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Abstra
t. We study a 
ertain 
lass of von Neumann algebras generated by selfadjoint elements
ωi = ai + a+

i , where ai, a
+

i satisfy the general 
ommutation relations:
aia

+

j =

∑

r,s

t
i
j
r
s a

+

r as + δijId.We assume that the operator T for whi
h the 
onstants ti
j
r
s are matrix 
oe�
ients satis�es thebraid relation. Su
h algebras were investigated in [BSp℄ and [K℄ where the positivity of the Fo
krepresentation and fa
toriality in the 
ase of in�nite dimensional underlying spa
e were shown.In this paper we prove that under 
ertain 
onditions on the number of generators our algebra isa fa
tor. The result was obtained for q-
ommutation relations by P. �niady [Snia℄ and re
entlyby E. Ri
ard [R℄. The latter proved fa
toriality without restri
tion on the dimension, but it
annot be easily generalized to the general 
ommutation relation 
ase. We generalize the resultof �niady and present a simpler proof. Our estimate for the number of generators in 
ase q > 0is better than in [Snia℄.0. Introdu
tion. Let HR be a real Hilbert spa
e and H = HR + iHR be its 
om-plexi�
ation. Denote by H the 
omplex 
onjugate of H. Let T : H ⊗ H → H ⊗ H belinear.Consider the algebra of all tensors over H and H plus Id with tensor multipli
ationas a produ
t denoted by Υ(H,H). De�ne the Wi
k algebra as the following quotientalgebra:

(⋆) W (T ) ≃ Υ(H,H)
/

〈f ⊗ g − T (f ⊗ g) − 〈g|f〉Id〉.2000 Mathemati
s Subje
t Classi�
ation: Primary 81S05; Se
ondary 46L35.Key words and phrases: general 
ommutation relations, von Neumann algebras, fa
tors.This paper was partially supported by KBN grant no 2P03A00732 and also by RTN grantHPRN-CT-2002-00279.The paper is in �nal form and no version of it will be published elsewhere.
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278 I. KRÓLAKFor f, g ∈ H we set a(f) = f , a+(g) = g, where the a
tion of the operators a(f) and
a+(g) is given by multipli
ation by f and g, respe
tively. We are interested in positiverepresentations of W (T ), that is, the representations of the a(f)'s as operators on aHilbert spa
e su
h that a+(f) is the restri
tion of the operator adjoint to a(f).In this paper we will deal with the Fo
k representation. It is 
onstru
ted from a 
y
li
ve
tor Ω with the property a(f)Ω = 0 for all f ∈ H. Su
h a representation is unique(up to isomorphism) and 
arries a unique hermitian form. There are various 
riteriaimplying that this form is positive de�nite. Most of them are written in the language ofthe properties of the operator T ∈ L(H⊗H) de�ned as 〈T (f⊗g)|h⊗w〉 = 〈T (h⊗f)|w⊗g〉.It was proved (see [BSp℄) that if T is a selfadjoint 
ontra
tion and satis�es the braidrelation (or Yang-Baxter relation)(BR) [(1 ⊗ T )(T ⊗ 1)(1 ⊗ T ) = (T ⊗ 1)(1 ⊗ T )(T ⊗ 1)] on H⊗H⊗Hthen the form is positive de�nite. In su
h a 
ase the 
ompletion of the Fo
k spa
e

Ffin(H) = CΩ ⊕
∞

⊕

n=1

H⊗nwith s
alar produ
t denoted by 〈·|·〉T is a Hilbert spa
e.We study the von Neumann algebra ΓT (H) generated by the operators
ω(f) = a(f) + a+(f), f ∈ HR.The 
hoi
e of the relations (⋆) was made sin
e several examples of su
h stru
tureswere investigated in the literature. The 
ase T (f ⊗g) = (g⊗f) is known as the 
anoni
al
ommutation relations (CCR). The 
ase T (f ⊗ g) = −(g ⊗ f) is known as the 
anoni
alanti-
ommutation relations (CAR). More generally for T (f ⊗ g) = q(g ⊗ f), where q ∈

