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Abstract. For a class of degenerate pseudodifferential operators, local parametrices are con-
structed. This is done in the framework of a pseudodifferential calculus upon adding conditions
of trace and potential type, respectively, along the boundary on which the operators degenerate.

1. Introduction. Given [, € N, [, > 1, the aim of this paper is to construct, locally
near ¢ = 0, parametrices to differential operators of the form
(1.1) A= Y ajalta)titblel=mTpipe (¢ 2y € (0,T) x
jtlel<m
and to related pseudodifferential operators. In (1.1), m € N, T > 0 (or T = 00), 2 C R"
is an open subset, a;j, € C([0,T) x Q) for j + |a| <m, and y* := max{y, 0} for y € R.

1.1. Motivation. The operator A degenerates in a typical manner as ¢t — +0. In
a well-defined sense, this degeneracy is characterized by the function A(t) = t'*, see
Yagdjian [24] for such an approach (and also Dreher [4] in this volume). Connected with
that, ellipticity of A manifests in the invertibility on the level of two principal symbols:
The usual interior principal symbol,

(1.2) ap (At x,7,8) = Y ajalt,z) e,
J+lal=m
and the boundary principal symbol,
(1.3) oy MA@, &)= Y aja(0,x) ¢TI DI,

j+lal<m,
G+ A al2m
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Note that a;n;)‘(A) (z,€) is a family of ordinary differential operators on the half-line R
depending on (x,&) € Q x (R™\ 0). Here and in the following, superscript A is used for
designating objects whose definitions depend on the considered type of degeneracy.

REMARK 1.1. Under the assumption that ETZ”)‘(A)(t,x,T, €) # 0 for all (t,z,7,€) €
[0,T) x Q x (RY*™\ 0), where the symbol &;”;)‘(A) is related to o} (A) via

op(A)(t,z,7,€) = 55N A) (¢, @, 7, 11€),

we already have that, for each (z,£) € Q x (R™\ 0), UZ";A(A)(x,g) considered as act-
ing in S(Ry) is a Fredholm operator. In fact, its index equals the number of zeros
in 7 with §7 > 0 of the polynomial equation &;”;A(A)(O,xm, €) = 0, see Levendorskii
[15, Theorem 2.5.1].

To achieve invertibility of the operators agn;A(A)(x,f), we have, in general, to add
boundary conditions at ¢ = 0.
Thus, the program to carry out is as follows:

e Construct a pseudodifferential calculus containing differential operators A of the
form (1.1) as well as the parametrices to the elliptic elements within the calculus.

e Ellipticity is determined by invertibility on the level of two principal symbols, as
indicated by (1.2), (1.3).

e Add trace and potential operators like in Boutet de Monvel’s calculus for pseudo-
differential boundary value problems, for the latter, see Boutet de Monvel [2], Rempel-
Schulze [18], Schulze [20].

Then the concrete form of symbol estimates, as given in (4.1), are predicted by two fur-
ther observations: The first one concerns weakly hyperbolic operators A of the form (1.1),
where t is now time. The Cauchy problem for A with data posed at t = 0 is C*°-well-posed,
see, e.g., Ivrii-Petkov [12]. In Dreher-Witt [5], see also Dreher [4], Sobolev-type spaces
Hf(;j“([o, T) x Q) (here subscript “loc” refers to the behaviour as t — T or as z — 94,
whereas, in H{ ((0,T) x Q) used below, “loc” goes with the usual meaning) have been
introduced in which energetic estimates for the operator A are possible, in this way re-
flecting C'*°-well-posedness. Here, s stands for the usual Sobolev regularity, while § € R
is an additional parameter connected with the loss of regularity observed when going over
from Cauchy data to the solution. In particular, Hlso’g;)‘([O,T) x Q) C H{ . ((0,T) x Q)
with a special behaviour of functions in the first space as t — +0. It turns out that the
global version H*%*(R, x R™) of these spaces can be obtained as

(14) HS75;)\(R+ X Rn) - H((ps(ﬁSJr&ag)}RerRna

where H(®°¢*1°, g) is a function space on RxR™ defined by a certain Hérmander metric g
(here not further specified) and g-admissible weight functions @, ¢,

(1.5) (t,7,8) =1+ ||+ [t (&) + |7,  o(t,&) = ®(£,0,6) 7",

and 8, = 1/(l« + 1). (For generalities on the Beals-Fefferman-Hormander calculus, see
Beals [1], Hormander [10], Levendorskii [15].)
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REMARK 1.2. In terms of pseudodifferential operators, the space H(®*¢**?, g) for
s> 0,0 >0 consists of all u € L2(R x R") for which

®(t, Dy, D,)*(t, D,)*ou € L2(R x R™).
where ® = ®(t, 7,£) is a smoothed version of ®, and ¢ = ®(¢,0,&)7L.
For the operator A from (1.1),
(1.6) A HEOMN[0,T) x Q) — HE™H™2([0,T) x Q).

loc loc

We infer that ®(¢, 7,£)™ is the basic weight function to choose for symbols a(t, z, 7, ) for
operators A = op™(a) of order m in the calculus (for the notation op™(a), see (2.3)).

The second observation equally comes from weakly hyperbolic theory and concerns
the estimation of derivatives of a(t,z,7,£). It is known, see, e.g., Yagdjian [24], that
the microlocal analysis of the operator A from (1.1) is different in the two zones in
(t,&)-space given by ti=t1(¢) < 1 and #~T1(¢) > 1, respectively: When t!~T1(¢) < 1, we
can (essentially) take the estimates which are predicted by the weight functions ®, ¢, e.g.,
with each t-derivative we gain ¢ once (actually, one loses the weight 1 + ¢!+ (£) + |¢]%+).
When t-+1(¢) > 1, however, as shown in Yagdjian [24, Chapter 3], this estimate has to
be improved to the gain of ¢~ 1.

REMARK 1.3. For the reader’s convenience, to judge these assertions let us state the
different behaviour of weight functions in these two zones: We have ¢! (¢) > (£)P > ¢~1
when t5=+1(¢) > 1, while t!= (¢) < (€)P+ < ¢t~ when #~T1(¢) < 1. Hence,

|7] 4+t (&) %f th ey > 1 7 <£>—,6* . t ) ?f thF1(g)
||+ ()P iftHE) <1 (©) B it (e

Here, (€) 7%+ +t is the weight function used later to replace ¢(t,£).

D(t,7,8) ~ {

>1
<1

All together, the estimates (4.1) follow. Having estimates on the interior symbols, there
still remain two points open: One concerns an appropriate formulation of the transmission
property in the present situation (necessary, in order to keep C'°°-smoothness up to
t = 0 in the mapping properties of pseudodifferential operators involved), the other
one concerns the appearance of singular Green operators. Fortunately, we can provide
a natural answer in both cases. Then, having resolved all the mentioned difficulties, the
pseudodifferential calculus to develop is organized in a way as it has been done for Boutet
de Monvel’s calculus in Schulze [20, Chapter 4]. (This corresponds to the case in which,
formally, I, = 0.) Therefore, we follow the exposition in this reference as close as possible,
where possible.

1.2. Outline of the argument. The construction of the pseudodifferential calculus is
oriented towards Boutet de Monvel’s calculus for treating pseudodifferential boundary
value problems, see Boutet de Monvel [2], Rempel-Schulze [18], Schulze [20]. In particular,
operators have an order m (for the sake of simplicity, m is always assumed to be an
integer) and a type d € N.

e Operators in the class B™%*((0,T) x Q; N_, N1 ) (although all occurring operators
are classical ones, this not specially mentioned in the notation in order not to overload
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it) are block matrices of the form

C2.,([0,T) x Q) C>=([0,T) x Q)

+ comp
(1.7) %A = (Op (‘;) TG g) : ® = ® ,
Cup(:CY-) 0= (@)

where op™(a) takes the part of the operator A from (1.1), S is a trace operator of
type d, K is a potential operator, and @ is a pseudodifferential operator acting along
the boundary. For the special operator convention op™(a), see (2.3). In particular, the
symbol a = a(t, z, T, &) has to satisfy the A-transmission property with respect to t = 0,
as discussed in Section 4.2. Furthermore, G is a so-called singular Green operator that is
smoothing for ¢ > 0, but of the same type d, and arises in compositions.

e Operators act in the spaces H&3i3([0,T) x ) and Hlso’g;)‘([O, T) x Q), respectively.
After performing suitable order reductions on the boundary (which we always assume to

be done),
HESA(0,T) x Q) HE_ ™m0, T) x Q)

comp loc
(1.8) A @ — ®
H o (4, CY-) Hip,™ (9 CN)

for s > d — 1/2. In the case that 2 is properly supported, one can even replace either
“comp” by “loc” in the source space column or “loc” by “comp” in the target space
column.

e Ellipticity is determined through invertibility on the symbolic level. More precisely,
we have a pair (017;1(9(),0;”;)‘(2[)) of principal symbols, where o7} () = o}'(op™ (a)) is
the usual interior principal symbol and crl:”;)‘(Ql) is the boundary principal symbol that

is operator-valued:
Hs,é;)\(RJr) Hs—m,6+m;)\(R+)
ZANCOICHI R R ®
(CN, (CN+

for (z,£) € @ x (R™\ 0). (Note that, as compared to the situation occurring in (1.8),
the spaces H®%*(R ) are now “global” ones.) In fact, 0?;)‘(9() (z, &) belongs to the cor-
responding (global) pseudodifferential calculus on the half-line R, i.e., Jg”;)‘(ﬂ) (z,6) €
B™INR; N_, Ny ) for all (z,€) € Q x (R*\ 0), and, in addition, we have “twisted”
homogeneity, i.e.

