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14 L. ACCARDI AND A. BOUKAS
1. The RHPW N and Virasoro-Zamolodchikov-w,, *-Lie algebras. Let a; and az
be the standard boson white noise functionals with commutator
[as,al] =6(t—s) -1 (1.1)
where ¢ is the Dirac delta function. As shown in [I] and [2], using the renormalization
Slt—s)=6(s)o(t—s), 1=2,3,.. (1.2)

for the higher powers of the Dirac delta function and choosing test functions f: R — C
that vanish at zero, the symbols

Bg(f):Af(s)alnafds, n,k €{0,1,2,..} (1.3)

with involution

(BR(f))" = By(f) (1.4)
and

B3() = [ se)as (1.5)

satisfy the Renormalized Higher Powers of White Noise (RHPW N) commutation rela-
tions

[B(9), BR(f)lrapwN = (KN — K n) Bﬁiﬁif(gf) (1.6)

where for n < 0 and/or k < 0 we define B}!(f) = 0. Moreover, for n, N > 2 and k, K € Z
the white noise operators

i N
Bi(f) = / f(t)eslomad ( ; ) ehlai=al) gy (1.7)
R
satisfy the commutation relations
B (9). BR(Nlww = (N =Dk = (n = 1) K) Bt g9 f) (18)
of the Virasoro-Zamolodchikov-ws, Lie algebra of conformal field theory with involution
(BE(H)" = B (f) (1.9)
In particular, for n = N = 2 we obtain
[B7(9), Bic (N = (k= K) B xc(9) (1.10)

which are the commutation relations of the Virasoro algebra. The analytic continuation
{B™(f); n>1,z € C} of the Virasoro-Zamolodchikov-ws, Lie algebra and the RH PW N
Lie algebra with commutator [, -]grpwn have recently been identified (cf. [3]) providing
a connection between quantum probability and conformal field theory and high-energy
physics.

The first five sections of this paper contain the full proofs of the results outlined in [5]
with the remaining sections focusing on our results on central extensions.
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For a detailed exposition of the motivations behind the theory of the renormalized
higher powers of white noise, as well as its historical development, we refer to [8].

NOTATION 1. In what follows, for all integers n, k we will use the notation
By = Bi:(x1) (1.11)

where I is some fixed subset of R of finite Lebesgue measure p = u(I) > 0.

2. The action of the RHPW N operators on the Fock vacuum vector ®. Recall
that our strategy to construct a Fock representation for the RHPW N x-Lie-algebra
is to define an action of its elements on a single vector (the vacuum) and then prove
that this action uniquely determines a Hilbert space structure. From this point of view,
Lemma|T]and Proposition[I] constitute a heuristic motivation for the action that we begin
to investigate starting from Proposition

2.1. Definition of the RHPW N action on the Fock vacuum vector ®. To for-
mulate a reasonable definition of the action of the RH PW N operators on ¢ we go to the
level of white noise. As it will turn out, ® must be an eigenvector of the number opera-
tors B]'(f). The following is a continuous, non-renormalized version of a known formula
in the finite dimensional case. We use it as motivation for the identification proved in
Proposition [T}

LEMMA 1. Forallt > s >0 andn € {0,1,2,...}
(@)™ (as)" = sk (af as)" 6" F(t - s) (2.1)
k=0

where s, 1 are the Stirling numbers of the first kind with so0 = 1 and s, = sn,0 =0 for
all n, k> 1.

Idea of the proof. It is well known (see [4] for a proof) that if [b, bT] = 1 then

k
OHF B =D spm (bT0)™ (2.2)
m=0
If [b,b'] = 1 we can represent ai, a¢ using the formal expressions
5(t—)Y2b" = al, and 6(t — 5)'/%b = a, (2.3)

Then the result follows by substituting (2.3]) into (2.2). The same result follows by in-
duction using (1.1).

The following proposition shows that, if we combine the renormalization (1.2)) with
the identity (2.1) then we obtain a new expression for the renormalized powers By (f).

PROPOSITION 1. For all integers n > k > 0 and for all test functions f
B = [ £ @) @ o) ar (2.4)

Proof. For n > k we can write

()" (as)" = (a})" " (a])* (as)*
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Multiplying both sides by f(t)d(t — s) and then taking [, [p ...dsdt of both sides of the
resulting equation we obtain

//f )" (as)* 5(t — s) ds dt = //f (@) (al)¥ (a0)* 5(t — ) ds dt

which, after applying . ) to its left and Lemma [1] to its right hand side, yields
Z skm/ / f(@) (a] as) 5k_m+1(t—s) dsdt

=5k,k//f(t) (a))" " (af as)* 6(t — s) ds dt
+Z Skm//f atas) 0(s)d(t—s)dsdt
= s / 70 @) (o] an)* dt + 0

:/ f at at)kdt

where we have used the renormalization rule (1.2)), f(0) =0, and sgr =1. =

PROPOSITION 2. Suppose that there exist a Hilbert space H, a representation of the
RHPWN x-Lie-algebra on H (omitted for simplicity from the notations) and a vector
® € H such that for all n,k € {0,1,2,...} and test functions f,

0 ifn<korn-k<O,
Bi(f)® = B"”“(f ak> ifn>k>0, (2.5)
Jz f( H)dt® ifn==k

where o and pr are complex valued functions. Then there exist a number o1 € C such
that, for allm € {0,1,2,...}:

1 (2.6)

(2.7)

Proof. By (2.5)) and (|1.3]) for £ = 0, and by (1.5 for n = k = 0 it follows that o9 = pg = 1.
For n > 1 we have

(Bi ()@, By (9)®) = (Bi (f)®, By (g01)®)
= (2,B,(f) By (g01) ®)
= (@, (Bg(go0) Ba(f) + [Ba(f), By (g o1)]) @)
= (@ fgo1))) @)

o
(0+n® By {(
— 2 .

- /an () on

ao1(t) f(t) g(t) dt

and also
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(Bi ()@, B (9)®) = (@, By(f) By (9) @)
= (2,(By"(9) Bo(f) + [Ba(f), BT (9)]) @)
=(2,(0+n(n+1)B(fg9)) @)
)9

=n<n+1>/Rp<> F(t) g(t) dt
i.e., for all test functions h
77,2 1 o1 =nn n
| eaa@nede=n+1) [ pnca

which implies that

thus proving (2.7)). Similarly,

/R pult) F(1) g(t) dt = (B, B2 (f 9) @) = —— (@, [Br(), B3 (g)] ®)

n+1
= (B Big) — BHo) B () @)
= (@B () B ®) = - i (B ()@, Bi(9) @)
— L (Bl 0u1 DO, B (1 9)0) = — (8. B ) B (019)2)
= @B ) B2 9)]®) = — (@, B(50 1 01 0)®)
== [ 0n0 rw e

Thus, for all test functions h

/R palt) (1) dt = — / G 1 () o1 (1) (t) dt
therefore
(TL—|—1) Pn = 0n_101 (29)

which combined with 1) implies 7,1 = 0?_1, which in turn implies that the o,,’s are
real and yields (2.6)). =