[−1, 1] we use the name q-
anoni
al 
ommutation relations (q-CCR). The 
ase T = 0plays a fundamental role. In [Vo℄ Voi
ules
u proved that Γ0(H) = V N(FN ), where FNdenotes the free group with N = dimH generators. Other examples as well as thosementioned above were studied in a series of papers (see e.g. [JSW℄, [BSp℄, [BKSp℄, [PW℄and referen
es therein).For our needs we will use the following assumptions:I. T = T ∗, ‖T‖ = q < 1,II. T satis�es the braid relation,III. Under the identi�
ation HR ≃ HR we have T = T on HR.If we 
hoose {ei} to be an orthonormal basis of HR and de�ne matrix 
oe�
ients of Tby the formula 〈T (ea ⊗ eb)| ec ⊗ ed〉 = tca
d
b then the relations (⋆) have the form

aia
+
j =

∑

r,s

tij
r
s a

+
r as + δijIdand the equation T = T on HR 
an be rewritten as tijr

s = tri
s
j .Under assumptions I, II, III the algebra ΓT (H) 
an be 
ontinuously embedded intothe representation spa
e. The map D : ΓT (H) → FT (H) de�ned as D(X) = XΩ gives theembedding. The operator ψ(f1 ⊗ . . . ⊗ fn) whi
h 
orresponds to a ve
tor f1 ⊗ . . . ⊗ fnis 
alled the Wi
k produ
t of the operators ω(f1), . . . , ω(fn). Su
h an element of ΓT (H)



FACTORIALITY OF VON NEUMANN ALGEBRAS 279exists and is unique. In [K℄ an expli
it formula for the Wi
k produ
t was given. It providesa useful tool for studying ΓT (H) (see [K℄ and [Nu℄).In [K℄ we proved that if the number of generators is in�nite then for T su
h that
‖T‖ = q < 1 the algebra ΓT (H) is a type II fa
tor. In this paper we show that theresult remains true if dimH is greater than some �nite natural number N(q). Re
entlyE. Ri
ard [R℄ proved fa
toriality without restri
tion on the dimension. We generalize andpresent another method of the proof of the result of �niady.1. Notations and known theorems. This se
tion is based on [BSp℄ and [Bo℄. Unlessotherwise stated we assume that T ∈ B(HR ⊗ HR) is a selfadjoint, stri
t 
ontra
tion(‖T‖ = q < 1) whi
h satis�es the braid relation.Definition 1. For �xed m de�ne a fun
tion ϕ : Sm → B(F(H)) by quasi multipli
ativeextension of

ϕ(e) = 1, ϕ(πi) = Ti, i ≤ m− 1,where
Ti(f1 ⊗ . . .⊗ fs) = f1 ⊗ . . .⊗ fi−1 ⊗ T (fi ⊗ fi+1) ⊗ . . .⊗ fs.This means that for a redu
ed word σ = πi1 · · ·πik

we put ϕ(σ) = Ti1 · · ·Tik
.Definition 2. Fix the operator T and de�ne P (n) =

∑

σ∈Sn
ϕ(σ).A

ording to the main theorem in [BSp℄ P (n) is nonnegative for every n (even stri
tlypositive in 
ase ‖T‖ < 1) and therefore we 
an introdu
e a new s
alar produ
t on H⊗n

