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Abstract. The Tomita-Takesaki Theory is very complex and can be contemplated from different
points of view. In the decade 1970-1980 several approaches to it appeared, each one seeking to
attain more transparency. One of them was the paper of S. L. Woronowicz “Operator systems and
their application to the Tomita-Takesaki theory” that appeared in 1979. Woronowicz’s approach
allows a particularly precise insight into the nature of the Tomita-Takesaki Theory and in this
paper we present a brief, but fairly detailed version of his approach.

1. Introduction. The theory of M. Tomita of the standard form of general von Neu-
mann algebras was a turning point in the theory of Operator Algebras and is up to this
day one of the most important tools when working with von Neumann algebras. It became
accessible in 1970 in the exposition of M. Takesaki [T, which contains so many funda-
mental contributions that the whole theory is usually referred to as the “Tomita-Takesaki
Theory”.

The starting point of the Tomita-Takesaki Theory in the case of a von Neumann
algebra M having a bicyclic vector &, is the following fundamental theorem:

The 7projection” of the involution

M>3z—z*
on the underlying Hilbert space, that is,
Mo 3 o = x7Eo,
is a closable antilinear operator and if S stands for its closure, A = S*S, and S = JAY/?
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is the polar decomposition of S, then
A"MA ™ = M, teR, JMJ=M.

Thus we get the one-parameter automorphism group A% - A=% t € R, of M which
plays a similar role in the study of the algebra M and of the positive linear form

M3z we (2)=(26]&)

as the usual modular function of a localy compact group by working with functions on
the group and with the Haar measure.

We notice that the Tomita-Takesaki Theory holds in a more general setting in which
the positive form we, is replaced with a densely defined, not necessarily bounded positive
form. However, the treatment of the general case can be reduced to the above one.

The treatment of the above fundamental theorem of the Tomita-Takesaki Theory is
quite involved and can be contemplated from different points of view. In the decade
1970-1980 several approaches appeared to the theory, each one seeking to attain more
transparency.

A common feature of the first three, of A. Van Daele ([V1]), U. Haagerup (see [BI)
and L. Zsid6 ([Z2]), is that they can be explained by using the notion of the ”analytic
generator” of one-parameter operator groups (see [Z1]).

A fourth aproach, of M. Rieffel - A. Van Daele [RV], is entirely done in terms of
bounded linear operators.

The fifth aproach due to S. L. Woronowicz ([W3]) has a particular feature: first a
general criterion is proved for a von Neumann algebra M and a non-singular, positive,
self-adjoint operator A in order that AY MA~# = M, t € R, holds true, and then it
is verified that the operator A of the Tomita-Takesaki Theory satisfies the condition of
the implementation criterion. The particular feature of Woronowicz’s approach seems to
reside in his implementation criterion, which could be useful also elsewhere. Indeed, the
substantial part of the verification that the operator A of the Tomita-Takesaki Theory
satisfies the condition of the criterion consists essentially in an application of S. Sakai’s
polar decomposition theorem for linear forms (see [S1]), completed with half of the proof
of his Radon-Nikodym type theorem (see [S2]). Allowing a certain abuse in formulation,
we may say that Sakai’s work, coupled with Woronowicz’s tailor-made implementation
criterion, yields the fundamentals of the Tomita-Takesaki Theory.

It turns out that also the Woronowicz implementation criterion can be explained
by using the ”analytic generator” (and this leads to an unusual characterization of the
analytic generators of automorphism groups [Z4]). The goal of this paper is to present a
self-contained exposition of Woronowicz’s criterion and its application to the fundamental
theorem of the Tomita-Takesaki Theory.

2. Analytic extensions of groups of operators. We sketch here for further use some
topics concerning analytic extensions of one-parameter groups of linear operators. In the
exposition we follow works of I. Ciorénescu - L. Zsidé (see [CZ] and [Z3]) and U. Haagerup
(see [HI).

The setting will be the following:
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e H will denote a complex Hilbert space with inner product (- |-), which is linear in
the first variable and antilinear in the second variable.

e 1y will denote the identity operator H — H and 1p() will stand for the identity
operator B(H) — B(H), but if A\ € C and there is no danger of confusion, we shall
usually write simply A instead of A1y or A pg).

e A denotes a non-singular, positive, self-adjoint linear operator in H.

e wo and so will denote the weak operator topology respectively the strong operator
topology on the algebra B(H) of all bounded linear operators on H.

° ozEA) stands for the *-automorphism of B(H) implemented by A% ¢ € R, that is,

ol (z) = Ad (A")(z) = A"z A7 2 € B(H).
e conv (M) will denote the convex hull of a subset M of some real vector space.

The analytic extension in z € C of the so-continuous one-parameter group

oM Rt aEA)

of x-automorphisms of B(H) is the linear operator o) in the Banach space B(H) defined

as follows:
(x,y) € B(H) x B(H) belongs to the graph of o that is, x belongs to the domain

D(agA)) of ol and y = oz,(ZA)(:zz)

if and only if

there is a wo-continuous (or, equivalently, so-continuous) map F' from the
closed strip {¢ € C;|S¢| < [z], 3¢Sz > 0} into B(H), which is analytic in
the interior of the strip and for which F'(t)= agA) (x),teR, as well as F'(z)=vy.
We notice that for B(H)-valued maps wo-analyticity and analyticity in the
norm topology are equivalent (see e.g. [HP], thm. 3.10.1).

Thus for x € D(agA)) we have the wo-continuous mapping
{¢CeC;IS¢ <92], ¢ 82 > 0} 3 ¢ = ol (2) € B(H),
which is analytic, and in particular continuous with respect to the operator norm, in the
open strip {C €C;0 < I¢| < I8z, SC- Sz > O}.
The group property of a(4) is preserved by analytic extension:

A — o

22 z1+z2) (2 1)
zeC = agA) injective and (a(ZA))_l = Oz(i).

21,20 €C, 321829 > 0 = ag‘f)a

In particular, if x € D(a,(zA)) then
sup { g (@)I]5 ¢ € C,|¢] < [2],9¢ - 92 > 0}

=sup {al3 (@)]; B €R, |8 < [32], -2 >0} < +oo
and by the maximum principle

sup {[lal™ (2)|]; ¢ € C,|9¢] < [82], 3¢ - 32 > 0} = max (||z], [aV (@)]).  (2:2)
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We notice that implies immediately that the graph of every o is norm-closed.
Actually more is true: the graph of ot is weak*-closed (see [CZ], Thm. 2.4 and [Z3],
Thm. 1.1). By the Krein-Smulian theorem this is equivalent to the following proposition,
which actually can be proved also in a direct, elementary way:

PROPOSITION 2.1. For any z € C, the closure of every bounded subset of the graph of
(4)

az ' with respect to the product of the weak operator topologies is still contained in the
graph of a,(ZA).

We recall that if F': R — B(H) is a mapping such that

- R3tw (F(t)¢|n) is Lebesgue measurable for any &, € H and

— R >t~ ||[F(t)]| is majorized by some f € L(R)

then by the Riesz representation theorem there exists a uniquely defined xp € B(H), the
Lebesgue integral of F' relative to the weak operator topology, satisfying

+oo
| e a= @), enem

xF is usually denoted by wo- fj;o F(t) dt and satisfies ||wo- fj;o F@)ydt]| <|fl-
In particular, for any f € L'(R) we can define the linear operators

astA) : B(H) 3 2 — wo- /+OO f(@t) Ong)(:E) dt € B(H)

—00
for which we have ||cv§cA) I <I1Ifll1- It is easily seen that
zeC,xeD(@W), fe Ll'R) =
A A A
04; )(x) e D(aW), oW (agp )(a:)) = a; )(agA) (). (2.3)
Indeed, if
F:{¢eC;|S¢ <[92], S¢Sz >0} — B(H)

is a bounded, wo-continuous mapping, which is analytic in the interior and for which
F(t) = ong) (x),t € R, then the mapping

+oo
Fr:{CeCiI3¢) < (32, 3¢ - Sz > 0} 9('—>/ F(s) F(s + ) ds € B(H)

will be wo-continuous, analytic in the interior, and satisfying the conditions
Fy(t) = oy (o} (@) t € R, Fy(z) = of" (ol ().
We say that z € B(H) is o -entire if the orbit
R>t— oV (z) e B(H)

has a B(H)-valued entire extension, that is,  belongs to the domain of every o). The
set of all oY -entire elements of B (H) is a vector space which is a wo-core of any agA),

in particular it is wo-dense in B(H):

PrOPOSITION 2.2. For any z € C and x € D(a,(zA)), defining f, € L*(R), n > 1, by

fult) = \/f et
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every agcA)(a:) € B(H) is o) -entire and
(i) supcex Hoz(A)( Sc )(x)) - aéA)(x)H — 0 for every compact subset K of the hori-
zontal open strip {C eC;0<I¢] < ISz, SC- Sz > O};
(i) supcere |(a¢™ (of ) (@))€ — oM (@)é |n)
pact subset K of the horizontal closed strip {¢ € C;|S¢| < [Sz, S¢Sz > 0};
A)
(iii) sup{Haé (a}n (z ))|| CeC, ¥ <192],3¢-Sz>0,n>1}
< max ([l2], [lot” (z)])).

