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Abstract. We use the so called stochastic limit approach as a tool to discuss the open BCS model
of low temperature superconductivity. We also briefly discuss the role of a second reservoir in
the analysis of the transition from a normal to a superconducting phase.

1. Introduction. In a recent paper, [3], we have analyzed the open BCS model as given
in [9, 10] using the techniques of the stochastic limit (SL), [1]. Among other results, we
have shown that the same values of the critical temperature and of the order parameters
can be found using the SL, in a significantly simpler way. This procedure suggested using
this approach in order to generalize the original model in the attempt to obtain some
extra control on the value of the critical temperature T,. This has been done in [4], where
we have started our analysis on the role of a second reservoir in the definition of the
model and its consequences on the value of T,.

In this paper we review the results of these two papers: in particular, we devote
the next section to summarizing our results concerning the original model, [3], while in
Section 3 we consider the case where more reservoirs are considered, [4]. Section 4 contains
our conclusions. We also add an Appendix to review some useful results concerning the
stochastic limit approach, which are used in the main body of the paper.

2. The original model. The model discussed in [3] consists of the system, which is
described by means of spin variables, and the reservoir, which is given in terms of bosonic
operators. It is contained in a box of volume V = L3, with N lattice sites. We define,
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following [9, 10],

N N
g W =Y o4 Y of ey,
j=1 i,j=1

The algebra of the Pauli matrices is glven by [0} 05 ] = 8407, [crli,aj] F26;0E.
Then, introducing the operators S§ = + Zi:l o and Ry = SySy = R}L\/’ H](\fys) an

be simply written as Hl(\fys) = N(eS% — gRy) and we have:
(S, Bw) = [HG", Ry = [HZ"™, S%] =0,

for any given N > 0. These S are all bounded by 1 in the operator norm, and the
commutators [S%, af] go to zero in norm as % when N — oo, for all j,a and .

As for the reservoir, we introduce N bosonic modes az;: j = 1,2,..., N, one for
each lattice site. p' is the value of the momentum of the j-th boson which, if we impose
periodic boundary conditions on the wave functions, has necessarily the form p'= Q”ﬁ

where 77 = (n1,n2,n3) and n; € Z. These operators satisfy the following CCR,
(2) lagi,az;) = lak;,alk 1=0, oz al ] = 6,057

and their free dynamics is given by

N
(3) HY :Z > epalaz;.

Here Ay = {p'= i, il € Z3}. Tt may be useful to notice that the energy of the different
)
bosons is mdependent of the lattice site: €5 = £— = %ﬁ.

The interaction between reservoir and system is

N

(4) HY =3 (0Fa;(f) + hoc),

j=1

where a;(f) = > ;cn, a5,5.f (D), f being a given test function which will be later asked to
satisfy some regularity conditions. Notice that, in order to keep the notation reasonably
simple, we are not using the tensor product symbol here and along this paper, whenever
the meaning of the formulas is clear.

The finite volume open system is now described by the following hamiltonian,
(5) Hy = H]OV + )\HJ(VI)7 where HR, = H](\fys) + H](\;es)

and A is the coupling constant.
We have seen in [3] that the free evolution of the interaction hamiltonian, H](\P (t) =

Ot (1) iHO :
eHitH (D et can be written as

(6) a7t Z (phaj(fe™=) + h.c),
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where
ph =525 0} + 5% +25%07),

™) 7= (s S*:;zioa + 2450 — g5toy)
R )]

with

(8) w=gy/(8%2 +45+5—, v =2+ gS°

and

(9) Vo (P) = v — €5+ aw.

Here o takes the values 0, + and — and S* = F-stronglimy_,o, S§. F-strong indicates
the strong topology restricted to a certain family F of relevant states, see [7] and refer-
ences therein for the details. The introduction of F is needed because the sequence S%;
does not converge in the uniform, strong or even in the weak topology, [7].

