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Abstract. In this paper we prove the C°°-well posedness of the Cauchy problem for quasi-
linear hyperbolic equations of second order with coefficients non-Lipschitz in ¢ € [0,7] and
smooth in z € R".

0. Introduction. In this paper we consider Cauchy problems for quasi-linear hyper-
bolic equations with coefficients non-Lipschitz in the time variable and smooth in spatial
variables. Our goal is to prove C'"*°-well posedness for the Cauchy problem

n
P,lu] = uy — Z ajr(t, T3 u, U, VU) Uy, 2, + p(t, 250, us, Vu) =0

e e for (t,z) € (0,7) x R™, (-1

u=p(z), u =) at t = 0.
The paper [2] is devoted to the study of Cauchy problems for second order hyperbolic
equations with coefficients depending on the time variable of the form
n

Upt — Z ajr(t)Uz, e, + ij(t)uwj + c(t)u = 0, (0.2)

G k=1 j=1
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132 A. KUBO AND M. REISSIG

where a;i(t) = ax;(t) are non-Lipschitz coefficients in the following sense:
C n
las(t;m)| < 7|77\2, a(tin) == Y ak(t)n;m (0.3)
k=1
for all y = (n,...,m,) € R™. The authors proved that the Cauchy problem is C°°-well
posed, where its solution possesses the property of regularity loss of derivatives in x. On
the other hand, the condition (0.3) can be weakened to the optimal condition

C 1
lac(t,n)] < —log (3 ) Inl?, ¢ € (0,7 (0.4)

to guarantee C'*°-well posedness for the Cauchy problem (0.2). This is shown in [3] for
the model Cauchy problem

Uy = a(t)ugy +b(t)ue =0, w(0,2) = ¢(z), u:(0,2) = P(z)

(see also Remark 3.3 from [3]). A more general model with optimal non-Lipschitz condi-
tion of C*°- and Gevrey-type is studied in [5]. Recently, [1] considered the linear Cauchy
problem of the same type as (0.2) with coefficients depending on time and spatial vari-
ables. There the elliptic term satisfies a condition like (0.3). The C'*°-well posedness of
the Cauchy problem was proved by using pseudo-differential operators based on an argu-
ment used in [2]. Finally, in the recent paper [7] the question for C*°-well posedness was
studied for the Cauchy problem

n

Upt — Z ap 1 (t, @)Uy, 0, = f(E,2) in [0,7] xR"
k=1

U(O,.%‘) = gp(l’), ut(o’x) = 1/)(55)a
under the main assumption
1 1IN\ %
|DfD§ak7l(t, 33)| < C}cﬂ (; (hl ;) )
for all k, 8 and (¢,z) € (0,7] x R™, where T is sufficiently small and v > 0. A C*°-well
posedness result was proved after construction of parametrix and the proof of existence
of a cone of dependence.

In this paper we consider the general quasi-linear Cauchy problem (CP1). Our ap-
proach is quite different from those from [2] and [1]. Actually, according to [9], making use
of solutions of a family of nonlinear ordinary differential equations associated with (0.1),
we reduce (CP1) to some Cauchy problem with special asymptotic behaviour in ¢ on the
right-hand side. During this procedure we only lose regularity in x without any loss of
regularity in ¢. Then, by a standard way, we can derive the time local existence of smooth
solutions.

Finally, by proving the domain of dependence property we obtain C'*°-well posedness
of (CP1).

To explain our assumptions we define multi-indices

€: <£0afla"'a£n+l)7 n= (7717"')7771)) o = (a17"'7an)7 ﬁ: (ﬁ07517"'5ﬁn+1)~
We make the following assumptions with D, = (9s,,...,0,,) and D¢ = (Ogy, ..., 0¢,.,,):

n
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(A-T) (strict hyperbolicity)
There exists a positive constant Cy such that

> alt, Oy > Colnl*,  n e R\ {0},
jik=1
a;i(t, z; &) = ag; (8, 2;:€), g k=1,...,n, j#Ek,
for all (¢t,z) € [0,T] x R™, £ € R"*2.
(A-IT) (regularity properties)
Let K be an open ball in R**2. Then
i) ajx € CH((0,T); B*(R" x K)),
i) pe (0,71 B=(®" x K),
?2}8 |DSp(t,z;€)| € L2((0,T) x R™) for |a| > 0.

(A-III) (asymptotic behaviour near t = 0)

We assume

i) [0rajn(t, ;)| < Ci/t, |DEDLajk(t, w:)| < Cirap/t™ withafixed 0 < r <1
and for all multi-indices o and S,

i) |Dg DY p(t,w;€)| < Cap/t?, with a fixed 0 < ¢ < 1 and for all multi-indices o
and 3 with |a| > 0 and |3| > 0.

Throughout this paper we use the following notation.
By H™(R"™) with a non-negative integer m we denote the usual Sobolev space with

the norm || - [|,,,. Sometimes we denote (-,-)z2rn), || - [[L2(rn) by (), || - || respectively.
For any integer m > 0 we put
(25 ) [y () = > sup | DgDZh(t,x:€)].
laf+]8]<m (PR XK

We define for 0 < ¢t < T the function space
W (R K)(0,T] = {h(t, ;€); || hll m) () < o0}
With a positive parameter x and with Ly := [%] + 2 we introduce
1
M, = {g=g(t.) € () C7(10,T); B R™) : gl + llgell g1 < -
j=0

From now on, k is taken sufficiently small that (g, ¢g:, Vg) € K for g € II,. Moreover,
we introduce the energies

Blol(t) = 0wl + 3 (akve, v,

Gk=1
Enlo](t) = 10wln+ > > (ajxDivy,, DSvs,),
la|<m k=1

for any integer m > 0. Finally, we sometimes use the notation h,)(t,2;§) = Dgh(t, z; &),
RB)(t, 2;€) = D?h(t, x; &) and Au = (u, ug, Vu).
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The main results of our paper are given in the following theorems.