S+m 5 -1
0 () (w, vE) = v (“(" ; | 1@1) o) (@) (2, 6) ("”"(g) " )
for v > 0, where

(1.9) kO o(t) = vP/270:0k 4y (1P ¢)

for functions v = v(¢) on R, ; § € R is arbitrary.

REMARK 1.4. It is seen that {/@5,5)}1,>0 constitutes a strongly continuous group of
bounded operators acting on H*%*(R, ); especially, mgé) =1, /@(Js)/@(j) =x9 for v, v > 0.

1274
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In a more general context, this observation serves as starting point for Schulze’s abstract
edge approach, see Schulze [20, Section 1.3, Chapters 3—4].
In our case, the “abstract edge” is identified with the boundary.

1.3. Main results. Next, let us state the main results of this paper.

THEOREM 1.5. For 2 € B™%2((0,T) x Q; N,N,), B € B™4*((0,T) x O N_,N),
with at least one of these operators properly supported,

AB € BTHAIA((0,T) x Q; N_, Ny),
where d’ = max{d + m’,d'}. Furthermore,
o (AB) = o (W)o (B),  op TN UB) = 0 (WoyN(B).
Now let
SB™EN(0,T) x Q N_, Ny) = {(o(), 0" (A)); A € B™((0,T) x & N_, Ny)}

denote the principal symbol space of B™%A((0,T) xQ; N_, N1 ). (An intrinsic description
is provided in Definition 5.5.)

THEOREM 1.6. The following short sequence is split exact:
(1.10) 0 — B™ 14X (0, T) x Q; N_, N, ) — B™%2((0,T) x Q; N_,Ny)

miA
T BB™EA(0,T) x Q;N_, N, ) — 0,

where ¢ = (o0, )‘) is the principal symbol map.

REMARK 1.7. Operators 2l € B™ LEX((0,T) x ;N_, N,) are (locally) compact
when considered as acting in (1.8). This underscores the importance of the previous
theorem.

Theorems 1.5 and 1.6 together yield in a standard manner the following result:

THEOREM 1.8. Let A € B™4((0,T) x Q; N_, Ny) be elliptic in the sense that both
miA

principal symbols o} (A) and o""(A) are invertible, the first one whent > 0, the second
one when t = 0. Then there is a parametriz B to A, i.e., a properly supported operator

B c B~ @=m)TA((0,T) x Q; Ny, N_) such that
BA—1 € B—oo,max{m,d};k((o’T) % Q; N,, N,),
AB — 1€ B>>=m"A(0,T) x Ny, Ny).

Operators with the kind of degeneracy as described by (1.1) were considered by many
authors under various aspects, e.g., local solvability, hypo-ellipticity, parametrix con-
structions. Let us mention at least some related work and refer to the references therein:
Boutet de Monvel [3], Grushin [6], [7], Hanges [8], Joshi [13], Levendorskii [15], Mascarello-
Rodino [16], Sjéstrand [21], Vishik-Grushin [23], Yagdjian [24], and many others.

The paper is organized as follows: In Section 2, we recall some notation and basic prop-
erties of the function spaces used. In Section 3, the calculus on the half-line, in which the
boundary symbols take their values, is developed. Section 4 is then devoted to the bound-
ary symbolic calculus. Eventually, in Section 5, the (local) complete pseudodifferential
calculus follows. This includes indications of the proofs of the main theorems.
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2. Preliminaries. We shall exploit standard notation as found, for example, in
Hormander [11], Kumano-go [14], Taylor [22]. Moreover, we shall make use of the fol-
lowing notation and function spaces:

2.1. Notation. The symbol x = x(t) is always chosen to denote an excision function,
ie., x € C®(R) is such that x(¢) = 0 for [¢| < 1/2 and x(¢) =1 for |¢| > 1.

The symbol S™(...) serves to denote spaces of pseudodifferential symbols of order
m € R and type 1,0, while spaces of classical pseudodifferential symbols of order m, i.e.,
symbols possessing asymptotic expansions into homogeneous components decreasing by
one each step, are denoted by S77(...). Accordingly, spaces of pseudodifferential symbols
of order m and type 1,0 possessing the transmission property are denoted by S{*(...).
Finally, we write S{f ;(...) == SE(-.. ) NSF(-..).

We shall also encounter spaces of classical pseudodifferential symbols of order m’ € R,
where the homogeneity of components goes down by . each step (recall that 8, = ﬁ)
These spaces are denoted by Z?IB* (...). In such a case, we always have m’ € (,Z.

Let us recall what is meant by saying that a pseudodifferential symbol has the trans-
mission property (with respect to ¢t = 0), see Rempel-Schulze [18]: For m € Z, let H,, be

the space of all functions h € C*°(R) which possess an asymptotic expansion

(2.1) h(T) ~ Z hpr 1 as 7| — oo
k=—m
for certain hy € C which can be formally differentiated any number of times. Then
a € S™([0,T) x  x R*™") has the transmission property if
(2.2) 0F97a(0,x,(6)T,€) € S™(Q x R™; Hyn 1)
forallk e N, e N". If a € S7([0,T) x Q x R'™), m € Z, and

an~ Z X(|7—7 £|)aj (ta Z,T, E),
§=0
where a; € S(™=9)([0,T) x Q x (R 0)) for j = 0,1,2.. ., is the asymptotic expansion
of a into homogeneous components, then (2.2) holds if and only if
afafaaj(o? z, —1, 5) = (71)mfjf|a\afa§xaj(07 z, 1, 5)
for all j, k € N, « € N™,
If a(t, 7) is a pseudodifferential symbol on Ry x R (in our case, always with the trans-

mission property with respect to ¢ = 0), then op™*(a) is the pseudodifferential operator
defined by

(2.3) op*(a) =r"op(a)e”,

+

where eV is extension by zero from R to R, 7 restriction from R to R, @ is any exten-

sion of a to a pseudodifferential symbol on R x R, and op(a) refers to the standard quan-
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tization, i.e., op(@)u(t) = (2m)~" [ eTa(t,7)a(r) dr, where a(r) = [ e "Tu(t) dt is

the Fourier transform of u. This definition is independent of the choice of the extension
of a. Indeed, we have
(oo}
opt(a)u(t) = (27r)*1/ ea(t, T)a(t)dr, t>0,
— 00
where now a(r) = [;° e " u(t) dt. By pseudo-locality, op™(a) is a pseudodifferential
operator on R, of the corresponding order.
The same convention applies for op™(a) (again with respect to ¢ = 0) if a(t,z, 7, &) is
a pseudodifferential symbol on [0,7T") x © x R'*" ie., we have op™(a) = op, (op; (a)),
where the variables with respect to which the action is performed are explicitly indicated.

2.2. Function spaces. The function spaces H*%*(R,. x R") for s > 0, § € R have
been introduced in Dreher-Witt [5] by combining ideas from weakly hyperbolic theory
and Schulze’s abstract edge approach, for the latter, see Schulze [20].

Let us recall the basic definitions and some relevant properties, see also Dreher [4]:
On the half-line R, the space H*%*(R,) for s, § € R is explained as the space of all
u e H (Ry) such that, for any excision function x, (1 — x(¢))u € H*(R,) and

(2.4) t~50,) x(t)u € LA (R,), j=0,1,...,s,

the latter provided that s € N. The case of an arbitrary s € R is treated by interpolation
and duality.

