)E’ = TQRQ(CL@I))
for a,b € A.

We have E2 = E and E'*> = E' because Ty R, and T5 Ry are idempotent maps.

Also observe that F(A ® A) is the range of T7 and that (A ® A)E’ is the range of
Ts. Remark however that the assumptions require not only that the ranges of 77 and
T5 have this form but also that one can choose the inverses R; and R with these extra
properties. Of course, this choice is only possible under these assumptions on the ranges.

The following lemma will yield the uniqueness of such idempotents under mild and
natural conditions.

LEMMA 3.3. Suppose that we have two idempotents E and F in M(A® A) so that
FA A)CE(A® A) and (AR A)EC (A® A)F,
then E = F.

Proof. Take a,b € A. Use again 1 for the identity map in this context. From the assump-
tions we get

(1-E)F(a®b)e (1-E)E(A®A) and (a®b)E(l—F)e (A A)F(1—F)
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and because (1 — E)E = 0 and F(1 — F) = 0, we see that (1 — E)F = 0 as well as
E(1—F)=0.Thisgives E=F. n

So, if we have one idempotent E € M(A ® A) so that F(A ® A) = Ran(Ty) and
(A® A)E = Ran(T5), this idempotent is unique. Let us therefore replace Assumption 3.1
by the following stronger assumption.

ASSUMPTION 3.4. Assume that we have generalized inverses R; and Ry such that there
is an idempotent £ € M (A ® A) satisfying

TiRi(a®b) =E(a®b) and ToR2(a®b)=(a®b)E
for all a,b € A.

Of course, this idempotent will play the role of A(1) in our theory. In fact, we have
the following result endorsing this statement.

PROPOSITION 3.5. The idempotent E is the smallest one in M (A ® A) satisfying
EA(a) = A(a) and A(a)E = A(a)
foralla € A.

Proof. By the definition of F we have
E(Tl(a X b)) = TlRlTl(a X b) = Tl(a X b)

and so F(A(a)(1®b) = A(a)(1®b) for all a,b € A. Because the product is non-degenerate,
we get EA(a) = A(a) for all a. Similarly, by using that (a ® b)E = ToRa(a ® b), we get
from the definition of T5 that A(a)E = A(a) for all a.

Now suppose that F’ is another idempotent in M (A® A) so that E'A(a) = A(a) and
A(a)E" = A(a) for all a. Then it will follow that E'T)(a ® b) = T1(a ® b) and this will
give B'FE = E. Similarly we get EE’ = E. This is precisely what we mean by saying that
E is smaller than F’. =

It follows that E* = FE in the involutive case. Indeed, because now A is assumed to
be a *-homomorphism, it will follow that E*A(a) = A(a) = A(a)E* for all a and by the
previous result we have FE* = E*FE = E. Taking adjoints we get E = E*.

In the regular case, we should impose similar assumptions on the inverses R3 and R4
giving the same idempotent. That is, we should require then (because of our conventions)
that

(a®b)E =T3R3(a®b) and E(a®b)=T4Rs(a®Db)

for all a,b € A. We will come back to this later (see a remark after Proposition 3.9 and
also Proposition 4.9 in the next section).

Before we start investigating results on this idempotent E, we first see what happens
in the examples and we show that the extra conditions are fulfilled in the standard
examples.
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EXAMPLES 3.6.

i) First we consider the case of Proposition 1.6, see also Example 2.14.i. If we again
use the obvious antipode S, both for R; and Ry we find that

(TyR1f)(p.q) = flpag~',q) and (TaRaf)(p,q) = f(p,p”'pq)

when f € K(G) and when p,q € G are elements so that pq is defined (that is when
t(q) = s(p)). In the other case, we get 0. So we see that in both cases 1R f = E'f
and ToRy f = Ef where F is the function on G x G that is one on pairs (p, q) for
which pq is defined and 0 on other pairs. Remark that the algebra is abelian. So,
the Assumption 3.4 is fulfilled. Of course, E is the obvious candidate for A(1) as
we observed already in a remark following Proposition 1.6.

ii) Next, consider the dual case as in Proposition 1.7, see also Example 2.14.ii. Again
we consider the obvious antipode S for defining R; and R,. We find, for p,q € G
that

TiR (M ©Ag) = Ap @ App1g and  TaRa(Ap @ Ag) = Apg-14 © Ag

where in the first equation we need that ¢(q) = ¢(p) and in the second equation that
s(q) = s(p) in order to get a non-zero outcome. So if E is defined as ) A ® A¢
(where the sum is taken over all units e), it follows that 71 R; is left multiplication
with F and T, Rs is right multiplication with E. Again Assumption 3.4 is fulfilled.
Also here E is the obvious candidate for A(1) as we also observed in a remark
following Proposition 1.7.

EXAMPLE 3.7. In the case of a finite-dimensional weak Hopf algebra (A4, A) we find the
same results. If S is the antipode and R; and Rs are defined using this antipode, we get
(using Definition 2.1.1 and Proposition 2.2.1 of [N-V2])

TiRi(a®b) = Z any ® ag)S(as))b = Z agy @ ge(ag))b=A(1)(a®b)
(a) (a)
for all a,b € A. Similarly ToRy(a®b) = (a®b)A(1). So the assumptions are fulfilled with
E = A(1) as expected.

Further properties of the idempotent E. We have seen that the idempotent E has to be
considered as a replacement for A(1) and we have made this precise in Proposition 3.5
above. This has a few immediate and important consequences.

PROPOSITION 3.8. There is a unique homomorphism Ay : M(A) - M(A® A) that
extends A and satisfies A1(1) = E.

We refer to Appendix A (Proposition A.2) for a detailed proof of this (and related)
result(s). Just remark that this extension is characterized by

A1(m)(Al(a)(1®b) = A(ma)(1®b) and ((a® 1)A(D))A1(m) = (a ® 1)A(bm),
for all a,b € A and m € M(A), and by the requirement that
Ai(m)=A1(m)E and Aji(m)=EA;(m)

for all m € M(A).
It is here that we seem to need that the algebra A is idempotent (see the appendix).
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As usual, we will denote this extension still by A.
Similarly, we can extend the homomorphisms A ® ¢ and ¢t ® A to homomorphisms
from M(A® A) to M(A® A® A) using the requirement

A )(m)=(Ax)(m)(F®1l) and (A®:)(m)=(E®1)(A®:)(m)

for all m € M(A ® A) and similarly for ¢ ® A. Again see Appendix A, Proposition A.5.
With these definitions, we have the following result.

PropOSITION 3.9. We have
AR)(E)=1QE)(E®1l) and (1tQA)FE)=(1QFE)(E®1).

Proof. We have that
(A X L)TlRl = (L X TlRl)(A X L)

as we have these commutation rules for 77 (by definition) and for R; (by assumption). If
we apply this equation to a ® b and use that A ® is still a homomorphism on M(A® A),
we find

(A®)(E)(A(a) ®b) = (1® E)(A(a) ® b)
for all a,b € A. This implies that
A )(E)=(A)(E)(E®]1) =11 E)(E®1)
where we have used that (A ®¢)(m) = (A®)(m)(E®1) for all m € M(A® A). This
proves the first formula.

Similarly, from
(L ® A)TQRQ = (T2R2 X L)(L ® A)7

we get the other formula. =

So, we see that in particular (A ® ()(E) = (¢ ® A)(E), something that we showed
already in greater generality in Proposition A.8 of the appendix. We also know (see
Proposition A.7) that it follows that

(A®)(A(m)) = (1@ A)(A(m))

for every multiplier m € M(A), as expected.

We will now give some attention to the regular case, mainly for motivational reasons.

We begin with the involutive case. So, let A be a *algebra and A a *-homomorphism.
It has been shown to be a consequence of Proposition 3.5 that E* = F in this case. Then,
as we have the formula (t® A)(E) = (1® E)(E®1), it follows by taking the adjoint that
also L @A)E)=(F®1)(1® F)and 1® F and E ® 1 commute.