We want to keep the interpretation of aI, a; and az a; as creation, annihilation and
number densities respectively even after their renormalization. From this point of view,
because of the identity , the first condition in definition of the action of B} on @,
is quite natural. The second condition is equivalent to assuming that ® is an eigenvector
of the number density with eigenvalue oy (¢) and the third condition allows for a different
action of the number density when it appears as a pure number density or when it
multiplies a non zero power of the creation density. In the following we take the function
o1 (and thus by (2.6) all the o,,’s ) appearing in Proposition I 2| to be identically equal to
1 and we arrive to the following definition of the action of the RH PW N operators on ®.
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DEFINITION 1. For n,k € Z and test functions f

0 ifn<korn-k<0,
BR(f)® =< By " (f) o ifn>k>0, (2.10)
e e At ifn =k

2.2. The n-th order RHPW N x-Lie algebras L,
DEFINITION 2. In the notation (|1.11)):

(i) £; is the *-Lie algebra generated by B and BY, i.e. the linear span of {B}, BY, BY}.
(ii) Lo is the #-Lie algebra generated by BZ and BY, i.e. the linear span of {BZ, BY, Bi}.
(iii) For n € {3,4,...}, £, is the *-Lie algebra generated by Bf and BY through re-
peated commutations and linear combinations. It consists of linear combinations of cre-
ation/annihilation operators of the form Bj where z—y = kn, k € Z\{0}, and of number
operators BY with x > n — 1.

REMARK. In particular, choosing z = n, k = 2, y = 0 in (iii) of Definition [2| one sees
that, for each n > 3, £,, contains also B2". As shown in the following section, this is the
root of the no-go theorems.

2.3. The Fock representation no-go theorem. We will show that if the RHPW N
action on @ is that of Definition [1|then the Fock representation no-go theorems of [9] and
[2] can be extended to the RHPW N x-Lie algebras £,, where n > 3.

THEOREM 1. Let n > 3. If the action of the RHPW N operators on the vacuum vector
D is given by Definition |1| then L, does not admit a Fock representation whenever the
test function space contains characteristic functions of Lebesque measure strictly smaller
than n?(n +1)/2.
Proof. From the remark after Deﬁnitionwe know that, for each n > 3, £,, contains B3".
Therefore, in the assumptions of the theorem, one must have, Va, b € C:

0 < [[((aBg" +b(Bg)*)@|l = ((a B5" +b(By)*)®, (a B" +b(Bg)*)®)

and, in the notation (1.11]), the RHPW N operators are defined on the same interval I.
Using the notation (z) = (®,z ®) this amounts to the positive semi-definiteness of the
matrix

(B3, B§") (B3, (By)?)
(B3, (B§)?) ((BR)*(B§)?)
Using (1.8]) and Definition [1| we find that

A:

(BS, B3") = 4n® (B3=]) = dn® S () = 2 (1)
and
(Ban (Bg)?) = (B3" @, (B})* @) = (B, B{" @, By @)
=2n?(B"]' ®, By ) = 2n? (B} ®, B} ®)
=2n* (B, By) = 2n*n* (B 1)

1
=2n" —pu(I) = 2n° u(I)
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and also

((Bp)?*(Bg)*) = (B @. B, (Bg)* @) = (By @, (B, By) By @)
= (By @, (Bg By, +n” B~ 1)Bo )
(By @, By Bg By @) + n? (By @, B;,— ! 1 By @)
(BY By®, BY By ®) +n? (B ®,(By B"~{ +n(n—1) B2",%) ®)

=n"(B""{®, B""{®) +nu(I)(By ®, By ®) 4+ n® (n — 1)(By ®, B2",? ®)

:nzu(f) +nu(l) (B By) +n® (n—1) (B B"5?)

= n? u(I)* +n’ u(I) (B}~ i>+n4(n—1)(2n—2)<3331§’>
=n (I) +n’ ﬂ( )? 4 n (n = 1) u(1)

=20% u(1)* + n* (n = 1) p().

Thus
20 (1) 20 (1)
207 (1) 202 u(1)? +n (n— 1) (D)

is a symmetric matrix so it is positive semi-definite if and only if its minors are non-

negative. The minor determinants of A are
dy =2nu(I)
which is always nonnegative, and
do =203 u(I)* (2 u(I) — n? —n?)

which is nonnegative if and only if u(I) > n?(n + 1)/2. This proves the statement. m

3. The n-th order truncated RHPWN (or TRHPW N) Fock space F,

3.1. Truncation of the RHPW N Fock kernels. The generic element of the *-Lie al-
gebras £,, of Definition [2]is Bf. All other elements of £,, are obtained by taking adJomts
commutators, and linear combinations. It thus makes sense to consider (B ( MNE® as
basis vectors for the n-th particle space of the Fock space F,, associated with £,,. A cal-
culation of the “Fock kernel” ((B%)* ®, (By)™ ®) reveals that it is the terms containing
B2™ ® that prevent the kernel from being positive definite. Since £, and L2 do not con-
tain B2 and Bg respectively, that problem exists for n > 3 only and the Fock spaces F;
and F3 are actually not truncated. In what follows we will compute the Fock kernels by
applying Definition [1] and by truncating “singular” terms of the form

(B))* @, (By)™ By @) 3.1

where nk =nm+x —y and x —y = 2n, i.e. kK —m = 2. This amounts to truncating
the action of the principal £,, number operator B!~| on the “number vectors” (Bg)* ®
which by commutation relations (|1.6) and Definition [1|is of the form

BZ:}(Bg)kcbz(%—f—kn(n—l) B e+ [ ey By " @

i>1 j>1
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(where for each i not all positive integers A;; are equal to 1) by omitting the
dis1 s ci,jB(’)\i'jn@ part. We thus arrive at the following:
DEFINITION 3. For integers n > 1 and k > 0,
Bl (B = (ﬁ +kn(n— 1)) (BM)* @, (3.2)
n
i.e., the number vectors (Bg)* ® are eigenvectors of the principal £, number operator
B~ with eigenvalues (£ +kn (n —1)).
In agreement with Definition |1} for k& = 0 Definition [3| yields B!~} & = £ ®.

3.2. Outline of the Fock space construction method. We will construct the
TRHPW N Fock spaces by using the following method (cf. Chapter 3 of [I§]):

(i) Compute
1(B5)* @I* = ((Bg)" @, (B§)* @) = T 1e(n) (3.3)

where £ =0,1,2, ..., ® is the RHPW N vacuum vector, and m, () is a polynomial in 4
of degree k.

(ii) Using the fact that if k # m then ((BF)* @, (By)™ ®) = 0, for a,b € C compute

Oﬁ

5050y = S SO (gt () )

e E! = Kk
where
() = Tk (3.5)
(iii) Look for a function G, (u, u) such that
ok
Galip) = 32 " k(1) (3.6)
k=0
Using the Taylor expansion of G, (u, i) in powers of u
ok gk
Gul) = 3 Ty s Oalon)] (.7
k=0 u=
by comparing and we see that
ak
D Gr(u, p) . = R 1 (1) (3.8)

Equation (3.8) plays a fundamental role in the search for G,, in what follows.