The space H*%*(R, x R™) is then introduced as the abstract edge Sobolev space of
smoothness s with respect to the space H*%*(R,) and the strongly continuous group
action {nff)},DO on it, see (1.9). This means that H>%*(R, x R") is the space of all
tempered distributions v € S'(R™; H*>%N(R,)) (with values in H*%*(R,)) such that
@€ L} (R™ H**R,)), where @(t, &) = [5, e~ "u(z) dx is the partial Fourier trans-
form of v with respect to x, and the norm

1/2
s 3 N 2
Hu||H5v5?*(R+><R") = {/<§>2 Hl‘{ggg1u(.7£)HHS,(5§>\(R+)d€}

is finite. The equivalence with the description provided in (1.4), (1.5) can be easily ob-
tained by a direct computation.

We list properties of the spaces H*%*(R, x R™). For most of the proofs, we refer to
Dreher-Witt [5]:

(a) HOOMNRxR™) = L?(R, xR"™), H=* %R xR") is the dual to H*%*(R; xR"™)
with respect to an extension of the L?-scalar product.

(b) {H***(R4 x R"); s, 6 € R} forms an interpolation scale of Hilbert spaces with
respect to the complex interpolation method, jointly in both parameters s, 6.

(¢) For any a > 0,

HS"S”\(IRJr x R™ = {tl*/H‘Sl*v(tl*H,x); v € H*((a,00) X ]R")},

)|(a,oo)><]R"

in particular, H*%*(R, x R") C H{ (R; x R™).
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(d) The space S(R; x R") is dense in H*%*(R, x R™), moreover,

(| B Ry xR") = SRy xR™).
s,0€R

(e) For any s > 1/2, the trace operator

Jo
Hs,5;>\(R+ x R™) — @Hsfﬁ*jJrﬁ*él*fﬁ*/?(R”)’
=0

= ("YOU, MU, ... 77jou),

where y;u := 8{u|t:0, j=0,1,..., 70, and jo is the largest integer less than s — 1/2, is
surjective.

(f) For any a > 0, {u € H***(Ry x R"); suppu C (0,a] x R"} C H"9 MR, x R™)
if and only if s > s', s + 8.0l > s + 3,0l

(g) For any a > 0, K € R, the embedding {u € H***(R; x R"); suppu C (0,a] x
K} C HS/"S/‘A(R+ x R™) is compact if and only if s > s, s + 8,0l > s" + B0,

Eventually, the space H:2*([0,T) x Q) is introduced as the space of all functions

loc

u € Hi ((0,T) x Q) such that pu € H***Ry x R") for any ¢ € C5,,([0,T) x Q).

Furthermore, the space H(fo‘;l)ﬁ([O T)x ) is the space of all u € Hlso’g;)‘([(), T)xQ) satisfying
suppu € [0,T) x Q.

3. The calculus on the half-axis. The calculus on the half-line R, is, in essence,
a calculus for a certain class of ordinary differential operators, and related pseudodif-
ferential operators. The operators under consideration are the usual ones when ¢ < 1,
with smoothness preserved up to ¢ = 0. Therefore, the main contribution comes from
the behaviour when ¢ > 1. A related calculus has been studied in Mascarello-Rodino [16,
Chapter 7]. In this reference, also a number of examples is thoroughly discussed.

The exposition here follows closely that in Schulze [20, Section 4.1]: There the case
in which, formally, [, = 0 is treated; proofs carry over almost literally to the present
situation.

DEFINITION 3.1. For m € Z, the class S™* (R x R) consists of all a € C*°(R; x R)
such that, for all j, k € N, there is a constant Cj; > 0 such that

(3.1) \8581a(t, )| < Ci (1 + 7|+ th)ym=i(14-t)*
for all (t,7) € Ry x R. We further set
Str CI(R+ X R) =5 )\(R-i- X R) n Str CI(R+ X R)

We have S/,

tr, cl

MRy x R) C S™ANR, x R) and

tr,cl

() SEARL x R) = SRy x R).

mEZ
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PROPOSITION 3.2. Leta; € S:?;j;A(RJF xR) for j =0,1,2,... Then there is a symbol
a€ Sy Cl(]R+ x R) such that, for all j € N,

m J)\
a—ZaJ tr.cl Ry x R).
i<J

PRrROPOSITION 3.3. For the symbol classes Str Cl(]R+ x R) for m € Z the following
rules hold:

(a) OFdla € Si 7Ry x R) if a € SIUAR, x R).

(b) abe SIE™ MRy x R) ifa € STARy xR), be SRy x R).

(c) aobe gt AR xR) ifacsm™ )‘(RJr xR), be sm AMR4 x R). Furthermore,

tr,cl tr,cl tr,cl

(aob)(t Z da(t, T)Dib(t, T).
]ENJ

[P0}

In Proposition 3.3 (c), “o” is the Leibniz product, i.e.,

(3.2) (aob)(t,7) = (2r)~" / / e T a(t, T+ )bt + ', ) dt dr,
understood as an oscillatory integral.

DEFINITION 3.4. For m € Z, d, N_, N, € N, the class B™%*(R,; N_, N, ) consists
of all operator block matrices

S[E.) S(E.)
_(opT(@)+G K\ |
I

where a € Si! Cl(].RJr x R),

d

Gul) =Y [ alent)obu(e) it

k=0

for some g, € S(Ry xRy), k=0,1,...,d, Su= (Siu, ..., SN, u),
Su—Z/ six(t) Opu(t’) dt’
for some sj; € S(Ry),j=1,...,Ny, k=0,1,...,d,

Kc= chkl(t), c=(c1,...,en_) € cN-

for some k; € S(R,), 1 =1,...,N_, and Q is a matrix of size N| x N_.

In case N_ = N, =0, we also write B™%*(R ) := B™%*(R;0,0).
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REMARK 3.5.
(a) The class
B™*Ry;N_,Ny):= (] B™*Ry; N_,Ny)
meZ
is seen to be independent of the type A\ of degeneracy. It is called the class of singular

Green operators of type d. It coincides with the class ['*(R; N_, N;) considered in
Schulze [20, Definition 4.1.76].

(b) Each singular Green operator G : S(Ry) — S(R,) of type d can be uniquely
represented in the form
d-1

Gu= [~ atet )t + Y dule,

k=0

where § € SRy x Ry), gx € S(Ry), kK = 0,1,...,d — 1, see Schulze [20, Proposi-
tion 4.1.46]. Similarly, each trace operator S : S(R;) — C can be uniquely represented
in the form

d—1

Su = / S(tu(t')dt’ + Z Sryk,
0

k=0
where § € S(Ry), 35, € C, k=0,1,...,d — 1, see Schulze [20, Remark 4.1.77].
PROPOSITION 3.6. Each € B™% R, ; N_, N,) extends by continuity to an operator
Hs,é;/\(RJr) H57m75+m;)‘(R+)
(3.4) A @ — @
CN- CN+
for s > d —1/2. Furthermore, if A € B"~L4MNR,; N_, N ), then the operator in (3.4)

18 compact.

PROPOSITION 3.7. For % € B™%R_;N,N,), B € B" ¥ XNR,; N_,N), composi-
tion yields

AB € BT ANR L N_ N,
where d’ = max{d+m’,d'}.
DEFINITION 3.8. If 2t € B™4MR,; N_, N ) is as in (3.3), then 2 is called elliptic if
o @)(t,7) 1= 07 (op™ (a)) (8. 7) # 0
for all (t,7) € Ry x (R\ 0) and, in addition, there are constants ¢ > 0, R > 0 such that
la(t, )| > c|r, t\
for all (¢,7) € Ry x R with |7,t"| > R.

PROPOSITION 3.9. Let the operator A € B™% R, ; N_,N,) be elliptic. Then there
is a parametriz B € B~ %N R, ; N, N_) to 2, i.e., B is so that

BA—1 e B~oomaxdmdh(p N N,
AB — 1€ B~ (RN, N,).

m
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In particular, 2 is a Fredholm operator when considered as operator in (3.4). There are
finite-dimensional subspaces L, C S(Ry) ® CN- and L_ C S(Ry) ® CN+ independent
of s >d —1/2 such that

Ly =ker, imA@L_ = H™TmNR,).

The index ind A = dim Ly — dim L_ is then also independent of s > d — 1/2.
Furthermore, 2 is invertible as operator in (3.4) if and only if A is invertible as
operator in (3.3). In this case, A~' € B=m(d=m) MR N, N_).

EXAMPLE 3.10. Let A = 92 + 2ict!*9; — at®* + ibt'=~1, where a,b,c € R. Then
ellipticity of A € B2%*(R,) in the sense of Definition 3.8 is equivalent to
& <a.

In this case, ind A = 1 by Remark 1.1. In fact, dimcoker A = 0, since it is seen that
A:S(Ry) — S(Ry) is surjective. Furthermore, dimker A = 1, since the O.D.E. Au =0
possesses a fundamental system {u,u_} with the property that

u(t) ~ t"* exp(£Va — ¢ ﬁ*tl*“) ast — oo
for certain py € R, as asymptotic analysis shows, see, e.g., Olver [17]. Note that u_ is
uniquely determined.