Proof. Direct computation shows that
oo n 2
F,:C>(~ wo—/ \/76_"(5_4) oM (z)ds € B(H)
7r

is an entire extension of R 3 ¢ — a(A)( (f‘:)(x)) € B(H) and so a;’:)(:c) is a(-entire.
Since by ([2.3] .
A A
Mm<><»=a;%®“@», n>1,

!
fn
(iii) follows by using (2.2)).
Let now K be a compact subset of {¢ € C;0 < [3¢| < [z, I¢- Iz > 0}. A direct
computation shows that, for any ¢ € K and § > 0,

wo- /+<>° \/> —na® s+C x) — aéA) (z)) ds

+oo
A) 4 (A) 77,2
< sup ol (@) — oM (@) + —= max [}z, al® (x)]]) e’ dr.
sl o ¢ G VA
Taking some , > 0 and using the uniform continuity of K + [—d,,0,] 3 ( — aéA) (x) in
the operator norm, the above estimate yields (i).

n

ol (@) - oV @) =

Finally, (ii) follows similarly as (i). m

Let us call z € B(H) a™-entire of exponential type if z is a4 -entire and there are
constants (depending on z) such that

e (@) < ce™?l,  zecC.

The set of all (Y -entire elements of exponential type of B(H) is a linear subspace of
the vector space of all o) -entire elements. We notice that it is the union of all Arveson
spectral subspaces of the group a4) (see [A1]), associated to the compact subsets of R
(see [CZ], Corollary 5.7).

a)_entire elements of exponential type of B(H) can be produced as follows:

Let the support of g € C?(R) be contained in [—s,,s,] for some s, > 0 and let f
denote the Fourier transform of g:

1 +o0 ) 1 So )
ft) = o [m g(s)e " ds = o . g(s)e " ds, teR.

Then f has an entire extension, which we continue to denote by f, given by the formula

1 % —izs
f(z)= o /SD g(s)e *%ds, zeC.
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Since
1

(i)°1(z) = 5 / " (s)erds,  zeC,

we have the estimate

(Iglle +llg"llc)s0 jo

L+ =) f(2)] < - z€C, (2.4)
where || - ||lo stands for the uniform norm. In particular, f € L'(R) with
i (lglloo +llg"llsc)s0 [ 1
= ds < > >0 ds = 0o "Noo)so (2.5
1 = [ 1) ds < Qe dedte 70 s = (lgh+ g )so (25)
and we can apply the inversion formula for Fourier transforms obtaining
+o0 )
g(s) = / ft)edt, seR. (2.6)

Now, for any = € B(H), agcA) (z) is an o)

B(H). Indeed,

-entire element of exponential type of

+oo
F:(CBCHwo—/ f(s —¢)aM(x)ds € B(H)

— 00
is an entire extension of R 5 ¢ ong) (a(A)(a:)) € B(H) and, taking into account 1 )

—+oo

[ e
/.

(lgllso + llg"llo0) 50
[E (O < [l]] el3¢l

(lglloo + 119"llc)30 js¢

<
_HIH T 1+|S—%<|2
1
< HQUH (”9”00 + Hg ||OO)SO \\Y(\ / 1 ds
T o 1482

= (lgllse + 19" llso)sollz]lel*], ¢ e C.

The next proposition shows that already the vector space of a(*-entire elements of
exponential type of B(H) is a wo-core of every ot

PROPOSITION 2.3. Let 2 € C and x € D(ozz ) be arbitrary. Let further g € C%(R) be the
function defined by the formula

(5) = (1—3s%)3  for|s| <1,
= 0 for|s| > 1.

Then g(0) = 1 and the support of g is contained in [—1,1]. Let finally f be the Fourier
transform of g and define f, € L*(R), n > 1, by
fn(t) = nf(nt).
Then every agc )( ) € B(H) is o'Y-entire of exponential type and
(i) supcex | a(A) (ozfn)(x)) ozéA (z) || = 0 for every compact subset K of the hori-
zontal open stmp {CeC;0 <S¢ < [S2], S¢Sz > 0};
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(ii) supeeg |(ozéA) (ozgcA)(a:))f — ozéA)(x)g | 77)| — 0 for every &,n € H and every com-
pact subset K of the horizontal closed strip {¢ € C;|S¢| < [Sz, S¢Sz > 0};
(iii) sup{”a(A (ozgcn N[ ¢ eC IS¢ < 192,9¢-S2>0,n>1}
A
< Tmax (], [a£" (2)]))-

Proof. f, is the Fourier transform of the function g,, defined by

gn(s) == 9(2) s€R,

so by the discussion before the statement of Propositionthe elements a;f) (z) of B(H)
are o -entire of exponential type.

It is easy to verify that ||g|lec = 1 and ||¢"||c = 6, so by we have [|f]y < 7.
Consequently

ol @)1 < 1 fallilzll = I £zl < 7l|])-
Using (2.3]) we get similarly
Ha““)(afn NI = l1a8 (@D @) < Ifalllal® @) < 7llal® (@)

Now (iii) follows by (2.2).
Finally, taking into account that by ([2.6))

+oo
[ F(tydt = g(0) =1,

the proof of (i) and (ii) is similar to the proof of the analogous statements in Proposition
]
(A

The multiplicativity and the *-map property of the mappings oy ),t € R, yield for
the analytic extensions agA):
z€C,z,ye D) = zye DY) and ol (zy) = oM () P (y),
(

) = 2" e D(a (A)) and a4 (z)* —aSA)(x ).

z

(2.7)
z€C,z e D

In particular, the vector space of all o(?)-entire elements of B(H) and the vector space
of all a4)-entire elements of exponential type of B(H) are x-subalgebras of B(H).
We notice that by 1) and by the closedness of the graph of aiA) we have

zeC,z e D(a?) = exp(z) € D(aP), agA)(eXp(x)) = exp (ong) (z)). (2.8)
Using the reflection principle it is easy to verify that for x € B(H) and z € C
z € D(aM), oM (z) self—adpmt Sz e D(azz)) aé’j)( )= aé'ge)z(x) (2.9)
and in this case we have by ||ozz (m)|| <zl
The next proposition is a “maximum principle for spectra”:

PROPOSITION 2.4. For z1 € C, 321 > 0, 20 € C, S20 <0 and x € D(a(zf)) ND(w (A))
denoting by o(y) the spectrum of y € B(H), we have:

o(x) C conv(o(a(zf)(x)) U o(agf)(x))).
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Proof. Taking into account that conv(o (ag‘) (z)) U a(ag’j) (z))) is a compact convex set
in the complex plane, hence it is the intersection of all closed half-planes containing it, it
is enough to prove that every closed half-plane Z, which contains the spectrum of ag’f‘) (z)
and of agf)(x), contains also the spectrum of x. Clearly, we can consider only the case
of the half-plane Z = {¢ € C;R{ < 0}, because the general case can be reduced to this

one.
Let us denote y = exp (ozgf) (z)). Since, by 1j
ol (@) € D(alPal]) = D(al)).),

—ZzZ2 zZ1—2Z22
A A
al)., (@) = (alPal) (ol (@) = ol (@),
1' implies that y € D(ai‘flz,z) and agflzg (y) = exp (ag‘f)(x)). But the spectra of
a,(zf)(m) and ag‘f‘)(x) being contained in the half-plane {¢ € C;R( < 0}, by the spectral
mapping theorem the spectra of y = exp (a,(zf) (z)) and ai’;‘lzz (y) = exp (aé’f‘)(x)) are

contained in the closed unit disc, that is, the spectral radii r(y) and 7"(0[2‘?122 (y)) are

<1.
Now, by (2.7) and (2.2)), we have for every integer k > 1

A A A A
10 ()* ] = e (%) < max ("], ol ., (™)) = max ("], 2l @)*]]),

A A
[l ()% < max ((|yF ][5, ol (m)F (1Y)

—Z22 Z1—22

and taking limits for £ — oo we obtain
A A
r(a"(y) < max (r(y), r(el ) < 1.

Since, by 1) 04(7’42)2 (y) = a(fi)z(exp (agf (z)) = exp (a(fgagf)(x)) = exp(z) and by
the spectral mapping theorem o (exp(z)) = exp (o(z)), it follows that every A € o(x)
satisfies the condition |exp(A)| < 1, that is *A < 0. Thus o(2) C {( € C;RC < 0}. m

The operators ol z € C, can be described in terms of the powers Ai* (see [CZ],

Thm. 6.2):
PROPOSITION 2.5. For z € C and x € B(H) the following conditions are equivalent:

(i) = € D(Y);
(i) A%z A% is defined and bounded on a core of A=%;
(iii) A*xA~% is defined and bounded on the whole domain of A~%.

Moreover, if the above equivalent conditions are satisfied then
zAT c A7%aM(2),
(A)

so A%z A7 C oz (z) and al? (x) is equal to the closure A%?x A==,

The operator al(-A) (or, with a different choice, a(_é)) is called the analytic generator
of the group o).