(iv) Reduce to single intervals and extend to step functions: For v = a b, assuming that

G (u, ) = e Gn () (3.9)
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which is typical for “Bernoulli moment systems” (cf. Chapter 5 of [18] ), equation (3.6)
becomes

N _ > ab k
ornen =30 OO . (3.10)
k=0 ’

Take the product of (3.10) over all sets I, for test functions f = >,

?

> bixr, with I; N I; = @ for i # j, and end up with an expression like
oJr Gn(f(t) g(t)) dt _ H (e B0 &, e Bo ) (3.11)

which we take as the definition of the inner product (¢, (f), ¥n(g))n of the “exponential
vectors”

Qi X1; and g =

Un(f) = H e%i Bo (x1;) & (3.12)

of the TRHPW N Fock space F,,. Notice that ® = 1,,(0).

3.3. Construction of the TRHPW N Fock spaces F,

LEMMA 2. Let n > 1 be fized. Then for all integers k > 0

“(n—1)

BY (B ® =n(k+1) (u +ED 5 > (BIk @. (3.13)

Proof. For k =0 we have
By By ® = (Bg By + By, Byl) ® = 0+ n” B2} @

2n—1
:n25q>:nuq>=n(o+1) (u+0”("2)> (By)° ®.

Assuming ([3.13)) to be true for k& we have
By (B3)*2 @ = (B, By) (By)™*' @ = (Bf B, +n” B,Z{) (B)* ' @
= Bi By (By)* @ +n® BTy (By)* ' @

*(n—1
=Bin(k+1) (u +k ”(”)> (By)*® +n? B} (By)F @

2

_ (n(k+1) (Hknz("zl)) +n? (Z+(/€+1)n(n—1)>> (BI)H &
n%(n—1) o1
=n(k+2) <u+(k+1)2> (BY)Ft @,

which proves (3.13)) to be true for k£ + 1 also, thus completing the induction. m
PROPOSITION 3. For alln >1

k—1 2 ()
monli) = (B 0, B @) = kot T (e =057 H0). ey
1=0

Proof. Let n > 1 be fixed. Define

k—1 2
-1
ap = k!'n” H (u—i-n(nQ)i>.
i=0
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Then a; = np and for k > 1

2(n—1
akp+1 =n(k+1) <,u+kn(g)> ag.
Similarly, define
by = ((By)" @, (Bg)" @).
Then
by = (B ®,By ®) = (®,BY Bl ®) =n*(®,B" {1 ®) =n*" =np

3

and for & > 1, using Lemma

n\k 0 n\k+1 nz(n—l) n\k n\k
b = (35 0,85 @) = -+ 1) (k) (e o)

=n(k+1) (u+k”2(”2_1)> b

Thus ap, = b forallk > 1. =
COROLLARY 1. The functions hy, i, appearing in are given by
hyg = p* (3.15)

and forn > 2
k—1 9
n“(n—1) .
B = 0¥ H) <u+ (2)1) . (3.16)

Proof. The proof follows from Proposition [3| and (3.5). =
COROLLARY 2. The functions G,, appearing in (@ are given by
G1(u, p) = e** (3.17)

and forn > 2

Sn—1) \ "mem# 2 un(1orieen,
—u =¢ n< (n—1) 2 (3.18)

n
Gn s =(1-
(i) = (1= 05
where In denotes logarithm with base e.

Proof. The proof follows from the fact that for G,, given by (3.17) and (3.18]), in accor-
dance with (3.8), we have

ak
Duk G (u, p)

k—1
G
COROLLARY 3. The functions Gn appearing in are given by
Gi(u) = u (3.19)
and forn > 2

. n3 (n —
Gn(u) = —m In (1 - % u) . (3.20)

Proof. The proof follows directly from Corollary [2] =
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COROLLARY 4. The F, inner products are given by
(W1 (f), Yr(g) = el T 9t (3.21)

and forn > 2

2 [ (1228 f (1) ) ae
<¢n(f)awn(g)>n:€ ne(n-h ( g )

where |f(t)| < & \/% and |g(t)| < + \/%

Proof. The proof follows from (3.11]) and Corollary 2| =

(3.22)

The function G; of and the Fock space inner product are associated
with the Heisenberg algebra and the quantum stochastic calculus of [22]. For n = 2 the
function G, of and the associated Fock space inner product have appeared
in the study of the Finite-Difference algebra and the Square of White Noise algebra in
[12], [13], [I6], and [I7]. The functions G, of can also be found in Proposition 5.4.2
of Chapter 5 of [18].

DEFINITION 4. The n-th order TRH PW N Fock space F,, is the Hilbert space completion
of the linear span of the exponential vectors ¢, (f) of (3.12)) under the inner product (-, -),
of Corollary [l The full TRHPW N Fock space F is the direct sum of the F,’s.

3.4. Fock representation of the TRH PW N operators

PROPOSITION 4. For all test functions f =), a; x5, and g =Y, b; x1, with [; NI; = @
fori #£ 3, and for alln > 1

B valo) =n [ 000t vilo) + PO ™ N0

2
5 ge|_ nlteddh (329)

By(f) o) =

Yul(g +ef). (3.24)

e=0

Proof. By 1) the fact that [B?L(in),eBg(XIJ)] = 0 whenever I; N I; = ©, and by
Lemma Pl we have

m m
BO wn = Z a; B XI H ebj BSV(XIJ.) d
i=1 j=1
=Y a ] Brtx) e B @
i=1 =1

@
Il
-

B° (xz,) (Bg (xr,)" @

[l
NE
8
\/-\
1
mw‘
i
5
\/
ing
?r\&w
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;az(He*’ B0 3 gk (st + 6= 1) =2 ) (g @
Bl JFi h
% 1 b; B (x1,) S b§ n k—1
:z;a(He $0) ]; G ) (B () e
- i -
m m o v [e’e) bf 3( 71) . -
T (IT o) Y Gy B Te
- J#i -
=0 aib p(l; (Heb Bo(XI)) b BE ()
= J#l
Zalb By (1 (H b Bo (x1; )) bi By (x1;) @
i
—nZazbu (HebB(XI))
n—l Zazb230 bB (XI)(ﬁebng/(XIjv(I)
i
_n/ ft) g(t)dt ,(g) + w Z; % B eleai b7 +b:) By (x1;) (Hebj B{]L(le)> P
- i
B =1) 0| (T earstibn B 0o
—n/ F(t) g(t) dt P (g) + %E e:o(iHl e b$+b>Bo<xIl>)@
—n/ FO a0 it v+ B LNy e pg)
2 a e=0

To prove we notice that for n =1 m yields

9= [ £0a)dt 1),
i.e., BY(f) = A(f) where A(f) is the annihilation operator of Hudson-Parthasarathy
calculus (cf. [22]) and so

BYN i) = AP o) = 5| (g +ef)

e=0

where Af(f) is the creation operator of Hudson-Parthasarathy calculus thus proving

(3.24) for n = 1. To prove (3.24)) for n > 2 we notice that by the duality condition (1.4])
for all test functions f, g, ¢

(B () 6n(),6n(9))n = (0 (6). B bl9))n
—n/ FO g0t (@), tn(hn + 5 |

(Vn(@), Ynl(g + € f92)>n
0
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—n / F() g(t) dt (0n(6), ()

(n—1) —mon e ln(k% (1) (g+ef92><t>) dt

2
—n / F() g(t) dt (0n(6), ()

2
de

2 —r Gl g f g

4of 2
( [ rwawar+ =020 [ 1_,?;{39 1)¢g<t>dt> (10(6). 6 (9)

I N
B ~/]R 1— Még(t) dt <wn(¢)awn(9)>n

2

+

_ 0 e e In(1— 202D (Gte f)(¢) g(1) dt
el
)
5 (WUn(@+€f),Yn(g)n
€le=0

_<6?: U0+ e nl))

e=0 n
which implies (3.24). =

COROLLARY 5. For all n > 1 and test functions f,g,h

Y(f g) bn(h /f

n(n—1)
2 868p

e=p=0

Proof.