Now, given a,c € R, let D, . be the set of all b € R for which u_(0) = 0 holds. We

conclude that the operator

(af +icth 0y — at®s + ibtl-—1

70

is invertible if and only if b ¢ D, . (i.e., u_(0) # 0). Then its inverse belongs to
B~20A(R;1,0). It can be shown that D, . C R is a discrete set.

) € B*(R;0,1)

4. The boundary symbolic calculus

4.1. Estimates on interior symbols. The construction of the interior symbols is proba-
bly the most innovative part of the paper. An explanation for the kind of symbol estimates
chosen in (4.1) has been given in Section 1. Another novelty of the approach lies in us-
ing functions possessing asymptotic expansions into double homogeneous components.
This allows one to get control on both principal symbolic levels at a time. Comparable
arguments in an analogous situation have been provided by Hirschmann [9]. Let us, in
particular, emphasize the asymptotic summation results in Proposition 4.5.

Let Z .= {(t,r,7,6) € Ry x Q x R (t,7) =0 or (1,&) = 0}.

DEFINITION 4.1. Let m, n € Z.

(a) The symbol class S™7*([0,T) x Q x R1*™) consists of all a € C>([0,T) x Q x
R*7) such that, for all (j,k,a, ) € N*2" 0 < T’ < T, and K € (), there is a constant
Cjkapr ik > 0 such that

(4.1) 0F00010ga(t, x,7,€)| < Cjraprkx ®(t,7,)™ 7 ((£) )" gyl
for all (t,z,7,€) € [0,T'] x K x R,
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(b) The symbol class S (R4 x Q x R1")\ Z) consists of all a € C* (R x Q x
R'*™)\ Z) such that
(4.2) a(v=t,z,vr, v = vla(t, z, 7, €), v >0,
for all (¢t,z,7,¢) € (Ry x Q x R\ Z.

(¢) The symbol class S (R x Q x (R 0)) consists of all a € O (R, x Q x
(R*™\ 0)) such that

(4.3) a(v™t, @, por, prTHE) = pvalt, @, 7€), >0, v >0,
for all (¢t,z,7,£) € Ry x Q x (R 0).
EXAMPLE 4.2. For m e N, n € Z, let

a(taxaTa g) = Z ajoz(x) tminTj(tl*f)aa

Jtlal=m

where aj, € C®(Q) for j + |a| = m. Then a € SR, x Q x (R'7\ 0)).

LEMMA 4.3. We have S™7X([0,T) x Q x RY7) C ™17 ([0, T) x Q x R*7") if and
only if
(4.4) m<m', n<n.

LEMMA 4.4. For a € S(™MMR, x R™ x (R 0)),

x(J7, t= €]y a € S™TA[0,T) x Q x RMF™).

(Recall that x is an excision function.)

PrOOF. We have

_ le e\Mygm— T tl*g
a(tavaaf) - <Tat §> t 77a‘<]"x’ <T,tl*5>’ <T, tl*§>>

as well as ®(t,7,&) ~ (1,t¢&), (&)7P +t ~ t when t=+1{¢) > 1, see Remark 1.3.
Furthermore, we have
T (&)~P-l-¢ >

— Ba\m [ ¢\ — By (m—n) B
alt.7.€) = (17 + €)™ (), T, et
and £(€)% <1, B(t,7,8) ~ ||+ (€)%, (€) P+t ~ (£)7P* when thT1(¢£) <1, see again
Remark 1.3. This yields
Ix(Im,t=&)al < C®(t, 7, )™ (&) +)" "

for some constant C' > 0. Moreover, Bfaga;aga € §m—i—laln—i+th—(LADIeNA(R, x ) x
(R \ 0)) for all 4, k, a, 3 yielding

m—n—k+l.|c|

|0F07010¢ (x(Ir, ¢¢l) a)| < O @(t, 7, &)™ I (&)~ 4 o)™ T,
&|) are harmless. Taking into account that

—B _|_t)l*|a| S @(t,O,f)’la‘(@) — B +t)l «lal <§>7\a|

(
since derivatives on (|7, t'*
D(t,1,8) |a‘(

concludes the proof. =
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There are two different possibilities of forming asymptotic sums in the symbol classes
S™mA([0,T) x Q x RY™) for m,n € Z; one with leaving 7 constant, the other one with
leaving m constant, cf. Lemma 4.3.

PRrROPOSITION 4.5. Let m,n € Z.

(a) Let aj € S™ImA[0,T) x Q x R™™) for j = 0,1,2,.... Then there is an a in
SmmA([0,T) x Q x RY™) such that, for all J € N,
(4.5) a—Y a; € S™N(0,T) x @ x RM™),
j<J

Moreover, a is uniquely determined modulo (;cy Sm=imA ([0, T) x £ x RYF™).
(b) Let az € S™"=FA[0,T) x Q x RY™) for k = 0,1,2,.... Then there is an a in
STmA([0,T) x Q x RY™) such that, for all K € N,
(4.6) a— Y ap eSO, T) x @ x RM™),
k<K

Moreover, a is uniquely determined modulo (e S™7 [0, T) x Q x RY™).

PRrROOF. (a) The symbol a is found in the form

o0

(4.7) a=> (1=n(c;r.c; V) (1= x(c7 1)) gy,

§=0
for some sequence {c;} C R} with ¢; — 0o as j — oo sufficiently fast, where the function
k € C°°(R™) is chosen to possess the following properties:

w(ur, p1E) = k(r,€), > 1, |7|+ €% > 1,
0 if 7|+ g% < 1/2,
K(T,6) = 10 if 7]+ [¢]° > 1, |7] > [¢]°-,

1if 7] + €)% > 1, |7] < (1/2) |€]P-.

(In general, the sequence {c;} depends on the a;.) The proof relies on the following facts:
o #(7,6) (1= x(t"1E))) € Njew SO0, T) x @ x RY™);
o {1—r(cir,cmEHDE) (1 — x(c 1 +H(E))); e > 1} € SO90X([0,T) x Q x RMF™) is
a bounded subset;
e for some C > 0,

B L)t
sup ((&)~" +1)

ittt ze (LT, E)

(€)° 1
7]+ (€)% " 14 t-+1(E)

(b) Now, the symbol @ is found in the form

<C sup min{ }HO as ¢ — 00.
(€)>c

ol

(4.8) =Y (1—x(ext))x(c; €] ax,
k=0
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for some sequence {c,} C Ry with ¢, — oo as k — oo sufficiently fast. This time, the
proof relies on the following facts:

o 1—(1—x()x(I€]) € Nyen S50, T) x @ x RM™™) because of x(t), 1 —x([¢]) €
Nien S 7F2([0,T) x Q x RYF™).

o {(1—x(ct))x(c7t|€]); ¢ > 1} € %07 ([0,T) x © x RM") is a bounded subset.
® SUP|¢se <ot ((§) 77 +1) = 0 as c — oo.
For a general scheme of performing asymptotic sums, see Schulze [20, Prop. 1.1.17]. u

In both cases (a) and (b), asymptotic summation can be performed better if one has
additional information concerning the a; and ay, respectively.

PROPOSITION 4.6.

(a) In Proposition 4.5 (a), if the a; for j =0,1,... satisfy

(4.9) aj(v 't z, por, pvbtle) = wrivna(t e, T, ), p>1,v>1,
when |7,t=¢| > 1, then the symbol a € S™TX([0,T) x Q x RM™™) can be chosen to satisfy
(4.10) a(v™ ',z vr, v ) = va(t, x, 7, E), v > 1,

when |7, €] > 1.

(b) In Proposition 4.5 (b), if the ay for k =0,1,... satisfy

ar(vtt, z, por, e = pmuRa(t, x, T, €), p>1,v > 1,
when |7,t=¢| > 1, then the symbol a € S™([0,T) x Q x R™™) can be chosen to satisfy
a(t, o, pr, pu§) = p"a(t, v, 7,8), p>1,

when |7, €] > 1.

We only prove (a) (after Lemma 4.9); the proof of (b) is similar, upon replacing in
the following argument the set {(¢,z,7,&) € Ry x Q@ x (R'7\ 0); |7,t"¢| = 1} by the

set {(t,z,7,£) € Ry x @ x (R*™\ 0); |7,£| =1} and treating the behaviour of symbols
on this set as ¢ — +0.

