EVOLUTION EQUATIONS
BANACH CENTER PUBLICATIONS, VOLUME 60
INSTITUTE OF MATHEMATICS
POLISH ACADEMY OF SCIENCES
WARSZAWA 2003

A GENERAL INVESTIGATION
OF ADMISSIBLE COUPLINGS
BETWEEN SYSTEMS OF HIGHER ORDER
AND DIFFERENT TYPE

STEFAN EBENFELD
Darmstadt University of Technology
Department of Mathematics
Schlossgartenstr. 7, 64289 Darmstadt, Germany
E-mail: stefan.ebenfeld@d-fine.de

1. Introduction. In the paper at hand we study coupled systems of nonlinear initial
boundary value problems where each system is of higher order, and of hyperbolic or
parabolic type.

Our goal is to characterize systematically all admissible couplings between the single
systems.

By an admissible coupling we mean a condition that guarantees the existence, unique-
ness and regularity of solutions to the respective initial boundary value problem. For the
proofs of our results we refer the reader to [3], [4] and [5].

The paper is organized as follows. In Section 1.1 we consider an example in order to
illustrate the goal of our investigations. In Section 2 we formulate the initial boundary
value problems under consideration. Moreover, we list some problems from continuum
mechanics to which our general theory is applicable. In Section 3 we formulate the as-
sumptions and the theorems about existence, uniqueness and regularity of solutions. In
the above sense the regularity assumptions about the coefficients of the differential op-
erators and about the right hand sides define the admissible couplings. In Section 4 we
give a sketch of proof of our main theorem that involves the energy method. In Section 5
we specify the assumptions of our theory for the case of two coupled systems. Finally, in
Section 6 we show some limitations of our theory.
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1.1. An example. As an example we consider the following initial boundary value
problem:

Ofu(z,t) + Z 0, F; (Dggu(x7 t), Diwfv(a?, t),z, t)
(H) i=1

= f(Dzu(x, t), Opu(x,t), Diw’{v(;v, t),x, t).

Opv(z,t) + Z 0;G; (Dy’?’ou(m, t), Dyf‘;’l@tu(m, t),Dyv(x, t), z, t)
(P) i=1

9,0 g,1
:g<Diw“ u(x,t),Dﬁ/I“ 8tu(x,t),Dzv(x,t),x,t).

(BC) u(zx,t)

= 07 )t -
’U(J? )zéaﬂ

€0 -

(IC) u(z,0) =0, Opu(z,0) =0, v(z,0) = 0.

In the above example (H) is a hyperbolic PDE of order two for u whereas (P) is
a parabolic PDE of order two for v. The parameters M describe the strength of the
coupling between the two systems. We note that throughout this paper we will restrict
our attention to zero Dirichlet boundary conditions and zero initial conditions. For the
above example the question of the admissibility of the coupling reads as follows:

Let the constitutive functions F;, f, G; and g satisfy suitable structural conditions
(such as smoothness, ellipticity and compatibility). For which values of the parameters M
does the above initial boundary value problem have a unique smooth local in time solution
(u,v)?

Specifying our general theory to the above example we obtain the following answer:

The above initial boundary value problem has a unique smooth local in time solution
(u,v) for the following choices of the parameters M:

MF <o, M <1, MEL <1, ME <o,
M0 <2 Mot <1
or
MF <1, M <2 MEL <o, MG = o0,
M0 <1, M2t <0
In the above inequalities the notation M&! = —co means that the constitutive func-

tions G; are independent of J;u. We note that the first choice of the parameters M covers
the case of nonlinear thermoelasticity, cf. [6] (Jiang-Racke).

2. Statement of the problem. Let T' > 0, and let 2 C R™ be a bounded domain
with a smooth boundary. We consider the following functions:

wji; t Q% (0,T) — RN« (2, t) — ujy, (2, t) (5=1,2,3, i;=1,....,1;).
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Throughout this paper we will use a double index notation to enumerate the systems
under consideration. The first index j indicates the type of the system:

j =1 indicates a hyperbolic system satisfying a symmetry condition.

j =2 indicates a parabolic system satisfying no symmetry condition.

j =3 indicates a parabolic system satisfying a symmetry condition.
The second index i; enumerates the systems of type j.

2.1. The abstract problem. We make the following definition:

mjij

Ajij [u](vﬂx’t)ujij = Z ( )Iala ( Jijs aﬁ[ ](xvt)afujij)'
|et],[B]=0
In the above definition the square bracket notation ®[u] means that ® acts as a nonlinear
operator on the functions uj;,. In particular, Aj; [u](V,z,t) denotes a differential opera-

tor of order 2m;;; with coefficients depending on w11, ..., uzr,. We consider the following
abstract initial boundary value problem:

(H) i, + Avi, [u)(V, 2z, t)urs, = fui, [u] (2, t).

(P1) Oz, + Aoy [u)(V, x, ) ugi, = fai, [u](z,1).

(P2) Orusi, + Az, [u)(V, x, t)usi, = fai, [u](z,1).