It is easy to see that the point spectrum of aEA
[0, +00). However, the spectrum of al(-A) is equal to C unless A and A~! are bounded
(see A. Van Daele [V2] and G. A. Elliott - L. Zsidé [EZ]). Nevertheless, agA) always has

densely defined resolvents at the points of C\ [0, +o0) (see [CZ], Corollary 3.3):

) is contained in the positive half-line
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THEOREM 2.6 (General resolvent formula). If A € C\ (—00,0],& > 0 and z € D(« (A))’
then x € D((A g + az('A))_l) and
1 1 +oo+ic A’LC

Nty = 2 &
(x\lB(H)—f—Oéi ) (z) = )\x 2A J_oric sm(MTC) ( ) &

where the constant 0 < ¢ < min{e, 1} is arbitrary and \¢ = \)\|146_94 provided that
A = |Ne? with —m < 0 < m. We underline that the integral on the right-hand side of the
formula converges with respect to the operator norm.

(2.10)

Proof. Tt is easy to see that the integral
+oco+ic )\lc
A
/ o (@) d¢

oco+ic sm(wrC)

converges with respect to the operator norm for any A € C\ (—o0,0],e > 0,z € D(ozl(-?))
and 0 < ¢ < min {e, 1}. Let us denote

1 1 +oo+1ic )\i{
v X v ﬁ —oo-+tic Sin(iﬂ-g)

If z is a(-entire then also y is o“)-entire and, using the residue theorem, we obtain

aéA) (z) dC.

+oo+ic i
Wy = Lo AT W
;" () by Q; 2/\ i sin(in¢) aC—H( r)d¢

1 1 +oo+i(c+1) )\i((—i)

=3 QEA) (z) — */ — aéA)(ac) d¢
A 2\ ) ooti(es1y sin(im((¢ — 1))
1 (4) 1 /+oo+i(c+l) pXS (A)

=—aq; (2)+ 2 ——a; (x)d(
A (@) 2 J—coti(et1) sin(im¢) ¢ (@)
1 (4) 1 /+oo+ic )\zg ( )\ZC (A)

— Z z - d¢ 4 27i - R
)\0% )+ 2( —ootic SIH(”"C) ( ) dé 2 e’S sin(im() “ (=)
1

=X®“u>cwww—x¢mm—x—w.

Thus

A+ a(A))(y) =z, that is (A + aEA))_l(x) =uy.

The case of arbitrary « € D(« EE )) can be reduced to the a("-entire case by using
Propositions 2.2 and 2.1] =

Theorem implies above all that the group a(?) is uniquely defined by its analytic
generator (see [CZ], Thm. 4.4 and [H], Lemma 4.4):

COROLLARY 2.7 (Uniqueness). If B is another non-singular, positive, self-adjoint linear
operator in H then

(4)

oy :agB),teR & al(-A)

(),

Proof. The implication = is trivial.
Let us now assume that a(A) EB). Then

(e® +alt ))7 c (e —|—a(B)) , SseER. (2.11)
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Since the the set of all a«(4)-entire elements of B(H) isMN,ez D((ozEA))"), every a(-entire
x is also o P)-entire. Taking into account , Theorem [2.6]yields for every a(4)-entire z

+oo+iz zsC +oo+iz zsC (B)
/ r)d¢ = / o), seR

—cotil blIl(Zﬂ'C) sotrid sin(im()

that is,
+o0 ist +oo ist
€ (A4) d € a®
- t = - dt, seR.
/OQ cosh(mt) at+%(a:) /oo cosh(t) t+2(x) g
By the injectivity of the Fourier transformation it follows

A B
aEJr)%(:c) :aiJr)%(x), teR

and therefore the entire mappings
Ca(~— aEA)(x) and C > (¢ +— aéB)(a:)
coincide. In particular, agA)(x) = ocEB) (x), t e R.
Now the wo-density of the a()-entire elements of B(H) (Proposition implies
that agA)(x) = aEB)(l’), t € R, holds for every x € B(H). m

REMARK. We notice that (2.10) can be formulated also as follows:

A Ay —1 1 [rootie )i A
o™ (Mg + oY) (I):§[ s SI(iTC) o @),

that is,

B 1 c+i00
ozl(A) (Mp) + aEA)) 1(9@) = —/ ATF (— - agf) (m)) dz.
(&

270 Jo—ioo sin(mz)

Thus, for every = € D(o%(.A))7

®:[0,400) 3 A oY Mpay + o) (@)

is the inverse Mellin transform of
m (A) (z)

sin(mz) iz

<p:{z€(C;0<§Rz<1}Bz»—>—

and, since the conditions of [D], Kap. 6, §8, Satz 3 are satisfied, it follows that ¢ is the
Mellin transform of ®:

+oo
T a®(g) = 1 (A) (A —1
~ sin(nz) @iz () _/0 N (M + ) () dA

Consequently, for ( € C,0 < ¢ < 1,

. . 4o
al? (x) = M/ )\71(71&1@) (Mp + ozEA))_l(x) d\ (2.12)
0

¢ T

is the (—i¢)*™" “Balakrishnan power (See [Ba]) of the analytic generator a( ) (hence the
(i¢)*™ power of o'?) = = (o (A is a variant for {4 of the Stone Representation
Theorem for strongly contlnuous one- parameter unitary groups: If Uy, t € R, is a strongly

continuous one-parameter group of unitary operators then the analytic generator B = U;
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is a non-singular, positive, self-adjoint linear operator and we have U; = B~ or, with
U, =B, U =(B)"

Though the resolvents ()\lB(H) —|—a£A)) _1, A € C\ (—00,0], of the analytic generator of
a4 are in general not everywhere defined, they have the same domain and the resolvent
equation holds:

COROLLARY 2.8 (Resolvent equation). For every Ay, Ay € C\ (—o0,0] we have

D(Milp + i) ) = D(Qelpa + i)Y o | D) u | Dla) (213)
e>0 e>0

and the resolvent equation holds:
(Mlpay +ai™) ™ ()\213( )+a(A))‘1
= (A2 — A1) (/\115(H) + a ) ( ocl(.A))_1
= (A2 = A1) (Malpy +al™) ™ ()\11 a7 (2.14)
Proof. By Theorem [2.6] we have for every A € C\ (oo ]
p((A+ai™)) o Dlaf2)
€>0

On the other hand, if 0 < ¢ <1 and z € D( )) then oz(A)( ) € D(agf)) SO we can
consider
y=0+a)al(@).
Since
M+ (y) = @) = ofV () = olll@) -y € D),

—’LE

by (2.1) it follows that y € D(« (1+6)) and
A A Ay (A
A () + ol (0N ) = oi (a)(2) =,

i€ € —1€

that is, z € D((A + oz(A)) 1.
Consequently, also

D((A+a) ™) o | P =] Pl
0<e<1 e>0
Now let A1, A2 € C\ (— oo 0] be arbitrary.
For every z € D((X2 —|—a ) 1), by Theorem. )\2 —|—a ))’1(:6) € D(agA)) belongs
to D((A1 + a(A)) 1), so we can consider
2= Qo= M) M+ ™) T e+ ") TN @) + (he + ) e D).
Since

al(2) = A — Ar) oY (A1 + aEA))_1 (A2 + ozl(-A))_l(x) +al® (A2 + al(-A))

= ln—2(rtaf?)-1 = 1y—A2(Aatai?)-1

-1

(z)

=x— A2,

that is, Az 4+ a!™® (2) = 2, we have z € D((M + az(-A))’l) and (A1 + o\~ (2) = 2.
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Thus we have verified that

D((As +a™)™) c D((\ + )7

and the first equality in (2.14)) holds true.
Interchanging \; with As, it also follows that
D((h + ™)) DDA +af™) ™)
together with the validity of the second equality in (2.14]). m

Furthermore, (/\ + ozEA))_l(x) depends analytically on A for every z in the common
(4),

%

domain of the resolvents of «

COROLLARY 2.9 (Analyticity of the resolvent). If z € D((Algm) + al(-A))_l) then
C\ (=00,0] 3 A = (M pm +al™) ' (2) € B(H)

is an analytic map and we have for any integer n > 0 and any X € C\ (—o0,0]:

d™ - e
a\n ()‘IB(H) + O‘Z(A)) 1(1’) =(=1)"n! (/\113(H) + a§“") 1(36). (2.15)

Proof. Let z € D((A+ ocl(»A))_l) be arbitrary. By the resolvent equation 1) and by
Theorem [2.6| we have for every A € C\ (—o0, 0]:

At af) (@)

L+af) 7 @) + (1 =2 A+ i) (A + o) (@)

_ +oo+% iC

(A)y-1 1-A 2 A
1 { - -
(o) (@) = 53 Ceps si(inC)

Using the above equality it is easily seen that

—~

o ((1+ o) @))dc.

