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Abstract. An abstract semilinear parabolic equation in a Banach space X is considered.
Under general assumptions on nonlinearity this problem is shown to generate a bounded dis-
sipative semigroup on X¢. This semigroup possesses an (X® — Z)-global attractor A that is
closed, bounded, invariant in X%, and attracts bounded subsets of X% in a ‘weaker’ topology
of an auxiliary Banach space Z. The abstract approach is finally applied to the scalar parabolic
equation in R"™ and to the partly dissipative system.

1. Introductory notes. The theory of global attractors was a very active field of
studies through the last 20 years. One of the limitation inside the classical setting of this
theory ([Ha], [La]) was the requirement of compactness (or, at least, asymptotic compact-
ness) of the semigroup in considered phase space. This assumption cannot be however
satisfied when the space variable x belongs to large unbounded domains, in particular,
to the whole of R™. To overcome this difficulty, it was necessary to generalize the idea
of an attractor allowing the convergence to the attractor in a weaker topology than the
topology of the phase space in which the semigroup acts. Such generalization was intro-
duced in [B-V] and further developed in [M] and [M-S]. We have already joined these
studies in [Ch-DI1] and [Ca-Dl]. The aim of the present note is to describe a general
approach to such bi-spaces attractors for sectorial equations. We propose an abstract ex-
istence result (Theorem 2.6) and discuss its applications to two specific problems; bistable
reaction-diffusion equation and FitzHugh-Nagumo system (Examples 3.1 and 3.6).

Both these problems are of special interest because of their nontrivial dynamics, which
is partially connected with the existence of the families of travelling waves (or relazation
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waves) convergent to constant equilibria. Mention should be made that the attractor we
construct contains these special solutions as well. The latter was possible to achieve thanks
to the specific function spaces involved in the considerations; namely locally uniform
Sobolev spaces Wfl’p (R™) (see Appendix). The idea of using such spaces in the studies
of parabolic problems comes back to [M-S], [M], as well as to the earlier publication [F].
A particular feature of the present paper is that it extends in a natural way the abstract
results of [Ch-Dl] concerning the existence of a global attractor to the case when the
system is not even asymptotically compact.

2. Setting of the problem. Consider an abstract Cauchy problem
(1) U+ Au=F(u), t >0, u(0)=wuop,
under the assumptions that
(i) —A : X D Dx — X generates a strongly continuous analytic semigroup in a

Banach space X and, for certain o € [0,1), F' : X¢ — X is Lipschitz continuous on
bounded sets (see [He] for the definition of fractional order space X ¢).

REMARK 2.1. As well known (see [He], [Ch-Dl}), the problem (1) is then locally well
posed in X and it enjoys a solution

u=u(-,up) € C([0, Ty ), X*) N C((0,7uy), X)) N CH(0,70,), X ),
Ty, Deing a ‘life time’ of w.
Assume further that
(ii) the unique solution u = u(-,ug), ug € X, exists globally in time,
(iii) the semigroup {T'(t)} of global solutions corresponding to (1) on X has bounded

orbits of bounded sets and there exists a bounded set By C X absorbing bounded subsets
of X under {T'(t)}, that is:
VB bounded in X* 3tp >0 | J T(t)B C Bo.
t>tp

REMARK 2.2. Note that (i) is the usual assumption to study sectorial evolutionary
equation (see e.g. [Ha]). Concerning assumptions (ii)—(iii), one may refer to [Ch-DI, Corol-
lary 4.1.3], where conditions for the existence of corresponding to (1) bounded dissipative
semigroup were established. Namely, the solutions should be a priori bounded in the norm
of some auxiliary Banach space Y, X! CY C X,

l[u(t, uo)lly < e(lluollx=)-

This bound should be asymptotically independent of initial condition varying in bounded
subsets of X®. Simultaneously, the nonlinear term should be subordinated to A“ accord-
ing to the condition

(2) 1 (ult, wo))llx < g(llult uo)lly) (1 + fu(t, wo) 5=

where 6 € [0,1) and g is a nondecreasing function.
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We will next focus on the case when there exists another Banach space Z, such that

(iv) X C Z algebraically and topologically and —A with the domain Dy such that
Dx C Dy generates a strongly continuous linear semigroup on 7,

(v) for each set B bounded in X there exists a constant L > 0, such that
[1E(v) = F(w)||z < Lpllv = wl|z, v,w e B.