〈ξ | η〉T = 〈P (n)ξ | η〉.The T -Fo
k spa
e FT (H) is the 
ompletion of the Fo
k spa
e Ffin(H) = CΩ⊕
⊕∞

n=1 H⊗nwith respe
t to the s
alar produ
t mentioned above.Definition 3. For f ∈ HR we de�ne the left and right 
reation operators a+
l (f), a+

r (f)as
a+

l (f)f1 ⊗ . . .⊗ fn = f ⊗ f1 ⊗ . . .⊗ fn and a+
r (f)f1 ⊗ . . .⊗ fn = f1 ⊗ . . .⊗ fn ⊗ fand the right and left annihilation operators al(f), ar(f) as their adjoints on the T -Fo
kspa
e.By [K℄ the operators a+

l (f) and a+
r (f) are bounded and their adjoints are well de�ned.Expli
it formulas for annihilation operators on H⊗n are the following

al(f) = ll(f)(1 + T1 + T1T2 + . . .+ T1T2T3 · · ·Tn−1)and
ar(f) = lr(f)(1 + Tn−1 + Tn−1Tn−2 + . . .+ Tn−1Tn−2 · · ·T1),where ll,r(f)Ω = 0,

ll(f)(f1 ⊗ . . .⊗ fn) = 〈f1 | f〉f2 ⊗ . . .⊗ fn,

lr(f)(f1 ⊗ . . .⊗ fn) = 〈fn | f〉f1 ⊗ . . .⊗ fn−1.Definition 4. Let ΓT (H) be the von Neumann algebra generated by the selfadjointoperators ωl(f) = al(f) + a+
l (f), f ∈ HR on FT (H).



280 I. KRÓLAKThe ve
tor Ω is separating and 
y
li
 for ΓT (H). Moreover the fun
tional τT (X) =

〈XΩ |Ω〉T is a faithful normal tra
e. The map D : ΓT (H) → F(H) de�ned as D(X) =

X(Ω) is a 
ontinuous embedding of ΓT (H) into FT (H).Notation 5. For ξ ∈ F(H) we denote by ψ(ξ) the unique element of ΓT (H) su
h that
ψ(ξ)Ω = ξ.2. The result. Let e1, e2, . . . be an orthonormal basis of HR. Let

ωl(f) = al(f) + a+
l (f) and ωr(f) = ar(f) + a+

r (f).Noti
e that ωr(ei) ∈ (ΓT (H))′. Take
M =

d
∑

i=1

(ωl(ei) − ωr(ei))
2,where d is a natural number with d ≤ dimH. This operator is positive and selfadjoint.We will show that

Ker(M) = CΩ.Theorem 6. There exists d0 su
h that for d ≥ d0 operator M is stri
tly positive on
FT (H)\CΩ.To prove the theorem we need some estimates.Lemma 7. Fix f ∈ H⊗n

R .
a) ‖Ln+1(Tn · · ·T2T1)Dj(f)‖T ≤ qn‖f‖T ,

b) ‖L1(T2T3 · · ·Tn+1)Dj(f)‖T ≤ qn‖f‖T ,where Dj(f) = ej ⊗ f ⊗ ej, Ln+1(f1 ⊗ · · · ⊗ fn+2) = 〈fn+1|fn+2〉f1 ⊗ . . .⊗ fn and
L1(f1 ⊗ · · · ⊗ fn+2) = 〈f1|f2〉f3 ⊗ f4 ⊗ · · · ⊗ fn+2.Proof. Noti
e that for arbitrary σ ∈ Sn we have

Ln+1(Tn · · ·T2T1)Djϕ(σ) = Ln+1ϕ(ρ× Id)ϕ(Id× σ × Id)Dj

= Ln+1(ϕ(ρ) ⊗ Id)(ϕ(Id× σ) ⊗ Id)Dj ,where ρ = πn · · ·π1. Further one 
an verify that Inv(ρ) + Inv(Id× σ) = Inv(ρ(Id× σ)).Furthermore ρ(Id×σ) = (σ×Id)ρ and also Inv(σ×Id)+Inv(ρ) = Inv((σ×Id)ρ). Thisimplies that ϕ(ρ)ϕ(Id× σ) = ϕ(ρ(Id× σ)) = ϕ((σ × Id)ρ) = ϕ(σ × Id)ϕ(ρ) and �nallygives
Ln+1(Tn · · ·T1)Djϕ(σ) = Ln+1(ϕ(σ × Id) ⊗ Id)(ϕ(ρ) ⊗ Id)Dj