As we briefly sketch in the Appendix, the stochastic limit procedure is strongly linked
to the result of the following limit, [1],

0=~ (- o [ s (0 () (2))

which turns out to be, [3],

N
(10) I(t) = *tz Z {wsys (P02 )F&a) + wsys (0% p]a)rz(xb)}'

j=1a=0,%+
Here wior = wsys @ wg, where wyy, is a generic state of the system while wg is a KMS-
state of the reservoir, corresponding to an inverse temperature (3. Notice that we have
introduced two complex quantities

0 0
(11) F((Xa) :/ dr Z |fm(ﬁ)|2efirua(ﬁ)’ F&b) :/ dr Z |fn(ﬁ)|2€iw“(ﬁ)

PEAN - PEAN

fm(@) = Vm®) (D), fn(®) = V/n(@)f(P), where m(p) and n(p) are the following two
point functlons m(p) = wg(ap]a;:j) and n(p) = wﬁ(a;’jaﬁ,j). Both ') and I exist
because of the standard regularity assumption on f under which the stochastic limit
makes sense, [1, 3]. As we discuss in the Appendix, this analytic expression for I(¢) is
the key result for us since it suggests the introduction of the following stochastic limit

hamiltonian
N t
sl a b
(12) (¢ Z Z {3 (cS8) (8) + cl) (1) + hoc},

where the operators c(v)( t) are assumed to satisfy the commutation rules

(13) (€50 (8), 907 (1)] = 831 Gy 0,0t — £)TL, for t > ¢/,

[0



52 F. BAGARELLO

see [3] and the Appendix below. The reason for this is that, using the hamiltonian (12)
in the computation of

t t1
(—z’)2/0 dtl/o dty Qo (HSD (1) HSV (1)),

where Q1 = weys @ 2, and {2z is a KMS-like state related to the operators {0(7)( t)},
we recover the same I(t) as in (10), at least if the commutation rules in (13) are satisfied.
We refer to [3] and [1] for further details concerning this procedure, and to [8] for a
recent review on applications to many-body systems. After some algebraic computations,
making use of the so-called time consecutive principle introduced in [1], following the
procedure sketched in the Appendix, it is possible to associate to this hamiltonian a
one parameter group of automorphisms of the observables of the system, representing its
time evolution, whose generator L, when acting on the intensive operators S and ST5—,
looks like

8g1S0(5+5-)?

(14) L(S°) := F-strong ]\}im L(S%) = — 3 h(S°, STS).
and
1 4 +qQ—\3
(15) L(STS7) := F-strong A}gnoo L(SHSy) = —Wh(SQS"‘S‘),
where
— a - a +’g
16 h(S°,§ts)=Rr@ Y79 ppl “TI
1o R R e
+9g by w—4g
pr®) Y9 pp) “T9
T s T sy

The phase structure of the model is given by the right-hand sides of equations (14)
and (15), in particular, from the zeros of the functions

8g*xy? 16g%y°
(17) hey) = -~ hey). faley) = - =2, y),

where we have introduced, to simplify the notation, z = S° and y = STS~. With this
definitions we also have w = gy/22 + 4y and v = 2€ 4+ gx. In particular, see [9], the

existence of a super-conducting phase corresponds to the existence of a nontrivial zero
of f1 and f,, that is, in our scheme, to a nontrivial zero of the function h: h(x,,y,) = 0.
Following Buffet and Martin’s original idea, we look for solutions corresponding to v = 0.
We will discuss in the next section that this is not the only possibility. This means that,
because of (8), the value of z = S is fixed: = —2€/g. This also implies, see [3], that
RT) = 0, v = a, b, while

(18) RO = R = 71— !
PEEN PEEN

Therefore equation h(Zo,Yo) = 0 becomes

S o 3 MO =0

(w+ gx)? efw el w+ gx)?

PGSN
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or, equivalently,

(19) eﬁw = N

g tanh (ﬂ;) = w,

which is exactly the equation found in [9]. The value of the critical temperature, under
which superconductivity takes place, is therefore exactly the same as in [9], Tt := 5%.

or, yet,

From the above treatment it is clear that the SL approach can be successfully used
to analyze the phase structure of low temperature superconductivity as it follows from
our open system interacting with a bosonic thermal bath.

The procedure discussed above is technically much simpler than the one used in
the original paper, [9]. Among the other simplifications, for instance, a single equation
h(z,y) = 0 must be solved instead of the system fi(x,y) = fa(x,y) = 0, which is the
highly transcendental system which appears in [9)].

3. More reservoirs. In this section we introduce some possible generalizations of the
model discussed above which may let T, to increase. This is important in concrete appli-
cations, of course, since it would suggest some possible mechanism giving rise to super-
conductivity at a reasonably high temperature.