B 9) Unlh) = — [BYD), B (@) ()

= 5 (B) By (o) — B (9) BYE)) talh)

~ Ll IRACRV R D) [ e hE)dt v
GaUSSY § (e f1)

fniai AR —f/f t)dt By(g) u(h)

nlns y § Bl esn?)

25

(n(h+eg+p f(h+€9)?) —vu(h+efh*+pg)). (3.25)
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1 0
= age| 00 [ S0t ot vt eo)

3 _
+w§ Ynlhteg+p [ (h+e9))

P p—o
n(n—1) 0 0 2

**/f ¢n(h+€9) Taezoafpp_oiﬁn(thﬁfh +p9)
= t)dt Py, — n(h + )

s ([ s@awar v+ [ son 52| wnlh+eo)

n(n—1) 9 9

+Taeap _ p Own(h+eg+p f(h+eg)”)
-5 [son0a g e
e=0
n(n—1) 9 2
772 8eap€:p:0wn(h+efh +r9)
== [ rwga v,

MDD it egtp f (it cgP) —Ualh+ e F12+ pg)
?aeapezpzo Un(h+eg+p €9)") —Un(h+e pg))- =
Using the method described in Corollary [5] i.e. using the prescription

1
BERZ19F) = = (BR(9) BR () = BR(S) Bi(9)) (3.26)

kN —-Kn
and suitable linear combinations, we obtain the representation of the By (and there-
fore of the RHPW N and Virasoro-Zamolodchikov-w., commutation relations) on the
appropriate Fock space F,,.

4. Classical stochastic processes on F,

DEFINITION 5. A quantum stochastic process x = {x(t) /t > 0} is a family of Hilbert
space operators. Such a process is said to be classical if for all ¢,s > 0, z(t) = x(¢)* and
[z(t), 2(s)] = x(t) x(s) — (s) z(t) = 0.

In the case of a Fock representation, the equation z(¢) = x(¢)* holds on the exponential
domain (the linear span of the exponential vectors).

PROPOSITION 5. Let m > 0 and let a quantum stochastic process x = {x(t)/t > 0} be
defined by

= > canBE(t) (4.1)
n,keA
where ¢ ), € C— {0}, A is a finite subset of {0,1,2,...} and
By (t) = By (x(o t]) € f (4.2)
If for each n,k € A
Cnk = Ckn (43)

then the process x = {x(t) /t > 0} is classical.
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Proof. By (14), = *(t) for all t > 0. Moreover, by (L), [z(t),z(s)] = 0 for
all t,s > 0 since each term of the form cy k cn i [BY(t), BR(s)] is canceled out by the
corresponding term of the form ¢, x ey x [B(s), BY(t)]. Thus the process x = {x(t)/
t > 0} is classical. m

In the remaining of this section we will study the classical process x = {x(¢t) /¢t > 0}
whose Fock representation as a family of operators on F,, is

z(t) = By (t) + B2(¢). (4.4)
By Proposition []

By (1) vnls) = o

U9+ €x0,4), (4.5)

e=0
t S
B?L(t)¢n(9):n/0 g(s)ds wn(g)Jr%% 3y

In particular, for g =0

V(g + €XJo,t] 92)- (4.6)

n 0]
By (t) ¥n(0) = P Ynl€X0,1); (4.7)
e=0
BY(t) 1 (0) = 0. (4.8)
LEMMA 3 (Splitting formula). Let s € R. Then forn =1
s (Bo+B) § — o5 15 Bo @ (4.9)
and forn > 2
2np
3 () _ Bo-n g [r e ) gn
s (BEHB) § = (sec (\/n(r;l) s)) eV ( 2 ) o . (4.10)

Proof. We will use the “differential method” of Proposition 4.1.1, Chapter 1 of [1§]. So
let

E® = (BitB) § = V() By (W) @ (4.11)
where W, V' are real-valued functions with W (0) = V(0) = 0. Then
%E@ (B +BY)E® =B} E® + BYE ®. (4.12)
By Lemma [2] we have
B'?LE(I’ _ BO V(s) By eW(s) _ eW(s) Bg €V(S) By d
eV Z BO (B2 @

() n?(n —
wio 5o VEE (0 (- =572 (e
k=0

3 - 1 n

— (nuV(s)+ % V(s)? BY) eV B W)
S(n—1

— pv(s) + Dy gy pe.
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Thus (4.12) becomes
9 Sn—1
SoEe= (Bg FnpV(s)+ 2 (n2 )y (s Bg> E®. (4.13)
From (4.11)) we also have
0
8—E<I> = (V'(s) By + W'(s)) E®. (4.14)
s
From (4.13) and (4.14)), by equating coefficients of 1 and Bj, we have
W'(s)=npuV(s), (4.15)
3(n—1
Vi(s)=1+ % V(s)? (Riccati equation). (4.16)
For n =1 we find V(s) = s and W(s) = § w. For n > 2 by separating the variables we
find
2 n3(n—1)
V(s)=y]| =———t R
(s) Y p— an ( 5 s)
and so

2np
W) (Sec < n? (7”;— 1) S)) "3 (1)

thus completing the proof. m

which implies that

In the theory of Bernoulli systems and the Fock representation of finite-dimensional
Lie algebras (cf. Chapter 5 of [I8]) the Riccati equation (4.16]) has the general form

V'(s)=1+2aV(s)+BV(s)?

and the values of a and 3 determine the underlying classical probability distribution and
the associated special functions. For example, for « =1 —2p and 8 = —4 p ¢ we have the
binomial process and the Krawtchouk polynomials, for o = p~! — % and 3 = gp~2 we
have the negative binomial process and the Meixner polynomials, for « # 0 and 5 = 0 we
have the Poisson process and the Poisson-Charlier polynomials, for o? = 3 we have the
exponential process and the Laguerre polynomials, for « = 8 = 0 we have Brownian mo-
tion with moment generating function eé t and associated special functions the Hermite
polynomials, and for a® — 3 < 0 we have the continuous binomial and Beta processes
(cf. Chapter 5 of [I8] and also [20] ) with moment generating function (secs)? and as-
sociated special functions the Meixner-Pollaczek polynomials. In the infinite-dimensional
TRHPWN case the underlying classical probability distributions are given in the fol-
lowing.
PROPOSITION 6 (Moment generating functions). For all s > 0

(e (BsOBYW) ), — 5 ¢ (4.17)

)
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i.e. {B}(t) + BY(t) /t > 0} is Brownian motion (cf. [1§], [22]) while for n > 2
2nt
3 — n3 (n—1)

(et (BE(O+BL1) ¢ ), — (Sec ( ”("21)3» o (4.18)
i.e. {BR(t)+ BY(t) /t > 0} is for each n a continuous binomial/Beta process (see propo-
sition @ in the next section) corresponding to the density

2n t—1 2n . 2n .
2n3 (n—1) mt+l$ mt*lﬁﬂ
n - B 4.1

P e (4.19)
where B(a,c) is the Beta function with parameters a,c as in below.