= ϕ(σ)Ln+1(ϕ(ρ) ⊗ Id)Dj

= ϕ(σ)Ln+1(Tn · · ·T2T1)Dj .This implies that operator Ln+1(Tn · · ·T2T1)Dj 
ommutes with P (n) =
∑

ϕ(σ) and there-fore its norm is the same as on H⊗n with the usual s
alar produ
t.The operator Ln+1 : H⊗(n+1) ⊗ ej → H⊗n is a 
ontra
tion, Dj is an isometry and
‖(Tn · · ·T2T1)‖ ≤ qn.



FACTORIALITY OF VON NEUMANN ALGEBRAS 281Lemma 8. The following estimations hold for f ∈ FT (H):
(a) ∥

∥

∥

∑

i=1

d

ei ⊗ f ⊗ ei

∥

∥

∥

2

T
≤ dC2

q ‖f‖2
T ,(b) ∥

∥

∥

d
∑

i=1

al(ei)ar(ei)f
∥

∥

∥

2

T
=

∥

∥

∥

d
∑

i=1

ar(ei)al(ei)f
∥

∥

∥

2

T
≤ dC2

q ‖f‖2
T ,

(
) ∥

∥

∥

d
∑

i=1

ei ⊗ ar(ei)f
∥

∥

∥

2

T
≤ dC2

q ‖f‖2
T ,

(d) ∥

∥

∥

d
∑

i=1

al(ei)f ⊗ ei‖2
T ≤ dC2

q ‖f‖2
T ,

(e) ∥

∥

∥

d
∑

i=1

al(ei)al(ei)f
∥

∥

∥

2

T
≤ dC2

q ‖f‖2
T ,

(f) ∥

∥

∥

d
∑

i=1

ar(ei)ar(ei)f
∥

∥

∥

2

T
≤ dC2

q ‖f‖2
T ,

(g) ∥

∥

∥

d
∑

i=1

a+
l,r(ei)al,r(ei)f

∥

∥

∥

2

T
≤ dC2

q ‖f‖2
T ,

(h) ∥

∥

∥

d
∑

i=1

∑

k,s

tii
k
s ek ⊗ al(es)f

∥

∥

∥

2

T
≤ dq2C2

q ‖f‖2
T .Proof. Let f =

∑

fn, where fn ∈ H⊗n. Observe that ei ⊗ fn ⊗ ei ∈ H⊗n+2. Thereforefor �xed i we have
〈ei ⊗ fn ⊗ ei | ei ⊗ fm ⊗ ei〉T = 0 if n 6= m.It is known from [BSp℄ that there exists some 
onstant Cq (it 
an be expli
itly 
al
ulated)su
h that for arbitrary k < m

P
(m)
T ≤ Cq(P

(k)
T ⊗ P

(m−k)
T ).This yields

∥

∥

∥

d
∑

i=1

ei ⊗ f ⊗ ei

∥

∥

∥

2

T
=

∞
∑

n=0

∥

∥

∥

d
∑

i=1

ei ⊗ fn ⊗ ei

∥

∥

∥

2

T

=
∞
∑

n=0

〈

d
∑

i=1

P
(n+2)
T (ei ⊗ fn ⊗ ei) |

d
∑

i=1

ei ⊗ fn ⊗ ei

〉

≤
∞
∑

n=0

C2
q

〈

d
∑

i=1

(I ⊗ P
(n)
T ⊗ I)(ei ⊗ fn ⊗ ei) |

d
∑

i=1

ei ⊗ fn ⊗ ei

〉

.