As we have seen in Proposition 2.9, given R;, we can choose R3 = (*®*) o Ry o (*®%)
and as we have a similar formula relating 73 with 77, we get also

T3Rs = ("®") o TiRy o ("®").
Because E* = E, it follows from this that T3 R3(a ® b) = (a @ b)E.

This suggests that also in the general regular case, it is natural to assume that
T3R3(a ® b) = (a @ b)E for all a,b and if we use the given commutation rules of Tj
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and Rz with A ® ¢, we get
(A(a) @b)(A®)(E) = (A(a) ®b)(t ® E)
and this will imply that
(A)(E)=(E®1)(1®E).
As we have shown already in Proposition 3.9 that also (A ® ¢)(F) = (1® E)(E ® 1),

again we arrive at the fact that 1 ® F and F ® 1 commute.
This suggests the following natural assumption.

AsSUMPTION 3.10. We assume that
(Fe1D(1®E)=(10 E)(E®1).
This implies that
(A )(E)=(1QE)(E®]1)=(E®1)(1®E).
From this condition, we can prove the following new commutation rules. Observe the
difference with the rule in Condition 2.2.
ProrosiTION 3.11.
1) (L ® A)TlRl = (TlRl ® L)(L ® A),
11) (A & L)TQRQ = (L ® TQRQ)(A ® L).
Proof. Given the fact that T1 Ry (a ® b) = E(a ® b) for all a,b € A, we see that the first
formula can be written as
L@ A)E)(a® AD)) = (F®1)(a® A(b))
for all a,b € A. We can safely cancel a and as A(b) = EA(b), we see that i) follows from
the Assumption 3.10. Similarly ii) will follow. m

It is also possible to show some converse result. Indeed, if one of the properties in
Proposition 3.11 is satisfied, then also Assumption 3.10 will follow. To see this, multiply
the formula in the proof with 1® 1® ¢ and use that the range of T} is precisely E(A® A).
This shows that i) implies (A ® 1)(E) = (F® 1)(1® E).

Before we verify the new conditions in the case of the examples, we make one more
remark.

If we rewrite the assumption in 3.1 about 77 Ry and T5 Ry as

TIRi(mP @)= (mPR)(t®T1R1) and TeRo(t@m°P) = (0 @ mP)(TaRy ® 1),

we see a similarity with the formulas in the proposition above. The conditions are (almost)
dual to each other. We would get dual conditions if they were written in terms of R;T}
and RyT5 and not for T7 R; and T5Rs. We consider this in the next item where we also
collect all these rules.

Now, observe that Assumption 3.10 is fulfilled in the case of our examples. In the
case A = K(G) (Example 3.6.i) there is no problem as the algebra is abelian. In the case
A = CG (Example 3.6.ii), it is immediately seen that

tRA)E)=(A@)(E) =Y XA®A®
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(where the sum is taken over the units e of G) and this is indeed equal to (1® E)(E®1)
and (E®1)(1® E).

In the case of a weak Hopf algebra, these equalities are all true as they are part of
the axioms.

Conditions on the idempotent maps R1Ty; and RoT5. In the previous item, we looked at
the idempotent maps 77 R; and T3 Ry and found reasonable conditions giving the idem-
potent E in M (A® A), playing the role of A(1) and satisfying some expected properties.
Now, we will look at the idempotents R17; and R.T5 and find natural conditions by
duality. This is based on the idea that the maps R177 and RsT5, in the case of a dual
pair, are adjoint to the maps T5 Ry and 137 R; respectively.

We have the (original) properties

Tit@m)=0@m)(T1®:) and To(m®i) =M 1)(tQTs)
on AR A® A, and
A)T1=0eT)(A®:) and (@A) =(Ta®)(t®A)

on A® A. The second set is dual to the first one. As we have assumed the same commu-
tation rules for the generalized inverses R; and R in Section 2, we also get these rules
for the composed maps Ty Ry, R1 Ty, To Ry and RyT5. In what follows, we will call these
the original commutation rules.

Now, in the first two items of this section, we have added what we will call the new
commutation rules. These can be formulated as

TRy (m°p X L) = (mOP ® L)(L X TlRl) and TQRQ(L X mOP) = (L X mOP)(TgRQ (24 L)
on AR A® A, and
(L X A)TlRl = (TlRl X L)(L ® A) and (A ® L)TQRQ = (L ® T2R2)<A X L)
on A® A.

The first equations are a reformulation of the assumptions in 3.1 as we mentioned
already whereas the second pair of equations follows from the assumption in 3.10 as
proven in Proposition 3.11.

These new conditions however are not self-dual because the dual conditions should
give commutation rules involving the other idempotent maps R177 and RoT5.

A straightforward application of the rules on duality (as in Definition 1.5) gives that

these four new rules dualize as follows. We formulate them as a second set of new com-
mutation rules.

ASSUMPTION 3.12. We assume that
RiTiim®1)=(m®)(t® RT1) and RoTa(t®@m) = (@ m)(RaTo ® )
on A® A® A and also,
(L@ APYRITy = (RiT1 @1)(t @ A®P)  and (AP ®1)RaTs = (¢ ® RaTo) (AP @ 1)
on AR® A.

So, these assumptions are justified using duality.
They are also natural from another point of view as we argue in the following remark.
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REMARK 3.13.

i) Suppose that the antipode S7, defined relative to Ry in Section 2, is bijective from
A to itself and an anti-homomorphism (and that A is regular). Then, as we have
already seen before, we have

Ri(a® S1(b)) = Z a1y ® S1(a(z))S1(b) = Z a1y ® S1(baz))
(a) (a)
for all a,b € A and so
Ry = (1®8)T3(t® S7h).
If (as in Proposition 2.11) we choose R3 so that also
Ti = (t®S1)Rs(t® Sy,
we find
RiTy = (1 ® S1)T3R3(t @ S ).
Now, as explained earlier, we expect that
TsR3(a®b) =(a®@b)E
and so
RiTi(a®S1(0) = (t®51)((a@b)E).
ii) This will justify the assumption that
RiTi(da®b)=(a ®1)R1Ti(a®b)

for all a,a’,b € A. Similarly, if we work with the antipode Ss relative to Ra, we
would obtain

RQTQ(a (%9 bb/) = (RQTQ(CL ® b))(l (24 b/)
for all a,b,b’ € A.

Of course the argument that uses duality is a better argument as it does not assume
anything about the antipodes S; and Ss.

Remark again that these assumptions are in the first place conditions about the
kernels Ker(T) and Ker(T3), just as the assumptions in 3.1 are first of all conditions on
the ranges Ran(7}) and Ran(T5) as mentioned already.

Observe that from the discussion in the remark, we see that we expect

RiT1(a®b)=(a®1)F1(1®b) and RTa(a®b)=(a®1)F3(1®VDb)

for all a,b € A where F} = (1 ® S1)E and Fy = (S3 ® ¢)E. In fact, as a consequence of
the extra assumptions in 3.12, we can obtain such formulas, giving the idempotents RT3
and R,T» in terms of a multiplier. Compare with the formulas in Notation 3.2.

PROPOSITION 3.14. There is a right multiplier Fy of A® A°P and a left multiplier Fy of
A°P ® A such that

R1T1(a® b) = (a® l)Fl(l ® b) and RQTQ(&@I)) = (a® 1)F2(1 ®b)
m AR A for all a,b € A.
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The proof is very simple. We use the original and the new module properties:
RT} (a’a ® b) = (a’ ® 1>(R1T1 (a ® b)) and RiTh (a X bb/) = (RlTl (CL (9 b))(l ® bl)

for all a,a’,b,b’ € A and similarly for RyT5.

Remark that, for the idempotents 77 Ry and Ts Rs, we have added an extra assumption
(Assumption 3.4) relating the two. We should also expect some relation here between Fj
and F5 but this is not so simple. We will come back to this in the next item of this section.