R, : C\ (=00,0] 3 A= (A+a!™) 7' (z) € B(H)

is an analytic map.
For the proof of (2.15) we use induction with respect to n.
(2.15) clearly holds for n = 0 and let us now assume that, for some n > 1,

(2

RPM) = (DFR A+ o) @)

holds for any 0 <k <n—1,z € D((1+ aEA))_l) and A € C\ (—o0,0]. We have to prove
that then

d —n —n—

o (A + aEA)) (z) = —n(A+ aEA)) Y(x) (2.16)

for any z € D((1+ a(A))fl) and A € C\ (—o0,0].

i
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For let € D((1 + ozZ(»A))_l) and A\, N € C\ (—o00,0], A # X be arbitrary. Using 1)
we get:
1

yj;«X+a?W%uwwA+¢”r%m)

(A) (n—k— 1)(()\/+a(1‘1)) ()\+a(A)) )(AJFOC(A)) (x)

k=0

Consequently

H (Vo)) - o+ ) @)+ n (3 + agA))nl(x)H

N —A
< Z H )\’—i—a —(n— k)()\—i—a( )) k_l(x)_()“"O‘EA))_(n_k)()“"aEA))_k_l(ﬂﬁ)H

and to verlfy it is enough to show that the mapping
@\(—oo, 03X = (N + o) DA+ oY) @)

is operator norm-continuous for every 0 < k < n — 1. But by the induction assumption
the (n — k — 1)t" (operator norm continuous) derivative of the analytic mapping

is exactly the above map. m
Now we can describe invariance for the group a(*) in terms of its analytic generator
(A4),

Q;

THEOREM 2.10 (General invariance theorem). Let X C B(H) be an operator norm-closed

linear subspace, and x € D(« (A)) e > 0. Then the following statements are equivalent:

(i) (g + o)™ ()eX, k>0,

(ii) (A +al? >) ( )EX, AeC\(—o0,0],

(iii) ()eX (eC0<(<e.
If the closed balls of X are wo- closed (that is, X is weak*-closed ) then the above conditions

are equivalent also to
(iv) a,EA) (x)e X, teR.
Proof. By Corollaries 2.8 and [2.9]
C\(=00,0] 3 A= (A +a!™) ' (2) € B(H)
is an analytic map and (2.15) holds for every integer n > 0 and every A € C\ (—o0,0].
Hence (ii)=(i) follows immediately. Conversely, (i) implies that for each bounded linear
functional ¢ on B(H ), which vanishes on X, the derivatives of any order of the analytic

function

C\ (=00,0] 3 A (A + ™) (), )
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vanish at A\ = 1. Therefore the above analytic function vanishes identically and by the
Hahn-Banach theorem (ii) follows.

For the proof of (ii)<(iii) we notice that, choosing some 0 < ¢ < min {e, 1}, by the
Hahn-Banach theorem (ii) is equivalent to the validity of

(A+ad™) @), 9) =0, AeC\(~00,0] (*)
for every bounded linear functional ¢ on B(H) vanishing on X, while (iii) is equivalent
to the validity of

(@M(x),0) =0, C(eR+ic (*%)
for the same functionals ¢. Thus (i)« (iii) follows if we show ([¥)< () for any bounded
linear functional ¢ on B(H).

()<= is an immediate consequence of formula (2.10) in Theorem
Conversely, assuming that (EI) is verified, by formula (2.10))

+oo it—c tootic  yi¢
/ 20 (@), )t = / A0 (™), 0 dC = 2(z, )

o Sin(imt — me) —ootic Sin(im()

holds for every A € C\ (—o0,0], so we have

= 2x .
_oo Sin(imt — mc) YticlT) ¥ »OIE

Since the left-hand side is a bounded function of s, we must have (z, ¢) = 0. But then

+oo ezst A
/ sin(int — mc) (@i (2),9)dt =0, seR

and by the injectivity of the Fourier transformation we conclude that @ holds true.

If the closed balls of X are wo-closed then (iii)=(iv) is a consequence of Proposition
while the converse implication follows also easily by using (2.2]) and the Hahn-Banach
theorem. m

When working with the resolvents of the analytic generator ong)

putation rules can be useful:

, the following com-

ProprosITION 2.11.
D((1g +a™) o) =D(@M) and (15 + o)1l c ol (1 + ™),
z* € D((1g + ozEA))_l) and

T a(A) -1 1 *
€ D((Li +o; )):${0H+¢%‘mg=(?Wm+dm><»-

Proof. For the proof of the first statement let = € D( (A)) be arbitrary. By Theorem
we have z € D((1y + a(-A))_l) and with y = ((1g + oz(A)) L(z) we obtain successively

m—y—I—oz(A)( )

o) =z —y=(1n+a™) (1 +al)@) - (lr +al™) (@)
=(lg+ a,(; )_1a§A)(x).

)
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For the proof of the second statement let now x € ’D((lH —|—oz£A))_1) be arbitrary and

put y = (1g + ozZ(A))_l(a:). Then z =y + ozz(A) (y) and by lb we deduce successively
e =y + oW (y") = (1 + o) (@D (),
z*eD((1g + ozEA))_l) and (1g + aEA))_l(x*) = a(_é)(y*) = aEA)(y)*. "

3. Polar decomposition relative to a positive, self-adjoint operator. In all this
section A will denote a non-singular, positive, self-adjoint linear operator in a complex
Hilbert space H.

If € B(H) and the linear operator zA is closable then xA is densely defined and
closed, so we can consider its polar decomposition zA = v|xA|. Then

D(zA) =D(|zAl), |zA|=|zA[|D(A),
v*v is the orthogonal projection onto |z A |(D(|zA|)) = H & Ker(zA),
vv* is the orthogonal projection onto zA(D(zA)) = zA(D(A)) = z(H).

Let us call the partial isometry v the phase of x relative to A and denote it by phase 4 ().

The goal of this section is to point out a basic connection between phase relative to A
and the analytic extensions of the group a(*) discussed in the preceding section. What
we are really doing is a reconsideration of Section 4 of the paper of S. L. Woronowicz
[W3] in the language of the analytic generator.

If x € B(H) is such that A is closable then the usually unbounded, positive, self-
adjoint linear operator |z A |, which is a complicated function of x, can be expressed in a
simple way with the help of a certain a € B(H):

PROPOSITION 3.1. Let x € B(H) be such that xA is closable. Then there exists a unique
a € B(H) such that aA C |zA|, and hence aA = |xA|. Moreover,
x = phase(z)a, a = phasey(z)*z

and

phase 4 () is unitary,

x invertible = < a is invertible,

aA and a='A are self-adjoint and positive.

Proof. Let us denote, for convenience, v = phase 4 (z). Since

[1zAlg|| = [|zAg]| = [|zAg| < [l |AE], & € D(A)

and A(D(A)) is dense in H, there exists a uniquely defined a € B(H) with aA{ = |zA|¢
for all ¢ € D(A), that is, with aA C |xA|. Moreover, taking again into account the
density of A(D(A)) in H,

vA=v|rA||D(A) = vad, aA=|7A||D(A)=v"zA

imply
xr=wva, a=0v"x.

Let us now assume that x is invertible. Then zA is closed and Ker(zA) = {0}, hence
H o Ker(zA) = H and v'v = 1p follows. On the other hand, x(H) = H implies
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vv* = 1y, so v is unitary and a = v*x is invertible. Consequently a4 = aA = |zA] is
self-adjoint and positive, that is,

aA = (aA)* = Aa* > 0. (3.1)
(3.1) implies a= 1A = A(a ) A(a™1)* = (a7t A)*, so also a~ ! A is self-adjoint. Again
by (3.1), a7 *A = A(a*)"! = (aA)( D*>0. m

The decomposition = = phase 4(z)a established in Proposition will be called the
polar decomposition of x relative to A. Denoting a by |z|4, the polar decomposition of x
relative to A takes the form

x = phase 4 (z)|x| 4.

It is easy to see that, for x,v,a € B(H),

xA is closable rT=va
|z|a =a < ¢ aA is positive and essentially self-adjoint (3.2)
phase,(z) = v v*v is the orthogonal projection onto a(H).

Let us now describe with the help of o) those a € B(H) for which a4 is symmetric
respectively positive:

PROPOSITION 3.2. For a € B(H) we have:

aA symmetric < a € D(a 5/2)) 5/2)( ) self-adjoint < a € D(ozEA)),aZ(-A)(a) =a,

= acD((1lg + a(A)) Y, aEA)(lH + aEA))_l(a) self-adjoint,

@A >0 & a€D(alry),alr)(a) > 0.

Proof. Clearly
aA symmetric, that is, aA C (aA)* = Aa* & D(A 'aA) =D(A) and A~ 'a A C a*

and so, by Proposition aA is symmetric if and only if a € D(aEA ) and a( )( ) =a*.
In this case, according to Proposition we have a € D((lB(H) + aEA))’ ) and

ol (g + i) 7M@) = (L + ) e (@) = (L) +al) (@)
= (@ (1pg) + i) 7M@),
that is, ! (e + agA))*l(a) is self-adjoint.
Moreover, by (2.9) also the equivalence

a € Dlaf).af"(0) =" & a € D(al})). o} () = o} (a)°

holds true.