Sin
e 〈(I ⊗P
(n)
T ⊗ I)(ei ⊗ fn ⊗ ei) | ej ⊗ fn ⊗ ej〉 = 0 for i 6= j the last expression is equal



282 I. KRÓLAKto
∞
∑

n=0

d
∑

i=1

C2
q 〈(I ⊗ P

(n)
T ⊗ I)(ei ⊗ fn ⊗ ei) | ei ⊗ fn ⊗ ei〉

= C2
q

∞
∑

n=0

d〈P (n)
T fn | fn〉 = dC2

q

∞
∑

n=0

‖fn‖2
T = dC2

q ‖f‖2
T .This gives (a).For (b) de�ne Bif = ar(ei)al(ei)f. By taking the adjoints on both sides we obtain

B∗
i f = a+

l (ei)a
+
r (ei)f . Further
(

d
∑

i=1

ar(ei)al(ei)
)∗

f =
d

∑

i=1

a+
l (ei)a

+
r (ei)f =

d
∑

i=1

ei ⊗ f ⊗ ei.From (a) we have that ‖∑d

i=1 a
+
l (ei)a

+
r (ei)‖∞ ≤

√
dCq, whi
h implies

∥

∥

∥

d
∑

i=1

al(ei)ar(ei)
∥

∥

∥

∞
≤

√
dCq.To prove (
), as in (a) we write

∥

∥

∥

d
∑

i=1

ei ⊗ ar(ei)f
∥

∥

∥

2

T
=

∞
∑

n=0

∥

∥

∥

d
∑

i=1

ei ⊗ ar(ei)fn

∥

∥

∥

2

T

=

∞
∑

n=0

〈

d
∑

i=1

P
(n)
T (ei ⊗ ar(ei)fn) |

d
∑

i=1

ei ⊗ ar(ei)fn

〉

≤
∞
∑

n=0

Cq

〈

d
∑

i=1

(I ⊗ P
(n−1)
T )(ei ⊗ ar(ei)fn) |

d
∑

i=1

ei ⊗ ar(ei)fn

〉

=

∞
∑

n=0

d
∑

i=1

Cq〈(I ⊗ P
(n−1)
T )(ei ⊗ ar(ei)fn) | ei ⊗ ar(ei)fn〉

= Cq

∞
∑

n=0

d
∑

i=1

〈P (n−1)
T (ar(ei)fn) | ar(ei)fn〉

= Cq

∞
∑

n=0

d
∑

i=1

‖ar(ei)fn‖2
T ≤ Cq

∞
∑

n=0

d
∑

i=1

Cq‖fn‖2
T = C2

qd‖f‖2
T .In the last inequality we used an estimate of the norm of ar(ei), i.e. ‖ar(ei)‖∞ ≤
√

Cq.For (d) it is obvious that ei⊗ar(ei)f = a+
l (ei)ar(ei)f . Also al(ei)f⊗ei = a+

r (ei)al(ei)f

= (a+
l (ei)ar(ei))

∗f . Now (d) 
an be derived from (
). Analogously we 
an prove (e), (f),(g). Finally for (h) and for f =
∑

fn, where fn ∈ H⊗n we have
sup

‖f‖=1

∥

∥

∥

d
∑

i=1

∑

k,s

tii
k
s ek ⊗ al(es)f

∥

∥

∥

2

T
= sup

‖f‖=1

∥

∥

∥

∑

k,s

d
∑

i=1

tii
k
s ek ⊗ al(es)f

∥

∥

∥

2

T

= sup
‖f‖=1

∞
∑

n=0

∥

∥

∥

∑

k,s

d
∑

i=1

tii
k
s ek ⊗ al(es)fn

∥

∥

∥

2

T
≤ Cq sup

‖f‖=1

∞
∑

n=0

∑

k

∥

∥

∥

∑

s

d
∑

i=1

tii
k
s al(es)fn

∥

∥

∥

2

T
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= Cq

∑

k

∥

∥

∥

∑

s

d
∑

i=1

tii
k
s al(es)

∥

∥

∥

2

∞
= Cq

∑

k

∥

∥

∥

∑

s

d
∑

i=1

tii
k
s a

+
l (es)