On the other hand, from the original and the new commutation rules with the co-
product, we get the following formulas. Compare them with the formulas involving E in
Proposition 3.9. We use the leg-numbering notation as explained in the introduction.

PropPOSITION 3.15. On the one hand we get
(AQF =(E®1)(1®F) and (@A)F=(FR®1)(1®F)
while on the other hand we get
(@A) = (F1)13(1®E) and (A®)F = (E®1)(F2)is.

We need to be a little careful with the interpretation of these formulas. We have
extended the homomorphisms A ® ¢ and ¢ ® A to the multiplier algebra M(A) in a
certain way. Here we are applying these maps to a left and a right multiplier. However,
we can interpret these formulas by multiplying at the right place with elements of A as
we do in the proof below.

Proof. If we combine the original formulas
(A@L)RlTl = (L®R1T1)(A®L) and (L®A)R2T2 = (L®T2R2)(L®A)

with the formulas in Proposition 3.14, we get easily the first results. Consider e.g. the
first one. Apply it to a ® b with a,b € A. We get

A@)(a21)Fi(1®0b) =(Ala) ®)(1® F1)(1®1®Db).
If we cancel b, we find
(A@)((a®1)F1) =Ae) ® 1)(1® F1)

and this precisely means (A®:)F; = (F®1)(1® F}) by the considerations of the appendix
about extending the map A ® ¢. Similarly for the other case.
If we combine the new formulas

(L ® ACOP)RlTl = (RITI X L)(L X ACOP) and (ACOp ® L)R2T2 = (L X RQTQ)(ACOP ® L)
with the formulas in Proposition 3.14, we get, after applying the flip map,
(L@A)(Fl(:[@b)) = (F1)13(1®A(b)) and (A@L)((G@l)FQ) = (A(a)@l)(FQ)lg

for all a and b in A. This gives, with the right interpretation, the second set of formulas
in the proposition. =

The formulas in Proposition 3.15 are not very surprising. Indeed, if as we expect,
Fi=00®S)E and F,=(S®.)E,

they essentially are the same as the formulas that give (A ® ¢)F as in Proposition 3.9
and Assumption 3.10.
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Before we continue our investigations, we want to make another very important re-
mark.

REMARK 3.16.

i) With the introduction of E, we make a choice for the range projections of 77 and
T>. With F; and F» we do the same for the projections on the kernels of T; and T5.
Then the generalized inverses R; and Ry are determined. So the elements E, Fj
and F, determine the inverses Ry and Rs. See a remark following Definition 2.1.

ii) The commutation rule of the generalized inverse Ry with ¢ ® m (as in Condition
2.2) is now automatically satisfied because this commutation rule is not only true
for T , but also for T1 Ry and R;T;. See again the remark following Definition 2.1.
Similarly for the inverse Ra.

iii) Finally, the commutation rule of R; with A ® ¢ (as in Condition 2.2) is now also
automatically satisfied because this is true for 77 as well as for 71 Ry and RyT7 by
the formulas involving A and E (Proposition 3.9 and 3.10). Similarly for the inverse
RQ.

iv) As a consequence, the various conditions on these idempotent maps will yield the
existence of the associated antipodes S; and S5 by applying the results of Section
2. Therefore, in some sense, the conditions in this section override the ones in the
previous section.

The relations between E, Fy and Fs. For the ranges of T7 and T5, it was easy to relate
them. We simply took E = E’ (from Notation 3.2) in Assumption 3.4. However, as
mentioned already, there is no equivalent simple condition for the multipliers F; and Fb.

We have seen from an earlier discussion in this section that if Sy is a bijective anti-
algebra map, we expect F; = (+ ® S1)FE. Similarly, if Sy is a bijective anti-algebra map,
we expect Fy = (S2 @ 1) E.

There is however another way to relate the multipliers F, F; and F5 provided we
assume that the antipodes S; and S coincide. We will obtain this in the next proposition.
The result is rather remarkable and very important for the further approach and we will
discuss it later. In particular, we will see how this also implies in turn that the antipode
thus obtained satisfies the expected properties.

PrOPOSITION 3.17. The antipodes S1 and Sy coincide if and only if
Recall that S is defined as a left multiplier and that Ss is a right multiplier. That Sy
and Sy coincide simply means that ¢(S1(a)b) = (¢S2(a))b for all a,b, c € A.
Proof. Because E(p® q) = T1R1(p ® q) for all p,q € A we have
Y (B@)(aq) @18 a@) =) am @ aeSi(am) @ o
(a) (a)
and because (p® 1)F2(1 ® q) = RaTo(p ® q) for all p,q € A, we get

Z(a(l) ® 1 & 1)(]‘ ® F2)(1 & 1 @ (1(2)) = Za(l) ® a(2)S2(a(3)) X a(4)
(a) (a)
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for all a in A. Therefore we see that (F ® 1)E13 = (1 ® Fy)E3 if and only if

> agySilam) =Y aq)Saag) (3.1)
(a) (a)

for all a. Similarly we have that E15(1 ® E) = E15(F; ® 1) if and only if

ZSl 1) CL(Q ZSQ a(1 a(g) (3.2)
(a)
for all a. Remark that the left hand side of (3.1) and of (3.2) are defined as left multipliers
of A, whereas the right hand side of (3.1) and of (3.2) are defined as right multipliers.
Also here, equality is in the sense as explained above.
In particular, if S; = S; we get the desired equations.
On the other hand, if these formulas are satisfied, we find, by the result above, that

=Y Silag))agSi(ag) 252 1))a(2)S1(ags))
(a)
= Salaq))ae)Sa(as) = sg(a)
(a)
for all a. This completes the proof. m

In the proof above, one has to cover the formulas properly and one really has to use
that the equality S = S means that ¢(S1(a)b) = (¢S2(a))b for all a,b,c € A.

The result in the previous proposition is rather remarkable and turns out to be the
key to the final definition. We explain this in the following remark. We refer to our
forthcoming paper on the subject *Weak Multiplier Hopf algebras I. The main theory’
([VD-W2]) where proofs of the claims in the remark are given.

REMARK 3.18.

i) First observe that the formulas in the proposition determine F; and F. This can
be seen as follows. Assume e.g. that @ € A and that E(a®1) = 0. This implies that
A(b)(a®c) = 0 for all b, ¢ € A. Because the coproduct is assumed to be full, it follows
that da = 0 for all d € A. Then a = 0 because the product is assumed to be non-
degenerate. From this it follows that F} is completely determined by the formula
Ei5(Fy ®1) = E13(1® E). Similarly we have that a =0ifa € A and (1®a)E = 0.
This will imply that F» is determined by the formula (1 ® F»)FE13 = (E ® 1)Eq3.

ii) In fact, one has more. These two formulas can be used to (essentially) define the
multipliers F} and F5.

iii) Moreover, it is then relatively easy to obtain, using the observation in i), that
these elements F; and Fb have to satisfy the formulas in Proposition 3.15. The
formulas will be a consequence of the given equations for E (as in Proposition 3.9
and Assumption 3.10).

iv) It is also possible to show that F; and F5 are idempotents (in the appropriate
algebras) and that 1 — F; and 1 — F» are projection maps with range in the kernels
of T1 and T5 respectively. If now it is assumed that they project onto these kernels,
then the generalized inverses R; and Rs are determined. They will automatically
satisfy the Conditions 2.2 and give associated antipodes S; and Ss.
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v) In Proposition 3.17 we obtained that the equality S; = S2 gave rise to the defining
formulas for F; and F5. It turns out that if we obtain S; and Sy as above, we can
actually show that S7; = Ss. This is not so remarkable. However, it also follows that
the antipode S we get in this way, will be an anti-algebra and an anti-coalgebra
map. This will not be shown here, but in the [VD-W2].

This all means that, given the conditions on the ranges of 77 and T, in terms of
the idempotent E (with the right properties), the requirement S; = Sy determines the
kernels of these maps and a good choice of projection maps on these kernels, giving an
antipode S with the right properties. We believe that this is a quite remarkable result.