Proof. The proof follows from Lemma [3] x([0,?]) = ¢, and the fact that for all n > 1 we
have Bo(t)® =0. m

pen(z) =p

5. The continuous binomial and Beta processes. Let

mk@)<z>xﬂ1zwh n,k€{0,1,2,..}, n >k, z €(0,1), (5.1)

be the standard binomial distribution. Using the Gamma function we can analytically
extend from n,k € {0,1,2,...} to z,w € C with Rz > Rw > —1 and we have

I'(z+1) _
b w = R C )
@@ = sy T © LY
1 I'(z+2) _
= w1 _ z—w
TG —wiTwsn s 379
_ 1 I(z+2) FWHD=1 (] _ gy zmwtD)=1
z4+1T(z-—w+1)TMN(w+1)
1 1
_ (w+1)—1 1— (z—w+1)—1
z—|—1B(z—w—|—1,w—|—1)m (1-2)
1
= mﬁwﬂ,z—wﬂ(ﬂf)
where )
I'(a)T
B(a,c) = Iw = / P11 —2)tde, Ra>0, Re>0, (5.2)
0

is the Beta function and (3,11, ,—w+1 is the analytic continuation to Ra > 0and Rc¢ > 0
of the standard Beta distribution

Lla+e) .4 1
a,c = “ 1—x)° 5 O, 0. 5.3
Buclw) = Farpig © A a> 00> (5.3)
PROPOSITION 7. For each t > 0 let X; be a random variable with distribution given by
the density
2t—1 t+iz t—ix
pi(z) = 5—B ( 53 ) (5.4)

where B is the Beta function. Then the moment generating function of X; is

(e5Xt) = / e*? pi(z)dx = (secs)’, Vt>0,seR. (5.5)

— 00
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Proof. See Proposition 4.1.1, Chapter 5 of [I§]. =
COROLLARY 6. With X, and p; as in Proposition[7, let

3(n—1
Y; = % X,. (5.6)
Then the moment generating function of Yy with respect to the density
qt = pﬁ t (5.7)

where n € {1,2,...}, is

(eSYr) = <sec< "3(”2_1)s>)<) (5.8)

Proof. Since p; is for each t > 0 a probability density function we have

e}
/ p(x)de =1, Vt>0,

— 00

and so for ¢ := %t

/ p_2n (z)de =1, Vt>0,

i.e.
o0
/ gi(z)de =1, Vt>0,
—0o0
50 g is for each t > 0 a probability density function. Moreover, letting t := —z2%— t and

n3 (n—1)

§:= 4/ w s in 1} we obtain
2nt
> [n3 (n—1 3(n—1 n3 (n—1)
/ e 7(2 )f”qt(a:)dx:<sec< n(n)5>> ,

2

which is precisely the moment generating function (e*t) of Y; with respect to ¢;. m

6. Central extensions of RHPW N and ws,. The detailed proofs of all results pre-
sented in this section can be found in [6].

6.1. Basic concepts. If L and L are two complex Lie algebras, we say that Lisa
one-dimensional central extension of L with central element E if there is a Lie algebra
exact sequence 0 - CE — L —L— 0, where C E is the one-dimensional trivial Lie
algebra and the image of C F is contained in the center of L. It is well-known that L is
a one-dimensional central extension of L if and only if L is the direct sum of L and C E
as vector spaces with

I, le)7 = [l1,2]L + o(l1,12) E (6.1)

and
[, El; =0 (6.2)
for all I1,lo € L where [-,-]; and [-,]p are the Lie brackets in L and L, respectively,

and ¢ : L x L — C is a bilinear (i.e. linear in both arguments) form on L satisfying the
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skew-symmetry condition
¢<l1712> = _(b(lQ;ll) (63)
and the Jacobi identity

o([l1, 2], 13) + o([l2, 13]L, 1) + ¢([ls, l1]L, l2) = 0. (6.4)

In particular, implies that ¢(l,1) = 0 for all I € L. The bilinear form ¢ is called a
2-cocycle on L. A central extension is trivial if L is the direct sum of a subalgebra M
and C FE as Lie algebras, where the subalgebra M is isomorphic to L. Two extensions are
equivalent if each one of them is a trivial extension of the other, i.e. if their difference
is a trivial cocycle. A 2-cocycle ¢ corresponding to a trivial central extension is called
a 2-coboundary or a trivial 2-cocycle and it is given by a linear function f : L — C
satisfying

o(l,12) = f([l1,12]L) (6.5)
for all I1,l5 € L.

NOTATION 2. In the rest of this section we take all test functions to be the characteristic
function of a fixed interval I and we will from now on write B} instead of B} (xr).

6.2. Central extensions of the Heisenberg algebra. The Heisenberg closed *-Lie
subalgebra Heis of RHPW N is generated by By, BY and BY with non-zero commutation
relations

[BY, Bylmeis = BY (6.6)
and involution
(B) =BY, (B) =B}, (B =B8B. (6.7)

PROPOSITION 8. (i) Let a 2-cocycle ¢ be defined on Heis x Heis through a bilinear
skew-symmetric extension of

¢(BY, By) = A, (6.8)
¢(By, BY) = 2, (6.9)
¢(By, By) = Z, (6.10)
¢(Bg, Bg) =0, (6.11)
¢(By, By) =0, (6.12)
¢(BY, BY) =0, (6.13)

where A € R and z € C. Then ¢ defines a central extension of Heis.

(i) All 2-cocycles ¢ corresponding to a central extension of Heis are of the form (6.5)-

.

(iii) A central extension of Heis is trivial if and only if z = 0.

In section 7 we discuss the non-trivial central extensions of the Heis *-Lie algebra in
more detail.
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6.3. Central extensions of the Oscillator algebra. The Oscillator closed *-Lie sub-
algebra OSC of RHPW N is generated by Bt, BY, BY, and B} with non-zero commuta-
tion relations

[BY, Bylosc = By, (6.14)
[BY, Bilosc = BY, (6.15)
[Bi, Bylosc = By, (6.16)

and involution
(By) =B, (B)"=B; (B)"'=By, (B)" =B, (6.17)

PROPOSITION 9. (i) Let a 2-cocycle ¢ be defined on OSC x OSC' through a bilinear
skew-symmetric extension of

¢(BY, By) = A, (6.18)
¢(Bg, Bg) =0, (6.19)
¢(BY, By) =0, (6.20)
¢(BY, By) = z, (6.21)
¢(Bi, By) = z, (6.22)
#(By,Bi) =0, (6.23)

where z € C, A € R. Then ¢ defines a central extension of OSC.
(i) All 2-cocycles ¢ corresponding to a central extension of OSC are of the form —

:

(#ii) All central extensions of OSC' are trivial.