∥

∥

∥

2

∞

= Cq

∑

k

sup
‖f‖=1

∞
∑

n=0

∥

∥

∥

∑

s

d
∑

i=1

tii
k
s es ⊗ fn

∥

∥

∥

2

T
≤ C2

q

∞
∑

n=0

∑

k,s

∣

∣

∣

d
∑

i=1

tii
k
s

∣

∣

∣

2

‖fn‖2
T

= C2
q

∑

k,s

∣

∣

∣

d
∑

i=1

tii
k
s

∣

∣

∣

2

= C2
q

∥

∥

∥
T

(

d
∑

i=1

ei ⊗ ei

)
∥

∥

∥

2

≤ dq2C2
q .Now we 
an pass to the proof of our main theorem.Proof of Theorem 6. We have

d
∑

i=1

(ωl(ei) − ωr(ei))
2 =

d
∑

i=1

al(ei)al(ei) + a+
l (ei)a

+
l (ei) + a+

l (ei)al(ei) + al(ei)a
+
l (ei)

+

d
∑

i=1

ar(ei)ar(ei) + a+
r (ei)a

+
r (ei) + a+

r (ei)ar(ei) + ar(ei)a
+
r (ei)

−
d

∑

i=1

al(ei)ar(ei) + a+
l (ei)a

+
r (ei) + a+

l (ei)ar(ei) + al(ei)a
+
r (ei)

−
d

∑

i=1

ar(ei)al(ei) + a+
r (ei)a

+
l (ei) + a+

r (ei)al(ei) + ar(ei)a
+
l (ei).By the de�nition of ar(ei) and al(ei) we have for f ∈ H⊗n

al(ei)a
+
r (ei)f = al(ei)f ⊗ ei + L1(T2T3 · · ·Tn+1)Dj(f),

ar(ei)a
+
l (ei)f = ei ⊗ al(ei)f + Ln+1(Tn · · ·T2T1)Dj(f),

al(ei)a
+
l (ei)f = f +

d
∑

i=1

∑

k,s

tii
k
s ek ⊗ al(es)f,

ar(ei)a
+
r (ei)f = f +

d
∑

i=1

∑

k,s

tii
k
s ar(es)f ⊗ ek.From Lemma 7, for f ∈ FT \CΩ

‖Ln+1(Tn · · ·T2T1)Dj(f)‖ ≤ q‖f‖T and ‖L1(T2T3 · · ·Tn+1)Dj(f)‖ ≤ q‖f‖T .Therefore M = 2dId+M1 −M2 +M3, where
‖M1‖ ≤ 2

√
dCq q, ‖M2‖ ≤ 2q d, ‖M3‖ ≤ 14Cq

√
d.This implies

M ≥ 2d(1 − q) − 2
√
dqCq − 14

√
dCq.It is easy to see that there exists d0 su
h that the last expression is positive for arbitrary

d ≥ d0.Theorem 9. Let d0 be the 
onstant from Theorem 6. If dimH ≥ d0 then the algebra
ΓT (H) is a fa
tor.



284 I. KRÓLAKProof. Noti
e that if X ∈ ΓT (H) ∩ ΓT (H)′ then X 
ommutes with ωr(ei) and ωl(ei) forarbitrary i. Therefore XΩ ∈ Ker(M). From Theorem 6 we derive that Ker(M) = CΩ,hen
e X = αId and ΓT (H) is a fa
tor.Remark 10. The result 
an be generalized to the 
ase of q-Araki-Woods algebras ([H℄).
Referen
es[BKSp℄ M. Bo»ejko, B. Kümmerer and R. Spei
her, q-Gaussian pro
esses: Non-
ommutativeand 
lassi
al aspe
ts, Comm. Math. Phys. 185 (1997), 129�154.[Bo℄ M. Bo»ejko, Ultra
ontra
tivity and strong Sobolev inequality for q-Ornstein�Uhlenbe
ksemigroup (−1 < q < 1), In�n. Dimen. Anal. Quantum. Rel. Top. 2 (1999), 203�220.[BSp℄ M. Bo»ejko and R. Spei
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