In the following lemma we will prove that the solutions to (1) are continuous with
respect to the initial data in a specific way. Such property will be crucial in the proof of
Theorem 2.6 below.

LEMMA 2.3. Under the assumptions (1)—(v), if {un} is bounded in X*, v € X* and
[un — 0]z — 0, then

llu(t, un) — u(t,v)||lz — 0 for each t > 0.

PrOOF. Thanks to the variation of constants formula (assumptions (i), (ii)) we obtain
that

(3)  wu(t,up) —u(t,v) = Sx(¢ / Sx(t—s) ( (s,un)) — F(u(s,v))] ds,

where {Sx(t)} is an analytic semigroup corresponding to —A on X. Writing the expo-
nential formula we have

t -n
HSX(t)x— (Id—|——A> mH — 0 for z€X,
n X
and, if {Sz(t)} denotes a C%-semigroup generated by —A on Z (assumption (iv)), also
t -n
HSZ(t)z— (Id—l——A) zH —0 for z€ Z.
n z
Since X C Z, it is clear that
Sx(t)x = Sz(t)x for z € X
and thus (3) reads
(4) u(t, upn) —u(t,v) = Sz () |un — / Sz(t—s) ( (s,un)) — F(u(s,v))] ds.

Let B C X“ be a bounded set such that v,u,, € B, n € N. Estimating in the usual way
(see [He]), thanks to assumptions (iii) and (v) we get

[u(t, un) — u(t,v)]|z < Me**|lu, — vz
t
n / Me* 9| F(u(s, up)) — F(u(s, v))| 2 ds
0

t
(T, w, M)y, — vl + e(Tow, M) L / (s, wn) — (s, v) 2 ds,
0

for 0 < t < T < oco. Therefore, by the Gronwall inequality,
[u(t, un) — u(t, v)||z < (T, w, M)||uy, —v|| 7T MLEE 0 <t < T < o0,

which completes the proof. =
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Concerning the absorbing set By (assumption (iii)) we observe below that, without
loss of generality, By may be assumed positively invariant and bounded in X! norm.

LEMMA 2.4. Under the assumptions (i)—(iii) there exists a positively invariant ab-
sorbing set, which is bounded in X1'.

PROOF. It is easy to see that if (iii) holds then a positive orbit y*(By) is bounded
in X% and absorbs bounded subsets of X“. The same is true for any image T'(t)y™"(Bo)
where ¢ > 0. Since there exists ¢t > 0 such that T'(¢)y"(Bj) is bounded in X (see [Ch-DI,
Lemma 3.2.1]), the proof is complete. m

REMARK 2.5. Lemma 2.4 combined with Remark 2.2 shows an advantage of studying
the sectorial equation (1). Some a priori estimate in ¥ norm, which may be relatively
weak and easy to obtain, implies the existence of an absorbing set bounded in much
stronger X' norm (for example Y = L} (R") and X! = Wli’p(R”) in the case of the
scalar reaction diffusion equation (5)).

We are now ready to formulate an abstract result, which is a counterpart of [Ca-DI,
Theorem 1] in the case of sectorial equation (1).

THEOREM 2.6. Let (1)—(v) hold and let 7 := Supye+(py) |8l x=. Suppose also that

(vi) if t,, — oo and {u,} is bounded in X*, then a sequence {T(t,)un} contains a
subsequence {T(ty, )un,} convergent in Z to certain w € Bxa(r), where Bxa(r) is a
closed ball in X of radius r centered at zero.