Let us now assume that aA > 0. By the above part of the proof we have a € D(« (4 ))

1/2
and Proposition [2.5] yields
D(A‘l/Q(aA) ATV = DAV ND(AT?), ATV2(aA) ATV C ol (a).
Consequently

(af5 (@) €]€) = ((ad) ATV2g|A7V2¢) >0, ¢ € D(AY?)ND(A™Y/?)
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and, taking into account the density of D(AY2)ND(A~1/2?) in H, the positivity of ozz(.g) (a)
follows.
Conversely, if a € D(« /2) and «; /2( a) > 0 then, by Proposition we have

D(A*I/QaAlﬂ) (A1/2) and A~Y2q A2 04(7‘2)( ),

SO
(aA§‘§> — (Al/Z(A 1/2 A1/2 A1/2£’£) ( /2)( A1/2§|A1/2 )
>0, £e€D(A).
In other words a4 > 0. m

Next we describe those invertible operators a € B(H) for which both aA and a='A4
are positive:

PROPOSITION 3.3. For an invertible a € B(H) the following are equivalent:

(i) aA>0andatA>0;
(ii) aA is self-adjoint and positive;
(iil) aA and a 1A are both self-adjoint and positive;

. A A
(iv) a,a”t € D(al}) and al7)(a), i) (a=) > 0.

Proof. The equivalence (ii)<(iii) is an immediate consequence of Proposition 3.1} (iii)=(i)
is obvious and (i)=(iv) follows by Proposition Therefore only (iv)=-(iii) remains to
be proved.

Let aA = w|aA| be the polar decomposition of the closed operator aA. According to
Proposition [3.1| there exists an invertible b € B(H) for which

bA = |aA|, a = wb, b~ A is self-adjoint and positive.

We shall prove that w = 1g: this will imply the self-adjointness and the positivity of
aA=bA=|aA| and of a1 A =b"1A.

Since the unitary operator w is equal to 1y if and only if its spectrum o (w) is contained
in [0, +00), we have to prove that o(w) C [0, +0c0).

We shall use the formulas

w=ab"!, w'=wl=ba"l
By Proposition [3.2| we have b,b~! € D(al(.;;)) and a(/A)(b), 5;42)(6 >0, so 1) yields
w € D(« /2) and a<A)(w ) = a(fz) (a) ') (b™1) with 04(/2( ) (A)(b >0, (3.3)

/ i/2 /2
N A Ay, _ A
w* € D(ag/Q)) and ozz/Q (w )= aE/Q)(b) ozz(/z)(a 1y with oc( )(b), ozz(/Q)( >0 (34)
Using the second imphcatlon in (2.7) we can transcribe as follows:
A Ay, _ A Ay, — A
w E D(a(_i)/Q) and « Z/Q(w) = az(./z)(a D) ag/;(b) with oz(/;(a 1),a§/2)(b) >0. (3.5)
Let us recall that
o(pg) C [0,+00), 0<p, g€ B(H). (3.6)

Indeed, with = := p'/? and y := p/2¢ we have zy = pq and yz = p*/2¢p'/? > 0, so the

classical equality o(zy)U{0} = o(y z)U{0} yields o(pq) C o(p'/?qp'/?)U{0} C [0, +0o0).
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Now by (3:3), (:5) and (3:6) we have

A A A A
w e D(ag/z)) N D(a(_i)/Q), a(a§/2) (w)) U o(oz(_JQ(w)) C [0, 400)

and using Proposition [2.4| we deduce the desired positivity o(w) C [0,4+00). =

After this preparation we can prove that the resolvent (1 -+ agA))_l

in terms of the phase relative to A (cf. [W3], Proposition 1.1 and Lemma 4.1):

can be expressed

THEOREM 3.4 (Woronowicz’s resolvent formula). If x € B(H) and xA is symmetric.
then x € D(ozl(»A)) and
(g + oz(A))_l(x) =1z — wo- lim ! (phase (1 +icx) — 1p). (3.7)
g 0#£2—0 2i

Proof. Since xA is symmetric, by Proposition [3.2] we have
x € D(agA)),a(»A)(x) =", (3.8)

3

Let us denote

1
T = 2—é(phauseA(IH—|—z',»zgc)—1H), e € R\ {0}.
i
First step: proof that ||z.|| < ||z|/2 for 0 < |e| < ||| ~t. Let us first verify that
{((Ln +is)Ag | €) 36 € DA} € {Ce Ci19¢| < el el RSy (39)

For let ¢ € D(A) be arbitrary. By Proposition
x € ’D(az(.g)) and o 12 (x) is self-adjoint
and, using Proposition we obtain successively:
D(A™Y/25 AY?) = D(AY?) and A720AY2 C o)) (@),
A C A1/2(A 1/2:1:141/2)/11/2 c AYV2q (A)( )A1/2
((1g +iex) AE| &) = [|AV2E|? +ie (v A | €) = | A2 +ie (o)) (2) AV 2¢ | AV2g)

20 €R

Consequently the complex number ¢ = ((1 o +iex) AE | f) satisfies the condition
A
ISCL < el lladys @)1 | A€ = Je [|af s (@) Re.

But by qp and by (2.2) we have al7} (2)]| < [lz]], so ¢ satisfies |S¢| < [¢] ] RC.
means that (1H +iex)A is a sectorial operator (see [Kt], V.3.10 and [W2]) whose
sector

S((1y +iex) A) == {((lu +icx) AE|€); £ € D(A)}
is contained in the angle {¢ € C;|3(¢| < e ||z R¢}. Actually (1 +isz)A is an m-sectorial
(= maximal sectorial) operator: since
1y + (1 +iex) A= (1g +iczA(ly + A)~ ") (1g + A)

and |lezA (1 + A)7t|| < |e| ||z]] < 1, —1 does not belong to the spectrum of (1 +iex)A.
According to Woronowicz’s result from [W2] it follows now that the spectrum of the
unitary operator phase 4 (15 +iex) occurring in the polar decomposition of (1 +icx)A is
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contained in the sector S((1z+iex) A) and hence in the angle {¢ € C;[I(¢| < ] [|z]| R¢}.
In other words

o (phase 4 (1 +ie2)) € {C € C3 [¢ = 1, [9¢| < Je] [l R¢}. (3.10)

Using (3.10) it is easy to verify that the spectral radius r(z¢) of the operator z. is
< ||z||/2. But x. is normal and therefore ||z.| = r(z.).

Second step: limozc—y0 ||z, — 2| = 0. For any 0 < |e| < ||z =, since phase 4 (1 +icx) =
1 + 2eix. is a unitary operator, we have

1y = (1g + 2eiz.)* (1 + 2ciz.) = 1y + 2ci(x, — x7) + 4z x

g >Rl

x, —x) = 2eix]x,.
Using the estimate obtained in the first step of the proof for ||z.|| we conclude:

S e
2
Third step: if y is a wo-limit point at 0 of the function R\ {0} 2 e — z. € B(H) then
T —y= (1B(H) + aEA))fl(x). First of all we notice that by the second step of the proof
we have y = y*.
Let € € R\{0} be arbitrary. By the definition of z. and of phase 4 (1y + icz) we have

|| Te— Jf:” = ||2‘€Z xa*xan < 0.

(Lp + 2eiw.)* (1 +iex) A = (phasey (g + icx)) (1 +iex) A = |(1g + isz) A| > 0

and it follows that for every £ € D(A)

0< (g +iex) AS| (g + 2¢ize) §) = (AL + iex AL | € + 2ein. €)

= (A&|€) +ie (vAE| &) —2ei(AL |2 &) + 26 (xAE | 2. €),
S—— —
€R ER

0= (mAﬁ’ﬁ) —2§R(A§|x€£) +25%(mA§’x5§).

For € — 0 the above equality yields

(wAg|€) =20 (Ag|y€) = (Ag|ye) + (v&|AE) = (v Ag[¢) + (v¢[ Ag)
= (yAE|&) + (v&| A¢),
that is, ((xfy)Af‘g) = (y&‘Af).

Using the polarization identity we obtain

(x—y) A& n) = (€| An), & neD(A)
and it follows successively that
£ €D(A) = y& € D(A") = D(A) and (& — y)AE = A"y¢ = Ayé,
D(A ' (z —y)A) =D(A) and A '(z —y) A Cy.
But by Proposition the last assertion is equivalent to

A
x—yeD(az(-A) Z( )(x—y):y.
(4) : (A1
Therefore (1B(H) +a; )(x —y)=z—y+y=ux thatis, z —y = (IB(H) +a; ) (z).

) and «
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Fourth and last step: end of the proof. Since the closed balls in B(H) are wo-compact,
the bounded function

(—|lz]| =10 U (0, ||z 7") > & = z. € B(H) (3.11)

has wo-limit points in 0. But by the third step of the proof all these limit points are equal
to x — (1B(H) + az(»A))fl(x). Consequently the limit wo-limgx.—0 2. exists and is equal
A)y —1
to x — (1p(m) —1—041(- )) (). m
Now we shall prove the Woronowicz implementation criterion which characterizes the
situation in which the group a(*) leaves invariant a von Neumann algebra M C B (H)
in terms of the phase relative to A (see [W1], Thm. 3.1 and [W3]|, Proposition 4.3):

THEOREM 3.5 (Woronowicz’s invariance criterion). Let M C B(H) be a von Neumann
algebra. Then the following statements are equivalent:
(i) o (M) =M for every t € R;
(ii) = € M, zA closable = phase,(z) € M;
(iii) x € M, x invertible = phase,(z) € M.
Proof. First we prove that (i)=-(ii).