THEOREM 0.1 (H*-well posedness). Assume that the assumptions (A-I) to (A-III)
are satisfied and (p(z),¥(z)) € H®(R™) x H®(R") fulfil (¢(z),¥(z), Vo(z))€ K. Then
there exist a constant T* > 0 and a unique solution u := u(t,z) € C*([0, T*]; H*(R™)) of
(CP1) for T =T*. Moreover, the solution possesses the domain of dependence property.

THEOREM 0.2 (C*°-well posedness). Assume that (A-I) to (A-III) hold and that
(p(x),¥(x)) € C®(R™) x C®(R") satisfy (p(z),¥(x),Ve(x)) € K. Then (CP1) is
C>-well posed, this means, there exists a unique solution in C’l([O,T*]; C"X’(R”)), where
the solution possesses the domain of dependence property.

1. Reduction scheme. In this section we reduce (CP1), this problem implies the
finite loss of derivatives for its solutions, by a finite family (Qj), j = 0,1,...,1, of
Cauchy problems for nonlinear ordinary differential equations to an auxiliary Cauchy
problem (CP3), which is of strict hyperbolic type, see [8]. We follow ideas according
to [9]. Let us consider the next Cauchy problems in a strip [0,7] x R™:

0 0
(Qo) uy + p(ta;u®, 0, V) = 0, (1.1)
u® = (), ul® = () at t =0,
ul + p(t, 23 0@ +u®, (W 4 uM),, Tu®)
n
Q1) = ,;1‘Zik(t’fc§/\u(°))u§c%k +p(t 23u®, u® Vo), (1.2)
J,R=
ulh = ui(tl) =0 at t =0,
ufy + p(t 250 ® +u® +u®, (WO +u® +u®), V(® +uh))
3 0
Q2) = j7£1(ajk(t, 25 Au® +uM)) (@ 4 u®), o — aj(t, Au(o))uij)zk) w3
+ ot 2;u® + u® (WO 4+ M), Vu®),
ul® = Uw(:Q) =0 at t =0,

and in general

uly + p(t,a; U, U U D)
PP R (agu(t, 23 AUCINULLY — b5 AU D)UY
G k=1
+p(tas U, U vU ),

u®) = u?) =0 at t =0,

¢
for £ > 2, where we use the abbreviations U®) := U®) (t,z2) = 3 ul®)(t, ).
s=0

Setting u(t, ) = U (t,x) 4+ v(t, z), we obtain the following results.
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LemMA 1.1. Iful®) € C1([0,T]; H*(R™)) solves the Cauchy problem (Qs), 0 < s < £,
and v € C*([0,T]; H*(R™)) solves the Cauchy problem

Vit — i ajg (t,x;A(U(‘]) + v))vgcjwk + p(t,x;A(U(Z) + v))
k=

J 1

L 1.
(CP2) +UP) - 3 aji(t o A(U® + v))Ué?M =0, (15)
jk=1
v(0,z) = v(0,2) =0,

then u:=U® +v € C1([0,T]; H*(R")) solves (CP1).

PRrOOF. It is easily seen that (1.5) can be written in the form

n
(w4 U®), — ajr(t,z; AU +0)) (v + Uy 00 + p(t, z; AU +0)) =0,
jik=1

and that U®)|,—g = ¢(x) and Ut(g) lt=0 = ¥ (z). Hence the proof is complete. m

LEMMA 1.2. The Cauchy problem (CP2) with v and u'®) € C([0,T]; H*(R")),
0 < s <Y, is equivalent to the following Cauchy problem for w = v:

Qulv] = vee — D2 bjn(t, 25 Aw)vg oy, + D bj(t, 3 Aw)vy,
j=1

k=1
(CP3) + bo(t, z; Aw)vy + b(t, z; Aw)v = fi(t, z; Aw),

U(va) = Ut(oax) = Oa
where the coefficients bji, b;, by and b satisfy the following conditions:

(B-I) (strict hyperbolicity)

(1.6)

Z bjk(t’x;g)njnk > 00‘77|27 neRrR” \ {0}7
Jok=1
bjk(t,x;f):bkj(t,x;f), j)kzla"'vna J#ka
for all (t,x) € [0,T] x R, £ € R"*2 and with Cy from (A-I).
(B-1I) (regularity properties)
The regularity behaviour of coefficients can be described in the following way:
i) bj € CH((0,T]; B*(R™ x K)),
ii) h e C((0,T); B>(R™ x K)) for h=bj, by, and b.
(B-III) (asymptotic behaviour near t = 0)
The asymptotic behaviour of coefficients near t = 0 can be described in the fol-
lowing way:
1) [Objk(t, x;€)| < Cji/t, \D;‘D?bjk(t,x;ﬁﬂ < Cigap/t", for 0 <r <1 and for
all multi-indices o, 3,
ii) |DgD§h(t,x;g)| < Clg/tm=4ard | for h = b;, bo, b and for all multi-indices
a and (3.

