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Abstract. The ¢g-white noise is studied as the time derivative of the g-Brownian motion. As
an application of the g-white noise, a non-adapted (non-commutative) stochastic integral with
respect to the g-Brownian motion is constructed.

1. Introduction. A Fock representation of g-commutation relation (introduced by
Greenberg [7], and Bozejko and Speicher [3]) was first studied in [5] by constructing
a ¢-Fock space as the space of representation, see also [2]. A representation of the g-
commutation relation (—1 < ¢ < 1) is given as the form:

a(Q)a*(n) —ga*(n)a(C) = (¢, m) -1, (n€ H.

The g-commutation relation (—1 < ¢ < 1) provides an interpolation between the fer-
mionic and bosonic commutation relations which correspond to ¢ = —1 and ¢ = 1,
respectively. The spaces of the representation of the fermionic and bosonic commutation
relations are called the Fermion and Boson Fock spaces, respectively. Also, the full Fock
space corresponds to ¢ = 0. Recently, in [10], we constructed a ¢-Fock space as the space
of the representation of the g-commutation relation such that for 0 < ¢ < 1, the ¢-Fock
space is interpolated between the full Fock space and the Boson Fock space.
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On the other hand, stochastic calculus with respect to the g-annihilation process, g-
creation process and g-gauge process has been developed in [15]. Also, in [6], a stochastic
integral of adapted biprocess with respect to ¢g-Brownian motion was developed by using
the method used for the free case in [1].

Main purpose of this paper is to study the g-white noise as like as the (standard
Gaussian) white noise [8, 11, 12, 13]. Then we construct a non-adapted stochastic integral
with respect to the g-Brownian motion, more generally, with respect to the g-annihilation
process and the g-creation process.

The paper is organized as follows. In Section 2 we briefly recall the notions in ¢-Fock
space [10]. In Section 3 we study the g-white noise within a rigged g-Fock space. In Section
4 we construct a non-adapted stochastic integrals with respect to the ¢-Brownian motion.

2. g-Fock space. Let I'o(H) be the full Fock space (with the inner product (-, -Y)o)
over a complex Hilbert space H. Let Tt (H) be the linear span of vectors of the forms
@ --®& € H® n=0,1,2,... where H®® = CQ for the vacuum vector 2 € T'o(H).
Let g € (—1,1) be fixed. For each n =0,1,2,..., we put
nlg=1+q+---+¢"", [0]g=0.
The g-factorial is defined as
[n)g! = [1q[2lg -~ [n]g,  [0lg!=1.

Let S,, denote the symmetric group of all permutations on {1,...,n} and I(c) denote
the number of inversions of the permutation o € S,, defined by

(o) = #{(i,4) | L <i <j <n, o(i) > o(j)}.

The operator P, is defined on Ti"*¢(H) by a linear extension of

PO =
P1®-®&) =Y ¢ D%uy®- @ &m)-
oSy
Put
EL1Q¢ - Qe&n =P(&1®---®E&,), &eH, i=1,...,n
and then

E10g b= ¢ &R (61 @ ®g & By Dy bn). (2.1)
=1

Let I‘g‘“ite(H) be the linear span of vectors of the forms &§ ®q -+ ®4 &, € H®", n =
0,1,2,.... Define a sesquilinear form (-, -)) on T (H) by a sesquilinear extension of

<<§1 Rq - Qq fnv M Qq - Qq 7]m>>q = 5nm[n]q|<<§1 Rq - Qq gna me:---Q etam>>0-

Then by applying Theorem 2.2 in [5], we see that the sesquilinear form ((-, -))4 is the
strictly positive, ie., (€, &) > 0 for 0 # ¢ € Tinit(H). The completion of Ifinite(H)
with respect to ((-, -))4 is called the g-Fock space and denoted by T'y(H).
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For each ¢ € H, we define the g-creation operator a*(¢) and the g-annihilation oper-
ator a({) on the dense subspace Fg“ite(H ) of the g-Fock space I'y(H) as follows:

a’ (O =G
1
a*(C)gl ®q"'®q€n = m<®q£1 ®q"'®q€n
and
a(¢)Q2 = 0;

a(¢)é1 Qg+ Qg én = \/ [n]qC ®" (&1 ®q " g n),

where f ®! g is the left 1-contraction of f € H and g € H®™, see [13]. From (2.1), we

have
n

<®1 (51 ®q®q€n) :Zqi71<<7 £z>§1 ®q®q€z ®q"'®q€n;

i=1
where the symbol &; means that & has to be deleted in the tensor product and (-, )
denotes the inner product on H.

THEOREM 2.1 ([10]). Let { € H.
(1) The operators a*(¢) and a(C) are bounded on T'y(H). Moreover,

[a(Qllop = lla*()llop < 1/v/1 = q[Cla- (22)
(2) The operators a*(¢) and a({) are adjoints of each other on I‘f}“ite(H) with respect
to (o
(3) The g-creation and q-annihilation operators fulfill the q-commutation relation, i.e.,
a(¢)a*(n) —qa*(na(C) = (¢, n) -1, (e H.
The Boson Fock space is defined by

oo

Ty(H) = P HE" = {p = (fn)20lfu € H®,n=0,1,... and [|g]; < oo},

n=0
where H®™ is the symmetric n-tensor product and ol = >0 | fnl?. Then we have the
following
THEOREM 2.2 ([10]). For any 0 < ¢ <1 we have the following continuous inclusions:
I'v(H) CTy(H) CTy(H).

In particular, T'1(H) is isometrically embedded into T'y(H) and the second inclusion is
contraction.

3. ¢-White noise. Let H = L?*(R,dt) be the (complex) Hilbert space of L2-functions
on R with respect to the Lebesgue measure dt and the norm is denoted by |- |o. Let A
be the harmonic oscillator given by

d? d\" d
A=1+—- — = — — 2.
v (t+dt) (t+dt)+
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Recall that
e;(t) = (VE 2 i)V (e 2 j=0,1,2,...,

where H is the Hermite polynomial of degree j, constitute an orthonormal basis of L*(R)
and Ae; = (2j + 2)e;, and so

s 1
A1 =1/2<1 AT = S — 1/2.
47 oe =12 <1, 147 Wi = 3 g <000 T2 U/
For p € R we define
67 = [APE5 =D (25 + 2, e)*,  £€H.
=0

Now, for p > 0, setting E, = {¢£ € H; |£|, < oo} and defining E_, to be the completion
of H with respect to |-|_,, we obtain a chain of Hilbert spaces {E, ; p € R}. Define their
limit spaces:

E=SR)=projlimE, E*'=SR)" =indlmFE_,,

p—00 p—o0

where E* is the dual space of E which is well-known as the Schwartz space. Identifying
H with its dual space, we have

ECE,Cc H=L*R,dt)Cc E_, C E*. (3.1)
By taking ¢-Fock space from (3.1), we have the following natural inclusions:
Lg(Ep) CTg(H) CTy(E-p), p=0.

By the general duality theory, I';(E_,) is the strong dual space of I';(E,). The norm
generated by the sesquilinear form (-, -))¢.» on I'y(E,) is denoted by || - ||g:r-
Let T € L(H, H) and I'(T) be the second quantization of 7' on I'iinite(H), i.e.,

T (6@ ©&) =T - ®&), &,....60€H, n=12...
Then since 7®" and P, commute, for any &1, ...,&, € H we have
IT(T) (61 @q -+ ©¢ Ea)llgo = ITE" P2 (1 ® - @ &)}
<ITIERIP (6 © - @ &)l
= ||T||2OnP||fl ®q -+ Oq &nllg0,
see Lemma 1.4 in [2]. Therefore, for any g € (—1,1) and T € L(H, H) with ||T|op < 1,
the second quantization I'(T) of T' can be extended to I'j(H) as a bounded operator.