In the next section, where we treat the regular case, we will see how all these formulas
behave with respect to the involutive structure in the case of a *-algebra.

We finish the section, as promised, with a look at the examples.
ExAMPLE 3.19.

i) For the case A = K(G), we have seen in Example 3.6.i that E is the element in
M(A® A) given by the function that is 1 on pairs (p, q) for which s(p) = ¢(q). Then
F} is given by the function that is 1 on pairs (p, ¢) for which s(p) = s(q) and F5 is
given by the function that is 1 on pairs (p, q) for which t(p) = t(q). We leave it to
the reader as an exercise to verify the various results and formulas involving these
idempotents. However, let us just look at the first formula in Proposition 3.17. We
get in this case (E15(F1 ® 1))(p,q,v) = 1 if and only if s(p) = t(v) and s(p) = s(q).
On the other hand we get (F13(1 ® E))(p,q,v) = 1 if and only if s(p) = t(v) and
s(q) = t(v). These conditions are the same.

ii) For the case A = CG, we have seen in Example 3.6.ii that £ = )" A\, ® Ac where
the sum is taken over all the units of the groupoid. Because now S(\.) = A, for
every unit, we get that F; and F5 are given by the same expression. Again we leave
it to the reader as an exercise to verify the various results and formulas.

ExAMPLE 3.20. Consider now the case of a weak Hopf algebra. We know that E = A(1)
and F; = (¢1®S)A(1) and Fy = (S®¢)A(1) where S is the antipode. Let us again consider
only the first formula of Proposition 3.17. In Proposition 2.3.4 of [N-V2], we find that
E(z®1) = E(1® S(z)) when z € A;. Remember that A, is the left leg of E. Then we
find indeed

Ei3(F1®1)=(01®S®)(E3(E®1)=FE;3(1®FE)
because 0(S ® S)E = E.

4. The definition of a (regular) weak multiplier Hopf algebra. We are now ready
to give (a first version of) the definition of a weak multiplier Hopf algebra. The approach is
by generalizing the original definition of a multiplier Hopf algebra. Further in this section,
we will also consider the regular case. In our second work on the subject [VD-W2], we
will consider other possible (equivalent) definitions for a (regular) weak multiplier Hopf
algebra.
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The definition of a weak multiplier Hopf algebra. We assume that A is a non-degenerate
idempotent algebra with a full coproduct A such that there exists a counit €. We know
that the counit is uniquely determined because the coproduct is assumed to be full (see
Proposition 1.12 in Section 1).

We consider the maps 77 and T from A ® A to itself as defined in Section 1 by

Ti(a®b)=A(a)(1®b) and Tr(a®Db)= (a®1)A(b)

for a,b € A. As before, we denote the ranges of T} and Ty by Ran(71) and Ran(7%)
respectively and the kernels by Ker(T}) and Ker(73).

In the case of a multiplier Hopf algebra these maps are assumed to be bijective. This is
no longer the case here. The following is a definition (or perhaps rather a characterization)
of a weak multiplier Hopf algebra in terms of the ranges and kernels of these canonical
maps. We will consider (a modified version of) this definition again in [VD-W2] where
we take it as the starting point of the development of weak multiplier Hopf algebras.

DEFINITION 4.1. Let (A, A) be a pair of an algebra with a coproduct as above. Assume
that there is an idempotent multiplier F in M (A ® A) such that

Ran(Ty) = E(A® A) and Ran(Tz) =(A® A)E (4.1)
and that it satisfies
LRA)E)=A®)(E)=(1E)(E®]1)=(EL)(1®E). (4.2)
Let F be a right multiplier of A ® A°P and F3 a left multiplier of A°? ® A such that
E3(Fi®1)=FE35(1®FE) and (1® F)E;3=(E®1)E; (4.3)

and that
Ker(Th) = (A®1)1—-F)(1®A) and Ker(Tz)=(A1)(1-F)(1A). (4.4)
Then we call (A, A) a weak multiplier Hopf algebra.

As this definition is very important in this paper, and not so obvious, we now make
a couple of important remarks.

REMARK 4.2.

i) We have seen that condition (4.1) uniquely determines E (see Lemma 3.3 and
Proposition 3.5 in Section 3) and that it makes the extension of A as well as of
t® A and A ® ¢ to the multiplier algebras possible (see Appendix A). So condition
(4.2) makes sense in M(A® A® A). We also know that condition (4.2) encodes the
commutation rules of the coproduct with the maps T} and 15, as well as with the
maps 71 Ry and ToRs (see Proposition 3.9 and 3.11 in Section 3).

ii) We have seen that the formulas (4.3) make sense and characterize these multipliers
Fy and F5 (see Remark 3.18.1) so that they are completely determined by E (and
hence by the coproduct itself). In fact, roughly speaking, the formulas (4.3) can be
used to define the multipliers F; and F5 (see [VD-W2]). We also know that F} and
Fy automatically satisfy the necessary commutation rules with A.
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iii) Remark that the first formula in condition (4.4) is equivalent with the property
T (Zai ® bi) =0 = Y(@el)FR(1eb) =0

for elements a;, b; in A. A similar result is true for the second formula.

iv) Because E, F; and Fy are uniquely determined by the coproduct itself, we do not
need to include these objects in the notation for a weak multiplier Hopf algebra.
The same is true for the counit € and the antipode S.

v) Remark that if F = 1, that is when the maps T} and T5 are assumed to be surjective,
then we must have by the assumptions that F; = 1 as well as F» = 1 so that actually,
we have a multiplier Hopf algebra.

vi) Finally, remark that formulas (4.2) and (4.3) only involve the legs of E, F} and Fb.
This would allow us to give (still) another approach to the theory.

As we mentioned already, in [VD-W2] we will start from a modified version of this
definition and build the theory. The formulas in (4.4) together with (4.1) determine
generalized inverses Ry and Ry of Ty and T5. The formulas in (4.2) give the necessary
commutation rules with the coproduct for the ranges and those in (4.3) give, together
with the first ones in (4.2) also the necessary commutation rules with the coproduct for
the kernels. Then we can obtain the associated antipodes S; and S;. They will satisfy
S1 = S5. The antipode S thus defined is both an anti-homomorphism and it flips the
coproduct.

We refer to [VD-W2] for the proofs (and more details about this reasoning).

We now look at the basic examples. We will collect the results and show that for all
cases we considered, we do get a weak multiplier Hopf algebra in the sense of Definition
4.1 above. Most of the properties we need have been considered already in the previous
sections.

First we consider the case of functions on a groupoid.

PrOPOSITION 4.3. Let G be a groupoid. Let A be the algebra of complex functions with
finite support on G. Define a coproduct A on A by A(f)(p,q) = f(pq) if p,q € G and
if pq is defined. Otherwise we let A(f)(p,q) = 0. Then (A, A) is a weak multiplier Hopf
algebra (in the sense of Definition 4.1). The antipode is given by S(f)(p) = f(p~t) for
all f € A and p € G.

Proof. We have already seen in Section 1 that A, as defined above on A, is a full coproduct
with a counit on the algebra A (see Proposition 1.6 and Example 1.13.1).

In Section 3, we have defined E as a function on G x G by E(p,q) = 1if p,q € G
and if s(p) = t(q). Otherwise we have put E(p,q) = 0. It is an idempotent in M (A ® A)
satisfying the required conditions (4.1) and the formulas in (4.2) in Definition 4.1. See
Example 3.6.i and Example 3.19.i.