PROOF. It follows from (1.1)—(1.4) that

n
Up) = 3~ ag(t,es AUOULTY = p(t,a; 0, U0, vU ),
j,k=1
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We substitute Ut(f ) in (1.5) by the right-hand side of the above equality. Then we have
to study the following four terms to get the properties (B-I) to (B-11I):

i) p(t,x;A(U(@ +v)) — p(t,x;AU(‘])),

ii) p(t,x;AU(‘])) — p(t,ac;U(e),Ut(g),VU([_l)),

i) 3 (agn(t, 23 AUO +0)) = agilt, 2 AU D)) UL,

jik=1
iv) > ajk(t,x;AU(E_l))u%)xk.
jik=1

By the mean value theorem it is seen that b;, by and b are determined by i) and iii)
and that f; is determined by ii)-iv). This helps us to understand that the assumptions
(A-I) to (A-III) are transferred to (B-I) to (B-III). Hence the proof is complete. m

Now we cite some auxiliary results.

LEMMA 1.3. Assume that ¢ = q(t,z;¢) € WM(R™; K)(0,T] and that v belongs to
1

CI([0,T); HMH1=3(R™)) NI, and [2]+1 < M. Then there exists a constant C, which
=0

J

1 .
depends on Y ||07v||L,—j, such that for every fized t € (0,T]
§=0

1
latt, @ Aol < Cllallan (D 10 ellarsa—s +1). (1.7)

3=0
COROLLARY 1.1. Suppose that the functions v = v(t,z) and z = z(t,z) belong

1
to N Ci([0,T); HMT1=I(R™)) and satisfy v + 7z € I, for 7 € [0,1]. Moreover, let
=0
qg=q(t,z;€) € W(M)(R";K)(O,T]. If [3]+1 < M, the following estimate is true with a

1 . .
constant C' depending on lallvrsr) X2 (1032l 0—s + 1070 ars1s):
j=0

1
la(t, 2 v + 2)) — glt,23 A0) ||, < C S 10 2llarsas. (L8)
j=0

LEMMA 1.4 (Nersesian, cf. [7, Lemma A.2]). Let us be given the differential inequality
y'(t) < K(t)yt) + f(t)

for t € (0,T), where the functions K = K(t) and f = f(t) belong to C(0,T), T > 0.
Under the assumptions

o S K(r)dr = o0, fET K(r)dr < oo for alle € (0,T),
. liII(l) fst exp(fslt K(7)dr) f(s)ds ezists for alle <t <T,
£E—
o y(e) exp(f; K(7) dT) = o(e),
every solution of the differential inequality belonging to C[0,T] N C(0,T) satisfies

y(t) < /Ot exp(/st K(7) dT)f(s) ds.
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Let us now investigate the asymptotic behaviour of the solutions u(?, ..., u® to the
Cauchy problems (QO0),...,(Qf), respectively.

PROPOSITION 1.1. If (p(z),9(x)) € H>*(R™) x H*(R"), (¢(x),¢¥(z), Ve(z)) € K,
and 1 is a fived nonnegative integer, then there exists a solution u'®) := u(*)(t,x) of the
problem (Qs) and a joint life span [0,T1] such that U®) € Cl([O,Tl]; H‘X’(R")) NIl for
all 0 < s < 1. Moreover, the solutions u'®) satisfy for 1 < s with v = min{l — ¢,1 — r}
the estimates

0|2, < Cot™ T, j=0,1, (1.9)

PROOF. The time local solvability of the problem (Qs), s = 0,1,...,1, is well-known in
[0, T1] x R™ for an appropriate constant T > 0. The regularity u(*) € C*([0, T]; H*(R"))
follows from the assumptions (A-II) and (A-III) and the nonlinear ordinary differential
equation in (Qs), 0 < s <, by using (A-II)ii). Let us derive the above estimates.

First, we deal with the problem (Q0). By the standard energy method we have
0)12 0 0 0) 12
oul[ul®|* < 2| (it 3w, uf®, Vo), u® )| < ol + [|uf”] . (1.10)
Integrating over (0,t), ¢ € [0, T3], we have for sufficiently small T}
O <o [ is2r)d 2 111
Jug” || (t) < ; loll*(7) dr + [l¥]|°. (1.11)

From (1.11) it follows immediately that

u©® 2 t 2(r)dr 2 2). .
[@IF® < (e [ ol ar+ ol + 6l?) (112)

Differentiating m times with respect to x both sides of the equation from (1.1),
m > [§] + 1, we obtain, by following the same procedure from (1.10) to (1.12), by using
Lemma 1.3 and taking into account property (A-II)ii), the inequality

>8], ) < Cun (¢ / (1l () + ol () dr + (1 + )13 + ll2,)- (1.13)
j=0

In fact, for |a] < m we have

o 3 [zl <2|(( S p2o D)

|| <m lo|<m
1
j 0
< Con(1lellomy (3 107612, + N2y +1) + (lellZ, + i 112,))-
§=0

Multiplying both sides by exp(—C1, fg l|pll(m) (7) d7) with a sufficiently large positive C,
we have from (1.11) and (1.12) in the same manner

T

1 ] Ty
S0, < Con(texp(Chu [ Iollom(@r) [ ollom + loli) (7 d
§=0

+ (LI + lelZ,).
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Since ||pl|(m) € L'(0,T1), we arrlve at (1.13). From (1.13) it is clear that a sufficiently
small T} guarantees that (u(%) ,ut ,Vu ) C K.
Now we consider problem (Q1). We apply in (1.2) the mean value theorem to
p(t,:c;U(l),Ut(l),Vu(O)) fp(t,:c;u(o (0) Vap)

Then using Lemma 1.3 we obtain for the solution of (1.2) the estimate

t n t
[P @ < ([ olw@ -+ 3 [ lanlom )
j.k=1
(1+ sup ZHaJ (1)H2 2] )

telo, Tl] —

The application of (A-III) yields

i) < (14 smp ZIW R NO)] (1.14)