6.4. Central extensions of the Square of White Noise algebra. The Square of
White Noise closed *-Lie subalgebra SW N of RHPW N is generated by B3, BY, and B}
with non-zero commutation relations

[BY, Bi]lswn = 2Bj, (6.24)
(B}, Bilswn =2 Bg, (6.25)
[BY, Bilswn = 4 B1, (6.26)
and involution
(B§) =By, (By)" =83, (Bi) =Bi. (6.27)

PROPOSITION 10. (i) Let a 2-cocycle ¢ be defined on SWN x SWN through a bilinear
skew-symmetric extension of

¢(By, By) = (6.29)
¢(Bi, Bj) = z, (6.30)

where z € C, A € R. Then ¢ defines a central extension of SWN.

(i) All 2-cocycles ¢ corresponding to a central extension of SWN are of the form -
6.30).

(#ii) All central extensions of SWN are trivial.
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6.5. Central extensions of RHPWN. Let RHPWN be a central extension of
RHPW N such that on the RHPW N generators
(B, BY .5y = BEs BRIrPwN + ¢(n,k; N, K) E (6.31)
=(kN—Kn)Biiy | +c(nk;N,K)E
with
c(n, k; N,K) = ¢(Bp, BY) € C (6.32)
where ¢ is a cocycle as in (6.1)).
PROPOSITION 11. (i) For all nonnegative integers n,k, N, K withn+ N = S+ 1 and
k+K=M+1, where S, M € {—1,0,1,2,...} are given,
e(n,k; N, K)=zgp - (kN — Kn) (6.33)
where zgy € R.

(i) All central extensions of RHPWN are trivial.

6.6. Central extensions of w,,. Let ws, be a central extension of ws, such that on
the wyo generators
1B, BRla= = 1B, BRlw.. +c(n, k; N, K) E
=(k(N-1)—K(n-1) BE ¥ *+c(nkN,K)E (6.34)
where n, N > 2 and k, K € Z, and
c(n,k; N,K) = ¢(BP, BY) e C (6.35)
where ¢ is a cocycle as in .

PROPOSITION 12. (i) For all integers n,k, N, K with n,N > 2 and n+ N = S + 2,
k+ K = M, where S > 3 (thus excluding the Witt-Virasoro sector S = 2) and M € Z
are given,

cn,k;N,K)=zs - (E(N—-1)— K (n—1)) (6.36)

where zgm € R.
(ii) All central extensions of ws, are trivial.

The triviality of the central extensions of we, was first discussed in [14].
For the Witt-Virasoro sector of we, (corresponding to S = 2 in proposition we
have the well-known non-trivial extension

(B2, B2, = (m—n) B2, + dminom(m® —1)E. (6.37)
7. The centrally extended Heisenberg algebra. In this section (a continuation of
subsection above) we present our recently obtained results on the non-trivial central
extensions of the Heisenberg algebra. Detailed proofs can be found in [7]. For convenience
we replace BY, B} and BY by a, a' and h respectively and consider the (one mode)
Heisenberg algebra Heis satisfying the Lie algebra commutation relations

[aaaT}Heis = h, [CL, h]Heis = [h’7 aT]Heis =0 (71)
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and the duality relations
(@) =daf, AT =h. (7.2)

As discussed in subsection the Heisenberg algebra commutation relations can be
centrally extended to

[CL, aT]CEHeis =h + A E7 [hv aWCE'Heis =z E7 [a7 h}CE'Heis = ZE, (73)
where E # 0 is the self-adjoint central element and where, here and in the following,
all omitted commutators among generators are assumed to be equal to zero. The central

extension is non-trivial if and only if z # 0.
Renaming h+ A E by just h in ([7.3)) we obtain the equivalent commutation relations
la.a'lcpmeis =h,  [ha'lceues =2E,  |a,hcpmes = ZE. (7.4)
From now on we will use (|7.4]) and ([7.2]) as the defining commutation relations and duality
relations of the centrally extended Heisenberg algebra denoted by C'EHeis. For z = 0 we
are back in the usual Heisenberg algebra.

For A € R and z € C\ {0} commutation relations (|7.4) define a solvable four-
dimensional x-Lie algebra CEHeis with generators a,a’,h and E. Defining p, ¢ and
H by

o' =p+iq, a=p—iq, H=—ih/2, (7.5)
we have that p, q, E are self-adjoint and H is skew-adjoint. Moreover p,q, F and H are

the generators of a real four-dimensional solvable *x-Lie algebra RCE Heis with central
element F and commutation relations

[p,ql=H, I[¢g,H]=cE, |[H,p]=bE, (7.6)
where b, ¢ are (not simultaneously zero) real numbers given by
Re z Imz
= - (7.7)

Conversely, if p, q, H, E are the generators (with p, ¢, E self-adjoint and H skew-adjoint)
of a real four-dimensional solvable *-Lie algebra with central element E and commutation
relations where b and ¢ are (not simultaneously zero) real numbers then, defining
z by , the operators defined by are the generators of the nontrivial central
extension C'EHeis of the Heisenberg algebra defined by , .

Real four-dimensional solvable Lie algebras are fully classified. There are exactly fif-
teen isomorphism classes and they are listed, for example, in proposition 2.1 of [25] (see
references therein for additional information). One of the fifteen Lie algebras that appear
in the above mentioned classification list is the Lie algebra n4 with generators &1, £s, €3, &4
and (non-zero) commutation relations among generators

[€1,&1] =&y [€a,&2] = &5. (7.8)

The real four-dimensional solvable Lie algebra RCFE Heis described above can be iden-
tified to n4. The Lie algebra ny and the corresponding Lie group have also been studied
by Feinsilver and Schott in [19]. But it is the first time that its connection with the
non-trivial central extensions of an important Lie algebra such as the Heisenberg one has
been pointed out.



RHPWN: CENTRAL EXTENSIONS AND STOCHASTIC PROCESSES 35

The generators a, a', h and E of CEHeis can be expressed in terms of the generators
b, bf, b2, bTQ, bt b and 1 of the Schrédinger algebra. Here b, b and 1 are the generators of
a Boson Heisenberg algebra with

b,bf1=1, (") =b. (7.9)

More precisely

(i) If z € C with Rez # 0 then for arbitrary p,r € R with » # 0 the quadruple
{a*,a,h, E =1} where:

4pImz—1r? i1z
== b—b2— = (b+ b 1
o= (T win) 00— ) (7.10)

4pImz—1r? iz
LIS (el b L M b—b2 4 = (b+ b 11
o = (e = i0) -8+ 0 (7.11)

and

h=ir (b —b), (7.12)

satisfies the commutation relations (7.4) and the duality relations (7.2)) of CEHeis.