Then we define F} and F» in M (A ® A). Remark that the algebra is abelian so that
A°P and A are the same. For p,q € G we put Fi(p,q) =1 if s(p) = s(¢q) and Fi(p,q) =0
otherwise. Similarly, we put Fs(p,q) = 1 if ¢(p) = t(¢) and Fx(p,q) = 0 otherwise. As we
mentioned already in Example 3.19.i, a simple argument will show that these idempotents
satisfy the equations (4.3) in Definition 4.1. We have e.g. that (F13(F1 ® 1))(u,v,w) =1
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if and only if s(u) = t(w) and s(u) = s(v). Similarly, we have (E15(1 ® E))(u,v,w) =1
if and only if s(u) = t(w) and s(v) = t(w). These two conditions are the same.
One can also check the conditions (4.4) in Definition 4.1. Suppose e.g. Y. A(a;)(1 ®
b;) = 0 for a finite number of elements a;,b; € A. Then, if p,q € G and if pq is defined,
we find
Z(A(ai)(l ®b;))(p,q) = Zai(PQ)bi(Q)-

This means that >, a;(u)b;(q) = 0 whenever s(u) = s(¢). On the other hand

D (@ @ P (1@ b)) (u,q) = > ((a; ®b;))(u,q)

for all u, ¢ € G such that s(u) = s(¢). From all this, we see easily that . A(a;)(1®b;) =0
ifand only if ) . (a;®1) F1(1®b;) = 0. This will give the first equation in (4.4) of Definition
4.1. The argument for the other one is very similar.

This shows that we have a weak multiplier Hopf algebra as in Definition 4.1.

Furthermore, it is easy to show that the associated antipode is given by (S(f))(p) =
f(p~™1) as expected. And then we see that I} = (1 ® S)E and F, = (S ® 1)E (because
t(p~1) = s(p) for all p € G). See also Section 2, Example 2.14.i. =

The dual case is very similar.

PROPOSITION 4.4. Let G be a groupoid. Let B be the groupoid algebra CG and define A
on B by A(Ap) = A\p @A\, where p — X, is the imbedding of G in the groupoid algebra CG.
Then (B, A) is a weak multiplier Hopf algebra. The antipode S is given by the formula
S(Ap) = Ap-1 forallp € G.

Proof. We have shown already in Proposition 1.7 that A is a regular and full coproduct
on B. There is also a counit.

In Section 3, we have obtained the multiplier F also for this case. It is given as
Yo Ae ® Ae where the sum is taken over all units. In Example 3.6.ii and Example 3.19.ii
it is shown that this multiplier satisfies the conditions (4.1) and the formulas (4.2) in
Definition 4.1. We have defined F; and F3 both using the same formula as for E and we
have mentioned in Example 3.19.ii that we get multipliers as in Definition 4.1, satisfying
the formulas (4.3).

Again, essentially, the only thing left to check is condition (4.4).

Assume e.g. that ). A(a;)(1® b;) = 0 with a finite number of elements (a;) and (b;)
in B. Write

a; =Y ai(p), and b= bi(a)A,
q

p
for all 4. Then
S A1 @b) =D aip)bi(@)Ap @ Apg
4 4,0,q

where the sum is only taken over those pairs (p, ¢) for which pq is defined. If this is equal
to 0, then we must have that >, a;(p)b;(¢) = 0 for all pairs (p, ¢q) with s(p) = t(¢). On
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the other hand, we have

Z(ai @F(1®b;) = Z i (P)bi(q)Ape ® Aeq = Z a;(P)bi(9)Ap ® Aq

i i\p,q,e i,0,q
where the last sum is only taken over those pairs for which s(p) = t(¢q). Again we conclude
easily that >, A(a;)(1 ® b;) = 0 if and only if >~ (a; ® 1)F1(1 ® b;) = 0.
Therefore, we have shown that the pair (B, A) is also a weak multiplier Hopf algebra.
In Example 2.14.ii we have seen that the antipode is given by S(),) = \,-1 for all
peEG. n

Later in this section, we consider the case of weak Hopf algebras.

Regular weak multiplier Hopf algebras. As we have noticed in previous discussions, there
are some peculiarities in the non-regular case that are badly understood. They disappear
when the weak multiplier Hopf algebra is assumed to be regular as we will see in what
follows.

Let us now assume that we have a weak multiplier Hopf algebra (as in Definition 4.1),
let Ry and Rs be the unique generalized inverses of 77 and T, determined by F, F; and
F, and let S be the associated antipode. We know that S : A — M (A) and that it is an
anti-algebra map and an anti-coalgebra map (proven in [VD-W2]).

We arrive at the following definition of a regular weak multiplier Hopf algebra.

DEFINITION 4.5. Let (A4, A) be a weak multiplier Hopf algebra. We call it regular if the
antipode S maps A to itself and if it is bijective.

This is indeed what we expect for a regular weak multiplier Hopf algebra, given the
notion of regularity for ordinary multiplier Hopf algebras. Later in this section, we will
find necessary and sufficient conditions for regularity in terms of the coproduct. Then
we will also consider the case of weak multiplier Hopf *-algebras and prove that they are
automatically regular.

Of course, also all the examples we have considered up to now are regular because
in the groupoid case, the antipode S satisfies S? = ¢ whereas in the case of a finite-
dimensional weak Hopf algebra, the antipode is proven to be bijective (see e.g. Proposition
2.3.1 in [N-V2] and Proposition 2.10 in [B-N-SJ).

In the previous two sections, we have already considered the assumption that S maps
A bijectively to itself. See e.g. Proposition 2.10 in Section 2 and also several remarks
in Section 3. This was done for motivational reasons. The difference here is that now
we have it as a real assumption and the consequences are now genuine properties for a
regular weak multiplier Hopf algebra.

In the first place, we see what can be concluded about the multipliers F, F} and F5.

We first have the following expected property.

PROPOSITION 4.6. Let (A, A) be a regular weak multiplier Hopf algebra. Then we have
(S® S)E = oE where as before o is the flip on A® A, extended to M(A® A). Similarly
(S@ S)Fg = O’Fl.

The proof is rather straightforward and we will give details in [VD-W2].
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The formulas in the formulation of the previous proposition can be interpreted using
the way they are proven above. It is also possible to extend S ® S to the multiplier
M(A® A) using the known techniques. This is then used for the first formula. Similarly,
S ® S can be extended to M(A°? ® A) and this is used for the second formula.

The above two formulas are basically natural consequences of the simple fact that
the antipode converts the map 77 to T5. However, the antipode can also be used to get
a relation between the maps R; and Ry on the one hand and the maps T3 and T, on
the other hand. We have considered this relation already in Propositions 2.11 and 2.12
in Section 2 and in Remark 3.13 in the previous section. Indeed we have

Ri(t®S)=(®8)T; and Ry(S®:)=(S®)Ty.

Therefore, as we also have observed already, we expect the following formulas given Fj
and F; in terms of E. We will only formulate the result. For the proof, we refer again to
[VD-W2].

PROPOSITION 4.7. Let (A, A) be a reqular weak multiplier Hopf algebra. Then
Fi=0®8S)E and F»,=(S®.)E.
Remark that the formulas in Proposition 4.7 are completely in accordance with the

ones in Proposition 4.6.
For a correct interpretation of e.g. the formula F; = (: ® S)E, one can write it as

(a@)F(1®50) =025 ((a®b)E)

for all a,b € A. Another possibility interpretation is by extending the map ¢ ® S to
M(A® A) first, but that is essentially the same story.

Similarly for the other formula.

From the formulas in Proposition 4.6 and 4.7, we can now completely formulate the
data for the two other canonical maps T35 and 7. First we have the following.

PROPOSITION 4.8. Let (A, A) be a reqular weak multiplier Hopf algebra. Then the co-
product is reqular (as in Definition 1.3) and we can find generalized inverses Rs and Ry
of the maps T3 and Ty respectively given by the formulas

Ry=(®@S )T(t®8S) and Ry=(S7'®)Th(S®0L).
The associated (inverse) antipodes Sz and Sy exist and satisfy S3 = Sy = S~1.