[O T1

where v = min{1 — ¢, 1 — r}. Hence for sufﬁ(nently small 77 we obtain
[87u™|*(t) < ce I, j=o0,1. (1.15)
In the same way as (1.13) we have
[07uM|2 (1) < Cput* 17, j=0,1. (1.16)

Therefore there exists a positive constant 77 (eventually we have to choose a smaller
one than in the previous step) such that the inequalities (1.16) hold for ¢ € [0,73] and
oM, uM,vUuW) c K.
Finally, we sketch how to handle (Q2). In (1.3) we apply the mean value theorem to
p(t, ;U0 UP vUD) = p(t,2; 0D, U, vu®),
n
and Z (ajk(t x; AU(l))U( ) —ajr(t, z; Au@)ul) )

T;Th
J,k=1

Taking account of (1.16), in the same way as (1.14) we obtain

0 < o [ Ita (et + s S 10i@)E)

e 5= (1.17)
3 [ ol ar(e+ E Z ot 1) ).
k=1 0.
where C' depends on ||[UM) ||, and ||Ut(1)\|. A sufficiently small ¢ gives
[ul®|%(t) < Ct?.
In the same manner as (1.16) we have
[87u®| (1) < Cpt>*+179, j=0,1. (1.18)

Thus taking Ty small enough, we obtain (1.18) and (U?), Ut(z)7 VU®) C K fort € [0,Ty].
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Repeating the above procedure, we can find a positive constant 77 such that the
following properties hold for ¢ € [0,T1], m > 0, and 2 < s < I:

|07ul|2, < Ct™ 19, j=0,1,
and (U®), Uts), VU®) ¢ K. This completes the proof. m

REMARK 1.1. In each step of the previous proof we have shown that AU®) C K,
s=0,1,...,1, for (t,x) € [0,T1] x R™. Therefore we can take x and T3 so small that for
every g € I,

2A(UY +g) C K.
REMARK 1.2. By using the mean value theorem the right-hand side f; of the auxiliary
Cauchy problem (CP3) can be represented with || = 1 and with constants 6,03 € (0,1)
in the following way:

Stz Av) = 37 =p 00 (1,2;00, 00, 9UD 4 04,(V(@®))* ) (Vu®)

lee|=1

£ (L AU + )+ 0a(AWD + )P ) (Aa)UL, (119)
|Bl=1 j,k=1

+ Z aji (t, x; A(U(lfl)))ugj)xk .
jik=1

Taking account of Proposition 1.1 and conditions (A-III) we deduce that sufficiently small
Ty and k imply

T
/17_”’/QHfz(T,x;Av)H (r)dr < C,, sup ¢~ ZV/QZHaJ OO, 102
0

te[0,T1] =0

for all v € C*([0,T]; H>(R™)) N1L,. Thus we have explained the asymptotic behaviour
of f; near t = 0 and use in the following a fixed x.

From now on, we put (without loss of generality, since the general case max{q,r} < 1
can be studied in the same way) ¢ = r = 1, therefore v = 1, for our convenience.

2. Energy estimates. In this section we derive energy estimates for the solution v
of the auxiliary problem (CP3).

2.1. Basic energy estimate

PROPOSITION 2.1. Under the assumptions (B-I) to (B-III) there exist positive
constants ly and Cy, such that for v,w € C*([0,T]; H*(R")) satisfying (1.6) with
Ep,—1[w](t) < D, and w € Il (for the definition of Il,; see Introduction), that is,

n
Vgt — Z bin(t, 23 Aw)vy o, —l—Zb (t, z; Aw)v,
J,k=1 Jj=1
+ bo(t, x; Aw)vy + b(t, z; Aw)v = fi(t, z; Aw),

v(0,z) = v:(0,2) =0,
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the following basic energy estimate holds for 1 > ly:
Er, 1[v)(t) < Cpp ttHD/2, (2.1)

PRrROOF. Taking account of our partial differential equation we have

8t||vt\|2 = 2(vtt,vt) = 2( Z bjkvxjmk, ’Ut) - 2(2 ijxj + bo’Ut + bv — fl; ’Ut>
J,k=1 j=1

n

= —2( Z (02, b5k ) Va5 ’ut) — 2( Z bjkve;, kat) — 2(2 bjve, + bove + bv — fi, ’ut);
j k=1 g k=1 j=1

JR=

the last equality can be derived by integration by parts. Taking account of

— 2( z”: bjkve, s kat) = _2875( zn: bjkva, U‘”’“)

J.k=1 J.k=1
n n
( § at ik ’U%, U;ck) + 2( § b]kvtxﬂ U;ck)
7,k=1 7,k=1

we see that

n

—2( i bjkva; Ua:kt) = _8t( i bjkva;, Ua:k) + < > (Oebjr)va, ka)-

jk=1 jk=1 jk=1

Therefore it follows from the above equality that

n

OE](t) = 72( > (ubji)vs, vt)
jk=1

n

+ ( Z (Otbjr) v, ’ka) - Q(i bjve,; + bovy +bv — fi, vt).