(ii) If z € C with Rez = 0 then for arbitrary p,r € R with r # 0 the quadruple
{a*,a,h, E = 1} where:

i
‘T <p - 21677;2Z> (b= +7 (b +0h), (7.13)
af = <p+ ’fg:;) (b—b") 2+ 7 (b+0b"), (7.14)
and
i
h=" 2”:2 " —b), (7.15)

satisfies the commutation relations and the duality relations of CEHeis.

We can therefore represent the generators a, af,h and E of CEHeis on the usual
Heisenberg Fock space (with vacuum vector @ such that b® = 0 and ||®|| = 1) defined
as the Hilbert space completion of the linear span of the exponential vectors {y(\) =
A ®; A € C} with respect to the inner product

(Y(N), y(p)) = e (7.16)

using the well-known representation, for non-negative integers n and k,

b B y(A) = AF 0
dem | _,

y(A+¢). (7.17)
In fact:

(i) If z € C with Re z # 0 then
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d4pImz—1r? | zZ\ 0
—<< 1he +zp)2/\+2>866_0)y()\+6),
dpImz—1r? | 1z
T — 2 _ el
') = (e —in) 02 =1+ 552) vy
dpImz—r? 0?
+ P 53
4 Rez 0e?|._y
4pImz—r? iz\ O
(FH ) -0 il L Joeo
0
mi) =ir (5 a9 - a0
e=0
and
Ey(A) =y(\)
ii) If z € C with Rez = 0 then
(i)
_ 1Imz 9
av) = (- Tom ) 02 =14 70) )
iImz\ 0? 1Imz 0
(- 5) 5+ 0= () ) 3l L) v
+ _ 1Imz 2
'y = (o4 o) OF = 10400) w0
iImz\ 02 iImz 0
(G aeze_o*(“@*w) 2) aee_o) v,
tImz (0
pi) =5 (5] vk =)
e=0
and
Ey(A) =y(A).

(7.18)

(7.19)

(7.20)

(7.21)

(7.22)

(7.23)

(7.24)

(7.25)

REMARK 1. C'EHeis can also be represented in terms of two independent CCR copies.
In fact, for j,k € {1,2} letting [g;,px] = % 0;% and [g;, qx] = [pj, px] = 0 with p;f- = pj,

q; =q; and i2 = —1, we have:

(i) If z € C with Rez # 0 and I'm z # 0 then

) 1 1
a:zRezq1+7p§—ImZp2—7qg7
Imz

Rez
‘ 1 i
al = —zRequJr@p?*ImszJr%qga

h=—=2(p1 + q2),
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and F = 1 satisfy the commutation relations ([7.4) and the duality relations (7.2) of
CFEHeis.
(ii) If z € C with Rez = 0 and Im z # 0 then for arbitrary r € R and ¢ € C

1
a:cpf—lmng—i—(r—lmz) qz, (7.29)
aTEp%ImngJr(rJrIm) qz, (7.30)
h=—2g, (7.31)

and F = 1 satisfy the commutation relations ([7.4) and the duality relations (7.2) of
CEHeis.
(iii) If z € C with Rez # 0 and Im z = 0 then for arbitrary r € R and c € C

1
a—z’Rezq1+(Rez+ir> P+ cqs, (7.32)
1
aT:—iRezq1+<R€Z—ir> pl+cqgs, (7.33)
h=—2p, (7.34)

and E = 1 satisfy the commutation relations (7.4) and the duality relations (7.2) of
CFEHeis.

8. Random variables in CEHeis. Self-adjoint operators X on the Heisenberg Fock
space correspond to classical random variables with moment generating function (®, e* X ®)
where s € R. In this section we compute the moment generating function of the self-
adjoint operator X = a + a' + h. All proofs can be found in [7].

LEMMA 4 (Splitting formula). Let L € R and M, N € C. Then for all s € R such that
2Ls+1>0

e (Lb2+Lb*—2 L bt b— L+ M b+ N b1) P — ewl(s)b” ew2(s)bT Jws(s) g (8.1)

where

Ls
[ — 8.2
wils) = 5o (8.2)
L(M+N)s>+ Ns
wa(s) = 5Tst1 ; (8.3)
and

(M+ N?(L?s*+2Ls3)+3MNs?> In(2Ls+1)
wa(s) = 6(2Ls+1) N 2 (84)

are respectively the solutions of
wi(s) =4 Lwi(s)? — 4 Lwy(s) + L (Riccati differential equation), (8.5)
wh(s) = (4 Lwi(s) —2L)wa(s) +2Mwi(s) + N (Linear differential equation),
wh(s) = 2 Lwi(s) + Lwa(s)? — L+ M ws(s),

with w1 (0) = w2 (0) = ws(0) = 0.
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REMARK 2. For L # 0 the Riccati equation

wy(s) =4 Lwi(s)?> —4Lwi(s) + L (8.8)
can be put in the canonical form
V'(s)=1+2aV(s)+3V(s)? (8.9)

of the theory of Bernoulli systems of chapters 5 and 6 of [I8], where V(s) = wi(s)/L,
a = —2L and 3 = 4L? Then 62 := o® — 3 = 0 which is characteristic of exponential
and Gaussian systems ([I8], Proposition 5.3.2). For L = 0 we obtain classical Brownian
motion (see proposition [13] below).

PROPOSITION 13 (Moment Generating Function). For all s € R such that2Ls+1 >0

(M+N)2 (L2 4421 s3)43 M N s2

(@, e (ara’t M) gy = (2L s+ 1)1/ CICEERY (8.10)
where in the notation of -(7.15)
(i) if Rez # 0 then

4pImz—r?
L= 8.11
2Rez ( )
I
M:—( ”:Z+z'r>, (8.12)
I
N:—( mz—ir), (8.13)
T
(i) if Rez =0 then
L=2p, (8.14)
I
M=2r—i ;Z (8.15)
I
N=2r+i ;’7 (8.16)

REMARK 3. If L = 0 (corresponding to pImz > 0 and 72 = 4 pIm z in the case when
Rez # 0 and to p = 0 in the case when Re z = 0) then (8.10) becomes

T M N s2 e((I;"T;)eré) s* if RGZ#O )
(@, e (ata+h) @) — 72 = (8.17)

2
(2 r2y Uma)? ) £
e if Rez =0,

which means that a + af + h is a Gaussian random variable.
For L # 0 the term (2L s + 1)~'/? appearing in (8.10) is the moment generating
function of a gamma random variable.

9. The centrally extended Heisenberg Lie group. By exponentiating the elements
of CEHeis we obtain the elements of the centrally extended Heisenberg Lie group. In
this section we provide the group law. All proofs can be found in [7].