For this purpose let us assume the validity of (i) and let € M be such that zA is
closable. We have to prove that if the polar decomposition of x4 is A = v|zA| then
v € M. By the second commutant theorem of John von Neumann this is equivalent to
the commutation of v with every element of the commutant M’ of M. But by (i) we
have

(M) = M’ for every t € R
and Proposition yields the wo-density in M’ of the a(Y-entire elements of M’ of
exponential type. Consequently it is enough to prove that v commutes with every a(4)-
entire element of exponential type of M’.
Let us recall that by Proposition [2.5

dAc AdM (), 2 € B(H) o-entire. (3.12)
Next we verify that
A c AoV (), 2 e M aW-entire. (3.13)

For every £ € D(xA) there exists a sequence (&) in D(A) such that

k>1
& — € and zAE, — TAE.
Using the permutability of z € M and 2’ € M’ as well as we deduce for every k
2 xAé, =2’ Aé, =2A ozl(»A) (') &.

(2") & — oz(A)(x’)f and an(A)(xl)fk = 2/ 2A&, — 2 xAE. Since zA is

7 A

Thus al(-A)

closable, we get
(A)( 1 o A AN T
a; (") € D(zA) and zAa;(2') € =a"2AE.
Now we verify that

' |zAP? C |z7|2aé?)(x'), ' e M’ oY -entire. (3.14)
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Indeed, by , the commutation of z* € M and ozEA) (z') € M’, and (applied
EA) (z')) we have
o |7A)? =2 Ax*zA C Aol (¢)) 2" 7A = Ax*alV(2)) A C Azx*zA oM (2))
= |2 Aoz (o).
A first consequence of ([3.14)) is that v*v € M. For the proof let us recall that v*v

is the orthogonal projection onto |zA|(D(|zAl)). Since this subspace is equal to the
closure of |zA[*(D(|zA[?)) and by every element of the x-algebra of all a(4)-
entire elements of M’ leaves |zA|?(D(|zA?)) invariant, it follows that v*v commutes
with every a(4)-entire element of M’ and thus v*v € M” = M.

On the other hand, iterating we obtain

o |zAP" C|zA \2”04&:2- (x'), 2’ e M aM-entire, n > 0 integer. (3.15)

with z’ replaced by «

Let ey, k > 1, be the spectral projection of |zA | associated to the interval [k—1, k].
Then the restriction of |zA|ex to ex(H) is an invertible, bounded, positive operator,
all of whose complex powers are defined by functional calculus. Let (|H|ek)z, z € C,
denote the element of B(H) which on the subspace e, (H) is equal to the above mentioned
2™ power, while it vanishes on H © ey (H).

Let 2/ be an arbitrary a(4)-entire element of exponential type of M’. Since the func-
tion

Few :Co 2z e a’ (|xj|ek)z —(|zA| ek/)za(A)(x') exr € B(H), k,kK>1

z

is entire and of exponential type (that is, for suitable constants 7, ¢ > 0, the inequality
| F(2)]| < ce™ holds for every z € C), bounded on the imaginary axis, and by
it vanishes at every even natural number, according to a classical theorem of F. Carlson
(see e.g. [PS], III. Problem 328) it must vanish identically. Thus, for z =1 we have

ewd |TA e, = |7A | ew oM (@) e, kK > 1, (3.16)
We show that ([3.16)) implies
o |zA| C |zA |l (). (3.17)

For let £ € D(]zA|) be arbitrary. Since e, & — v*v ¢, |1A]e, & — |2A| € and the opera-
tors v*v € M and aEA)(a:’) € M’ are commuting, using 1' we deduce

ewd |TA € = |TA | e o\ (@) v*v € = |2 | e v v M (2)) €
A

= |zA ey )(x/)f, K >1.

Taking into account that by o\ (2') € € D(zA) = D(|zA|), the former equality
can be written also as
ewd! |TA|E = ep|zA M@ e, K> 1
Now, since ey 23 v*v, v*v commutes with 2/ and v*v|zA| = |zA|, we obtain
o |TA|E =2 v |zAl€ = viva' |ZA|§ = viv|zA ol (@) € = [2A] oM (2') €,

which is exactly (3.17).
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We conclude that for any o(4)-entire element of exponential type 2’ € M’ both (3.13)
and (3.17) hold. Therefore we have, for every ¢ € D(|zA|),

I,’U|H|£:I,H€HO&EA)(ZJ)fz’U‘H|OLZ(-A)(Z/)£UI/|H|£.

In other words z'v and va’ are equal on the subspace |zA|(D(]zA|)) = v*vH, that is,

z'vv*v = vx’v*v. But v is a partial isometry and v*v commutes with z’, hence we deduce

that 2'v = 2'vv*v = va’v*v = vv*va’ = va’ and the proof of (i)=(ii) is complete.
(ii)=-(iii) being trivial, it remains to prove (iii)=-(i).

Thus let us assume that (iii) holds and let us consider
X = {x eM;zA symmetric} +1 {x eM;zA symmetric}.

Then X is a linear subspace of M and, by Proposition also of D(aEA)). We next
show that X generates the von Neumann algebra M.

Since the von Neumann algebra M is generated by all invertible, positive operators
belonging to it, it is enough to prove that any such operator a belongs to the von Neumann
algebra generated by X. Let

a'/? = phaseA(al/2)|al/2|A

be the polar decomposition of a'/? relative to A. By (iii) we have phaseA(al/Q) € M, so
la'/?| 4 € M. Since |a'/?|4 A is self-adjoint, |a'/?| 4 belongs to X and so

a = (a1/2)*a1/2 — |a1/2\2|a1/2|,4

belongs to the von Neumann algebra generated by X.

Taking into account that X generates the von Neumann algebra M, by Theorem 2.10]
(i) follows once we prove that

(g + ™) 7H(X) € X. (3.18)

But if 2 € M and zA is symmetric then, according to (iii) and Theorem [3.4] we have

(1pem) + OéZ(A))fl(ac) € M. On the other hand,

_ 1 B 1
(1B(H)+QEA)) 1(m):—x+ ((IB(H)+a§A)) 1($)2x>,

2
where $ zA is symmetric. Showing that i((15(s) + och))_l(ac) — 3 x)A is symmetric it
will follow that (1) + al™) ™" (z) € X and so (3.18) will be proved.
By Proposition i((lB(H) + ong))_l(m) — %m)A is symmetric exactly when

*

-1 1 1 -1
Oéz('A)<(1B(H) +ai™) (@) - 2x) N <2x (Lp(an + ;) ($)> '

(4)

But, taking into account that by Proposition a;"(z) = z*, this implies by using
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Proposition [2.11
(1o +0f) ) = 3] = (1 +l) 7 0V 0)
= (s +a™) (") - 5 a°

_ 1 \"
= (0 (s + o) o) - 5

- (;x — (s +a£"”>1<x>)*. .

4. The foundation of the Tomita-Takesaki Theory. Let H, K be complex Hilbert
spaces. We recall that the conjugate Hilbert space K of K has the same additive group
structure as K, but
Anin K = Anin K, ANeC,neEK,
(m[n2) in K = (nz|m) in K, m,mekK.
Any antilinear operator T': H D D(T') — K can be considered a linear operator taking
values in K and as such we can apply to it the results of the theory of linear operators.

Thus, assuming that T is densely defined, n € K belongs to the domain of the adjoint
T* when the linear functional D(T') 3 £ + (n|T(€)) is bounded and then

E1T*(m) = (n|T(S), &e€DT).

Furthermore, if T is densely defined and closable, then

(T =T":K>D(T*) > H
is a densely defined closed antilinear operator, T*T is a positive, self-adjoint linear oper-
ator and we can consider the polar decomposition of T

T =V (T"T)"?,
where V : H — K is an antilinear operator which carries isometrically the closure of
(T*T)'/2(D(T)) onto the closure of T'(D(T)) and vanishes on the orthogonal complement
of (T*T)Y*(D(T)).
In all this section H will denote a non-zero complex Hilbert space, and M C B(H)

a von Neumann algebra endowed with a bicyclic vector £,, that is, a vector &, € H for
which M &, = H (cyclicity relative to M) and M’ §, = H (cyclicity relative to M’). We
recall that M’ €, = H is equivalent to

reM, z6=0=2=0 (4.1)

(&, separating for M) and similarly for M’¢, = H.
(4.1) means that the linear map M > z — x§, € H is injective. Thus the *-operation
on M can be transported over H: the antilinear operator

S ME dxé, ¥, e ME, CH
is well-defined. If &, is a trace vector relative to M, that is, the linear functional

M>z ngo(lf) = (m§o|§o)
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satisfies the condition we, (z*z) = we, (z *), © € M, then S, is isometrical. In general S,
is not even bounded, but it is always closable:

Indeed, if (,)n>1 is a sequence in M such that =, & — 0 and z,* &, — ¢, then

! : * / . 1 * ! li
(<|$ fo) = nlggo(xngokﬂ Eo) - nhango (((ﬂ ) §o|xn€o) =0, reM
and therefore ¢ = 0.