The idea is very simple and is well put in evidence by the SL approach: suppose that
the free evolution of the annihilation operator of the reservoir, az;(t) = aﬁyie_“ﬁt, is
replaced, for some reason, by az;(t) = aﬁ’ie_i’“ﬁt, ~ being some real constant less than
one, v < 1. As a consequence, the function v,(p) in (9) will be replaced by v, (p) =
v — veg + aw. All the other formulas are left unchanged, at least formally; h(z,y) is

eBw /v

the same as in (16), RT” = 0, p = a,b, while %Fff) = T 2opeey |f(P)* and

eBw/~ _

%Ff) = ﬂm D peen |f(P)|?, where, again, Ex = {p' € An : ¢ = w}. It is easy to
check now that equation h(z,y) = 0 produces, taking v = 0 as before, the following
equation:

ePwl — ng_w’

g—w

which admits a nontrivial solution in ]0, g[ if g8/v — 2 > 0, that is under a new critical
% = %, which is larger than T, since v < 1. This very easy
procedure makes the value of the critical temperature to increase leaving unchanged all
the physical parameters, in particular g. It is worth stressing that a similar mechanism
was by no means evident in [9, 10].

temperature TC(W) =

The main point, therefore, is to find a possible way to change the free evolution of
the boson operators as shown above. For that, one could first try to consider a reservoir
obeying different statistical properties. However, it is very well known that both bosons
and fermions produce the same free time evolution. For this reason, if we want to get a
different result, we should try considering a reservoir made of quons, [11]. However this
attempt has many technical difficulties and will not be considered here.



54 F. BAGARELLO

Another possibility to get a different time evolution for az;(t) consists in switching
on an interaction between the boson reservoir in [3], which we will call Ry and another
reservoir, Ro, which only interacts with R, and not with the system S§. This is the scheme
of the rest of the paper: different choices of the second reservoir will be discussed below,
with simple forms of interactions. These different choices all share a common output,
that is the formal expression of I(t), see (10). It should be clear that our results in
this direction are really only a first step in our analysis, also because they produce an
unexpected result: more nontrivial solutions of the equation h(x,y) = 0 exist which make
no reference to any critical temperature. The physical meaning of these solutions is still
under investigation.

3.1. A bosonic second reservoir. Let

(20) Hy = HG" + Hy™ + A = HY + 2HY,

where H](\fys) is given in (1), HJ(\P in (4) and

(21) U = g ¢ g0 4 ()

We take H](VRl) as in (3), H(Rl) = Z;v:1 ZﬁeAN €5 a;ra]apya and

(22 HY¥ = Z Z & bp PR H ) = Z Z (a;jbﬁd +aﬁ,jb:?,j)-
Jj=lpeAn =1 penn

Here both the reservoirs satisfy a bosonic statistic and they are independent:

(23) [agi,al ] = [bgi, bl ] = 6054, [a%., 0% ] =0.

q>J 75020, D51’ "G5
: i : : () D) iHt (D) —iHY
With these definitions the free time evolution of Hy’, Hy'(t) = e~ Hy e '~ de-
pends on Ro only through its interaction with R;. We have, using the definition (7),

0 0 o (ss) o pr(sue)
ezHNto_;-e iHt :e’LHN to_;-e THGYt u/tp] 'L(Ver)tpj 1(1/ w)tpj_

while
X . .rr(res) - rr(res) ;
agi(t) = einovtaﬁﬂ,e—zH?vt — oHN" taﬁ’ie_’HNes b= e [a,; cos(ut) — ibg,; sin(ut)] .

REMARK. The time evolution of the operator b;; can be found easily, but it has no role
in the computation of the stochastic limit of our model.

If we now introduce the following function:

(24) Vap(P) = v — ey + aw + B,
where a = 0,+ and 3 = =+, Weget

(25) Z > (Phlaj(fe'™-)

J 1a=0,+

+ag(fe' ) by (fe'™e ) = by(fe )] + hec.).
Let us now define the following operators:
ap,; + by ap,j — by

(26) Apj = 75 B = 7
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The only nontrivial commutation rules are now
(27) [A5i, AL ) = [Byi, BL ] = 61365
With these definitions we get

(28) HY (1) Z > (PhlA;(fe™ o) + By(fe™=)] + hec),

j 1 a=0,£

which produces, repeating the same computations as in [3], formally the same result as
n (10):

