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Abstract. We study the nonnegative product linearization property for polynomials with even-
tually constant Jacobi parameters. For some special cases a necessary and sufficient condition
for this property is provided.

1. Introduction. Let {P,}72, be a sequence of polynomials defined by the following
recurrence relation: Py(z) =1 and for n >0

2P (x) = Proy1 (@) + BnPo(@) + Yn-1Pn-1(2) (1)

(under the convention that P_;(x) = 0), where {,, }22, and {8, }°2, are sequences of real
numbers, called Jacobi parameters, and ~, > 0. Then all P, are monic and deg P,, = n.
We denote by L the linear functional on R[z] defined by: £(Py) = 1 and L(P,) = 0 for
n > 1. Then we have

E(Pmpn) = (;m,,n Y01 - - Ym—1- (2)
In view of Favard’s theorem [5] £ can be expressed as an integral with respect to a
probability measure on the real line.
Our aim is to study the linearization coefficients which are uniquely defined by
Pp(z)P(x) = Zc(j,m,n)Pj (x). (3)
J
It is known [2] that many classical orthogonal polynomials admit nonnegative product

linearization, i.e. all c¢(j,m,n) are nonnegative even though their exact values can be
unknown. In this case one can define a hypergroup structure [2] on the set of nonnegative
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integers by putting

o c(k, m,n)Py(xo)

O * O - % P (o) Po(i0) Ok, (4)
where the normalizing point xq is choosen such that x¢ > sup(supppu), so that P, (xq) > 0
for all m. Extending this to convex combinations one obtains an associative and commu-
tative convolution on the class of probability measures on the set {0,1,2,...}. There are
also some general criteria for nonnegative product linearization, stated in terms of the
parameters vy, 5, [I Q) 11].

Multiplying both sides of by Pi and applying £ we get

L(PyPpPp) = c(k,m,n)yov1 -+ Vi1 (5)

We denote L(k,m,n) := L(Py Py, P,) and T'(k) :==yy1 ... Yk—1-
The following properties of the coeflicients L(k, m,n) are easy to verify [9]:

L(k,m,k+m) =T(k +m), (6)

L(k1, ko, k3) = ( o1y Koss Koy) (7)

L(k,m,n) = whenever n > k + m, (8)
L(k,m,n) = L( —1,m,n+1)+ (8n — Br—1)L(k —1,m,n)

+ Y1 Lk —1,m,n —1) — y_oL(k —2,m,n) (9)

for any k,m,n and any permutation o of the set {1,2,3}.
In particular, one can check that for 1 < k < m we have:

k—1
L(k,m,k+m—1) :F(k+m—l){2(ﬂm+i _ﬂi)} (10)
and =
Lk,m,k+m—2)=T(k+m—2)
k—2
X [qu + Z(’Yeri —7)+ Z (Bmti = Bi) (Bmtj—1 — ,6’]-)] (11)
i=0 0<i<j<k—1

2. Orthogonal polynomials with eventually constant Jacobi parameters. From
now on we will assume that the coefficients ~,,, 5, are constant from some place. Orthog-
onal polynomials of this kind and the corresponding probability measures are sometimes
encountered in various limit theorems in noncommutative probability [3] [7]. The basic
example is the Wigner measure

4y — (t — B)2dt (12)
on [3 —2,/7, 3+ 2,/7], having both sequences v,, =7, (,, = 3 constant, which plays the
role of the Gaussian measure in free probability.

ASSUMPTION. For k > M we have B = (3, v = 7.

The case M = 1 is quite interesting. For example, the related four parameter family of
measures is closed under the free and boolean powers [6} [10] and {P,,} admits nonnegative
product linearization if and ounly if vy < 2y and By < B [8]. This class of probability
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measures contains the Marchenko-Pastur measures (where v =, B0 =7, 8 = v+ 1),
which in free probability play the role of Poisson measures, as well as the limit measures
related to conditional freeness (with vo = a2, v = b?, fp = 3 = 0 in the central limit
theorem, and with v = a, vy =b, Sy = a, 3 = b+ 1 in the Poisson limit theorem [3]).
We will base on the following lemma, which will be used together with relation @

LEMMA 2.1. If n+k—m > 2M then L(k,m,n) =~L(k —1,m,n —1).