Thus S = S, is an invertible, densely defined, closed antilinear operator with S~% = S,
hence also §* = S is an invertible, densely defined, closed antilinear operator satisfying
(8*)~1 = §*. A = §*S will be a non-singular, positive, self-adjoint linear operator, called
the modular operator associated to the pair (M,&,). Finally, if S = J A'/2 is the polar
decomposition of S then J : H — H will be an invertible antilinear isometry, called
the modular conjugation associated to (M, &,). The unicity of the polar decomposition
S=8"1=A"Y2]"1 = J*(J A"Y2 %) yields:

J=J"=J and AV2 = JATV2 ) = JATY2,
S=JAYVZ= ATV 8 = JATE = A2

We recall that a linear operator L : H D D(T) — H is called affiliated to M if
uw' L (u')* = L for all unitaries v’ € M’. By the second commutant theorem of John von
Neumann every bounded linear operator H — H affiliated to M belongs to M. Clearly,
the adjoint and the operators involved in the polar decomposition of a linear operator
affiliated to M are still affiliated to M.

According to the definition of S, M, is a core for it, on which S is given by the
formula S(xz&,) = 2*¢,,x € M. In the next lemma a similar statement is proved for S*:

(4.2)

LEMMA 4.1. n € H belongs to the domain of S* if and only if there exists a densely
defined, closed linear operator R affiliated to M’ such that

& € D(R)ND(R*) and n = R&,

and then S*n = R*¢,. It follows that M'E, is a core for S* on which S* is given by the
formula S*(z' &) = (2')* &,y € M.
Proof. Let us first prove that, for n € D(S*), the linear operator M &, > x &, — xzn € H
is closable and its closure R, is affiliated to M’.

Indeed, if (,)n>1 is a sequence in M such that =, & — 0 and x,, 7 — ¢, then

(Clz&) = lim (zanfr&) = lim (n]Sz 2, &)= lim (zn&[zS5™) =0
for all x € M and therefore ( = 0. Moreover, for every unitary v € M we have
uR u*(x &) =uu'zn=an=R,(x), zeM.

For every n € D(5*), since S*n = (5*)7'n € D(S*), also Rg-, is defined. Let us
verify that
RS*n C R;
Indeed, we have for every x € M
(Ry(y&) |2&0) = (ymla&) = (n]Sz7yé,) = (y& |2 S™n)
= (ygo‘RS*n(zgo))a yeM
and therefore 2§, € D(R;) and R,/ (z&,) = Rg«y(x o).
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By the above, for any n € D(S*) we have the densely defined, closed linear operator
R,), affiliated to M’, such that

& € D(Rn) N D(R;) and R, (&) =, R; (o) = RS*n(go) = S"n.

Conversely, let us now assume that for n € H there is a densely defined, closed linear
operator R, affiliated to M’, for which &, € D(R) N D(R*) and n = R¢&,. Since

(77 ‘ S(ufo)) = (Rgo | U*go) = (URgo | Eo) = (Ru£o |£o) = (u£o ‘ R*go)
holds for every unitary v € M and M is the linear span of all unitaries contained in
M, the equality (n]|S(z&)) = (& |R*¢) holds for every x € M. In other words,
n € D(S*) and S*n = R*&,.

In particular, for every ' € M’ we have 2'¢, € D(S*) and S*(2'&,) = (2/)*&,.

It remains to show that M’&, is a core for S*. This means by the above that if R is a
densely defined, closed linear operator R, affiliated to M/, for which &, € D(R) N D(R*),
then (R&,, R*¢,) belongs to the closure of {(2'&,, (2/)*&,); 2’ € M'} C H x H.

Let R = v'|R| be the polar decomposition of R and let us denote by e/ the spectral
projection of the positive, self-adjoint operator | R|, associated to the interval [0, n]. Then
v' € M’ and |R| is affiliated to M’, so 0 < |R|e], € M’ for every n > 1.

Put x], = v'(|R|e},) € M',n > 1. By &, € D(R) = D(|R|) we have |R|e], & — |R|&,,
S0

{E/nfo - v/|R‘ §o = R&,.

On the other hand, {, € D(R*) and R* = |R| (v')* yield (v')*¢, € D(|R|), so we have
also

(27,) 6o = (IRl e) (V)& — | R (v')"Eo = R7E,.

Since S¢, = &, and, by Lemma [£.1] S*&, = &,, we have also A&, =&, and it follows
that

Azgo = 50 , 2 € (Cv Jgo = go' (43)

We notice that all the above topics originate in the original work of M. Tomita and
M. Takesaki ([T]).

Let we, denote the linear functional B(H) 2 = +— (2&,]&). In the next lemma
we characterize in terms of the modular operator A those a € M for which the linear
functional M > z — we, (xa) is positive. Its proof is based on S. Sakai’s method to prove
his Radon-Nikodym type theorem for normal positive linear functionals (see [S2]).

LEMMA 4.2. For a € M the following conditions are equivalent:

(i) the linear functional M > x — we, (za) is positive;
(ii) there exists a positive o’ € M with a &, = a’&,;
(i) a€ D(ozl(./AQ)) and al(./AQ)(a) > 0.

Moreover, if the above conditions are satisfied then, with r(a) denoting the spectral radius
of a, we have o/ = JozE/AQ)(a) J <r(a)ly.

Proof. First we prove that (i)=(ii) and a’ < r(a)lpy.
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The positivity of the linear functional ¢ : M > z — wg, (za) implies its self-
adjointness, that is, the validity of p(z*) = ¢(x),2 € M. Consequently

we, (a"x) = (a"2 & [ &) = (So| 2" als) = p(a*) = () = we, (xa), weM. (44)
Using now the Schwarz inequality repeatedly, we deduce for every 0 < x € M
p(a) = we, (@' %a)

< w, ()20, (0w )/ B () 2, (0. 02) 112 = e, (@) g, (/20 2?2

2 * 1/2% [@4) 2 2\ 1/22
< we, ()22 e, (a2)'wa2) /2 B g (@) /20120 (a2

< we, (x)1/2+1/22+ +1/2"w50 (x az") /2"

(x)1/2+1/22+...+1/2"‘ ”1/2” I”l/Q"” a2" H1/2"

< we,

|we, — we, () r(a).

Thus we have proved
0<o(x) <r(a)we,(z)=r(a) (2 ]&), 0<zeM. (4.5)
Using again the Schwarz inequality, (4.5)) yields

lo(y )| < oy y) 2o a)? <r(a) |z &l ly&oll, =y €M,
SO
(ME) x (ME) 3 (28, y&o) = 0(x &0, y&o) = p(y™x) € C (4.6)

is a well defined bounded sesquilinear form 6 and by the cyclicity of &, relative to M it
can be extended to a bounded sesquilinear form H x H — C, still denoted by 6, for which

0<0(¢, &) <r(a) (£]§), &M
Applying now the Riesz representation theorem, we deduce the existence of a unique
a' € B(H) satisfying the condition
0(¢& n)=(d'¢ln), &neH. (4.7)

Moreover, 0 < a’ < r(a) 1y and o' is affiliated to M’, so o/ € M’:
Indeed, if u € M is unitary then we have for every x,y € M

(wdu*)z&|yéo) = (duz & |u'y &) D gurae,, wye,) B o((u*y) u*z)
= go(y*x) ! 9(1’50, yfo) ! (a/x &o ‘ ygo)

and by the cyclicity of &, relative to M we conclude that wa'u* = a’.

Finally, taking into account the cyclicity of &, relative to M, the equality a &, = a’&,
follows from

(a6 26) = o(a*) B 06, v6) BD (we, | 26)),  weM.

Next we prove that (ii)=-(iii) and o’ = JaE/A2) (a) J.
(ii) implies

aAY2] =3 8* C S*a' =AYV d. (4.8)
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Indeed, since M’E, is by Lemma [4.1] a core for S*, it is enough to verify that
xS*2'E, = S*d'2'€, for every ' € M.
But we have z S*2'¢, = z (2')*¢, = (2')*z &, = (a')*d'é, = S*a’2'&,.
Let us finally prove the implication (iii)=-(i).
Let x € M be arbitrary. By (2.7) we have

. A A) (o« A) A
a € D(O‘(—i}z) and O‘(—i}2(a )= O‘E/Q)(a) = O‘z('/z) (a),

so by Proposition a*A~Y2 ¢ A‘l/Qal(./AQ) (a). Consequently
ral,=Sa*Sz& =Sa* A2 Jxg, = SAfl/QaE/AQ)(a) Jz & = Jaz(./Az)(a) Jx &,
and we conclude that

we, (" a) = (zab |z ,) i/2

(Joz(A)(a) Jx&|x&) >0. m
——
>0
For any « € M we can apply to the wo-continuous linear functional we, (- z) | M
M3y = we, (yz)
S. Sakai’s polar decomposition theorem (see [S1]): there exists a partial isometry v € M
and a normal positive linear functional |we, (-2) | M| on M such that
we, (+2) [M = |we, (- 2) [IM|(v),  |we, (-2) IM] = we, (-v"z) [ M.
Thus we can make we, (-x)| M positive by multiplying = on the left with the partial
isometry v*:
we, (v @) [ M = |we, (-z) [M] > 0.
Now we shall discuss the connection between the polar decomposition of the functional
we, (-x) | M and the polar decomposition of x relative to the modular operator A. The
proof of the next lemma is based on S. Sakai’s method to prove his polar decomposition
theorem for normal linear functionals.