(29) = _tz Z {Wsys p]p] m) +wsys(pa /)a> ((ln)}’

j=1a=0,£

where the only difference is in the expressions of the coefficients F&m) and F,(@n), which are
now defined as
(mA) (mB) (nA) (nB)
r,.* +1T, r,2V+T,
30 rem) ——o= Tlat - opm) _ la- Tlat
(30) ¢ R ;
Here we have introduced

0 = [0 dr Y seny [F@)Pma@e e @,
0 = [0 dr Y sen |F@)Pmp(@)e i @),
L0 = [0 dr Y e, [ (B)Pra(@etivve-),
D) = [ dr S pen |F(0)Pnp(B)et e @),

where ma(p) = wa(Ap;AL ), mp(p) = wp(Bg;BL ), na(p) = wa(Al; Az ;) and np(p)
= wB(B;jBﬁ’j). Here wy and wp are the KMS-states of respectlvely the A and the
B operators. The total state is now given by the tensor product of three contributions,
one for the system and two for the two reservoirs: wio = Wsys @ Wa @ wWp.

(31)

REMARK. For all our results to be meaningful, we have to require that all these integrals
exist and are finite. This is a condition on f(p), which extends the analogous one given
in [3].

Due to the fact that I(¢) in (29) coincides formally with the one in (10), one easily
recovers the same conclusions as in [3, 9, 10]: the system undergoes to a phase transition,
from a normal to a superconducting phase, if the function h(z,y) defined in analogy with
(16) as

w—g (m) Ww+g (n) wW+g (n) Ww—4g
———+RTL +RT +R0Y —
(w + gx)? (w=gz)?2 7 (w+gx)? (w—gz)?

has a nontrivial zero (zg, yo)-

(32) h(z,y) = RO

Finding such a zero may be very hard, in general. First we observe that

REGY = 25 ca @R (ma@)d(vi— (7)) + mp@(v4r (7))
RO = 25 B (ma@o(v-— (7)) + mp(P)d(v— (7)) .
REY) = 25 cn [F @ (a@0(vi— (7)) + np(@)8(vi+ (7)),
RO = 25 a ) [F @) (a@)o(v-— (7)) + np @ (-1 (7).

(33)
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Using the usual suggestion contained in [9] we first consider briefly what happens if we
fix v = 0. This assumption, which was very useful in [9, 10] and [3] to simplify the
computations, has no immediate consequences here. In fact, if v = 0, it is possible to see
that a sufficient condition for wy to be a zero of the function % in (32) is that both these
equations

(34) eateo-m) _ IHE0 () _ 9+ W0

g —Wwo g — Wwo
are satisfied, where §4 and g are the inverse temperatures of the two reservoirs A and
B. Since A and B are different linear combinations of the original reservoirs R and Ro,
see formula (26), it would be reasonable to require 54 = 8. But this is only compatible
with one of these two choices: (a) if 84 = B # 0 then necessarily p = 0: therefore we
go back, as it is expected, to [3] and we recover the same critical temperature. This is
because pu = 0 implies that R; and Ry do not interact. (b) If 54 = G = 0, equations in
(34) imply wo = 0, which is not what we want.

However, if we do not assume that 84 = (g, it is possible to prove that, if our
model admits a critical temperature, this must be necessarily lower than the one in [9],
T, = #%: it seems that the presence of this second reservoir can only decrease the value
of T,, which is exactly the opposite of our original aim. However, this is not the end of
the story. In fact, these conclusions are a consequence of having chosen v = 0. In other
words, we are looking for nontrivial solutions of the equation h(x,y) = 0 when v = 0.
Other nontrivial solutions may exist, and our strategy is very flexible to discuss this new
situation. This flexibility is lost in [9] and [10] for several reasons, and, among others,
because the equation h(z,y) = 0 must be replaced by a system of equations.

Let us assume now that v # 0. We look for solutions such that only v4_(p) assume,
for some p, the value 0, while v (p),v__(p) and v_ (p) are always different from zero.
For such a solution to exists it is enough that the following inequalities are all satisfied:

v+w+pu <0,
v—w-—p<0,
v—w+pu <0,
v+w—pu>0,

(35)

A trivial solution surely exists if we fix ¥ = p as far as w €|2u, —2u[. This implies,
because 0 < |w| < V/5g, that the coupling constant p in H(**) must be negative
and smaller than —@g. With this choice we get RT™ = R = 0, and %Fsrm) =
5 Yeny F@Pma@d(e— () and R = £ 550y () Pra(@d(vr—(#). Now, as
an easy consequence, we recover the same equation as in the previous section, /4% = Z’J_r—‘:
which implies that the critical temperature is not affected in this case.