To prepare for the proof of (a), we state:

LEMMA 4.7.
(a) A function a € SWA(Ry x Q x RM™)\ Z) is determined, for each fired x € Q,
by its values on the hypersurface
©:= {(t,7,6) € Ry x (R™"\0); |7, t"¢| =1},
A function a € STMNR, x Q x (R 0)) is determined, for each fized x € Q, by its
values on ©1 := {(1,7,¢) € Ry x (R*"\ 0); |7, ¢| = 1}.
(b) Given a function b € C*®(Q; C*>(0)), its homogeneous extension according

to (4.12) below belongs to SR,y x Q x (R™™\ 0)) if and only if

(4.11) bt,x, 7, ) =t (L, z, 7, t+€), |, th¢ =1
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PROOF. In fact, we have

(4.12) a(t,z,7,&) = |7,t""¢

L. T §
na (|T,t £| t,x, |7_’ tl*g‘, |,7_7 tl*g l*+1)

when a € S (R, x Q x RM7)\ Z) and

I
mEmTig |1, x, T , S
|7, &7 |7, 2 €
when a € SN R, x Q x (R'7)\0)). m

(4.13) a(t,z,7,8) = |7, "¢

Note that relation (4.11) only depends on the difference m — 1.
By virtue of (4.11), the embedding SRy x Q x (R \ 0)) c S (R x
Q x R\ Z) to hold requires that 7 < m, which is far from the situation we are inter-
ested in, cf. (4.4). For functions b € C*>°(Q; C*°(0)), we can, however, admit asymptotic
expansions into homogeneous components when ¢ > 1: To do so, consider the vector fields
Vo = 10, — L& - 9%,
Vy =thg0, —t 70, j=1,....n,
Vijzgiaﬁj_gjaém I<i<j<mn,
on Ry x Q x (R \ 0). These vector fields generate the Lie algebra of all vector fields
tangent to {(t,z,7,£) € Ry x Q x (R \ 0); (¢,7,€) € O} over the smooth functions.
Furthermore, these vector fields map the spaces SR, x Q x (R*7\0)) for m, € Z
into themselves.
Compare the following definition to (4.11).

DEFINITION 4.8. Define Y7 for 7 € Z to be the space of all b € C*°(2; C>°(0)) for
which, for all v € N+7+(3) and K € 2, there is a constant C,,x > 0 such that

VooV Vv eb(t e, T, €)| < Cug tTT
forallt > 1, 2z € K, and (¢t,7,£) € ©.
Asymptotic summation in the spaces Y7 is possible:

LEMMA 4.9. If by, € YT for k =0,1,2,... are given, then there is a b € Y7 such
that, for all K € N,

(4.14) b— Y by e XK
k<K

PROOF OF PROPOSITION 4.6 (a). Take the a; as in Proposition 4.5 (a) and assume
that (4.9) is fulfilled. Let a; be the homogenization of a; according to (4.13) (with (m,n)
replaced by (m—j,7)) and b; be the restriction of a; to {(¢,z,7,&) € Ry x Q x (R 0);
(t,7,£) € ©}. Then b; € Y™ for j = 0,1,2,.... Choose b € T~ according
to (4.14) and let a be its homogeneous extension according to (4.12).

Then the function a(t,z, 7,¢) = x(|7,t"+¢

)a(t, z, T, &) has the desired properties. m

Now, we are able to introduce the classes S’ ([0,T) x Q x R*") of symbols pos-
sessing asymptotic expansions into double homogeneous components.
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DEFINITION 4.10. Let m,n € Z.

(a) SImmA([0,T) x Q x R'™) is the space of all a € S™*([0,T) x Q x R'*™) for
which, for all 0 < T" < T, K € (, there is a constant ¢y g > 0 such that a(t, z, ur, u&) =
u™a(t,z,7,&) whenever u > 1, (t,2,7,€) € [0,T) x K x R™" and |7, t" €| > cpr.

(b) S™IA([0,T) x © x R'™) is the space of all a € S™"([0,T) x Q x R*")
for which, for all 0 < 77 < T, K € €, there is a constant cyvg > 0 such that
a(v™ itz v, vt = va(t, 2,7, &) whenever v > 1, (t,7,7,€) € [0,T'] x K x R1T",
and |7, ¢

(c) STM[0,T) x Q x R™™) is the space of all a € S™TA([0,T) x Q x R*") for
which there are functions a; € SIm=7LmA([0,T) x Q x R™*") for j = 0,1,2,... and
ay € S™I=FA ([0, T) x Q x R™*7) for k =0,1,2,... with the following properties:

e For all J € N,
a— Z a; € SM=IhmA ([0, T) x Q x R™).
j<J
e For all K € N,
a— Z ap € S™MEKIX ([0, T) x Q x RM*™),
k<K
e There are symbols aj;, € SR ([0, T) x Q x R+ S™=3:l=kEA ([0, T) x
Q x R for j, k =0,1,2,... such that, for all J, K € N,
aj — Y aj, € S0, T) x Q x RMT,
k<K
ar — Y aje € S™PITHA([0,T) x @ x R,
i<J

> CorK.

In the situation described in (c), we write
(4.15) an~ Z aj
j, keN

and call this a double asymptotic expansion for a.

REMARK 4.11. The requirements in Definition 4.10(c) can be relaxed (then still
defining the same symbol class); for a thorough discussion in an analogous situation,
see Hirschmann [9].

DEFINITION 4.12. For a € Sff’m([(), T) x Q x R™) as in the previous definition and
7, k € N, we introduce:

m—j

° 0, (a)(t,z,T,&) for (1,£) # 0 is the homogenization of a;;
o o7 " MNa)(t,x, T, €) for (t,7,€) ¢ Z is the homogenization of dy;

o agl’gj’"fk;)‘(a)(t,x,ﬂ €) for t >0, (1,€) # 0 is the (double) homogenization of a .

For a € SI"([0,T) x © x R'™™), all these symbols are obviously well-defined.
By construction, a compatibility condition between the symbols o7(a)(t,x,7,&) and
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oM a)(t, z, 7, €) occurs:

(4.16) Jim o (@) v ) = lim "l 0t ),

both limits actually being equal to o A () (¢, x, 7, E).

LEMMA 4.13. Let m = n (this being the case we are interested in later on). Then
there is a symbol &Z}w‘(a) € S(m([0,T) x Q x (R™7\ 0)) (i.e., it is smooth up to t = 0)
such that

o (@)t @, 7,€) = 51 a) (b @, 7, 8€).
Utilizing this symbol, the compatibility condition (4.16) is expressed as follows:
(4.17) o (07" (a)) (1, 7,€) = 577 (@) (0, @, 7, £1+€).
PROOF. From (4.16), it is seen that the limit
~miA AN T m —lu g
0¢ (CL)(O,CE,T, 5) T tEIEOO—w (a)(taxa’rat f)
— 1 m_m -1 (LA & mymiA &
tEI-I‘rlOt 01/1 (CL)(t,.’E,t T,t 6) Jq/;,b (13177—7 5)
exists. Furthermore, the left-hand side of (4.17) equals the right-hand side of (4.16), and
this, in turn, is equal to
ol M a)(t, @, 7, 8) = oy (L @, T )
by (4.13). m

For later reference, we also denote by S:f’(n);)‘((ﬁ+ x Q0 x R)\ Z) the space of all
homogenizations of functions ay according to Definition 4.12.

REMARK 4.14. For a € 87" ([0,T) x Q x R'+™),
a € STTIITEN(0,T) x Q x RMH™) = oy (a) =0, oM a) = 0.
This leads to a short exact split sequence, see also Proposition 4.21.

4.2. Symbols with the A\-transmission property. To ensure the mapping properties
n (1.8) (i.e., to preserve smoothness up to t = 0), the transmission property in an
appropriate form is to be added to the calculus.

The following definition is motivated by the standard situation, see (2.2):

DEFINITION 4.15. A symbol a € S™™*([0,T) x Q x R*") is said to possess the
A-transmission property if

97 a(0,z, (§)%7,€) € 7" (Q x R"; Hyyp1)
forall k=0,1,2,...
The following proposition is proven in a standard manner:

PROPOSITION 4.16. A symbol a € SI""™ ([0, T) x Q x R™™) possesses the A-trans-
mission property if and only if

(418)  9f9gey N a)(0,2,—1,0) = (—1)m I~ (ANl gk ge o= (a)(0, 2, 1,0)
forallj, ke N, a € N".
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In particular, it makes sense to say that a symbol a € STV (R x Q x R\ Z)
satisfying (4.18) with j = 0 possesses A-transmission property.