LEMMA 4.3. For every x € M there exists a uniquely defined partial isometry u € M
such that

we, (-ux) | M >0 and u*u is the orthogonal projection onto x(H). (4.9)
Moreover, xA is closable, |x|an = ux and phasep(x) = u*.

Proof. The existence and uniqueness of the partial isometry u is essentially a rephrasing
of the polar decomposition of the linear functional M 3 y — we, (yx). However we prefer
to give a direct proof. Since the case x = 0 is trivial, we shall consider only the case
x # 0.

Let ¢ denote the wo-continuous linear functional we, (- ) | M. Since the closed unit
ball M; of M is wo-compact, the wo-compact, convex set

K={yeM;:lyl <1, ey = loll}

is not empty, so by the Krein-Milman theorem it has an extreme point u. Since I is an
extremal subset of M1, u is also an extreme point of M; and therefore, by a classical
theorem of R. V. Kadison, it is a partial isometry (see [Kd]).



482 L. ZSIDO

Let us define ¢ = we, (- u,z) | M = (- u,). Since
v(1a) = ¢(uy) = llell = [¥]] = ¥(1n),
1 is a positive linear functional. We are going to prove
we, (yz) = o(y) = b(yu,) = ey uu,) = we, (Yugu,r), ye M. (4.10)
Indeed, let us assume that there exists some y € M with ¢ := <p(y (1g — uo*uo)) > 0.
Then we have for every natural number n on the one hand
e(nu, +y(ln —ugu,)) = nllel +e,
and on the other hand
p(nu, +y (g —ugu,)) < llollInu, +y (L —uyw,)l|
= el ||y +y (L = wgug)) (ng + (L = uu,) y*) |2
< el (v + )
It follows that n [|¢|| +& < [l¢]| (n* + ||y||2)1/2, but this is false for large n values.
implies immediately

(8o |y€o) = we, (¥ ) = we, (Y uguow) = (ugue & |y &), y € M.

1/2

= lloll [|[n*uyuy +y (1g — ugu,) y*

Using the cyclicity property M &, = H we first deduce x &, = uu,x ¢,, and using then
the separating property we get * = uJu,z. Thus the orthogonal projection uju,
majorizes the orthogonal projection e onto x(H). Accordingly u = u, e € M is a partial
isometry with u*u = e and ux = u,z. Thus we, (-uz) | M = we, (-u,z) | M =1 >0 and
with this the existence of u is proved.

To prove the uniqueness, let v € M be another partial isometry satisfying

we, (-vx) | M >0 and v*v is the orthogonal projection onto z(H).
Using the Schwarz inequality for the functional we, (- vx) | M we get
. (1 = v")ua)| = |, (1 = 00w
<we, (g —vov*)vx) 1/20.)50 (vuruv*v x)1/2 =0.

Now a second application of the Schwarz inequality, but this time for the functional
we, (- uxz) | M, yields further for every y € M

‘ ((1a —Uv*)uxﬁo‘yfo)’ = ’wgo(y*(lH —Uv*)ua:)|

< wg, (y*yux)l/ngo (1g —vv*) ux)1/2 =

0.

By the cyclicity property M€, = H and by the separating property (4.1) it follows that
(1g —vv*)u = 0. Thus

uu® = vvruu® = (vvruu)* = wutov* < vt

Since in the above reasoning we can interchange u with v, also the converse inequality
holds and therefore uu* = vv*. It follows that vu* is a unitary element of wu* M uu*:

(vu™)*vu* = wo*vu* = wuFuu® = wu* and vu*(vu*)* = vuFur® = VFe® = V* = uu®.
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Let vu* = a + ib with a,b € M self-adjoint. Clearly, |la|, ||b]] < 1 and a,b € M.
Moreover, since vu™ is a normal operator, a and b commute. Now
we, (aux) +i we, (bur) = we, (vu'ur) = we, (v2) = [jwe, (- vo) |
—— N——
€R ER
implies that we, (bux) = 0 and so
we, (auz) = [[we, (-vz)[| = [Jwe, (- wv v )| = [lwe, (- uz)]].
Consequently we, (auz) = |lwe, (- uz)|| = we, (ux), that is, we, ((vu* — a) uz) = 0. Using
the Schwarz inequality for the functional we, (- uz) | M, we get for every y € M
| (uu* — a)uz & | y&o)| = |we, (v (uu* — a) uz)|
= |we, (¥ (uu* — a)t? (uu* — a)l/zum)|

S wﬁa (y* (’U/LL* _ a) yux) 1/2w£o ((U’U/* . a) u$)1/2 —0.

Hence, by the cyclicity property M £, = H and by the separating property 1D we have
(uu* — a)uxz = 0. Since u vanishes on the orthogonal complement of the range of x, it
follows that (uu* — a)u = 0, which implies wu* = uu*uu* = auu* = a. Thus ¢ > 0 and
1= [lou’|? = [la+ | = a® + b°|| = [luu” + || = 1 + []b]%,

sob=0.

We conclude that vu* = wu* and thus v = vv*v = vu*u = wu*u = u. This proves the
uniqueness of u.

To finish the proof, we have to verify that

A is closable, |x|a = uz and phasex (z) = u*.
By (3.2) this means:
x = u*(ux),

uzA is positive and essentially self-adjoint,

uu™ is the orthogonal projection onto uz(H).

Since u*u is the orthogonal projection onto z(H), we have z = u*(uz) and wu* is the
orthogonal projection onto uxz(H). Thus it remains to prove only that uxzA is positive
and essentially self-adjoint.
: ) (a) (a)
Since we, (-ux)| M > 0, by Lemma {.2{ we have uz € D(a;)y ) and s (ux) > 0.

i/2
Using now Proposition we deduce that uz A > 0. In particular ux A is closable
and we can consider the polar decomposition uxz = phasex (ux) |uz|a relative to A. For

convenience, we shall use the notations
b = |uz|a and w = phasex (uz)

By Proposition and Lemma we have we, (-wux)| M = we, (-0)| M > 0.
On the other hand, since w*w is the orthogonal projection onto b(H), ww* will be the
orthogonal projection onto w(b(H)) = wb(H) = uxz(H). Thus we have:

we, (-w*uz) | M > 0 and ww* is the orthogonal projection onto ux(H). (4.11)
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We recall that we, (- ux) | M > 0, so, denoting by f the orthogonal projection onto uz(H),
we have also

we, (- fuz) | M >0 and f*f = f is the orthogonal projection onto ux(H). (4.12)

Taking into account (4.11) and (4.12), by the above proved uniqueness result we infer
that w* = f. Consequently b = w*ux = ux and so uxA = bA is essentially self-adjoint. m

REMARK. Perhaps the following two operator theoretical properties of the modular op-
erator A, which are immediate consequences of Lemma deserve attention:

r €M = zA is closable, (4.13)
reEM,zA >0 = xA is essentially self-adjoint. (4.14)

is already part of the statement of Lemma

To verify (4.14), let x € M be such that x A > 0. According to Proposition
and Lemma [4.2] we have we, (-2) | M > 0, so Lemma [£.3] yields # = |z|a. Consequently
A = |z|aA is essentially self-adjoint.

Let us finally prove the fundamental theorem of the Tomita-Takesaki Theory (in the
case of a bicyclic vector):

THEOREM 4.4 (The fundamental theorem of the Tomita-Takesaki Theory). The following
two conditions are satisfied:
i) o™ (M) = ATMA™" = M, t € R;
(i) JMJ =M.
Proof. By Lemma 4.3
x € M = zA is closable and phasen (z) € M.

By Theorem [3.5] the statement of (i) follows.
According to (i) and Proposition the o!®)-entire elements of M are wo-dense in
M, so for JMJ C M’ it is enough to prove that JzJ € M’ for every x € M ﬂD(ag/AQ)).
Let thus x € MﬂD(ag/AQ)) be arbitrary and let us consider the wo-continuous mapping

F:{CeC;0<3¢<1/2} 3¢ al () e BH),

which is analytic in the open strip {¢ € C;0 < $¢ < 1/2}. Since F(t) € M for all t € R,
and M is wo-closed, using the Hahn-Banach theorem it is easily seen that F({) € M for
E/AQ) (x) € M. Furthermore, by Proposition
we have z A2 ¢ Al/2 ozz(./AQ) (x). Consequently for every unitary u € M and every y € M
we have:

wJzJuy &, = uJr Sy ué, = uJz AV 2y ug, = uJA1/2a1(.A)(a:)y*u§0

all ¢ in the domain of F'. In particular, «

/2
= uSal) @)y ugs = uuyalp) (2)"€, = Sl (@)y*E,
= JAV2l) @)y g, = Jx AYPyrg, = JrISy*E,
= JzJyé&,.

Therefore Jx.J is affiliated to M’ and being bounded, it belongs to M’.



TOMITA-TAKESAKI THEORY 485

Observing now that, by Lemma and by (4.2)), the modular operator and the

modular conjugation associated to (M’ €,) are A

I respectively J, we can apply the

above proved inclusion JMJ C M’ with M and M’ interchanged. We get JM'J C M,
that is, M’ C JMJ, and with this also the proof of (ii) is finished. m
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