More interesting is the situation when the system (35) holds true without having
v = p. This is possible: for instance, the choice p = —w, v = —% is a possible solution of
(35) with v # p.

If (35) is satisfied we deduce that
g+w
g-—w

(36) efaloty=u) =
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In order to check whether this equation admits nontrivial solutions for some w €]0, g[, we
consider three different situations:

(i) if v = p then we go back to the usual condition, [3], and we deduce the existence
of a critical temperature which coincides with the usual one, T, = ;.

(i) if v > p then the situation is different: since the function F(w) := efalwtv—n) _
Zi‘—‘: is such that F'(0) = ¢#4=#) —1 > 0 and lim,_,,~ F(w) = —oc. Therefore, since
F(w) is continuous in 0, g[, then it surely exists a solution F(wp) = 0 with wg €]0, g,
independently of the values of G4.

(iii) if v < p then F(0) = ef4(»=#) —1 < 0 and we cannot conclude as in (ii).

The conclusion of this analysis is therefore that, whenever (35) holds true, other
solutions of equation h(z,y) = 0 different from those found in [9] may exist. Their physical
meaning, however, is still to be understood. It may be worth stressing that we are not
claiming that superconductivity exists independently of the temperature. We are just
saying that more solutions of the equations considered in [9] exist, at least when the
physical constants satisfy some peculiar conditions. This is a rather interesting feature of
our model and surely deserves a deeper investigation.

3.2. A fermionic second reservoir. We consider now a different reservoir Ro and
a different interaction between R; and Ro. In particular we assume that Hpy (B2) _
Z;V 1 ZpEAN NG b; b7, ], where the operators by ; satisfy the following CAR, {bz ;, 7 Z} =

6053 {bgj>bgi} = {b] 550 0g 1} =0, and commute with the agz ;’s, and

(37) HJ(VRMR2 :Z Z ag aPJ

Jj=1peAn

(B1.R2) o the pre-

The physical difference between this operator and the hamiltonian H
vious subsection, where if a boson a is created then a boson b is annihilated, is clear:
here, in fact, H(R1 2)
quence of this dlfferent definition is that, while in the previous model the total number
Y & T + s (res)
operator N = No + Ny = >, son Q055 + D5 seny O ;bp; commutes with Hy

even if [Hy (res) N o) # 0 and [H(Tes) N3] # 0, here we have [H(Tes) N, = [HJ(JES),NZ,] =
[H §V’“€S>,N] =0.

only counts the number of bosons a and fermions b. A conse-

. . r(res) _pp(res), . .
The free time evolution of the operator az ., az(t) = eIn "tz e *HN "t ig again
p,dr Ap.j D,J )

—it(ep+ubl b5 ;)
)

easily computed: ag;(t) = az e and the expression of H](VI) (t) is quite

similar to that in (6),

N
(38) HY() =3 3 (dhag(fFe™) + ho)

Here v,; is the following operator:

(39) Vaj(P) =v+aw — ey — b SRR
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and, analogously to what we did in (4), we have written
:
’Ltl/aj E ap7 z (v+aw— ep)e "t/‘b[;,jb;ﬁ,j )
PEAN

If we now consider two KMS states, one for Ry and one for R, corresponding to the
inverse temperature 3, and [ respectively, and we take wior = Weys ® Wres = Ways @
W, ©wg,, we deduce for Iy(t) = (—i/X)? [1 dty [i" dts wior(HY (11 /A2 HY (t2/A2)) that

(40) Ln=- % <w$(P£P£T)|fma(ﬁ72

J,a,B PEAN

1 % —ivg(P) % Ciubt b (1t2) o
)\2/ dtl/ dtoe u(ﬁ) a(ﬁ)xzw@(e pby by s )+ ws (P, pjﬁ)lfna(ﬁ)‘g

i () v () 22 bl b (t1=t2)
N / dty / dtye™ 7 DD S g, (0517553 >>,
0 0
where

fmo () = FD)Vma(P),  fna (D) = [(D)V/7a(P)

and

Ua(P) =V + aw — €5 = vo(P) + ,ub;jbﬁ)j.