LEMMA 3.1. For anyn > 1 and v > 1/2, (A™")®" is of Hilbert—Schmidt type on H®",
where H®a™ is the completion of {§&1 ®@q -+ ®q&n|& € H, i =1,2,...,n} with respect to
<<'7 >>q

Proof. Let {¢n;}52; be a complete orthonormal basis for I';(H). Since Pq[n] is invertible

—1/2
(see [4]), {\/[n]q!Pq[n] / ©n,i 12, is an orthonormal sequence in I'g(H), where Pq[n] is
the restriction of P, to H®". Let {¢, 1 }7>; be a complete orthonormal basis for I'g(H)
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—1/2
containing {+/[n]! P" / ©n.i}22. Then we have

i=1"
1A s = D (AT iy ni)2

i=1

—r\®n p[n -1/2 n -1/2
[l ATE P i P on i)

o

s
Il
-

(AT bnger Dnad = (AT s,

=

—

where ||(A™")®"||gs.q is the Hilbert—Schmidt norm of (A~")®" on I'y(H ), which completes
the proof. m

THEOREM 3.2. For any r,s € R with ||[A=7")||gs < 1, the natural inclusion
isp  Dg(Es) — Tq(Er)

is of Hilbert-Schmidt type. In particular, for any r > 1, T'(A™") is of Hilbert-Schmidt
type on T'y(H).

Proof. Let {@snk}pp—o be a complete orthonormal basis for I'y(Es), where for each

n>1, {psnk}id, is a complete orthonormal basis for E? 1" which is the completion of
[linite(f1) 0 E®™ with respect to || - [|4;s. First, we note that for any n, k

”Sosm,k |q;r = ||(A7(Sir))®n90sm,k”q;S'

Therefore, by Lemma 3.1 we have

lis s = D3 A=) E 0 )2, < S0 (1A~C) |2

n=0 k=0 n=0

which is finite for any r, s € R with A6 ||lgg < 1. =
We put
Iy(E) =projlimTy(E,), T, (E)"=indlimT (E_,).

p—00 p—0o0

Then we obtain a complex nuclear triple:
[4(E) CTy(H) CTy(E)*
which can be considered as a g-white noise triplet from the following:
DEFINITION 3.3. Let G: H — L(I'y(H),I',(H)) be defined by
Gr=alf)+a™(f), feH

For notational convenience, for any ¢ € [0,00) we write B; = Gy,
called the g-Brownian motion.

Then {Bt}tZO is

0,t]"

Note that for any p > 5/12 the map R 3¢ — §; € E_,, is continuous, where ¢, is the
delta function. Moreover, for any 0 < a < 1 with p > 5/12 + «/2 there exists a constant
C > 0 such that

|0s — 0¢|—p < C|s—t|%, s, t€R,

see Theorem B.1 in [14].
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REMARK. Let p > 0. For any f € H, the operators a(f) and a*(f) can be considered
as operators in L(I'y(E,),T'4(E_,)) since L(T'y(H), T (H)) C L(Ty(E,),T'(E_p)). Also,
for each t > 0, af = a*(d;) is a bounded operator in L(I'((E_,),[(E_,)) for any
p > 5/12 of which the proof is similar to the proof of (2) in Theorem 2.1, see [10], and so
ar = a(d;) € L(Tq(Ep),Tq(Ep)).

THEOREM 3.4. For any p > 5/12, the map t — B, € L(T'((Ep),T¢(E-p)) is differen-
tiable.

Proof. By linearity of the map E_, 3 x — a(x) € L(T'4(Ep),I'4(E_;)) and (2.2), we have

a(Lo,t44,1) — a(1jo,q) _ _ 1
At K oP |At|

a(Lp,e4a, — Ljo,g — Atdt)

OoP
1o, t+At] - 1[o 1

— 0y

— 0
—p

< =]
as A; — 0. Similarly, we have

a*(Lo1a,) —a*(Log) .