Proof. The proof is rather straightforward. If e.g. we apply R3 to a ® b with a,b € A and
use the formula above, we get

R3(0, ® b) = Za(l) X bS_l(a(g))
(a)

and from the definition of S3 (see Section 2), we find S3 = S~!. Similarly we get Sy = S~!
from the formula above defining R4 and the definition of S4 as given in Section 2. =

For the associated projection maps, we find the following formulas.
PROPOSITION 4.9. With these choices of Rz and Ry we find that
T5R3(a®b) = (a®@b)E and TyR4(a®b) = E(a®b)
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for all a,b € A. We also have
R3T3(a (9 b) = (1 & b)Fg(a & 1) and R4T4((l ® b) = (1 ® b)F4((l ® 1)

where Fy is the left multiplier of A ® AP given by F3 = (1 ® S™Y)E and Fy is the right
multiplier of A°? @ A given by Fy = (ST1 ®)E.

Proof. The proof of these four formulas follows immediately from the given relations
between the pair (T3,T,) and the pair (R;, R2) and the associated relation between the
pairs (Tl,TQ) and (Rg,R4). ]

Remark that this is what we expected already. Remember that in Section 3, we did
use the formulas above for T3 R3 and T4 R4 as a starting point for further investigations
(see again Remark 3.13). This assumption led us there to the formulas for F; and F
given in Proposition 4.7 above.

Combining the various results we obtained already in this section, we find the following
collection of formulas.

First, we can express the idempotents Fy, Fy, F3 and Fj all in terms of E:

Fi=0®S)E and F3=(®SHE (4.5)
F,=(S®uE and F,=(S"'®.)E.
On the other hand, we also have the following four formulas:
Ei3(Fi®1)=E;3(l1®E) and (F3®1)E;3=(1® E)E:3 (4.7)
(1@ Fy)Ei3=(E®1)E13 and FE13(1® Fy) = F13(E®1). (4.8)

The formulas with F; and F5 are part of the definition and the formulas with F3 and Fy
follow by applying the antipode and using the various relations above.

Before we deduce from this an equivalent definition of a regular weak multiplier Hopf
algebra, we first want to make some important remarks about the symmetry we discover
above.

REMARK 4.10.

i) Assume that (A,A) is a regular weak multiplier Hopf algebra. Consider a new
pair (A°P;A) where AP is the algebra A but with the opposite product and with
the same coproduct. With this procedure, the original maps T3, T, are replaced by
T1, T, for the new pair. We see first that the multiplier E does not change. Further,
if we consider the formulas (4.7) and (4.8) above, we see that passing from A to
A°P will interchange the two formulas in (4.7) as well as the two formulas in (4.8),
precisely as expected.

On the other hand, if we consider the formulas (4.5) and (4.6), we see that we have
to replace S by S~!. Also this is expected.

ii) Now, consider the transition from (A4, A) to (A, A°P) instead. This is slightly more
complicated. The original maps 73,7, are now replaced by c7Ts0,0T10. This im-
plies that E will become o F for the new pair. Further, consider the formulas (4.7)
and (4.8). If we e.g. apply 013 to the equality F13(1 ® Fy) = F13(F ® 1) we find
(cE)13((cFy) @ 1) = (0E)13(1 ® (0F)). This is precisely as it should because E is
replaced by o F and Fy by oFj. Similarly, for the formula with Fj.
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Again, if we look at the formulas (4.5) and (4.6), we see that also here, we have to
replace S by S~1.

One can also verify the transition from (A, A) to (A°P, A®P) as we did above. Then
the pair (77, T%) is replaced by the pair (T5,T}). This will not give anything new.

We see from all these observations that the pieces of the puzzle fit very nicely together.

It also suggests the following equivalent characterization of regular weak multiplier
Hopf algebras.

PROPOSITION 4.11. Let (A, A) be a weak multiplier Hopf algebra. Then it is regular if
and only if also (A°P,;A) (or equivalently (A, A°P)) is a weak multiplier Hopf algebra.

One direction is immediately clear from the results that we have obtained. The con-
verse will be shown in [VD-W2]. Indeed, we will prove that the antipode is a bijection
from A to itself if also (A°P,A) (or equivalently (A, AP)) is a weak multiplier Hopf
algebra.

As an immediate consequence, we will have that if (A, A) is a weak multiplier Hopf
algebra with either A is abelian of A coabelian, then it is regular. In these two cases, we
get § =571

Another consequence is that the two weak multiplier Hopf algebras, associated to
a groupoid are automatically regular. Furthermore, also a finite-dimensional weak Hopf
algebra is regular because the antipode is bijective in that case.

In the next proposition, we formulate various results about the relation of weak Hopf
algebras with weak multiplier Hopf algebras. We will not be able to prove all the state-
ments, but for the missing arguments, we refer to [VD-W2].

PROPOSITION 4.12.

i) Let (A, A) be a weak Hopf algebra. Then it is a weak multiplier Hopf algebra.
ii) Conwversely, if (A, A) is a regular weak multiplier Hopf algebra and if the underlying
algebra A is unital, it is a weak Hopf algebra.

Proof (sketch). i) Assume first that (A4, A) is a weak Hopf algebra. There is a counit by
assumption and because A maps A to A ® A, the coproduct is automatically full.

With E = A(1), we have seen already in Section 3 that the condition (4.1) and (4.2)
of Definition 4.1 are fulfilled (see Example 3.7).

If welet F1 = (¢t ® S)E and Fy = (S ® ¢)E we get idempotent elements in A ® A°P
and A°P ® A respectively because S is an anti-homomorphism. In Example 3.20, we have
shown how (4.3) of Definition 4.1 follows.

Finally, we show that also (4.4) in Definition 4.1 is satisfied. So, again assume that
> A(a;)(1 ®b;) = 0 with a finite number of elements (a;) and (b;) in A. If we apply R;
with the antipode S, we find ), (a; ®1)F; (1®b;) = 0 because we know that R,T}(a®b) =
(a®1)F1(1®D) for all a,b as we have seen in Section 3 (see Example 3.20).

In [VD-W2] we give a more elegant argument using an alternative definition for a
weak multiplier Hopf algebra (see Theorem 2.9 and Proposition 2.10 in [VD-W2]).

ii) Conversely, consider a regular weak multiplier Hopf algebra (A, A) and assume
that A has an identity. It is shown that there exists an antipode and it is easy to verify
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that it satisfies the required conditions. What still has to be shown is the so-called weak
multiplicativity of the counit (see Definition 2.1 in [B-N-S]). The argument goes as follows.
We start with

1L@aAb) e 1) =Y (1® a)Ale) (1 @ S(ew)),
(e)
true for all a,b,c € A. If we apply ¢ ® € we find

(e®e)(1®a)AD)(c®1)) = Za(abc(l)S(C(Q))).
()

If we apply this with a = 1 we find

e(be) = (e @e)AM)(c@ 1) =Y e(be)S(e))
©

and if we use this formula with b replaced by ab in the previous formula, we find
(e®e)((1®a)Ad)(c®1)) = e(abe)

for all a,b,c € A. This gives one of the properties of the counit we need.
Now we use the assumption that A is regular. Then we can apply the previous result
for (A, A°P) and since the counit is the same, we find the other formula

(e®e)((a®1)A(b)(1®c)) = e(abe)
for all a,b,c € A. We also find this formula from the other one, applied to (A°?,; A). =

When in this paper we refer to a weak Hopf algebra, we have the references [B-N-S]
and [N-V2] in mind. In these papers, only the finite-dimensional case is considered. In
the finite-dimensional case, the antipode is proven to be invertible (see e.g. Theorem 2.10
in [B-N-S]). This implies that finite-dimensional weak Hopf algebras are automatically
regular. Conversely, if we have a regular weak multiplier Hopf algebra with a finite-
dimensional underlying algebra, it has to be a weak Hopf algebra. This statement follows
from item ii) in the previous proposition. One has to argue that the underlying algebra
of a finite-dimensional regular weak multiplier Hopf algebra has to be unital, but this
follows from the existence of local units (see Proposition 4.9 in [VD-W2]).