Proof. Without loss of generality we can assume that & < n. We proceed by induction
on j := k + m — n. Note that then

2k > 2M + j (13)

because
n>2M+m—k=2M+(n+j—k)—k=2M—2k+j+n.

In particular, & > M and hence (3, — Bx—1 = 6 — 8 = 0, so we can ignore the second
summand in @D
If j =0 then n =k + m and
Lk,m,k+m)=T(k+m)=~T(k+m—1) =~L(k—-1,m,k+m—1).

If j = 1 then, by , M <k<n.Sincen=k+m—1wehave L(k—1,m,n+1) =
L(k —2,m,n) = 0. Then, by @[), we get L(k,m,n) =~L(k—1,m,n—1).

Finally, assume that j > 2. Then k£ > M + 1 and hence y;_ = . Therefore, by
induction, we have L(k — 1,m,n + 1) = yL(k — 2,m,n) so in (9) the first summand
cancels with the last one, so we get L(k,m,n) = vL(k—1,m,n — 1), which concludes the
proof. m

DEFINITION 2.2. We write (k’,m’,n’)ﬁo(kz,m, n) if either
K=km=m-1,n"=n—1landm+n—%k>2M or
K=k—-1,m=m,n=n—-1landk+n—m>2M or
K=k—1,m=m-1,n"=nand k+m—n > 2M.

Denote_lzy R be the smallest reflexive and transitive relation contzining ﬁo. Since

(K',m/,n")Ro(k,m,n) implies k' < k, m' < m, n’ < n we see that R is weakly an-

—
tisymmetric and hence is a partial order. Note also that if (', m',n")R(k, m,n) then
k+m+n—k —m' —n' :=2ris even and, in view of the Lemma 2.1,
L(k,m,n) =" L(k',m',n").

Therefore it is sufficient to examine L(k,m,n) for those triples (k, m,n) which satisfy

O0<k<m<n<k+mand m+n—k < 2M. The set of such triples will be denoted

by X.

PROPOSITION 2.3. The number of elements in ¥ is equal to

M(M +1)(M +2)
3

Proof. Set r .= k+m —n, 1 < r < 2M. Then the inequalities ¥ < m < n and

m+n—k < 2M are equivalent to

. (14)

rSkJSmSM-ﬁ-g. (15)
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Note that for fixed integers r < s there are exactly
(s=r+1)(s—r+2)

2

pairs (k,m) such that r < k < m < s. Therefore for fixed r there are exactly
(M—t+1)(M—-t+2)

2
pairs (k,m) satisfying r < k < m < M + r/2, where either r = 2¢ or r = 2t — 1. Now we
have

Z““ M(M+g)(M+2)

M
S (M —t+1)(M—t+2)

which completes the proof. m

Let R be the smallest equivalence relation containing ﬁ Now we are going to describe
the elements (k, m,n) of ¥ and their R-equivalence classes. We assume that 0 < k < m <
n<k+m, m+n—k<2M and put r:= k+m —n. We have 1 <r <2M. If r is even
we put r = 2t, otherwise r =2t — 1, so that 1 <t < M.

Case 0. If m +n+2 —k < 2M then (k,m,n) has no successor, so [(k,m,n)lg =
{(k,m,n)}. Applying Proposition 2.3 to M — 1 we see that the number of such triples is
(M —1)M(M +1)/3.

Case 1. Assume that m+n+2—k > 2M and k+n+2—m < 2M. The former, together
with the third inequality in (15) leads to m = M + [%} Hence, we have to choose r and
ksuchthat 1 <r<2M andr <k < M+ [g], which gives M (M — 1) choices. Note that
in this case, for s > 0 the only successor of (k,m + s,n+s)is (k,m+s+1,n+s+1).
Therefore

[(k,m,n)|lg ={(k,m+s,n+3s):s >0}

Case 2. Assume that k+n+2—m >2M and k+m+ 2 —n < 2M. Then the former,
together with , leads to k = m = M + [5] (hence n = 2M — 1 if r is odd and
n = 2M if r is even), while the latter means that » < 2M — 2. Hence k =m = M 4+t — ¢,
n=2M —¢€,e€{0,1},1 <t < M — 1. This leads to 2M — 2 classes:

(M4+t—e,M+t—e,2M —€)|r
={M+t+p—eM+t+q—e2M+p+q—¢€):p,qg>0}
={(a,b,a+b—2t+¢€):a,b>M+1t—¢€}.