. T .
In order to compute I(t) = limy_o Ix(t) we first have to compute wg, (¢'7%73%77) for
a generic value of v. This is easily done recalling that (b;;j)Q = (bﬁ,j)2 = 0 and that wg,
is a KMS state. After some computations we get

. t1—t
’LP«( 1)2 2)

. +
. (t1—t 627713
(eFinbh,brs By _ €T e

(41) ws = B2y 4 1

2
It is now almost straightforward to deduce that

N
(42) 1) ==t~ > {weus(phpd TG +waysh o)D),
j=1a=0,%

which is formally identical to equation (10), but for the definition of the coefficients which
are NOw

m 0 —iTD = —i7(Va (P)—
re” = [2 dr Y pen, (D) P (P) gy (67 TP D407 4 e =i (a (P,
0 T 5 i (D, —
_ f—oo dr ZﬁeAN |f(ﬁ)|2na(ﬁ) 652”1ﬁ+1 (e+ a(P)+P2np 4 o+iT(Va (D) #)).

Also for this model, therefore, the existence of a nontrivial zero of the function h(zx,y)
defined as in (32) is the first step in order to analyze its superconducting features. To
find this zero we first have to compute the following quantities:

ROG =70 Y jeny, s 1 ()2 (B) (€7276 (5 (7)) + 07 () — 1),
ROG = 7Y pen, g 1P Pna(B)(e%276(a () + 3(7a () — ).

We use now the same strategy as in the previous subsection, i.e., instead of fixing v = 0,

(43)

(44)
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we look for solutions of the following inequalities,

v+w<0,
v—w<0,
v—w-—pu<0,
v+w—p>0,

(45)

which is close but not identical to the system in (35), since if such a solution exists, then
some interesting consequences arise, as we shall see. First, let us observe that if we fix
v = u then the system above is surely satisfied if we also take the coupling constant p
such that u < —+/5g. However, as for the model described before, the equality v = pu
produces again the same critical temperature as in [3], so that it is not very interesting
for us. However, it is easy to see that other solutions of (45) exist corresponding to v # p.

As an example we can choose p = —2w and v = 737“.

After few computations we recover essentially the same equation as in (36):
(46) P (wtv—p) _ g+_w
g—w

It is clear, therefore, that the conclusions are exactly the same: (i) if v = p then we
get the same critical temperature as in [3]; (ii) if ¥ > p then we surely have a solution
F(wp) = 0 with wy €]0, g[, for all the values of 8;. Again, this could suggest the existence
of a superconducting phase for all values of the temperature, but for special values of the
physical constants. However, as we have already stated several times, this is still to be
better understood; (iii) if ¥ < p then a deeper analysis is required to conclude something
about the critical temperature (and, again, we will not consider this situation here).

3.3. A spin-like second reservoir. We consider here another model whose structure is
close to that of the previous models. The only differences wrt our previous definitions are
again in H](VR2) and H(Rl’RQ). We put

(47) Hy —”Z >y Hy = Z D 5T

J=1peAn J=1peAn
where the operators 7%., k = 0,4, satisfy the same algebra of the Pauli matrices
[Tfl, qj] 52]‘5105!'7;7]’ [T?Z,quj] = $26”5pq¢ﬂ. and commute with the az;’s. The in-

Ri,R
(F1:R2) 4o a sort of

terpretation is not very different from that of the previous model: H
number operator, as in the previous subsection, which counts the excitations of both R4
and Rq, without creating or annihilating any of them. Once again we can find the exact

free time evolution of the operators of R:

ag;(t) = N tq e N = g eitler TS ),
so that
N
(48) Z Z phaj(fe'™9) + h.e),
j=1a=0%

where we have introduced the operator

(49) va;j(P) =V + 0w — €5 — p7 ; = va(P) — 7y



60 F. BAGARELLO

Most of the computations as in the previous section can be repeated here, and a;(fe!™=7)
is defined analogously to the previous model. Again the state of the complete system is
a product of three states, one general state for the system S and two KMS states for R
and Rg. The only major difference is now in the computation of wg, (e eioTy, ) which can
be obtained by introducing an o.n. basis of the spin operators 7:, We get

ewz + 6710162[927]

wrrg» _
(50) wﬂQ( v 7) - 1 + 62’8277 9

which must replace the result in (41). Therefore, defining

I‘(m_) + ezﬂg’l’]l"((lm"r)

g Ly 4 2ot
(51) rm — te

(n)
1+ e2B2n » Ta 1+ e262n

where

L) = [0 dr Ypen,y L D)Pma (e =@,
(52) P& = [l b7 Spen SO Pma(ple 729,

P8 = [0 dr Ypeny [F(B) Pra(@etime @,

T = [0 dr Speny [F(B)Pa(B)et e @,

with vE(p) = va (D) £ 1, ma(P) = wg, (apyja;j) and nq(p) = w/gl(a;jaﬁyj), we get, once
again, the same result as in (10):