Gk=1 j=1
On the other hand,

Orbji (t, 3 Av) = bﬂ) (t, 23 Av) 0y (Av)Y + (Dpbji ) (¢, a5 Av).
[v]=1

Since w € C2([0,T]; H**(R™)), using (B-III) we then deduce that
‘atbjk" ‘alkbjkL |bj‘7 ‘bo‘ and ‘bl < C%

Hence

0.B)(1) < B (1) + 21( i)l (2.2)

Note that according to (1.19) the function f; can be written in the form

filt,aiAv) = 37 Foaltas Ao)(Au®) + 37 Byt ) Dy ul, (2:3)

lv[=1 v'|=2
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where F,; and F,,; are appropriate functions satisfying (B-III)ii) for h = F, ;. Then we
have with a positive parameter

20wl <€ > (IRl + I1Flo)
|v|=1,|v"|=2

(2.4)

1
(RS o2 + et ),
j=0

where C' depends on Z; o 167 u® |1, _;j < k. Differentiating m times with respect to x
both sides of (1.6), 0 < m < [§] + 1, we get for |a| = m the identity

n @]
(D20 — 3 by(D0)a e 3 by (D20)s, + bo(DEw)s 4 (D%) = 3 (n)
J.k=1 J=1 n<a

% (32 (D201 DE M, + S (D) DS o, + (Do) DS Moy + (DID)DS ).
jk=1 j=1

Therefore applying the same way as for deriving (2.2) to the left-hand side, we have using
Lemma 1.3 with a constant C; , > C; the energy estimate

Cln

atELo 1[ ](t) ¢ ELO 1[ ](t)
¢ Y P (IFalleen® + 1Fdlwen®)
[v]=1,|v"|=2

11 ad - 2
(G Ny 7 ),
7=0

Take an integer [y so that lo/2 > C . The application of Lemma 1.4 yields for > [
the energy estimate

ELO 1 < C/ €xXp / ,:n dT)Sl/Q Z (HFV’ZH(L()*I) + HFV/JH(LO*U)(S) ds

|lv|=1,|v"|=2

1 5 ! ; 2 _ 2
XTSel[ltft](ET " 1;||3§“(I)HL0+1—2J'+5T l/QHthLo—l)'

Since /2 > C4 ,,, taking e sufficiently small we get

Bl b0 < [ 3 ([l + B

lv|=1,|v"|=2

|L071) (s)ds

2
XOiugtT Z/ZJZOHGJ l) )HL0+1*2]'.

Recalling Proposition 1.1 with v = J and (A-III) we conclude that
Epya[v](t) < Cpp b7, (2.5)

Therefore we arrive at (2.1). =
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2.2. Energy estimates of higher order

PROPOSITION 2.2. The statements of the previous proposition hold if we replace Ly—1
bym, m > Ly — 1.

PrOOF. We will prove (2.1) by induction after replacing Lo — 1 by m. Suppose that
we have with constants Cj ,, 0 < p < m — 1, the estimates

E,[v](t) < Oy ,tHD/2, (2.6)

In the same way as in the proof of Proposition 2.1 we derive for || = m and with a
positive parameter € the estimate

0.B[Dg0)(1) < T F
M +2(DE it w; Av), D)

(1) +> ( ) > 2(D bk D} v, 0y, DSvy)

y<a 7,k=1

E[Dzvl(t)

I o+ - Z ( ) (Z||D;‘*7bjD;%j 1> + || D2~ "bo DY ve||* + ||Dj*7bD;U||2).
j=1

’y<a

Analogously to the derivation of (2.4), by using Lemma 1.3 we have

o)

2‘(D§fl7D3”t>‘ <c Z (HFVJH(m) + HFV’J

v|=1,|v"|=2
L (2.7)
i (12 2
X (g ZH@iu( )Hm+2—2j + EHUth)'
§=0
Moreover,
= c
(1) < 57 (Comlbgelly (lowen B + I0l2)) + 5 Enalo)(0). (28)
jk=1
Finally, it follows from (B-III)ii) that
C

(1) < & B ). (29)

Put A, (t) = Sup C(m)||bjx]|(1)(t). Summarizing (2.7) to (2.9) and taking € so small
dik
that lo/2 (> Cy,,) > C1 + € we obtain for [ > Iy the inequality

OB [b](t) < 5 Blol(6) + A (1) En[2](0)

E,,
1
Py (llFqum>+||Fuaz||<m>)(§Z||ai‘u<”ui+2_2j+sHthfn) (2.10)
1,

lv|= J=0

C
+ ? Emfl[’l)].



C°°-WELL POSEDNESS OF THE CAUCHY PROBLEM 143

By applying Lemma 1.4 we conclude that

t) < C’/Otexp(/rt(l/T2 +Am(7)> dT)
(1 (Bl + 1o

lv[=1, IV’I—2

2S5 )+ S Bl

) () (2.11)

X sup (
0<7<t

From (B-III)i) it follows immediately that exp(f(;5 Ay (1) dr) is bounded for ¢ € [0,T].
Taking e sufficiently small, in the same way as in the derivation of (2.5) we conclude that

Env](t) < c1mt™Y/2 4 CE,, 1[v](t) (2.12)
and with (2.6)
Ep[v](t) < Cppmt 072, (2.13)
Thus the proof is complete. m

REMARK 2.1. From both propositions we conclude immediately that E,,[v](t) < Dy,
and v € II,; for sufficiently small T'= T'(m).

3. Linear problem. In this section we consider the following linear Cauchy problem
(LP) corresponding to (CP3) in (0,7) x R™:

L[v] = 0?v — Z bjr(t, x)@%jmkv + Z bj(t,x)0,v + bo(t,z)0w
(LP) J:k=1 3=1 (3.1)
+b(t, z)v = fi(t, x),
v(0,z) = v,(0,2) =0,
where bj), satisfy (B-I), (B-II)i) and (B-III)i), b;, by and b satisty (B-II)ii) and (B-III)ii)
and fi(t,z) € C([0,T]; H>*(R"™)) satisfies || f;]|2(t) < C,t' for every integer s > 0.