We eventually introduce our basic symbol classes:

DEFINITION 4.17. For m € Z, the symbol class S/ ([0,T) x Q x R'*") consists of

tr,cl
all functions

a e STN0,T) x @ x RMF™) N S™ 1 ([0,T) x Q x RYF™)

tr,cl

possessing the A-transmission property.

tr,cl

We have Sy "2([0,T) x Q x RM7) € §7A([0,T) x Q x RY*™) and

() ST ((0.7) x @ x RYF™) = 0=([0,T) x & S(R™)).
meZ

PROPOSITION 4.18. Leta; € S:;;lj;k([(), T)x QxR for j =0,1,2,... Then there
is a symbol a € S™A([0,T) x Q x R™™) such that, for all J € N,

tr,cl

a—Y a; €S TAN0,T) x @ x R,

tr,cl
j<J
PROPOSITION 4.19. For the symbol classes SZZ?[([O,T) x Q x RY™) for m € Z the
following rules hold:

(a) OF0L0I0ga € St 1[0, T) x @ x RY™) if a € S([0,T) x @ x RY™),

tr,cl tr,cl

(b) ab e SE™ ([0, T) x QxR ifa € STA([0, T) x QxR+, b e SEN(0,T)

tr,cl

Q x RY"). Furthermore,

T (ab) = o (@)l (0), o T (ab) = 07N a)ayt M (b).

ag
P
() aob € SE™ MN[0, T)x QxRY™™) ifa € STA([0, T) x xR, b e SIi([0,T) x

Q x RY") where “o” is the Leibniz product. Furthermore,
1 J oo J o
(a o b)(ta T, T, f) ~ Z W 87'8& a(ta l‘,T,g)Dth;b(t,Jf, 7, f)
e
Concerning the next definition, see Lemma 4.13.

DEFINITION 4.20. The principal symbol space £.S™([0,T) x © x R consists of

tr,cl
all couples (a,a) € SI™ ([0, T) x Q x (R7\ 0)) x ST ™A (R, x Q@ x R1™)\ Z), where
« possesses the A-transmission property,

(4.19) a(t,z,7,€) = a(t, z, 7, t€)
for some @ € S ([0,T) x Q x (R™™\ 0)), and
oy ()(t,z,7,8) = a(0,z,7, thg).
The symbol a(t, z, 7, €) resulting from (4.19), with a(t, =, 7, £) being oy (a)(t,z,7,)
for some a € SN ([0,T) x Q x R1*™), shall be denoted by 6$;A(a)(t,x,7, £).

tr,cl
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PROPOSITION 4.21. The following short sequence is split exact:

0 — S™ MN[0, T) x Q x RM™™) — §™([o, T) x 0 x RM™)

tr,cl tr,cl

" 580, T) x Q x RH™) — 0,

tr,cl

mi\ __ ( m_MmiA

where o oy 0y ) is the principal symbol map.

REMARK 4.22. Assume that a € ST (R, x € x R1*") satisfies the symbol estimates

globally in t € R, i.e., T = oo and the constants Cikapr 'k > 0in (4.1) can be chosen
independently of 77 > 0. Then, for all o, 8 € N*, K & Q, there is a constant Cogx > 0
(also depending on s, § € R) such that

(6+m) 9B g+ (9) m—|ol

(420)  ||w(§™ 0208 opF @@ OKG| L e sinn ey S Cosre (71,
(x,€) € K xR™.
This shows that the function
QX R" — L(HANRy), H T ARy, (2,€) — op (a)(x,€),
is an operator-valued symbol with involved group actions in the sense of Schulze, see
Schulze [20, Section 1.3]. Note, however, that in improving the order of the symbol from
m tom—1 (e.g., by subtracting off a leading homogeneous component), one of the groups
is altered, see also Proposition 4.25, Remark 4.26.
To prove (4.20), it suffices to verify that the set

(421)  {{&FmHol 9802 a((€) P 1z, ()77, €); (3,€) € K x R"} C SPAR, x R)
is bounded for any K & (2, because of
Kigy "V 000g opf (a)(w,€) wig) = (€)™ opf (900 a((&) ™ t,x, (€)% 7,€)).
Indeed, for (¢,z,7,£) € Ry x K x ]RH‘",
0707 (&)1l e) -t o 0g a((€) =, 2, (€)7 ,€)) |
< O {g) eGP () 1, (€7, €)™ ((6) 7 + () ) (e I

<C(L+|r[+t)m T +t)7F

for some constants C, C’ > 0. This inequality immediately yields (4.21).

PROPOSITION 4.23. The symbol a arising from the operator A in (1.1), i.e.,
€)= 3 agalt el g
jtlal<m
belongs to the space Sfjjl([o T) x Q x R"™™). Furthermore, the principal symbols o7 (a),
o Ma) are identified in (1.2) and (1.3), respectively.
ProoF. Upon setting d(t, x,7,£) := aja(t,x)t(j+(l*+1)|a‘_m)+77§°‘ for j+ |a| < m, it
suffices to prove that

(4.22)  d(t,z,7,€) € S0, T) x @ x RMF™) € ST ([0, T) x Q x R,
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where m = min{m, j + (l. + 1)|a|},

o ()t 2,7, €) = d(t, 2, 7,€),
8haja
oth

(all other symbols vanish), and, in addition, d satisfies the A-transmission property.
Obviously, ajq(t,z) € SS;’)(‘:l([O,T) x Q x R'™"), where o) (aja)(t, 7, 7,&) = a;ja(t, z),
. h .

U;h’)\(a]‘a)(t,%,T, €) = 66?;{“ (0,z)t" for b = 0,1,2,... Therefore, in (4.22), we may

assume that ajo(t,2) =1 for all (¢,z) € [0,T) x Q.
Then we have

TNt w7, €) = LY (0, ) gDl g 0,12,

oralol og'd(t,x, 7€)
- {Cthr(l*Jrl)akajj'Eaa’ ifk<ji+(+Da|—m, j<j o <a,

0 otherwise

for a certain constant C' = C}j/kaa’gs - In the first case, we get

080007 0’ d(t, 2, 7,€) < C ((€) 7 + )7 rp =" ()P + 1)+ (€))*(&) 1]

< C(I)j+\a|fj'(<£>f,3* + t)j+|a|*m*k<£>f\o¢ |
showing that d(t,z,7,&) € STHl™A([0,T) x Q x R1+7). Also
d(t, z, 7€) € SAHA ([0, T) x Q x RM™)
with afj'al(d) =d, 0"(d) = d is now obvious.
It remains to prove that d satisfies the A-transmission property. But

C (&) ryer ifk=j+ (L + 1ol —m,

0 otherwise

8fd(0’$7 <§>/B*Tv f) = {

and, in the first case, we get
OFd(0, z, (€)P7,€) = 77 (g)P-mTh~lelga ¢ GAIMFRN(Q 5 R™; Hj 1)
as required. m

4.3. Singular Green, trace, and potential symbols. Here, we follow the presentation
in Schulze [20, Section 4.2.3], while adopting several obvious changes. Some of these are
required due to the fact that different group actions are involved, cf. Proposition 4.25,
Remark 4.26.

DEFINITION 4.24. For m € Z, d,N_,N, € N, the class RZ**(Q x R"; N_, N,)
consists of all operator-valued symbols

S(Ry)  SRy)
& —- o

(2,€) k(x,o) |
(CN, (CN+

(4.23) g(x,¢) = (i@, §) aq(z,8)
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for (x,€&) € Q@ x R™, where

d

e, ut) =3 [ anle.& (%t (€% 0) dbutt at

k=0

for suitable g;, € Sfl*(ﬁm M@ x R SRy x Ry)), k = 0,1,...,d; further, s(z,&) =
(s1(2,8), ..., sn,(,€)),

Z/ 531, €, (€)% 1) Obu(t') dt

for suitable s;;, € Sﬁ*ﬁm kH/Z)(Q xR SMRY)),j=1,...,Ny, k=0,1,....d,

N_
k((E,E)C = ZClkl(x,f, <£>ﬁ*t)a c= (Cla sy CNf) € (CN_’

=1
for suitable k; € Sﬁ*ﬁm+1/2)(§2 x R";S(R,)), and q(z,&) € Sﬁ*ﬁ (2 x R*;CN-,CN+) is

a symbol of order B,m with values in N, x N_-matrices.

In case N_ = N, =0, we also write Ry “*(Q x R") := R (€2 x R";0,0).

In Definition 4.24, g € R}’ 4 ’\(Q x R™) is called a singular Green symbol of order m
and type d, t is called a trace symbol of order m and type d, and k is called a potential
symbol of order m (always with degeneracy of type \).

Note that the symbol g in (4.23) belongs to C>°(Q x R"; B=°>4(R,; N_, N, )). More-
over, the limit is seen

—1
9@, &) k@ &\ _ . (w0 D0
wa (U0 )= dmr ( 0 o) M0 e

to exist (in an appropriate topology) for all (z,&) € Q x (R™\ 0), and any 6 € R, where

d oo
t>=Z/ A [PAY NN

B-(m+1/2) ﬂ*(m k+1/2)
Z/ € () (5l

et ) okt dt’,

ot ) ofu(t) dt.