A second remark is the following. The statement in the previous proposition is not
completely symmetric. We seem to need regularity to go back. Indeed, when we look
closer at the various arguments, we see that the weak multiplicativity of the counit is
not used to prove that any weak Hopf algebra is a weak multiplier Hopf algebra. On the
other hand, conversely, without regularity we can only prove one weak multiplicativity
formula for the counit. In order to prove the second one, we need regularity. We refer to
the results and the discussions about this in Section 4 of [VD-W2].

We now finish this section by the involutive case as this is directly linked with the
regularity.

If (A, A) is a weak multiplier Hopf algebra and A is a *-algebra and A a *-homomor-
phism, we will have F = E* as we have seen in Section 3. Then the following definition
makes sense.
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DEFINITION 4.13. Let (A, A) be a weak multiplier Hopf algebra and assume that A is a
*-algebra and A a *-homomorphism. Then we call (A, A) a weak multiplier Hopf *-algebra.

Also the next proposition is expected.

PROPOSITION 4.14. If (A, A) is a weak multiplier Hopf *-algebra, then it is reqular. The
antipode satisfies S(S(a)*)* = a for alla € A. And not only do we have E* = E but also

Fl* = F3 and FQ* = F4.
Proof. We know that the coproduct is regular and that
T3(a* @b*) =Ti(a®b)" and Ty(a*@b*)=Ts(a®Db)*.

From this it easily follows that (A°P,A) is again a weak multiplier Hopf algebra and
that the idempotent E is the same for both (A4, A) and (A°P, A) (also because E* = E).
Therefore, also (A,A) it is a regular weak multiplier Hopf algebra. As we have seen
already before, we will have that the antipode of (A°P,A) is S~! and also given by
a — S(a*)* (cf. Proposition 2.9) in Section 2. This will imply the property of S as in the
formulation of the proposition. Finally, the equalities F} = F3 and Fy = Fy follow from
the formulas

R3(a* ®@b*) = Ri(a®b)* and Ry(a* ®@b*) = Ra(a®b)*
and the definitions of these idempotents. m

The weak multiplier Hopf algebras that are obtained from a groupoid as in Proposition
4.3 and Proposition 4.4 are weak multiplier Hopf *-algebras as it is checked easily that
the coproduct are *-homomorphisms.

5. Conclusions and final remarks. In this paper, we have step by step developed a
possible definition of what we call a weak multiplier Hopf algebra. The result is found in
Definition 4.1 in Section 4. We have also given the definition of a regular weak multiplier
Hopf algebra (see Definition 4.5).

We have given several arguments for the claim that these are good and natural defini-
tions. We have always tried to have conditions that naturally are self-dual in the situation
of a dual pair. And of course, we have argued that the basic examples, coming from a
groupoid, as well as the known case of a weak Hopf algebra, fit into our theory.

There are two basic aspects in this theory. First there is the antipode describing
the generalized inverses R; and Ry of the canonical maps. The antipode is uniquely
determined by these inverses. The other aspect concerns the idempotents that determine
the choice of these inverses. Properties of these idempotents take place on a different
level. That is, roughly speaking, about the legs of the idempotent E (playing the role
of A(1)). This second aspect is typical for the theory of weak (multiplier) Hopf algebras
and it is not present in the case of (multiplier) Hopf algebras (as the canonical maps are
then assumed to be bijective). We can say that the first aspect is treated in Section 2 of
the paper, while the second one is investigated in Section 3.

Of course, a lot of work still has to be done. First we need to develop the theory
from the definition (as in this paper, we rather have 'developed the definition from the
theory’). This will be done in our second paper on the subject entitled Weak multiplier
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Hopf algebras I. The main theory, see reference [VD-W2]. In that paper, we also give
the proofs of some of the results that we have stated in this paper without proof. In
[VD-W2], we will also start with the study of the source and target algebras A5 and Ay,
as well as the source and target maps es : A — As and ¢, : A — A;. These algebras will
be subalgebras of the multiplier algebra M(A) (and not of A in general).

In a third paper on the subject, entitled Weak multiplier Hopf algebras II. The source
and target algebras, we will investigate the objects further. And we will use the results to
look at examples (see [VD-W3)).

Finally, in still another paper Weak multiplier Hopf algebras II1. Integrals and duality,
we will study integrals on weak multiplier Hopf algebras and show that the reduced dual
of A is again a weak multiplier Hopf algebra (see [VD-W3]).

There are also various aspects of the theory that are not very well understood.

First there are the different requirements for the underlying algebra. It is quite natural
to assume that the algebra is non-degenerate. But what about the assumption that it
is idempotent? We know that in the case of multiplier Hopf algebras, this is a property
that can be proven from the axioms. And only in the regular case, we were able to show
that the algebra has local units. Again in the case of multiplier Hopf algebras, this can
be shown also in the non-regular case.

Secondly, there are some questions about the coproduct. We need that it is full in or-
der to get uniqueness of the counit. This is not necessary in the case of a multiplier Hopf
algebra because then the existence of a counit implies fullness of the coproduct. It is also
not clear what the conditions on the coproduct mean on the dual in the case of a dual pair.

Finally, there several peculiarities in the non-regular case that are badly understood.
We have e.g. no example of a coproduct that is not a regular coproduct. We refer to
Section 5 in [VD-W2] for more related comments.

Appendix A. Extension of the coproduct to the multiplier algebra. In this
appendix we assume that (A, A) is a pair of a non-degenerate algebra A with a coproduct
A as in Definition 1.1 of this paper. We also assume that the algebra is idempotent, i.e.
that A% = A. This last condition is assumed to be satisfied in this paper (see a remark
in Section 1).

If the coproduct is non-degenerate (as it is the case for multiplier Hopf algebras),
there is a unique extension of A to the multiplier algebra M (A) of A. The extension is
unital. In the situation we consider in this paper however, we cannot assume that the
coproduct is non-degenerate and so we cannot apply this result. In this appendix, we will
find a workaround for this problem and we will obtain a generalization of this result that
is useful for the study of weak multiplier Hopf algebras.

We need a condition on the coproduct that is weaker than non-degeneracy.

ASSUMPTION A.1. We assume that there is an idempotent E in M (A ® A) such that
E(AA)=A(A) (AR A) and (ARAE=(A®A)A(A).

We have seen in Lemma 3.3 that if such an idempotent exists, then it is unique. So
the assumption is in fact a condition on the coproduct. Remark that as in Proposition



410 A. VAN DAELE AND S. WANG

3.5, also here we will get that EA(a) = A(a) and A(a)E = A(a) for all @ € A and that
E is the smallest idempotent in M (A ® A) with this property.
In Section 3, we have the assumptions that
E(AA)=A(A)(1®A4) and (A® AE=(A®1)A(A4),

but as we have A2 = A, then the assumption in A.1 will also be fulfilled. So, the conditions
in A.1 are weaker than the ones used in Section 3 (as A% = A is assumed).

In what follows, we assume that (A, A) satisfies the assumption in 3.1 and that F is
the unique idempotent in M (A ® A) with this property.

We will prove the following (cf. Proposition 3.8 in Section 3).

PROPOSITION A.2. There is a unique homomorphism Ay : M(A) — M(A® A) that
extends A from A to M(A) and that satisfies A(1) = E.

We will obtain the result from a more general result that we will prove first. This
more general result will not only give the property in Proposition A.2 but it will also
provide extensions of A ® ¢+ and ¢+ ® A needed later.

PROPOSITION A.3. Let A and B be non-degenerate algebras and v : A — M(B) a
homomorphism. Assume that there is an idempotent element e € M(B) such that

v(A)B=eB and B~(A)= Be.
Then there is a unique homomorphism v, : M(A) — M(B), extending v and such that
7 (1) =e.
Before we prove this proposition, let us show the following.
LEMMA A.4. With the assumptions of Proposition A.3 we have
ey(a) =~(a) and ~(a)e =~(a)
for alla € A.