A A =o.

(04

lim
Ay—0

Hence B; is differentiable in ¢ and
dB .
d—tt =a;+ta;, >0,

in L((E,),T(E_,)). =

To simplify notation, we write Wy = a; + af for any ¢ > 0. The process {W;}+>0 is
called the g-white noise.

4. Non-adapted stochastic integral. From now on we fix a positive real number p
with p > 5/12. A family {=,};>¢ of operators in L(I'y(E,),T'q(E_})) is called a quantum
stochastic process.

A quantum stochastic process {Z;}:>0 is said to be uniformly measurable if there
exists a sequence {=, ¢ }:>0 of countable-valued quantum stochastic processes such that
En,t converges to Iy in L(T'G(Ep),I'q(E_p)) for almost all ¢ > 0. It is well known by
N. Dunford that the uniform measurability of a quantum stochastic process {Z;}>¢ is
equivalent to the following conditions:

(1) {E¢}4>0 is weakly measurable, i.e., for any ¢, ¢ € I'y(E,) the map
Ri2te (5w, ) €C

is measurable.
(2) {Ei}+>0 is almost separable-valued in L(T'¢(E,),T'q(E_p)), see [9].

From now on, for notational convenience we denote by | - ||op;r,s the operator norm
on L(Ly(Ey),Dq(Es)).

DEFINITION 4.1. Let {E;}4>0 C L(T4(E;),T4(Es)) be a quantum stochastic process.

(1) A countable-valued process {Z;}+>0 is said to be (Bochner) integrable on [0,T] if
IE¢t|lop;r.s is integrable on [0, T1.
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(2) The process {=;}+>0 is said to be integrable on [0, T'] if {=;}+>0 is uniformly measur-
able, i.e., there exists a sequence {E,, ; }+>¢ of countable-valued integrable processes
such that =, ; converges to = in L(T'y(E,),T4(Es)) for almost all ¢ € [0,T], and

T
lim ; 1Zn.t — Etllopirs dt = 0. (4.1)

n—oo

In this case, we write
T T
Et dt = lim En,t dt.
O n—oo 0

THEOREM 4.2. Let {E:}>0 C LTG(E_p),Tq(E_p)) be an integrable process on [0,T].
Then {Eia}i>0 and {Ziaf }i>0 are integrable on [0,T]. Moreover, {E,W,} is integrable
on [0, 7).

Proof. Since the maps
Ry >t a € L(Dy(Ep), Ty(Ep)), Ryt af € LT(E-p) Ty(E-p))

are continuous, by assumption {Z:a;}+>0 and {E:a]};>0 are uniformly measurable on
[0, T]. On the other hand, there exists a sequence {Z,, ; }+>0 of countable-valued integrable
processes such that =, ; converges to Z; for almost all ¢ € [0,T], and (4.1) holds with
r=s=—p. Forany n=1,2,..., we put

ant=ay, te[@—1T/n,iT/n), i=12,...,n.

Then a, ; converges to a; for almost all ¢ € [0, T]. Therefore, by the dominated conver-
gence theorem we have

T
/ [Zn,tan,t — Eratlopp,—p dt
0

T T
< / ||En,t - Et‘|OP;—p7—pHan,t - atHOP;pm dt + / ‘|EtHOP;—p7—pHan,t - atHOP;pm dt
0 0

T
+/ 120t = Etllor;—p,—pllatllopyp,p dt
0

T T

< 3K/ 120t — Etllop;—p,—p dt +/ IZ¢llor;—p,—pllant — atllopyp,p dt
0 0

—0

as n — 0o, where K = sup{||at||op;pp |t € [0, T]} which is finite by the continuity. Hence
{Etat}¢>0 is integrable. The rest of the proof is similar. m

THEOREM 4.3. Let {Z:}i>0 C L(Ty(E,),Tq(Ey)) be an integrable process on [0,T]. Then
{a1ZE1} >0 and {af =t }i>0 are integrable on [0, T]. Moreover, {WZ:} is integrable on [0, T).
Proof. The proof is similar to the proof of Theorem 4.2. m