Case 3. Finally, assume that r = k+m—n > 2M —2. Then (15) implies that r = 2M —e,
e € {0,1}, and » = k = m = n, which leads to two classes:

[(2M —€,2M — €,2M —€)|r
={@CM —€e+qg+s,2M —e+p+s2M—c+p+q):p,q,s>0}
={(a,b,c):a+b—c,a+c—bb+c—a>2M —¢, and a+ b+ c— € is even}.
We will denote by ¥; the set of those triples in ¥ which fall to Case i.
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2.1. The case M = 2. Let us apply our results to the case when M = 2. Interesting
examples of polynomials of this kind and the corresponding measures were studied in [7].
We have

EO:{l vl)a(’ ’ )}v El_{ ) )v(’ ’ )},
¥ ={(2,2,3),(3,3,4)}, X3=1{(3,3,3),(4,4,4)}
Assume that
a ifn=0, u ifn=0,
Y=< b ifn=1, Bpn=1% v ifn=1, (16)
c ifn>2, w ifn>2.

THEOREM 2.4. If @ holds then we have:

ol) L(1,1,1) = a(v — u)

02) L(1,m,m) =T(m)(w — u) if m > 2,

03) Lk,m,k+m—-1)=T(k+m—-1)2w—u—v) if 2< k <m,

od) L(k,m,n) =T(s—1)(2cw —u—v) —blw—w)) if3<k<m<n<k+m-—3

and k+m+n=2s+1,

el) L(2,2,2) =ab(c+b—a+ (w—u)(w—")),

e2) L(2,m,m) =T(m)(2c—a+ (w—u)(w—v)) if m >3,

e3) L(k,m,k+m—2)=T(k4+m—-2)Bc—a—-b+ (w—u)(w—0)) if3<k<m,
ed) L(k,m,n) =T(s—1)(dc—a—2b+ (w—u)(w—v)) f4<k<m<n<k+m-—4

and k+m +n = 2s.

Proof. The formulas (o1), (02), (03) and (el), (e2), (e3) are consequences of and
respectively. Having them, we can use @ to compute L(3,3,3) and L(4,4,4). Now
we apply Lemma 2.1 to conclude the proof. m

COROLLARY 2.5. Assuming (@, the polynomials {P,} admit nonnegative product lin-
earization if and only if the following inequalities hold:

u < v,

u < w,

u+v < 2w,
b(w—u) < 2¢(2w — u —v),
0<c+b—a+ (w—u)(w—v),
0<4c—a—2b+ (w—u)(w—v).

In particular, if in addition v = w then the nonnegative product linearization holds if
and only if u < v, b(v —u) < 2¢(v—1u), a <b+c and 2b+ a < 4e.

Proof. To avoid the inequalities related to (e2) and (e3) we use the fact that if the first
and the last element of a finite arithmetic sequence are nonnegative then all its elements
are nonnegative. m
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2.2. The case M = 3. If M = 3 then we have

Yo ={(1,1,1),(1,2,2),(2,2,3),(3,3,3),(2,2,2),(2,3,3),(3,3,4), (4,4,4) },
¥ _{(1 3,3),(2,3,4),(3,4,4),(2,4,4), (3,4,5), (4,5,5)},
{(3 3,5),(4,4,5), (4,4,6), (5,5,6)},
Y3 ={(5,5,5),(6,6,6)}.
Now we assume that:
a ifn=0, u ifn=0,
{ ol e
d ifnZBj z ifn23j