Proof. Take a € A. For all b € B we have v(a)b € eB and so ey(a)b = v(a)b. Because
this is true for all b € B, we have ey(a) = y(a). Similarly v(a)e = v(a). m

As in the proof of Proposition 3.6, also here we will have that e is the smallest
idempotent with this property.
We now give the proof of Proposition A.3:

Proof. Assume first that 7 is such an extension. Take m € M(A) and z,y € B. Then
T (m)z = y1(m)y(1)z = y1(m)ex.

By assumption we can write ex as a finite sum ), y(a;)b; with a; € A and b; € B for all
1 and then we get, using that v; extends 7,

n(me = y(mai)bi (A1)

Similarly,
yy(m) =Y ejy(dym) (A.2)
J

if ye is written as a finite sum } ., ¢;v(d;) with ¢; € B and d; € A.
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This already proves that such an extension is unique if it exists. It also suggests how
to define this extension. To show that the above formulas (A.1) and (A.2) really define a
multiplier 41 (m) for any multiplier m € M (A) one first has to argue e.g. that

Z'Y(mai)bi =0 if ZV(ai)bz' =0

for a finite number of elements a; € A and b; € B.
To show this, take any ¢ € B and d € A. Then

cy(d) Z v(ma;)b; = Z cy(dma;)b; = cy(dm) Z v(a;)b;

and this is 0 when we assume that >, v(a;)b; = 0. By assumption By(A) = Be and so
it follows that also
ye Z ~v(ma;)b; =0
K]
for all y € B. As ey(a) = y(a) for all a € A, we get ). v(ma;)b; from the non-degeneracy
of the product in B.

This shows that we can define 1 (m)x by the formula (A.1). Similarly, we can de-
fine yv1(m) using the formula (A.2). Moreover, an argument as above will give that
y(y1(m)x) = (yy1(m))x so that indeed, v1(m) is well-defined as an element in M (B) for
all m € M(A).

Finally, it is not hard to show that =7 is still a homomorphism, that it extends v and
that 71 (1) = e. This completes the proof. m

If A and B are *-algebras and ~ is a *-homomorphism, then the extension will still
be a *-homomorphism provided we have that e* = e in M (B). But this property is a
consequence of Lemma A.4, by taking adjoints and using that e is the smallest idempotent
with this property.

If e = 1 we recover the original result about extending non-degenerate homomor-
phisms (as first shown in Proposition A.5 of [VDI]).

If we replace B by A ® A and if we consider A for -, then with e replaced by E, we
get the result in Proposition A.2.

Most of the time, we will use the same symbol for the extended homomorphisms. So,
in particular, we will use A also for the extension A; obtained in Proposition A.2.

If we replace A by A® A and B by A® A® A and if we consider the maps A ® ¢ and
¢t ® A, we arrive at the following result.

ProPOSITION A.5. The homomorphisms A ® ¢ and ¢t ® A have unique extensions to
homomorphisms from M(A® A) to M(A® A® A), still denoted by A ®@ ¢t and 1 @ A
respectively, provided we require that

A®)(1)=E®1 and (®@A)(1)=1QFE
where we use 1 both for the identity in M(A) and for the one in M(A® A).

Again this result is a straightforward application of the result in Proposition A.3. We
just have to argue that

(A(A)RA)(AARA) = (E@1)(A® A® A)
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and similarly on the other side and for ¢ ® A. Of course all of this follows from the
assumptions A(A)(A® A) = E(A® A) and (A ® A)A(A) = (A® A)E together with
A? = A and similarly for the other one.

Let us now look at coassociativity. Using the extended maps A ® ¢ and + ® A from
Proposition A.5 we get the following expected formulation of coassociativity.

PROPOSITION A.6. We have
(A®)A(a) = (1 ® A)A(a)
foralla € A.

Proof. For clarity, we will use in the proof A®:and t ® A for the extensions of A ® ¢
and ¢ ® A to the multiplier algebra M (A ® A). Let a € A. We only need to argue that

((Z ®R0)A@)(1®1eDb) =(A®)(Ala)(l®Db))
for all b € A. In a similar way we will get that
(celeo)((t® &)A(a)) =(®A)((c®1)A(a))

for all ¢ € A and then the result will follow from the formulation of coassociativity as in
Definition 1.1.
To prove the claim, let b € B and z € A ® A ® A. Write

HE®1) = Zui(A ® 1) (vi)

with u; € A® A® A and v; € A® A. Then we get in a straightforward manner
2(A®)A@)(1©10b) = 2(E®1)((A®)A)(1®10b)
=Y wA @) () (Ao )A@)1e10b)

= Zui((A@@L)(UiA(a))(l ®1®b)
- ZUZ(A ® 1) (v;Aa)(1 @ b))
- Zui(A ® 1)(v:)(A @ 1)(Aa)(1 @ b))

=2(E®1)(A®)(Ala)(1®b)) =2(A®)(A(a)(1 ®D)),
and this proves the claim. m

We now will push this result further and show that we also have the following (ex-
pected) formula.

PROPOSITION A.7. We have
(A®)A(m) = (L@ A)A(m)
for allm € M(A).

Remark that from this result it would follow that (A ® ¢)(E) = (+ ® A)(E) because
E = A(1). On the other hand, we want to prove this proposition using the uniqueness
of the extensions of (A ® ¢t)A and (: ® A)A on A. The result then will follow from the
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previous result. However, in order to obtain this uniqueness, we need the equality for
m =1, that is, we need that (A ® ¢)(E) = (¢t ® A)(E).
Therefore, we prove this equation first.

PROPOSITION A.8. We have (A ® 1)(E) = (1 @ A)(E).
Proof. Denote in this proof (A ® ¢)(E) by G and (+ ®
GARARA) =(A®)(E)(A® A® A)
AR)ENE®R1)(A® AR A)
(E)(A
(

A)(FE) by G'. We have

AR (E)AA)(AR A)® A)
AR)(E(A® A))(ARA® A)
AR)AA)) (AR AR A).

Similarly we get
GARA®A) = (L@ A)A(A) (A A A)
and because we know from Proposition A.6 that
(A®)A(A) = (1@ A)A(A),

we find G(AQA®A) = G'(A®A®A). In a similarly way we can show that (AR AR A)G =
(A® A® A)G’ and as before, this implies that G =G'. =

Now, the result in Proposition A.7 follows from the uniqueness in Proposition A.3.
We finish the discussion with an important remark.

REMARK A.9. i) Because by definition we have (A ® ¢)(1) = F ® 1, we also have
A@)(E)=(Eo1)(A®)(FE)=(A®)(E)(E®1).
This means that
(A®)(E)<E®IL.
Similarly
CRA)E)=1E)(t®A)E)=01LA)E)(1®E)
and this means

(L®A)E)<1®E.

Because the left hand sides are the same, we get an idempotent that is smaller than
both FE® 1 and 1 ® E.

ii) In the theory developed in this paper, we have that the two idempotents £ ® 1 and
1 ® F commute and that

LOA)E)=(10E)(E®1).

This means that the product of F® 1 and 1 ® F is again an idempotent in M (A ®
A® A) and that (¢ ® A)(E) is the biggest idempotent in M(A ® A ® A) that is
smaller than both F® 1 and 1 ® E.

Let us now have a brief look at ezamples.
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ExaMPLES A.10. As we have already indicated, the assumption in A.1 is satisfied in all
the examples we have considered up to now. This is shown in Example 3.6 for the two
groupoid examples and the remark following 3.6 for the case of a weak Hopf algebra.
There is of course very little to say more in the case of a weak Hopf algebra as we
start with an algebra with identity. In the two other cases, one can easily see what the
extended maps are and that they satisfy the results formulated in this appendix.
Finally, observe that in all these cases, the two idempotents F®1 and 1® F commute
and that
LRA)E)=(1®E)(E®1).
This has been argued also in Section 3.

We have no examples where F ® 1 and 1 ® E do not commute. We also have no
examples where (A ® ¢)(F) is not equal to (F®1)(1® E) and/or (1® E)(E®1). On the
other hand, there seems to be no reason why these properties should automatically hold.
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