PrOPOSITION 3.1. There exists a natural number 1y such that the Cauchy problem
(LP) with | > 1y has a uniquely determined solution v € C([0,T]; H*(R™)) satisfying
for every integer s > 0 the energy estimate

E.Jv }<><Ctl/ 1|5l (3.2)

PRrROOF. For a positive parameter € we consider the following e-shifted problem (LP).
of (LP) in (0,7 —¢) x R™:
8 Ve — Z S (t, )05 xkvg—i-ZbE (t,2)0r,ve + b (t, ©)0rve
(LP), k=1 i=1
+ b5 (t, x)ve = fi(t, x),
UE(va) = (9t115(0,1') = 07
where for any function h = h(t,x) defined in (0,7) x R™ we write h® = h®(t,x) :=
h(t+e,x). It is well-known that there exists a smooth solution v. of (LP). belonging to
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C2([0,T — €]; H*(R™)). On the same way as for (2.5) we can show that there exists an
integer [ such that

Efua](t) < Cut! /0 U AN (r) dr (3.3)

for all I > I; and € € (0, g]. Therefore E;[v:](t) are uniformly bounded in e. We consider
a sequence {v., }5°, of solutions of (LP)., with a sequence {¢;}, &; > &;41 and ¢; — 0 for
i — oo. The difference w., = v., — v,_,, ¢ > 1, satisfies in (0,7 — €g) x R™ the Cauchy
problem

{ Lai [wsi] = _(LEi - LEi—l)[UEi—l]’
we, (0, 2) = (Qrwe, )(0,2) = 0.

For a fixed s > [2] 4+ 1 we obtain, using the uniform boundedness of E,1[v](t) with
respect to € and following the approach to derive (2.5), the energy estimate

2

Eswe,](t) < Cith sup 771 Z H(@Tvaiflﬁg‘vgifl)HSO(T)

OSTSE el (3.4)
S Citll sup T_ll (Es [Uei,l} + Es-{—l[vsi,l]) S OiCs-i-ltl;
0<r<t

where the constant C; depends on
t
/0 |65, (r,2) = 65 ()| (P dry Gk =1,.0m,

/ ||h5i (1,2) — h¥1 (T, :1:)”8(7) dr
0

forh="5;,j=1,...,n, by and b.

Thus we can choose ¢; in such a way that C; < 27% because of (B-III). Consequently,
{ve, }i>0 is a Cauchy sequence in m}:o C7([0,T]); H*+*1=3(R™)). The limit element v is
the uniquely determined solution of (LP) belonging to ﬂ;:O CI ([0, T); Hoo =3 (R™)).
Repeating this approach for all s with suitable sequences {e; s} gives immediately the
result v € C*([0,T]; H*(R")). =

4. H*°-well posedness for (CP3). The results from the previous sections allow us
now to study the quasi-linear Cauchy problem (CP3).

PROPOSITION 4.1. Under the assumptions (B-I)—(B-III) there exists a positive con-
stant T* such that (CP3) with w = v has a uniquely determined solution v belonging to
C?([0,T*]; H*(R")) N1L, and satisfying

E,[v](t) < Cot+D/2
for each s > [%} + 1 and with a fized | > .

PROOF. The proof will be divided into several steps.
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1. An iteration scheme. In order to prove the time local existence of solution to (CP3),
we consider for i = 1,2, ... the following iteration scheme in (0,7) x R":

Qi_l[vi] = 8301 — Z bjk(t,ZE;AUi_l)agjzk’Ui + ij(t,x;Avi_l)axjvi
(CP3); Jk=1 j=1 (4.1)
+ bo(t, 23 Avi—1)0pv; + b(t, x5 Avi—1)v; = fit, 25 Avi—1),

UZ’(O,’JI) = (815’01‘)(0, CE) = O,

where vg = 0 and T' < T} with T3 taken from Proposition 1.1.

LEMMA 4.1. For a fived integer s > [§] 4 1, there exist positive constants C, and T
such that the solution v; of (CP3), satisfies for t € [0,T;] the energy estimate

Ey[v;] < CotH1/2, (4.2)
where Cs is independent of i.

PrROOF. Let us start our iteration scheme with vg = 0. Then the application of
Proposition 3.1 gives a solution v; € Cl([O,T}; H‘X’(R")), where T' < Tj. Here we used
Remark 1.2. Due to (3.2) this solution satisfies the energy estimate

B[] < Cutt+D/2,

Together with Remark 1.2 again we see that v; € C?([0,T]; H*(R")). A sufficiently
small Ty gives Eg[vi] < D, for all ¢ € [0,7s] and vy € II,,. Proposition 2.2 yields im-
mediately (eventually with a larger C,) the energy estimate Ey[vi] < Ct(+1/2, Then
Proposition 2.2 and Remark 2.1 imply (eventually with a smaller T;) the statement of
Lemma 4.1, especially (4.2), for vo. Now we are able to apply Proposition 2.2 step by step,
where the constants Cs and T, are unchanged. This brings the statement of Lemma 4.1,
especially (4.2), for v;. Hence we have completed the proof of the lemma. m

2. Cauchy sequence property. We show the Cauchy sequence property for {v;};>o in
C([0, T*]); HeotH(R™))NCL ([0, T*]; H*0 (R™)) NI, with a fixed so > [2]+1. The difference
w; = v; — v;—1 solves in (0,T) x R™ the linear Cauchy problem

Qi-1[wi] = —(Qi—1 — Qi—2)[vi—1] + f(t,x; Avi_1) — f(t, 75 Avi_2),
{ w; (0, ) = dyw; (0, 2) = 0. (4.3)

Then we will prove the next result.