Then, the semigroup {T(t)} corresponding to (1) on X* possesses a nonempty closed
bounded invariant set A C X%, being the union of bounded (in X¢) invariant complete
orbits of points. Furthermore, A is bounded in X1, compact in Z, and it attracts bounded
subsets of X in the topology of Z.

PROOF. Define
A:={v € Bxa(r) : || T(tn)un —v||z — 0 for certain {u,} C By and ¢, — co}.

Needless to say that A is bounded in X*. Also, if {u,} C By and ¢, — oo then,
as a consequence of (vi), {T'(¢,)u,} possesses a subsequence {T(¢,, )un, } convergent to
certain v € Bxa(r). Therefore, A is nonempty.

Take further v € A and {u,} C By, t, — oo such that ||T(¢,)u, — v||z — 0. Then
T (t+t)u, —T(t)v]|z — 0 as aresult of Lemma 2.3 and, according to (vi), {T(t+t,)un}
has a subsequence convergent in Z to certain w € Bxa(r). As a consequence, we have
that w = T'(t)v, which proves that T'(t)v € A. We next consider a sequence {T'(t,, —t)u,},
which (via (vi)) has a subsequence {T'(t,, — t)un, } convergent in Z to certain w € A.
Since Lemma 2.3 implies that || T (¢, )un, — T (t)w]|z — 0 (recall that, by assumption (iii),
a positive orbit vyt ({u,}) is bounded in X%) we obtain v = T'({)w. This justifies the
invariance of A.

To prove that clx« A = A take {v,} C Aand w € clya A such that ||v, — w|x« — 0.
Since X* C X C Z, we have ||v,—w]|z — 0 and, by definition of A, there exist {u,,} C By,
t, — oo for which |lv, — T(¢tn)unllz — 0. Recalling definition of A and assumption (vi)
we conclude that w € A.
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Boundedness of A in X' is a consequence of the invariance of A and the arguments
used in the proof of Lemma 2.4.

Based on assumption (vi) we next observe that 4 is compact in Z. Consider {v,} C A
and {u,} C By, t, — oo such that ||v, — T(t,)un||z — 0. Condition (vi) ensures then
the existence of certain w € Bxa(r) such that ||w — T(t,, )un, ||z — 0. Clearly w € A
and ||v,, —wl||z — 0, which ensures compactness of A in Z.

It is now easy to see that if B is bounded in X, then

sup inf ||T(t)u—v|z =0 as ¢t — oo.
ueBVEA

Indeed, if it was not the case, we could choose t,, — oo and {u,} C B such that
inf [T (tn)un —vllz > ¢

for certain € > 0. However, since (iii) and (vi) hold, the latter condition is impossible.

Finally denote by ¢/ a union of bounded in X, invariant, complete orbits of points.
By invariance of A we observe that A C U. Also, if v(ug) =7~ (ug) U™ (up) is such an
orbit (see e.g. [Ch-DI, p. 3]), then

sup inf [[u —v|z =0,
u€v(uo) ¥

which (by closeness of A in Z) ensures that y(ug) C A.

The proof of Theorem 2.6 is thus complete. m

REMARK 2.7. Assumption (vi) provides us some sort of asymptotic compactness.
Despite certain complexity of the formulation, in applications condition (vi) is just a
consequence of the Sobolev embeddings between appropriately chosen function spaces
(see Section 3 below).

Recall that

DEFINITION 2.8. A set A C X% which is invariant, closed in X%, compact in Z
and attracts bounded subsets of X% in the topology of Z is called an (X* — Z)-global
attractor.

Therefore, Theorem 2.6 provides us the existence of an (X% — Z)-global attractor
for (1), which is additionally bounded in the norm of X*.

3. Applications

ExaMPLE 3.1. Our first example is a scalar reaction diffusion equation
(5) Ug :Au+u(l—|u\q_1), t>0, z€R",
with arbitrarily fixed g € (1, 00).