(53) = *tz Z {wsys (Phpl, ) rim + Wys (04 pa)]‘—‘gz )}a
j=1a=0,£
Again, the critical temperature is related to the function h(xz,y) defined as in (32) with
the above definition of the constants.
Let us now consider first the simplest situation, that is the limiting case §; — oo. In
this case we see from (51) that

(54) limg, e T4 = T8 and RO = 7304 L £ (@) Pma (@8 (v (7)),
limg, oo T8 =TT and ROUD = 7300 (0 Pra ()6 (vt (7).

We will here consider only the following three different situations:

(1) first of all, assume p < v = 0. Then, due to (54), RT" ") = RT" ™) = 0, and, intro-
eﬂ1(“’+#

ducing the set Ey = {Fe Ay : €5 = w+pu}, we have ?RFerH =T 5eén |f(D))? Fremo—
and ?RFTH =T 5eéy |f(15‘)|26[31(w+,)_1 Therefore equation h(z,y) = 0 produces

(55) ePrlwtn) — g—i—_w
g—w
Recalling that p < 0, the usual analysis can be repeated and we conclude that no solution
exists for B < 5 Which means that the critical temperature can only decrease under these
conditions: T, < %,
(2) let us now consider the case in which v = —pu. Under this assumption we recover
the usual equation, e®1% = g+‘” , so that the critical temperature coincides with the one

found in [9] and [3];
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(3) finally, let v > —p. Then, if also v + p — w < 0 is satisfied, the equation to
be considered is e (@trty) — Z:—Z, which has always a superconducting solution since

lim,, ., F(w) = lim, - e @) — 42e — o0 and F(0) = M) —1 > 0.

Let us now remove the hypothesis G2 — oco. Without going into details it is possible
to see that if the following system is satisfied:
v4+w—pu >0,
v+w+p <0,
v—w—p<0,
v—w-+p <0,

(56)

(which holds true for instance if v = 37“ and p = —w), then h(z,y) = 0 produces the
equation ef1(w—ntr) — g’f—‘:} and the existence of a solution depends on the difference
v — p: a solution always exists (for all ;) for v — pu > 0, exists only for 57 > % for
v — p = 0 while for v — u < 0 the question is still open.

As we see, the situation is very close to that of the other models considered in the
previous sections: more nontrivial solutions of the equation h(z,y) = 0 may exist which

were not obtained in [9].

4. Conclusions and outcome. We have shown how the SL approach can be success-
fully used to simplify the treatment of the open BCS model of low superconductivity. We
have also considered extended versions of the Martin-Buffet model, and from the analysis
above it turns out that the choice v = 0 in [9, 10] and [3] is a very particular one and
that many different solutions of the equation h(x,y) = 0 may be lost fixing this value.
This suggests to work out a deeper analysis in order to understand the physical meaning
of these different solutions which, by the way, also appear in the original, single-reservoir
model, [4].

Moreover, since the free time evolution of the operators of Ry that we have obtained
in the models discussed here is not the one we originally asked for, az,;(t) = aﬁ’ie_”eﬁﬂ
we are also interested in finding different soluble models, like some other version of a
double reservoir open BCS model, which can produce this time behavior.

Appendix: A few results on the stochastic limit. In this Appendix we will briefly
summarize some of the basic facts and properties concerning the SLA which are used all
throughout the paper. We refer to [1] and references therein for more details.

Given an open system S + R we write its hamiltonian H as the sum of two contri-
butions, the free part Hy and the interaction AH;. Here )\ is a coupling constant, Hy
contains the free evolution of both the system & and the reservoir R, while H; con-
tains the interaction between S and R. Working in the interaction picture, we define
H;(t) = etHot Hye~Hot and the so called wave operator Uy (t) which is the solution of the
following differential equation

(A.57) B,UN(t) = —iNH (1)U (2),

with the initial condition Uy(0) = 1. Using the van-Hove rescaling ¢ — 5, see [10, 1] for
instance, we can rewrite the same equation in a form which is more convenient for our
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perturbative approach, that is

(A.58) 0,0 (%) - —§H1<)\2>UA<%>>

with the same initial condition as before. Its integral counterpart is

t i t '\,
(A59> U,\ F :]1—)\ o H[ )\2 U)\ F dt7

which is the starting point for a perturbative expansion, which works in the following
way.