REMARK. By Theorems 4.2 and 4.3, the quantum stochastic processes {a;}, {a}} and
{W,} are integrable on [0, 7] and we have

t t t
a(l[o’t]):/o asds, a*(l[o’t]):/o azds, Bt:/o Wds.
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Therefore, we write

t t t t
/ WEsds = / dBs=s, EWsds = / =sdB,
0 0 0 0

and call them the stochastic integrals with respect to the g-Brownian motion.

DEFINITION 4.4. Let {=Z;}4>0 C L(T'y(E,),['4(Es)) be a quantum stochastic process. The
process {E; }+>0 is said to be square integrable on [0, T'] if {Z; }4>¢ is uniformly measurable,
i.e., there exists a sequence {Z,, ;}+>0 of countable-valued integrable processes such that
En,¢ converges to = in L(T'y(E,),['¢(Es)) for almost all ¢t € [0, T, and
T

lim 1Znt — Eell2s dt = 0.

n—oo 0
THEOREM 4.5. Let {EM V=0 C L(Ty(E—p), Te(E_p)), {E@}s0 C c( J(E,).Ty(E,))
be square integrable processes on [0,T]. Then {Egl)atEEQ)} >0 and {E; 1)a;‘:t2 >0 are
integrable on [0,T]. Moreover, {:t )Wt"@)}tzo is integrable on [0,T].

Proof. The proof is a simple modification of the proof of Theorem 4.2. m

Now, we consider the stochastic integrals with respect to the g-Brownian motion which
are usual operators in L(I'y(H),T'y(H)).

Let T > 0 be fixed. The algebraic tensor product L%[0,7] ®, L(Ty(H),T,(H)) is
identified with a linear subspace of L(I'q(H),I'q(H))-valued square integrable functions
on [0, 7] by the identification:

n n
F=) fi®E < Y fi()®E:.
i=1 i=1
Define seminorms [ - |; and | - |, on L?[0,7] ®, L(T'y(H),T,(H)) by

£l = HZ (f) +a(F)E |,

, u|fn|7—Hi~z (1) +a()
=1

for [ =S, fi ©F; € L2[0,T] @, L(Ty(H), Ty(H)). Put
Ne = {fe LQ[OvT} ®a L(T' ( )an( N Ifle=0}  e=1r
The completion of L?[0,7T] ®, L(T'y(H),T'y(H))/N. with respect to the norm | - |¢ is
denoted by B2([0,77]), where € = [, 7.
Note that for any f = Y1 | f; ® E; € L2[0,T) ®, L(T'y(H),T,(H)) it is (Bochner)
integrable on [0, 7] and

n n

/Wf =3 (@ (f) +alf) =, /f Wods = 32 (a*(f) + ).

i=1 i=1

Therefore, for any f € B?([0,T]) and g € B2([0,T]) there exist sequences {f,}5°; and
{gn}5%, in L?[0,T] ®, L(Ty(H),Ty(H)) such that

lim mfn - fml =0, lim \||gn - g||\r =0
n—oo n—oo
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which implies that

([ raom)” ([ moma)

1
are Cauchy sequences in £(T';(H),T';(H)) and the limits are denoted by

T T T T
/ Wsf(s)ds = lim W fn(s)ds, / 9(s)Wesds = lim gn(s)Wds.
0 0 0

n—oo Jq n—oo

REMARK. For the stochastic integrals with respect to the g-Brownian motion, we used
B2([0,T)) as the space of integrands which is obtained by taking completion with respect
to uniform operator norms. But we can consider a bigger space as a space of integrands

in the stochastic integrals by taking completion with respect to weaker topologies, e.g.,

strong operator topology, weak operator topology or L? space of operators with certain

state, and then we can consider some connections with the results in [6] and [15] which

are now in progress.
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