Let us specify in this example: X = L} (R"), Dx = X' = Wli’p(R”), p>n,a=
X1/2 = VVlt’p(R"), Z = Lg(R"), Dy = WE*’(R"), flu)=u (1 — |u\q’1) and F'(¢)(z)
f(6(x)), ¢ € W,P(R™). For the definitions of these spaces see the Appendix.

As reported in [M] and [Ch-DI1], —A is a densely defined sectorial operator both in
L}, (R™) and in LAH(R™). Also, Wlt’p(R”) C C24(R™) (see [Ch-DI1]). Therefore, if B is

)

N[=



18 J. W. CHOLEWA AND T. DEOTKO

bounded in T/VI}J”)(R”) and v, w € B, then values v(x), w(z) (z € R™) vary in a bounded
subset I C R!. Since f : I — R! is globally Lipschitz, we have

I1F(0) = Pl = sup ([ |70t = flue)|pte - pyaz)

yeER™
» » 1/p
< sup ([ Lpfo(e) —w@)ple —y)dr) " = Lolv =il o,
Y ™ "

as well as

7@~ F@lz = ([ 1706 - St o)
= (/ Lilu(z) = w(@)[p(x) dx)”” = Lpllv— w2

The above considerations show that assumptions (i), (iv) and (v) are satisfied in this
example.

To check validity of (ii) and (iii) we first obtain a subordination condition (2) (with
Y = LP?(R™)) having the form

4—1\ [P 3 X 1/p
“ HF(u(t,uo))HLi(Rn) = ys;}:;é)n </Rn ‘u(t,uo)(l — |u(t, ug)| )‘ plez —y)d )

< const. (1 -+ [Ju(t, u0) |%pa ) = 9 (Ilu(t, w0) | pacin ) -

Now, as it is mentioned in Remark 2.2, we need merely find an approprlate LYY (R™)-
estimate for a solution u(-,up) of (5) with initial condition uy € VVu (R™). This will be
done in lemma below.

LEMMA 3.2. Let B C Wlt’p(R”) be a bounded set and s > 2. Then, solutions to (5)
fulfil the estimates

(7) sup [u(t, uo)|
ug€B

(8) hmsup(sup lutt, wo)llag, ) < s

t—+oo MMyp€eEB

Li (R) < Sup, luollzg, (rm) + Cs,

PROOF. Multiplying (5) by u|u|*"2p(x — y) and integrating, we find

1d .
S o e de = | Auulul=2p(e —y) da

[ @l Yl - y)da.

Since |Vp(x —y)| < coep(z — y) (see (26)), we have

Bunful* ?p(a ) do < [ Jul ™ (~(s = DIVAl? + coelVul ) plo ~ y) do
Rn R’n

<

2.2 s _
5-1) cge /Rn |ul®p(x — y) dx,
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and
[ @l ot~y de < - [ Julple ~y)da+ .,

where My := sup,q—1 1—|ul? | |ul® . p(x —y) dz. Collecting the above estimates
lula—1<2 Rrn P

we obtain
1d s cde?
L1d o < (7B 0) [ leota -+ 21,
ST lul*p(z — y) dz < -1 Nulp(z —y)de +

2_2
% —1<0, gives an estimate

M, )
| tulota—yyde < ([ fuolpo - yyda)e et S (1),
R™ R™

ms

which for € small enough, such that —mg :=

leading to (7) and (8). =

What was said above ensures that equation (5) generates on Wlt’p (R"™) a C%-semigroup
of global solutions which has bounded orbits of bounded sets and possesses a bounded
absorbing set By. Let us remark that, thanks to Lemma 2.4, we may assume without loss
of generality that By is positively invariant and bounded in Wli’p (R™).