LEMMA 4.2. There exists a positive constant Cs, such that for t € [0,Ts,] and fized
1 > 1y the differences w;x1 and w;, 1 =0,1,2, ..., satisfy

Es, [wi+1](t) < Csot(lJrl)/ZEso [wl](t)a (44)
1 )
where Cs, depends on Y, 0 vl? 1o j, k=1i,i— 1.
j=0
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PROOF. By the mean value theorem the equation from (4.3) can be written in the
form

Qilwit1] = Z gy (t, 25021, v;) (Aw;)?, (4.5)

[v]=1

where g, satisfies (B-III). Then there exists a positive constant C,, such that in the same
way as in the proof of Proposition 2.2 by taking account of Corollary 1.1 we obtain for a
fixed | > [y the energy estimate

By, fwini](t) < Copt™7 sup 7712, [w)](7),

0<r<t

S0

where Cs, depends on exp(fot Agy (1) dT), fot |2l (sg+1) () d7 for b = gy, |y| = 1, and

1 ,
> 0wl o ;, k =1i,i—1. Thus we obtain the desired result.
§=0
The relation (4.2) implies that Es,[v;](¢) is uniformly bounded for ¢ € [0, Ts,]. There-
fore the constant Cs, from (4.4) can be taken independently of i. Repeatedly using (4.4)
we obtain

Ey[win1](t) < (Cogt /2 B, o) ().
Consequently,
By [wira](t) < 27" Eg, [wo](t) (4.6)

for all ¢+ € [0,T*], where we take T*(< T,) so small that Oy, (T*)+1/2 < 271, This
gives the Cauchy sequence property for {v;};>0 in ﬂ;:o CI([0,T*]; HoT=3(R™)). The
limit element v represents the uniquely determined solution of (CP3) with w = v.

3. A continuation argument. Finally, we will show that the solution v of (CP3) with
w = v belongs to C*([0, T*]; H>*(R™)) with T* taken as above.

Following the above reasoning we show that there exists a constant 77 < 7™ such
that (CP3) with w = v has the solution v € ﬂ;:o CI([0,T7]; HS =9 (R™)) for any fixed
s > sg. By the well-known continuation theorem for solutions of Cauchy problems for
quasi-linear strictly hyperbolic equations (see [10]) it is easily seen that the solution v
persists in [0,7*]. Here we use that the life span of solutions depends only on a lower
order energy. Thus we have v € ﬂ;:o CI([0,T*]; H**1=3(R™)). In fact, for any fixed tg
with 0 < tg < T our problem is strictly hyperbolic on [tg, 7] and v € II, in [0,T7].
Therefore v = v(t, z) is the desired solution of (CP3) with w = v. From the equation we
conclude that v € C’Z([O, T*; H*® (R”)). This completes the proof of Proposition 4.1. =

5. Proof of the main results

5.1. Proof of Theorem 0.1. The existence of a solution u € Cl([O T*; H* (R )
f (CP1) follows from Proposition 4.1 and Proposition 1.1 by putting u = wu(t, x) =
UW(t,z) + v(t, x). To finish the proof it remains to derive a uniqueness result.
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PROPOSITION 5.1. Under the assumptions (A-I) to (A-III) there exists an integer sg
such that (CP1) has at most one solution

1
we () C([0,77); Ho—I(R™)).
§=0
PROOF. Let uy, ug be solutions of (CP1) belonging to ﬂgl‘:o CI([0,T*); Heo T =3 (R™)).
The difference w = uy — ug solves in (0,7*) x R™ the Cauchy problem

P, [w] = Z (aj(t, x5 Auy) — ajk(t,x;AUQ))agjmkUQ
jik=1 (5.1)
- (p(ta €L Aul) - p(t,I7AU2))7
w(0,z) = w(0,2) = 0.

By the mean value theorem the right-hand side of (5.1) is represented in the form

n

Z fi+1(ta xz; ulau2)wﬂ?i + fl(tagj;ulau2)wt + fo(t,$; u17u2)w7
=1

where each f; (i =0,1,...,n+ 1) satisfies for every integer s > 0 the condition
I1fi@®)ll sy € L1(0,T)

because of (A-IIT). The equation from (5.1) can be rewritten in (0,7*) x R™ in the form

(see [8])

Wi — fl(t,x;’l,tl,UQ)UJt - fo(t,x;’l,tl,UQ)w

n n (5.2)
= Z ajr(t, z; Aur)wy o, + ZfiJrl(tax;UlaUQ)wzi'
jk=1 j=1

Repeating the approach from the second step of the proof of Proposition 1.1 we have for
any integer s > 0, taking eventually T smaller if necessary,

lwe[I3(t) < Cst*/? sup I3 42 (t), (5-3)

where Cy depends on fot 2l (s)(T) dT for h = aj, a%), p), || = 1. Then (5.3) implies
18] w||(t) < Cst*>79, j=0,1. (5.4)
Applying (5.3) and (5.4) and repeating this procedure, we obtain for an integer { > 0 the
estimate
07 wl|>_,(t) < Cont™?79, j=0,1.
Take Iy and sg so that %lo (>Cypn) > Cy and sg > [%] + 1+ 2ly. Then similarly to the

proof of (2.13) with f;, = 0 for the above Iy we have after application of Lemma 1.4 the
energy estimate

Esg—21, [w] (t) <O0.
Hence we conclude that w = 0 in ﬂ;:o CI([0,T*]; Ho 1= (R™)). m
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5.2. Proof of Theorem 0.2. To complete the proof we have only to show the existence
of a domain of dependence. This leads together with Theorem 0.1 to C'*°-well posedness
for our starting problem.

PROPOSITION 5.2. The solution of problem (CP1) possesses the domain of dependence
property.