N_

Rz, §)e =Y a gl mi g0 (2 gy (

=1

= _ m __Bem g
2w ) = €770l @) 77)-

m)

1€

e

In fact, we have
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PROPOSITION 4.25. Let g; € C®(Q x R B~°4(R; N_,N;)) for j = 0,1,2...
satisfy

/L (5+m—j) (8) -t
(4.25) gj(x,v€) =v™m™ (KV 0 > gj(z,) <HV 0 > , v>0,

0 1CN+ 0 1(CN_

for all (x,&) € Q@ x (R™\ 0) and any § € R. Then there is a symbol g € Rg’d;)‘(Q x R™;
N_,Ny), such that, for all J € N,

(4.26) 0> x(leh g5 € R Q x R N_, Ny).
j<J
Conwversely, for each g € Rg’d;’\(Q x R™; N_, Ny), there are (uniquely determined)

symbols g; € C>(Q x (R™\ 0); B~>4(R4; N_, N)) for j =0,1,2,... satisfying (4.25)
such that (4.26) holds.

We write

oy N e)(@,6) = g(.6), G=0,12,...,
Note that go has already been calculated in (4.24).

REMARK 4.26. When going over from (4.24) to (4.25), one of the groups involved is

altered from {Ii5,6+m)}l,>0 to {/@(V6+m7j)}u>o.

From the similar situation of I, = 0, it is known that the crucial step for establishing
compositions within in the calculus is to prove of the next result:

LEMMA 4.27. Leta € S:nn;c){(ﬁ+ X QxR b e SZK/C;I)‘(EJF x Q x R be such that,
fort > 1, a(t,x,7,&) = t~ma(x, tr, t=T1E), b(t,z,7,6) = t~™ b(x, tr,tT1E) for some
a € Sm(QxRY™), be ST (Qx RY™). (For this assumption, see Lemma 4.13, at least
as concerns the leading homogeneous component.) Then

(4.27) opt(aob)—opt(a)opt(b) € RZ;H”/’(m/)ﬂA(Q x R™),
where o denotes the Leibniz product with respect to t, cf. (3.2).

PROOF. For a proof in case [, = 0, see Schrohe-Schulze [19, Proposition 5.2.1]. Here,
we only sketch the proof.

We may assume that a = 0, b = 0 when ¢t > 1. Further we may assume that
OFa(0,z, (£)P1,€) € §B(MTR) (X R™; Hy) for k = 0,1,2, ..., and similarly for b, because
of contributions coming from polynomial components are easily dealt with. The operator
in (4.27) equals

(rtop(a)e e*) (e*r~ op(b)e™),
where e~, ™ are defined by analogy to e¥, r, but with R_ in place of Ry, and &* is the

reflection operator, e*v(t) := v(—t) for functions v on Ry and R_, respectively. Hence,
it suffices to prove that

rtop(a)e”e* € REOMQ xR™), e*r op(b)et € R M x R™).
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We treat the first operator only; the treatment the second one is completely analogous.
A brief calculations gives that

rtop(a)e”e"u(t) = /0°° 9(x,€, (€)%t (&) t)u(t') dt',

where g(x,&,t,t") = a((€) Pt x, ()P (t + ), €), alt,z,s,&) = FL {at,z,7,€)}. We
get 0Fa(0,x, (€) Pes,7) € SP-(mHE+1)(Q x R™; S(Ry)) for k = 0,1,2,..., due to the
characterization of the space Hy as the Fourier image of S(R) ® S(R_). Consequently,
< Lk
t

gz, & 1) ~ 3 5 (€7 Ora(0, 2, ()7 (t 4+ 1), 7),
k=0 "

with each summand on the right-hand side belonging to $%+(m+1(Q x R™; S(R, x R,)),
but with slight improvement caused by multiplying with powers of ¢ (each multiplication
by t produces an increment of 1/1, of the parameter § appearing, in (4.25), in the group
on the left). This yields estimates for the kernel function g in the space S%+(m+1) (0 x R™;
SRy x Ry))

These estimates are then improved to estimates for g in the space Sg’:gi”l)(Q x R™;
S(Ry x R.)) by subtracting off leading homogeneous terms. For instance, if one has
a(vt, z,vr, V) = v™a(t, z, 7, &) for v > 0, then

a(v =M, v s, L) = v Gt 2,5, 6), v >0,

and, therefore,

9wﬂw4>gwmw”&@w¢+yq%)

where the remaining term is seen to belong to %™ (Q x R"; S(R; xR;)) by the previous
considerations.
In this way, the proof is finally completed. m

4.4. Boundary symbols. Having constructed interior symbols in Section 4.1 and sin-
gular Green, trace, and potential symbols in Section 4.2, respectively, we are now able to
provide the calculus of complete boundary symbols. These are operator-valued symbols
depending on (,&) € Q x R™ and taking values in the calculus B™%*(R; N_, N, ) on
the half-axis.

DEFINITION 4.28. For m € Z, d, N_, N, € N, the space R™%*(Q x R"; N_, N,)
consists of all operator-valued symbols

SE.)  SE)

az) a0 = (PO Do o - o
cNv- M

for (z,€) € Q x R™, where a € S™(R; x Q x RM™) that, for ¢ > 1, is of the form

tr,cl
t=ma(x, tr, 1) for some @ € STH(Q x R1™) and g € RE*MQ x R*; N_, Ny).
The symbol a = a(x, &) in (4.28) is called a complete boundary symbol of order m and
type d (with degeneracy of type \).
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We set
m—j;\

ol TN a) (2, €) = (Op+ (o1 0 @)t 8) + oy g) (. 6),

j=0,1,2,... Note that o;" 7*(a) € C(Q x (R™\ 0); B /%NR; N_, Ny)) and

) [ (E+m—j) 5 (8) !
oy (@), v€) = v ( " )a{ﬁ‘“(am,o (“g " )

0 lony 1w
forv>0,5=0,1,2,...
PROPOSITION 4.29. Leta; € R™ 33X QxR"; N_, N;) forj =0,1,2,... Then there
is a symbol a € R™%*(Q x R"; N_, N.) such that, for all J € N,
(4.29) a— > a; € R"MENQ X R N_ Ny,
j<J

In case (4.29) holds, we write

e
a~ E a;.
Jj=0

PROPOSITION 4.30. For the symbol classes R™%N(Q x R"; N_, N, ) for m € 7 the
following rules hold:

(a) 0f0ga e RN x R™; N, Ny) if a € R™*(Q x R"; N_, Ny)
(b) ab € Rm-&-m’;/\(Q X R";N,J\u) ifa c Rm;)\(Q X R";N,N+), be Rm/;A(Q x R™;
N_, N). Furthermore,
ot (ab) = o7 (@)} (b).

(¢) aoh € R™™MNQXR™ N_,Ny) ifa e R™MQxR"; N,N.), b € R™*QxR";

N_, N), where o is the Leibniz product. Furthermore,
1
(a0b)(2,6) ~ Y — O a(z, ) Db(a,€).
ja
DEFINITION 4.31. The principal symbol space YR™ % (Q x R™; N_, N, ) for the sym-

bol class R™%4*(Q x R™; N_, N ) consists of all couples (a, a), where a € St(;n) Ry x Qx
(RY*7\ 0)) is such that

(4.30) a(t,z,7,&) = a(t,z, 7, t"*7)

for a certain a € S (R x Q x (R™7"\0)), a = a(t, z, 7, €) is independent of ¢ for t > 1,
and a € C=(Q x (R™\ 0); B™% R, ; N_, N, )) satisfies

—1
(864+m) (%)
a(w,v€) = v [ O Va@e (™ O ) . vso
0 lew, 0 len

for any § € R. Moreover, it is required that
O-’LT(a)(t? T, f) = a/(o, x,T, tl*f)
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PRrROPOSITION 4.32. The following short sequence is split exact:
(4.31) 0 — B™ LM Q xR, N_,N;) — B™¥Q x R"; N_, N,)
LSRN (Q x R N_, N.) — 0.
Here, 0™ = (O'ZL,O'IT;)\) is the principal symbol map.
5. The local calculus. Now, we present the local calculus on (0,7") x Q. Again, we
follow the exposition in Schulze [20, Section 4.3], where, this time, no further changes

are necessary. For this reason, proofs are nearly completely dropped. They can simply be
added by the reader following the lines of the quoted reference.