Concerning validity of (vi) we will show further that this condition follows from
the embedding of locally uniform spaces into Hélder spaces. Indeed, let BWllu,p( Rn)(r)

be a closed ball containing By and choose a sequence {u,} bounded in W,'”(R") and

t, — oo. Since {u, } is absorbed by By and By is bounded in Wi’p(R"), we observe that

{T(tn)un, n>no} is bounded in WP(R™) and we define v, := T(tn1ng)Untng, 1 € N.
We will prove that

LEMMA 3.3. The sequence {v,} bounded in W2P(R™) contains a subsequence con-
vergent in LE(R™) to an element v € WLP(R™).

PROOF. As a consequence of Lemma 4.2, for fixed p € (0,1 — %), VVli’p(R") C
CTH(R™). Hence {v,} is bounded in C**#(R™), which implies that {v,} is precompact in
CY({|z| < k}) for each k € N and arbitrarily fixed v € (0, i) (see [Ad, Theorem 1.31]).
The latter ensures the existence of a (diagonal) subsequence {v,, } convergent in each
space C'({|z| < k}), k € N, to certain v € C'+”(R"). Evidently, [[v,, — | Lz (gn) — 0
as a result of Lebesgue dominant convergence theorem and we will show below that such
v belongs to WP (R™).

Since function v is uniformly bounded on R™ together with the first order derivatives
we only need to justify translation continuity property

(9) |20 — vHWllu,p(Rn) —0 as |z] — 0,

where T,v(x) = v(z — 2), ,2z € R". We start with an estimate
» 1/p
(/ }vmk (x — 2) — vy, (:c)} oz —y) d:c)
R’VL
1/p
< (/ V2 (& = 2) = Vng, (2 — 2)|"p(2 — ¥) dx)
Rn
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and pass to a lower limit as k — oo to get

(10) ([ bato=2) - v @Poa—as) " <l

where C' := const. sup{||vn [|yy2.»(gay, 7 € N}. Similarly we show that
lu

(/n [v(@ = 2) = v(@)["p(z — ) da;) v er

which together with (10) justifies validity of (9). m

REMARK 3.4. Note that additionally,

(/n|v(:v)|”p( da;) +Z(/ (o, (2) Pl — )dx)l/p
< o (] oot )" 3 / ot )"

n

# ([, 1 =@t =) ae) "+ ([ 1eno) v, ot vy ae) ™

=1

In particular, since {vn} C Byyis g (r) and v, — v (together with first order deriva-
lu

tives) uniformly on each compact subset of R™, passing to a limit in the above inequality

we obtain that

w ([ pe@rte-va) () @ -y a) <

k=

1
Adding supremum on the left hand side of (11), we justify that v € Bwll,p(Rn)(T').
COROLLARY 3.5. For p > n, the C°-semigroup defined by (5) on Wﬁl’p(R”) possesses
a (WLP(R™) - Lb(R™))-global attractor, which is bounded in WP (R™).
ExAMPLE 3.6. Our second example will be the FitzZHugh-Nagumo system in R",
n <4,
ug=Au—av+ f(u), t>0, z€R",
(12) vy = —0v + PBu+ h(x),
u(0) = ug, v(0) = vo,
where «, 3,8 are positive constants, h € LY°(R™) for certain py > n and f: R* — R' is
a locally Lipschitz continuous function satisfying
(13) f(s)s < —as* +b, s€ R*, a,b>0.

For simplicity of the presentation we will restrict our further studies to the polynomially
bounded nonlinearity

(14) |f(s)] < C(1+|s|), z>1 arbitrary, s € R,
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System (12) will be rewritten in a matrix form

09 ()= (05 ()= (i)

and considered in the space X = L} (R") x L! (R™) where n < p < pg. The operator A =

—A x § defined on Dy = W2P(R™) x LP, (R™), is sectorial in L¥ (R™) x L” (R™). Thanks
to the inclusion X'/2 = WLP(R™) x L (R") C CQ4(R™) x LP (R™), it is easy to verify
Lipschitz continuity of the nonlinear term F (¢, ¢)(z) = (f(¢(z)) — av(z), Bé(x) + h(x))

acting from bounded subsets of X'/2 into X. Therefore, (i) holds.
To show global solvability condition (ii), we need to obtain LY*(R™) x Lt (R™) a priori

estimate of the solution (u,v).