PROOF. For solutions u; and wug satisfying (CP1) with initial data (y1,v1) and
(2, 12) respectively, the proof will be carried out by showing that the difference uy — us
vanishes in some set K (;,, xo) if 1 = 2 and 1 = ¢ on K (t;,,z0) N{t = 0} =: D. The
difference z := u; — ug satisfies (5.1) and is, consequently, in (0,7*) x R™ a solution of
the linear Cauchy problem

Fz— Y aplt, )2, 2 ng+1 (t,z) — filt,z)ze — fo(t,z)z =0,
jk=1
2(0,2) = p1(z) — pa(2), Zt(O,l‘) = P (x) — Po(2).
Thus z = z; = 0 on D. Take ig so that 27% = T* (eventually we have to decrease T*
n
a bit). Let us define with f(t,z,&n) == > a;r(t,z,§)nny for t € (0,7*] the function

jk=1

Ap=Ap(t) = sup {Ir]: 72 = f(t,2,&m) = 0, |n| =1},
(z,&m)ER" X K X Sp_1

(5.5)

and for i > iy the functions

Ari=Api(t) = sup  Ag(t).
te[2—i-1,2719]

For ¢ > ip we put
) . i0+1)v
Hiy (b1, 00) = { (1) € [0, 270) x R™ - o — o] < Op 2"ty — 1]},
. . i0+2)v ;
Hiypa(tig, w0) = {(t,2) € [27072, 270 x R™ « 3 — | < Cpv/2 T ot —y)

Y € Hiy (i, m0) N {t = 270D},
and in general for i > iy + 1 we set

Hi(tiy, 20) = {(t7gg) 22 xR : |z —y| < Cf\/i(i—ﬁ—l)up_i 4

Yy S Hi_l(tio,l‘o) n {t = 272}}

Here we used /f(t,x,&n) < Cpt~¥/2 for |n| = 1 which comes from (A-IIT)i). Finally,
let us define K(ti,,20) = Uy, Hi(tio» %0). Then, taking account of the diameter of
H;(tiy, xo) N {t = 2717} equal to

i 2(l+1)u/2

=19
we deduce that the diameter d of D satisfies
o 2(l+1)1//2

l=1io

< +00.
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We take a cut-off function xy = x(«) which is identical to 1 in a neighbourhood of D
and supported in a ball D* DD D. Then we consider the following e-shifted problem in
(0,T* — &;) x R"™ corresponding to (5.5):
O, — Z ot ) 82 o U Z 1 (t, )0z ue,
(DD)e, Fk=1 (5.6)
+ fl (tv x)atusi + fO (t, x)usm
e, (0.2) = (1= )p(@), (Fpuz,)(0,2) = (1= )o(a),

where ¢; = 1/2¢ for i > ig + 1. Note that Cf\/_ < /\fgz The Cauchy problem (DD)_
satisfies a domain of dependence property in the sense that
Ue, =0 in K (t;,,20)-
In fact, for a forward cone K(g;) on D which is defined by
K(e) = {(t:2) € [0, A peei - 8] X R : o — o] < A [t = Ageoi- 4]},

we have ue, =0 in K(eg;) U K (¢, 20)-

Let us now consider (5.5), (5.6) with data ¢(1—x)y and ¢(1—x)v, where ¢ is some cut-
off function which yields Sobolev behaviour of data. Due to our existence and uniqueness
results (Propositions 4.1 and 5.1) we have unique solutions ue,, z € C*([0,T*]; H**(R")).
Then the differences w,, := z — u., satisfy in (0, 7* — g;) x R™ the Cauchy problem

n

QPw., — Z St Q%Jxk Z 1 (t,2) 0y, we,

k=1
+ f1(t, ) Opwe, + f (1, m)we, + I, (t @, 2),
we, (0, z) = (Qrwe,)(0,2) = 0.
Here F., depends on aj; —ajj, and f; — f;'. Using (A-ID)ii) and (A-1I1)i) we deduce that
n+1

/Ha (t,x) ajktxH d7+2/"fsztx fjtch )dr — 0,

if i — oo for all s € N. Thus we can follow the approach of Section 1 and 4 and obtain
Er,(z —ue,) — 0 as i — oco. By using u., = 0 in K (t;,, o) we get z = 0, there. Hence,
uy = ug in K (t;,,x0) if ug = ug, Opu; = dsug on D. This completes the proof. m
REMARK 5.1. Our assumptions to coefficients of P, are weaker than those from [1] in

the case of C'*°-well posedness in the following sense: the assumptions on the coefficients
in [1] are:

|DZa;r(t, )] < Cot™?, 0<p<l1, a>0,

|D&0ra(t,x)| < CLt=1=lel 0<y <1, a>0.
If we compare these with (A-III), then we need only an assumption for the asymptotic
behaviour near ¢t = 0 of 0.a;, but not of D 0:ajp.

6. Concluding remarks. The goal of this paper is to study second order quasi-
linear model Cauchy problems in the case of coefficients non-Lipschitz in ¢t and smooth
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in . We show that a straightforward approach leads to C'*°-well posedness results. With
this respect our strategy, especially the reduction scheme, is applicable. This scheme is
too rough if we are interested in Sobolev solutions, because the loss of derivatives is in
general not precise. One should generalize some of our ideas in several directions. One
interesting point is to study linear Cauchy problems of higher order with non-Lipschitz
coefficients. The authors expect that models can be studied, where time derivative of
coeflicients possesses the singular behaviour O(%) It would be interesting to include
the optimal singular behaviour O(1 log(1)) as in [3], [7] or at least O($(log(}))7) with
v € (0,1). But these problems seem to be complicate. With the singular behaviour O(%)
one can try to study general quasi-linear models of higher order. Here one can follow
ideas are developed in [6]. Finally, one can deal with the Cauchy problem for classes of
fully nonlinear hyperbolic equations by using our method (cf. [4]).
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