Suppose, to begin with, that we are interested in the zero temperature situation. Then
let g be the ground vector of the reservoir and £ a generic vector of the system. Now we
put 4,0((36) = o ® £. We want to compute the limit, for A going to 0, of the first nontrivial
order of the mean value of the perturbative expansion of Uy (t/\?) above in <pg ), that is
the limit of

(A.60) L) = <§>2/Otdt1 /Otl dt2<H,< )H1<)\2>>wg§),

for A — 0. Under some regularity conditions on the functions which are used to smear
out the (typically) bosonic fields of the reservoir, this limit is shown to exist for many
relevant physical models, see [1], and [2, 5, 8] for a few recent applications to quantum
many body theory. It is at this stage that all the complex quantities like the I’g) 's we have
introduced in the main body of this paper appear. We define I(t) = limy_ Ix(¢). In the
same sense of the convergence of the (rescaled) wave operator UA(%) (the convergence in
the sense of correlators), it is possible to check that also the (rescaled) reservoir operators
converge and define new operators which do not satisfy canonical commutation relations
but a modified version of these. This is, for instance, the genesis of the commutation
rules in (13). Moreover, these limiting operators depend explicitly on time and they live
in a Hilbert space which is different from the original one. In particular, they annihilate
a vacuum vector, 79, which is no longer the original one, ¢g.

It is not difficult to deduce the form of a time dependent self-adjoint operator H}Sl) (1),
which depends on the system operators and on the limiting operators of the reservoir,
such that the first nontrivial order of the mean value of the expansion of Uy = 1 —
zfot H}Sl)(t’)Ut/dt' on the state 77(()5) = 1o ® & coincides with I(¢). The operator Uy defined
by this integral equation is called again the wave operator.

The form of the generator of the reduced dynamics follows now from an operation
of normal ordering. More in details, we start defining the flux of an observable X =
X ® 1, where 1, is the identity of the reservoir and X is an observable of the system,
as ji(X) = UtXUt Then, using the equation of motion for U; and Ut, we find that
O (X) = iU/ [Hf”( t), X]U;. In order to compute the mean value of this equation on
the state 77(()5), so to get rid of the reservoir operators, it is convenient to compute first
the commutation relations between Uy and the limiting operators of the reservoir. At this
stage the so called time consecutive principle is used in a very heavy way to simplify the
computation. This principle, which has been checked for many classes of physical models,
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[1], states that, if 5(¢) is any of these limiting operators of the reservoir, then
(A.61) [B(t),Uy] =0, for all t >t

Using this general result and recalling that 7y is annihilated by the limiting annihilation
operators of the reservoir, it is now a simple exercise to compute (9;j;(X )>n[()§) and,
by means of the equation <8tjt(X)>nég) = <jt(L(X))>n{f” to identify the form of the
generator L.

Let us now briefly consider the case in which 7" > 0. In this case the state of the
reservoir is no longer given by ¢g. It is now convenient to use the so-called canonical
representation of thermal states, [1]. Any annihilator operator az; can be written as the
following linear combination

a b),
(A.62) ag; = v/m(p C%J). + v/n(p) c;’;. t

where m(p) and n(p) are the following two-points functions,

1 e*ﬁeﬁ
(A.63)  m(p) = Wﬂ(aﬁ,ja;,j) = 1o Fs n(p) = Wﬂ(ag,jaﬁ,j) =1 o

for a bosonic reservoir, if wg is a KMS state corresponding to an inverse temperature (.

The operators C%O;.) are assumed to satisfy the following commutation rules

a 1
(A.64) [, )] = 8jk07700n,
while all the other commutators are trivial. Let moreover ®; be the vacuum of the
(a),

operators Cpjt

cl(;j)@o =0, vp, j, .
Then it is immediate to check that the results in (A.63) for the KMS state can be found,
using these new variables, representing wg as the following vector state wg(-) = (®g, - o).
With this GNS-like representation it is trivial to check that both the CCR and the
two-point functions are easily recovered. Once this representation is introduced, all the
same steps as for the situation with 7" = 0 can be repeated, and the expression for the

generator can be deduced using exactly the same strategy.
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