Step 1. First the LZ (R™) x L% (R") estimate will be obtained. Multiplying the first
equation in (12) by Sup(x — y), the second by avp(z — y), integrating and adding the
results, we get

d
G | B aloPlote gy da 5 [ Vulpla -y do

N =

(16) =B uVu-Vplx—y)de—as | viplx—y)dr
R R™

+6 | flwup(z —y)de+a [ h(z)op(z —y)de.
Rn Rn

Now, the estimate |Vp(x —y)| < coep(xz —y) (see (26)), condition (13), and the standard

use of the Cauchy inequality gives

d

£~/R (Blul® + afv?) pz — y) dz < —ad v2p(x —y)de

R'n.

—af u?p(x —y) dr + 263 p(r —y)dr + . h?(z)p(x — y) da.
R R™ 0 R™

Consequently, whenever [|(uo,vo)||z2 (rn)x 22 (rn) < A, We have

(17) smg/gwwﬁ+wmﬁwu—ymxchwmumm»

yeER"

and, asymptotically,
lim sup sup / (Blu@®)]* + alv®)]*)p(z — y) dz

t—oo yeER™ JR
1 Q9
<— - .
~ min{a,d} (2b/6 /Rn pla)da + ) ||h||L12u(R"))

Step 2. We will next use (17) to obtain L] (R™) estimate of u with ¢ := pz. Without
loss of generality we will assume that ¢ > 2.

(18)
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Multiply the first equation in (12) by u|u|9~2p(z — y) and integrate over R™ to get

1d _
adi ). ulp(z —y) dz = ; Auulul"?p(x — y) dz

- / avulu|’?p(z — y) du + ; Fluyulul™?p(z — y) dx.

Recalling (13), observing that |Vu|?|u|9™2 = % |V (|u|*/?) |2, and keeping in mind that
q
L% (R™) bound of v is already known, we next have

1d 4(g—1)
el Ul — ) de < ——2 7
G o lul?p(z —y) de < Z /

(19) +§ /Rn |u\Q/2 ‘V(\ulqm)} |vp(gg—y)|dm+M(v)(/Rn \u|2<1—2p2—2/q(x—y) dx)l/z

2
V(jul*2)| plw ~ y) do

*a/ |ul?p(x — y) dfﬂ+b/ ul"™ p(x — y) da,
where
1/2 1/2
M) := a( sup / ]2 p? 9 (z — y) dm) < const.sup< sup / v p(x — y) dm) .
yER™ n t>0 ‘\yeR™ "

REMARK 3.7. While the norms ([, |[v]?p(z) dx)1/2 and ([, [v]2p*/(z) dz) Y2 are

obviously not equivalent for p(z) = (1 + |ez|?) ™", the expressions
) s 1/2 ) 1/2
sup (/ 02 p¥(z — ) dx) and sup (/ [v]“p(z —y) dx)
yeR \J gr yeR \J gr

define equivalent norms in locally uniform space L%u(R") provided that p?/¢ and p are
both integrable (see Remark 4.1). Therefore, we take p(z) = (1 + |ex|?)™" in (26) such
that p?/9 is integrable, which is just a matter of choosing sufficiently large parameter v.