THEOREM 2.6. Assuming we have

ol) L(1,1,1) = a(v — u),
2) L(1,2,2) = ab(w — u),
3) L(1,m,m) =T'(m)(z —u) if m >3,
04) L(2,2,3) = abe(w + z —u — v),
5) L(2,m,m+1) =T(m+1)(2z —u—v) if m > 3,
6) L(k,m,k+m—-1)=Tk+m-1)Bz—u—v—w) if 3<k<m,
o7) L(3,3,3) = abc(a(w — 2z) + b(u — 2) + c(2z —u —v) + d(Bz —u — v — w)
T (2 )z — o)z — w)),
08) L(3,m,m) =T(m)(a(w—2)+b(u—2)+2d(Bz—u—v—w)+(z—u)(z —v)(z —w))
if m>4,
09) L(k,m,k+m—3)=T(k+m—3)(a(w—2) +blu—2z) 4+ clu+v—2z)+3d(3z —
u—v—w)+ (z—u)(z—v)(z—w)) if 4<k<m,
010) L(k,m,n) =T(s—2)(a(w—2) +blu—2)+2c(u+v—22)4+4d(3z—u—v—w)+
z—u)z—v)z—w)if m>4,if 5<k<m<n<k+m-5k+m+n=2s—1,
el) L(2,2,2) = ablc+b—a+ (w —u)(w —v)),
e2) L(2,3,3) :abc(c+d—a+(z—u)(z—v))
e3) L(2,m,m)=T(m)2d—a+ (z —u)(z —v)) if m >4,
ed) L(3,3,4) = abed(c+2d—a—b+ (z —u)(z —v) + (z —u)(z —w) + (2 — v)(z —w)),
eb) L(3,m,m+1) =T(m+1)3d—a—b+(z—u)(z—v)+(z—u)(z—w)+ (z—v)(z —w))
zfm>4
e6) L(k,m,k +m —2) = I'k+m —2)4d —a — b —c+ (2 — u)(z — v)
+z—uwiz—w+(z—v)(z—w)if 4<k<m,
e7) L(4,4,4) = abed(ac+ d(5d — 2a —2b—¢) — e(z —u)(z —v) + 2d((z —u)(z —v) +
(z —u)(z —w) + (z = v)(z —w))),
e8) L(4,m,m) =T'(m)(ac+d(6d—2a—2b—2¢c) — c(z —u)(z —v) +2d((z —u)(z —v) +
(z—u)(z—w)+ (z —v)(z —w)) if m>5,
€9) L(k,m,k+m—4) =T(k+m —4)(ac+ d(7d — 2a — 2b — 3¢c) — ¢(z —u)(z — v) +
2((z—u)(z—v)+(z—uw)(z—w)+ (z—v)(z—w)) if 5<k<m,
el0) L(k,m,n) =T(s—2)(ac+d(8d—2a—2b—4c) —c(z —u)(z —v) +2d((z —u)(z —v)
+z—uwiz—w)+z—v)iz-—w)if 6<k<m<n<k+m-—6,k+m+n=2s.
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Proof. The formulas (01)—(06) and (el)—(e6) are consequences of and (1I)). Then, us-
ing @, we compute L(3,3,3), L(3,4,4) and L(4,4,5), which leads to (07), (08) and (09).
Using these we get L(5,5,5) and hence (010). In the same way we prove (el)—(el0). m

In the same way as before we obtain

COROLLARY 2.7. If we assume then the polynomials { P,,} admit nonnegative product
linearization if and only if the following inequalities hold:
u < v,
u < w,
u <z,
ut+v<w+z,
u+v< 2z,
u+v+w < 3z,
a(z—w)+bz—u)<dBz—u—v—w)+c(2z—u—v)+ (z—u)(z —v)(z — w),
a(z—w)+b(z—u) <4d(3z —u—v—w) —2¢(2z —u—v)+ (z —u)(z —v)(z — w),
a<c+b+ (w—u)(w—w),
a<c+d+ (z—u)(z—v),
a<2d+ (z—u)(z—v),
a+b<2d+c+(z—u)(z—v)+ (2 —

a+b<4dd—c+(z—u)(z—v)+ (2 — sz)+(zfv z—w),
d(2a4+2b+c—5d) < ac+ (2d —c)(z —u)(z —v) + 2d(2z — u — v)(z — w),
d(2a+2b+4c—8d) < ac+ (2d —¢)(z —u)(z —v) +2d(2z —u—v)(z —w). =
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