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Abstract. We show that the von Neumann algebras generated by an infinite number of ¢-

deformed free gaussian operators are factors of type Ioo.

1. Introduction. In [6] we constructed, for each positive real number ¢, families of
non-commutative random variables associated with the central limit measures for ¢-
transformed classical and free convolutions. In this paper we shall study the families
related to t-transformed free convolution, in the von Neumann algebras’ framework. Let
us briefly recall the constructions.

For ¢ > 0 and a given separable Hilbert space H, (being the complexification of a real
Hilbert space Hg), with the scalar product (-|-), we consider the Fock space

Fi(H) = CQa P H"
n>1

completed with respect to the following scalar product (-|-)¢:

n
(@1 @02 @ .. @zl @Yo ® .. @yi)e = up - 1" [ [(slys),  (QAQ): = 1.
j=1
Now, given a vector f € Hg, we define a creation operator Bi(f) and annihilation
operator A;(f) on F;(H). For arbitrary x1,xs,...,x, € H we put

Bt(f)fﬂ1®l‘2®®$n:f®lﬂl®x2®®xna Bt(f)Q:f
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where n > 1, and

A()Q=0, Ai(f)zr = (21] ),
A()z1 @x2® ... Qx, =t (1| HT2a ® ... @ Ty,

where n > 2. Then for every f € Hg the operators A;(f) and B:(f) are bounded by
max{1,v/t} - ||f|, and are adjoint to each other and we shall consider the self-adjoint
operators Gy(f) = A¢(f) + B¢(f), which are thus bounded by 2 - max{1, ¢} | |

DEFINITION 1.1. By M; we shall denote the von Neumann algebra generated by the
set {Gy(f) : f € H}, that is its double commutant in B(F;(H)), the C*-algebra of all

bounded operators on H:
Mt = {Gt : f S H}” C B(]:t(H))

For ¢ = 1, which is the case of free convolution, it was shown by Voiculescu that
My = VN(Fg) is the von Neumann type II; factor of the free group Fy on k free
generators. We shall show that for ¢t # 1 the situation is quite different, if the number of
operators G(f) is infinite.

2. Main result. Our main result is the following.

THEOREM 2.1. For 0 <t # 1 the von Neumann algebra My is the type I, factor M; =
B(Fi(H))-

In proving the theorem the crucial role is played by the fact that the orthogonal
projection P onto the vacuum {2 is in M;. This follows from the following;:

LEMMA 2.2. Let Sy :=t -1+ (1 —t)- P, where P is the orthogonal projection onto the
vacuum § and I is the identity operator in B(Fi(H)). Let G; := Gy(x;), where {z; : i > 1}
18 an orthonormal basis in 'H, be a sequence of operators in My. Then the sequence

=0

converges to Sy in the strong operator topology, when n — oo.

Proof. Since the operators G; are all uniformly bounded, it is sufficient to show that
K, (y) — Si(y) for any simple tensor of the form y = z;, ® ... ® z;, , with m > 1, or
y = Q. It follows directly from the definition of the creation and annihilation operators

Byi(x;) and A¢(z;) that:
1 n
Knﬂ=ﬂ+5§mi®xﬁﬂ,
the convergence being in the norm of F;(H). On the other hand, in computing the limit
of 23" (G;)?(y) we consider only the simple tensors y € F;(H) of the form y = z;, ®
... ®uj,, m>1,in which case + Y371 (G;)*(y) — 0 in norm, and & 3" . (Gi)?*(y) =
. Z?:jlﬂ(ty +x; ® z; ® y) — ty in the norm of F;(H). Hence the lemma follows. m
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It follows from the lemma that S; € M;, hence also (S;)? —tS; = (1 —t)P € M;.
Now we shall show that the vacuum vector Q is cyclic for M;. This will yield that the
commutant M} is trivial.

LEMMA 2.3. The vacuum vector ) is cyclic for the von Neumann algebra My, which
means that the linear span of the vectors {G(f)2: f € Hr} is dense in F(H).

Proof. This follows the well known scheme used in the free case, since for any finite
sequence of indices i1, i3, . . . i, we have the formula

m—1
y:GilGiQ...GimQ:xil ®.’Ei2 ®®xlm + Zy]
7=0

where y; is the orthogonal projection of y onto the subspace H®J of F;(H), spanned by
tensors of length j (i.e. tensors of the form z;, ® z;,, ® ... ® xZJ) It follows by induction
on m that each tensor z;, ® x;, ® ... ® x;,, can be expressed as a linear combination of
vectors of the form G, G, ... G, 2. This proves that 2 is cyclic. m

Now a standard argument shows that if the orthogonal projection onto a cyclic vector
for a von Neumann algebra belongs to the algebra, then its commutant is trivial.

PROPOSITION 2.4. The commutant M} of My in B(F:(H)) consists only of multiples of
identity.

Proof. For a given K € M}, we have KQ = KPQ = PKQ, so K is invariant for the
orthogonal projection P onto 2. Thus K = ¢ for some constant c.
Now, for a vector f € F;(H) there exists a sequence G, € My such that f = lim,, G, Q.
Then
K(f)= 1i7{nKGnQ = liernGn(KQ) = 1i71;nGn(cQ) = cliernGnQ =c-f

which proves that K = ¢ I. Since K was chosen arbitrary, it follows that M} = {c- I}
is trivial. m

Proof of Theorem 2.1. Since in M, there is the orthogonal projection P onto the vector 2
cyclic for My, it follows from the above Lemmas and Proposition that M; = (M,)") =
B(F:(H)). This proves the theorem. m

3. Final remarks

REMARK 3.1. The natural vacuum state ¢, on M,, defined as ¢ (K) = (KQ|Q); for
K € My, is not tracial, since, for example, ¢:((G;)*(G;)?) = 1 while p;(G;(G;)*G;) = t.
Of course, in general there is no trace on M; if M; = B(F:(H)). Moreover, this state is
not faithful on My, since for Y =1 — P = Y™ we have ¢;(Y*Y) = ¢:(1 — P) = 0.

REMARK 3.2. Quanhua Xu [8] showed a general fact, that in the interacting Fock space
determined by a sequence (A,)22, the vacuum state is tracial if and only if the sequence
is constant.

REMARK 3.3. Recently Eric Ricard [7] has given the description of the von Neumann
algebras generated by finite number of the ¢t-gaussian operators.
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