Let us next obtain suitable estimates of the terms appearing on the right hand side
of (19). For the second term, using the estimate |Vp(x — y)| < coep(z —y) (see (26)), we
have

2l [V ) 1906 -l de < 2 s [ jult |9 (1af) | pla ) ds
(20) q JRrn q Rn
1 1 2
< ceor [ ultple—y)dot e [ |V (ul)] ol -y da.
q R™ q R™

To estimate the third term we start with an auxiliary inequality valid for n < 4:

L _q 49-4 _a_
(/ |u|272p%= 2/ (g — ) dm) 24q-1 _ (/ [|u\q/2p1/2(x _ y)} q da:) 2q—2
(21) = H|u|q/2p1/2(- - y)”i(4q74)/q(Rn) < C|“u|q/2p1/2(' - y)HiP(R")
5 2
= C(H‘u|q/2p1/2(, _ y)HL2(Rn) 1 H IV [[ul?/2p!/2(- — y)] ” Lz(m))

9 2
< (\|Iu\q/2p1/2(' 1 HWG“'W) p2( — y)’ Lz(m)>'
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Using (21) and the Young inequality, for the third term in (19) we get the bound
1/2
(2 ME)([ P2 ) de)
< (M (0).5) +5er [

For the fifth term we finally obtain

@) b [ ey < /R Jultple — y)do -+ OF) / ol —y) d.

_ 2
(o~ y)do+3er [ [9(?)| pla—y) o

n n

Connecting the estimates (19)-(23) and choosing ¢, 8, 6 small enough we arrive at
the differential inequality

G | et =y de < <G [ puptote = g) o+ COI) Il bea),
which implies the required a priori bounds
(24) sup sup l[u(t, uo, vo)lLrz(rny < A + const.
820 N(uovollly1p gnyxr2 (pny <
and
(25) lim sup sup [[u(t, wo, vo)|| L= (rn) < const.,

E400 (0000 12 (eny

valid for any A > 0.

Step 3. Estimates obtained for u in (24) and (25) give immediately corresponding
L? (R™) estimates for v, since it may be written in the integral form

t

v(t, ug, v9) = voe % + / e 0(t=s) (Bu(s, ug,vo) + h) ds.
0

We have thus estimated the solution (w,v) in the norm of an auxiliary space YV =
L7 (R") x LY, (R™), p € (n, po].

REMARK 3.8. By using the method described in Remark 2.2 this estimate is sufficient
for validity of assumptions (ii) and (iii). Note that in the present example estimate (2)
has the form
[1F(u, v)||Lr (rmyxz2 Ry = If () — avllLe (gny + [|Bu+ Al Le (ro)
< o|(X+ [ul*)llLe (rey + ellvllze (rny + BllullLr (rey + Al L2 (R7)

< const. (1 + 1w, )l 2oz (meyx 2 () + ||(u7U)Hif’uz(R")fou(R"))
=g ([[(u,v)[ly)-

Choose Z = LA(R")xLE(R"), Dz = W2P(R")x LE(R™), recall that n < 4, p € (n, po],
and observe that assumption (iv) is satisfied automatically. Also, thanks to the embedding

X2 =W P(R") x L}, (R") € CRa(R") x LY, (R"), p > n,
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it is easy to verify condition (v). Indeed, for any B bounded in X/? and each (¢1,v1),
(¢27 7/)2) S Bv

[F(p1,91) — F(g2,92)llz = [ f(¢1) — f(d2) — a(¥r —2)l|Lz(rm)
+ Bllé1 — ¢2llzr(rny < (L + B+ @)|[(¢1,91) — ($2,92) |z,

which proves the claim.

Finally, we need to check condition (vi) of Theorem 2.6. Thanks to the already verified
assumption (iii) there is a bounded set By C X'/? absorbing bounded subsets of X/2.
Also By is bounded in X! and positively invariant.