LEMMA 5. For all X,Y € span{a,a’,h, E}

X4Y _ X Y = XY] o QNI YIHIX XY, 9.1)

e =e“e e 2
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LEMMA 6. For all \,u € C

e)\aeMaJr _ ep,aT 6)\0, e)\p,h exzu (MZ*/\E)’ (92)
2
ae’“ﬂ :euaT <a,—|—luh—|—u22)7 (9.3)
A rehh = ethpraAnz (9.4)
e;LfLe)\aT _ eAaT e[_Lhe)\/_LZ’ (95)
aeth =eth (a4 pz), (9.6)
her =er (h+ Az2). (9.7)
PROPOSITION 14 (Group Law). For u,v,w,y € C define
g(u,v,w,y) =e" ol vh gwagyl (9.8)
Then the family of operators of the form 18 a group with group law given by
9(a, 8,7,0) g(A, B,C, D)
v A? 7 A _
=gla+AB+B+~vA~v+C, TJrﬂA z+ T+7B z+d+ D). (9.9)

The family of operators of the form with u,v,w € R and y € C is a sub-group. The
group R? x C endowed with the composition law:

(aaﬁ7756) (A7B707D)

A2 2.4
_ (a+A,ﬂ+B+7A,7+C, <V2 +ﬂA> z+<”2+73> z+5+D) (9.10)

is called the centrally extended Heisenberg group.

10. Matrix representation of CEHeis. In example (ix) of [19], Feinsilver and Schott
considered the Lie algebra 74 generated by {&; /i =1,2,3,4} where

[€4,61] = &2 [6a, &) = &5 (10.1)

and all other commutators (between the generators) are equal to zero. This is precisely
the Lie algebra 14 mentioned in section [7| above.

REMARK 4. As mentioned in [I9], the generators &1, &a, &3,&4 can be represented on the
space of smooth functions f(z) as #2/2, z, 1 and D = d/dx respectively, with [D,x] = 1.
However, this representation does not allow us to view 74 as a *-Lie algebra since by
taking the adjoint of commutation relations (this is the “left dual” of [19] denoted
by t) we have that

[D,z%/2]' =2, [D,x]' =17, (10.2)
i [D2/2,$] =D; [D,:,C] =1, (10.3)

and so, with this representation, 74 is not closed under taking adjoints.
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A matrix representation of 74 was given by Feinsilver and Schott to be

0 Qg 0 Qa3
4

0 0 g Q2

iSi = 10.4

; i & 00 0 a (10.4)
0O 0 0 O

where «; € C for i =1,2,3,4 and

2 2
1 O[4 % Ot460(1 + a42a2 + 043
Shiate - [ 001 ot (10.5)
0 0 1 a
0 0 0 1

Defining group elements g(a,b,c,d) = e*&t eb€2 ¢¢& @84 through matrix multiplication
they verified the group law

1
gla,b,c,d) g(A,B,C,D) =gla+ A, b+B+dAc+C+dB+ 5d?A,dJrD) (10.6)
since both sides are equal to

1 d+D £ +dD+2 c+LA+dB+C

0 1 d+ D b+dA+ B (10.7)
0 0 1 at+ A
0 0 0 1
To connect 1, with CEHeis we let
z=2c+2bi (10.8)

where b and ¢ are not simultaneously zero and we distinguish the following cases:

Case (). b=0and ¢ # 0: Take ¢ = &4, p = &, H = =& and F = 7%53 and define
a=p—iq, atl =p+igand h=2iH.

Case (ii). b A0 and ¢ = 0: Take p = &, ¢ = &, H = & and E = —%53 and define
a=p—iq,al =p+igand h=2iH.

Case (iii). b # 0 and ¢ # 0: Take p = (&4, q = %51 —aéy, H=§& and F = —%53,
where a, 3 € R\ {0} are such that B¢ — ab = 0, and define a =p —iq, a' = p+iq and
h=2iH.

In all cases (i)-(iii) p,q, H and E satisfy commutation relations (7.6) and a™,a,h
and E satisfy the commutation relations (7.4)) of CEHeis. If we introduce the duality
relations

=686 =-8;86 =638 =4 (10.9)
we conclude that a™,a, h and E also satisfy the duality relations (7.2)) of CEHeis.
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Using ((10.4)) we can obtain a matrix representation of CEHeis (satisfying commuta-

tion relations (7.4]) but not duality relations (7.2])) in each of the cases (i)-(iii) described
above.

Case (i). z = 2c¢ where c € R\ {0}:

. 1 .
a1a+azaT+a3h+a4E:(041+042)§1—2la3§2—ga4€3+l(a2—a1)§4

0 i(OZQ — Otl) 0 7%0[4
0 0 i(OéQ 70[1) 722'0(3
_ 10.10
0 0 0 g+ Qo ( )
0 0 0 0
and
e01 ataz at+azhtas B _ elartaz) §1—2iaso—¢ aaa+i(az—a1) s
(1 i(ag — 061) —% (OZQ - a1)2 %(OZQ - 0‘1) (O‘% - O‘% +6a3) - %a‘l ]
0 1 i(ag — o) (o} —a}—4ay)
= . (10.11)
0 0 1 a1 + az
| O 0 0 1 i

Case (ii). 2z =2bi where b€ R\ {0}:

. 1
a1a+a2af+a3h+a4E:i(a2—a1)§1—|—2za3§2—7044534—(041 —|—042)§4

b
0 a1+ as 0 —% oy
0 0 a1 + o 27 a3
= 10.12
0 0 0 7 (012 — 011) ( )
0 0 0 0
and
eQ1 ataz a'+asz htas E — ¢l (az—a1)&14+2i a3 €2—F as s+ (o1+az) &y
(1 a1t ar i(an+as)? %(a1+a2)(a§fa%+6a3)f%a4_
0 1 o1 + as (a3 —al+4as)
= . (10.13)
0 0 1 i(az —aq)
| 0 0 0 1 |

Case (iii). 2z = 2¢+ 2bi, where b,c € R\ {0}: For arbitrary «, 8 € R\ {0} such that
Bc— ab =0 we have



42 L. ACCARDI AND A. BOUKAS

aja+asal +ash+ay E

= i(az—al)ﬁl+22'01352—§a4§3+(6(a1+a2)+ia(a1 —OQ)) &y

Ié b
0 B(ag+az2)+ia(a —az) 0 _%%
10 0 Oar +as) +ia(a —asg) 4 21 a3
a 0 0 0 é (OZQ - 011)
0 0 0 0
(10.14)
and
o1 atan at+ashtou B _ e% (az—a1) €1+2i a3 E2—2 ay &3+(8 (a1+az)+ia (a1 —az)) &4
[1 (a1 +a2)B+i(ar —az)a —3((a1 —az)a—i(ay +a2) B)? Aagplon, oo, as)]
0 1 (a1 +a2)f+i(a; —a) Ba.glag, az, as)
0 0 1 5 (a2 —a1)
0 0 0 1 ]
(10.15)
where

Anpp(ar, az, as)

i’ 3 @ 2 2 if$ 2 2
= @(al — )’ — 304 + g(al —ag)(a] — a5 — 3as) + E(al + ag)(as5 — aj — 6ag)
(10.16)
and )
Ba g(an, az, a3) = (a1 — as)? % + % (02 — a2 + 4 a3). (10.17)
Defining group elements g(u, v, w,y) = eua' evh gwagyE wo can use matrix multiplication

to verify the group law in all three cases.
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