DEFINITION 5.1. Let m € Z, d € N.
(a) The class B=°4*((0,T) x €; N_, N,) consists of all operators

cx ([0,T)x Q) C®(0,T) x Q)

G K comp \ [V
S = S Q : () - @ )
Coomp (£ CN-) C>°(€; CN+)

where

d T
Gu(t,z) = Z /0 /ng(t,x,t’,x') Ot 2"y da'dt’,
k=0

d T
Su(z) = Z / / sp(x,t',2") Obu(t, 2') da'dt’
k=0 70 7
Kec(t,z) = / k(t,z,z') - c(x') da’
Q

Qc(z) = / q(x,x")e(z") dx’
Q

for suitable g, € C°°([0,T) x Q x [0,T) x Q), s € C®(Q x [0,T) x Q;CN+), k €
C>([0,T) x 2 x Q;CN-), and g € C(Q x Q; CN- CN+).

(b) The class B™%*((0,T) x Q; N_, N;) consists of all operators
(5.1) A = Op(a) + &,
where a € R™4A(Q x R"; N_, Ny) and & € B~°%2((0,T) x Q; N_, Ny).

(¢) The class Bg“d;)‘((O,T) x ; N_, Ny) consists of all operators (5.1), where we
additionally assume that a € Ry (Q x R™; N_, N, ).

In case N_ = N, = 0, we also write B™%*((0,T) x Q) := B™%((0,T) x £;0,0)
and BIPM(0,T) x Q) := BE*2((0,T) x ©;0,0), respectively.

REMARK 5.2. We have B™42((0,T) x Q) € L7((0,T) x Q) and B % ((0,T) x Q) C
L=°((0,T) x Q).

Elements 2 € B™%X((0,T) x Q; N_, N, ) are called pseudodifferential boundary value
problems of order m and type d (with degeneracy of type A). Furthermore, elements

A e Bgf’d;)‘((O,T) x Q; N_, N, ) are called the regularizing ones (of the corresponding
order and type, with degeneracy of type ).
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Elements 21 € B™4*((0,T) x ; N_, N;) are block matrices as indicated in (1.7).

PROPOSITION 5.3. Each % € B™4((0,T) x Q; N_, N,) extends by continuity to an
operator

HE3A([0,T) x Q) Hy ™ ™[0, T) x Q)

(5.2) A & — &

Hgomp(Q; (CNi) Hlso;m(Q; CN+)
forall s >d—1/2, cf. (1.8). If A € B™~L4A(0,T) x Q; N_, N), then the map (5.2) is
compact.

Furthermore, if A € B™42((0,T) x Q; N_, N) is properly supported, then, through-
out in (5.2), we are allowed to replace either “comp” with “loc” in the source space
column or “loc” with “comp” in the target space column.

Again, asymptotic summation is possible:

PROPOSITION 5.4. Let ; € B™ 3%X((0,T) x Q;N_,Ny) for j = 0,1,2,... Then
there is an A € B™4A((0,T) x ; N_, Ny ) such that, for all J € N,
A - A € B" N0, T) x Q; N, Ny).
j<J
Thereby, A is uniquely determined modulo B=o%A((0,T) x Q; N_,N,). Moreover, if
A € BEIEN(0,T) x 0 N_,Ny) for all j, then 2 € B *((0,T) x Q; N_, N,).

We also write
A~y oA
j=0

Now, we are in a position to supply proofs of the main theorems, cf. Theorems 1.5,
1.6, 1.8.

5.1. Proof of Theorem 1.5. This is basically a consequence of Proposition 4.30 (c),
since composition with elements from B~°%X((0,T) x Q; N, N ) from the left and with
elements from B~ *((0,T) x Q; N_, N) from the right, respectively, is harmless. See
also Schulze [20, Theorem 4.3.17].

5.2. Proof of Theorem 1.6. Each 2 € B™4A((0,T)x§; N_, N, ) possesses an interior
principal symbol and a boundary principal symbol, respectively, defined by

op Q) (t,z,7,8) == oy (a)(t,z,7,§),
o @W (@, §) = 07" (a) (2, €),
where 2 is as in (5.1).

DEFINITION 5.5. The principal symbol space XB™%*((0,T) x Q; N_, N, ) for the
space B™ %X ((0,T) x Q; N_, Ny ) consists of all couples (a, a), where a € St(:")([(),T) X
Q x (R \ 0)) is such that

(5.3) a(t,z,7,&) = a(t,z, T, tl*T)
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for some @ € S ([0,T) x Q x (R*\0)) and a € C=(Q x (R™\ 0); B™¥R,; N_, N,))

satisfies
—1
(64+m) (@)
a(a, vg) = v " Na@o (™ ") . vso
0 Loy 0 I~

for any 6 € R. Moreover, it is required that
(5.4) o (@) (t, 752, €) = a(0,z, 7, " €).

With this definition, split exactness of the short sequence (1.10) is a consequence of
the split exactness of the short sequence (4.31). See also Schulze [20, Proposition 4.3.14].

5.3. Proof of Theorem 1.8. Eventually, we provide the parametrix construction to the
elliptic elements within the calculus.

DEFINITION 5.6. A pseudodifferential boundary value problem 20 € B™%*((0, T') x Q;
N_, N, ) is called elliptic if o} (A)(¢,z,7,§) # 0 for (t,2,7,§) € (0,T) x Q x (R \ 0)
and, moreover, agn;A(Ql)(a:, ¢) when considered as operator acting in (3.3) is invertible for
all (z,€) € @ x (R™\ 0).

Note that both conditions in this definition together imply that
Gt a, 7€) #£0 for (t,2,7,€) €[0,T) x 2 x (R 0)
(i.e., invertibility holds up to ¢ = 0) thanks to the compatibility condition (5.4).
LEMMA 5.7. Let A € B™%2((0,T) x Q; N_, Ny) be elliptic. Then
(o7 (@)~ oA @A) 7Y € BBTETMTA(0,T) x @ Ny, N,
with the inverses taken pointwise.

Now, assume that 2 € B™%*((0,T) x Q; N_, N,) is elliptic in the sense of Defi-
nition 5.6. Then, according to Theorem 1.6 and the previous lemma, we can choose a
By € B~m(=m) TN ((0,T) x Q; N, N_) such that

0, " (Bo) = o (W) oy N (Bo) = o (@A)
Then, by virtue of Theorems 1.5, 1.6,
Ny := 1 — BA € B~Emaxtmdbd (0 T) x Q; N_, N_).

We get M7 € B_j’max{m’d};)‘((O,T) x Q;N_,N_) for all j € N, j > 1, so that we can
further choose an M € B~Lmax{mdbA (0, T) x Q; N_, N_) satisfying

N~ i Ny’
j=1
in view of Proposition 5.4. Then
B = (1+9M)By € B™@m"2((0,T) x Q; Ny, N_)
is a left parametrix to 2, i.e., we have

B — 1 € BmoomadmdbA (0 T) x O, N_, N_).
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Starting with 9 := 1 — AB, € B_l’(d_T’L)+§)‘((O,T) x Q; Ny, Ni), in a similar way a
right parametrix B’ € B_m’(d_m)+?>‘((07T) x Q; Ny, N_) to 2, i.e., we have
AB' — 1 € B~ =m0 (0, T) x Q& Ny, Ny),
is constructed. We then obtain
B— B = (BA-1)B — BEAB' — 1) € B~>E@™"X((0,T) x Q; Ny, N_).
This finishes the proof of Theorem 1.8. m
We conclude with the following example:
EXAMPLE 5.8. Let
n n n
A= af + 2 Z cj (t, x)tl*atawj + Z Qi (t7 x)t2l*awia$j + Z bj(t, x)tl*_lag;j,
j=1 i,j=1 j=1
where a;j, ¢j, b; € C*([0,T) x ) are real-valued and

n n 2
(55) > ait &g > (Zq(t,x)gj) (42,8 €0,T) x @ x R, [¢] = 1.
,J j=1

Then A € B2%A((0,T) x Q) and, by virtue of Example 3.10,

C>([0,T) x Q)
AN B
(5.6) (R%) 2 C([0,T) x Q) COO@(Q)

is an elliptic pseudodifferential boundary value problem in B%%*((0,T) x 2;0,1) (here,
Re Li’l/Q(Q) is properly supported and invertible as operator from HIOC (Q) to HY ()
if and only if

(5.7) b(z,8) ¢ Da(a,g).c(we), (2,6) € XXR", [¢] =1,

where
n

a(z,€) == > a;(0,2)6&, b(x,8): Zb (0,2)&5,  c(x,8) : ch (0, 2)¢
ij=1
In case (5.5), (5.7) are fulfilled, the pseudodlfferentlal boundary Value problem (5.6)
admits a parametrix belonging to B=2:%*((0,7T) x Q;1,0).
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