Let t,, — oo and {(uy,v,)} be bounded in X'/2. Verification of condition (vi) for the
first coordinate u is similar as in the previous example. For the second coordinate v we
will use its, slightly rearranged, integral representation

—dt

v(t, uo, vo) = [er_ét + ﬁ/ e 0=y (s, ug, vo) ds — eTh}
0

t
1
+ﬂ/ 675“75)11(8,’1“),’1]0) ds + ghv

where 7 is chosen such that ¢,, > 7 for n > ng and

U (u(t7 Uy Up), U(E, Up, Un))C By.

t>1

Evidently, the square bracket decays to zero in Lg(R”) as t = t, — oo. The subsequent
integral term

tn
ﬂ/ e*‘s(t"*s)u(s,un,vn)ds =: Wy,
-

is bounded in Wﬁ]’p (R™) uniformly for n > ng. Hence, as a consequence of Lemma 3.3,
{wn} has a subsequence convergent in L?(R") to an element of Wlt’p (R™). The proof of
condition (vi) is thus complete allowing us to conclude that

COROLLARY 3.9. Forp € (n,po| and Z = Lb(R")x L (R"), the CO-semigroup defined
by (12) on X'/2 = WP (R™) x LP (R") possesses an (X'/? — Z)-global attractor, which
is bounded in WP (R™) x L? (R").

4. Appendix. For convenience, throughout the paper we consider an integrable
weight function p of the form

(26) pla) = (1+ex) ™", v> g

For p € (1,00) we define

L3R = {0 € LLu®) s Tollziny = ([ 16t@Poto)de) < oo},
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Following [M-S], in applications we work in locally uniform spaces

1/
L) = {0 € LR Iollegnny = s ( | o n) < oc

n

and  lim 726 0] 1y () =0}

where T,p(x) = p(z — 2), z,2z € R™.

REMARK 4.1. Note that L{ (R™) contains both LP(R™) and L>(R™). Also,

1/p 1/p
sup / o()rdr) " and sup ( / 6@ p(x — ) d)
yeR™ N {|z—y|<1} YyER™ "

define equivalent norms of L (R™) (see [Ca-Dl, Lemma 1]), which property is useful in
many considerations. In particular, the definition of L{ (R") is independent of the specific
choice of the weight function p inside an admissible class of such function (see e.g. [Ca-D]]
for details).

Based on the LP (R™) spaces one can introduce in a natural way Sobolev type lo-
cally uniform spaces WP(R™) (see [M]), containing all elements ¢ € LP (R") having
distributional derivatives D?¢ € LY (R™), |o| < k, such that

10l (gny = D ID7@llg, (rn) < 0.
lo|<k

As shown in [Ch-DI11] the set CF,(R™), consisting of functions having bounded derivatives
up to the order k, is dense in Wllfl’p(R") for each p € (1, 00).

We prove below an embedding of locally uniform spaces into Holder type spaces. Our
target space will be C*(R"), which consists of functions ¢ € CP(R") being uniformly
Holder continuous in R™ and normed by

)

2
I6llcngam = sup |6@)|+  sup 2B =0WI
TxER™ z,yER™, x#y |.’L‘ - ylu

(see [T, p. 67], where such a space is denoted by B*(R™)).

LEMMA 4.2. Let 0 <p<1—2 and p: R" — (0,00) be given by (26). Then
(27) WLP(R™) c CH(R™).

PROOF. For y,z € R™, 0 < |z| < 1, we have

P+ o)l | Irydle) —myé(0)

|2 |# T |2I<1, 240 |2]»

<ty dllwre(glai<iy) = cllPlwreqlz—yl<1})
so that substituting z = = — y we obtain

|9(z) — 9(y)]
sup  ————== < [[]lyrrpa
le—y|<Lay 1T — Y[ WP (R)
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(see Remark 4.1). Using next the embedding Wlt’p(R") C CP4(R™) (see [Ch-DI1, Corol-
lary 1]), we observe that

|¢llcnrmy = sup |p(z)|+  sup [6(2) = o(y)]
TER™ z,yER™, x#y |QC - y|“

<3 sup [6(x)|+ sup (2@ =00

< Cllollyyrr(ge
ZERN le—y|<1,z#y |x — y|H WP (R™)>

where in the last estimate we decompose R" = {y: |z —y| <1} U{y: |z —y| > 1}. The
proof is complete. =
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