(BC) Qﬁuﬂj I =0 (\a| :O,...,mjij —1).

(IC) U4, —o = 07 atuul —o = 07 U245, 0 = 0, U3ig —o =0.

According to our notation (H) is a collection of hyperbolic PDEs for the functions w1,
whereas (P1) and (P2) are collections of parabolic PDEs for the functions ug;, and us;,
respectively.

2.2. The hyperbolic-parabolic problem. As an application we consider the following
hyperbolic-parabolic initial boundary value problem that generalizes the example given
in the introduction:

™miiq

(H) Ofurs, + > (=)0 (Fui, o(UF,, 2. 1)) = fri, (UF,,, 2, 1).
|a|=0
mM2iy
(P1) Dytizgy, + D (—1)\102 (Faiy.0(US,, 2. 1)) = Join (UL, 2, t).
|a]=0
mgis
(P2) Dyuziy + D (—1)\ 102 (Fyiy (UL, 2, 1)) = fais (U4, 2, 1).
lal=0
(BC) Oy uji, e =0 (laf=0,...,my; —1).
(IC) Uty |, = 0, Oputi, o T 0, U2iy | = 0, Usis|,_ = 0.
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In the above initial boundary value problem the Uﬁj denote the collections of partial
derivatives of the functions wui1,...,u3z, that occur in the constitutive functions ¢;;;
where ¢ = F), f.

2.3. Applications in continuum mechanics. The single PDE systems in our initial
boundary value problems are suitable to describe a wide range of problems in continuum
mechanics. Some of them are the following:

Elasticity (hyperbolic, second order).

Viscoelasticity (hyperbolic, second order).

Higher gradient materials (hyperbolic, higher order).

Shell theory—Reissner Mindlin Type (hyperbolic, second order).
Shell theory—Kirchhoff Love Type (hyperbolic, higher order).
Heat flow (parabolic, second order).

Heat flow—Miiller Type (hyperbolic, second order).
Compressible fluid flow (parabolic, second order).

Multipolar compressible fluids (parabolic, higher order).
Magnetodynamics (parabolic, second order).

Phase transitions—Cahn Allen Type (parabolic, second order).
Phase transitions—Cahn Hilliard Type (parabolic, higher order).

We note that the mathematical structure of some of the above problems can be
identical, but their coupling with other problems can be quite different. Moreover, we
note that many of the above problems immediately fit into the scheme of our hyperbolic-
parabolic problem. However, some other problems have to be transformed and fit only
into the scheme of our abstract problem, such as viscoelasticity and compressible fluid
flow.

3. Statement of the theorem

3.1. The abstract problem. For the case of the abstract initial boundary value problem
problem we make the following assumptions:

(A1) Symmetry condition (j =1, 3):
T
Ajiy palul(z,) = (Aji,aplul(2,1)) "
(A2) Legendre-Hadamard condition (strong ellipticity):
ST T (A aplul(e, )EE )y > cle

|O‘Mﬁ‘:m]’ij

nl*.

(A3) Compatibility condition:

:O7

K _ r+1
3t U4, 0 = 0, 8t U4,

=0 (k=0,...,k+1)

K K
8t U245, = 0, 8t U3ig

0.

= O fii, ] o
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(A4) Boundedness condition:
1465 a0l o), 7y < S(RT)

[k ||z4 () STT= *
1 ]7,],I,kl( ) HfJ'L] [U]H]_—111 (T*) S ¢(R7T ).

(A5) Lipschitz condition:
<R

||“llkz Hﬁjij,lkl (T*) H”l2kz Hﬁjij,lkl (T*) =
ik, — ullle%jij,Lkl (o) S5
[ A58, 0800%] = Ajiy sl 4, ey < BRT)S
- [ £, (] = i, [Ul]Hfﬂj () < PR, TT) S,

In the above assumptions the Uji, ik, (1), Uji; i (T7), Ujs, 1, (T), Ajiy, (T™) and
Fji;(T™) denote suitable function spaces. The assumptions (A1), (A2) and (A3) are
structural conditions. The regularity assumptions (A4) and (A5) define the admissible
couplings.

THEOREM (Local Existence, Uniqueness, Regularity). Let the assumptions (Al)—(A5)
be satisfied. Then there exists 0 < T* < T such that the abstract initial boundary value
problem has a unique smooth solution:

k—1
Uy, € ﬂ Cl+k([0’T*]’Hu(kflfk)+2m1i1 (Q’RNHI))
k=0
NCHR([0, 7], Hy ' (9, RN 1)) n e ([0, 7], L2(Q, RN ).
k—1
Us;, € m Cf+k([0, T, HH(%*lfk)+m2i2+m2i20 (Q, RNZiQ))
k=0
NCHR(0, 7%, L2(Q,RY>2)) 0 HF ([0, T%], Hy 2 (9, RY?%2))
N HerEJrl ([0’ T*], H M2z (Q, RN2iz )) .
k-1 _
Us;, € ﬂ Cl+k([0, T, HH(E—1=k)+msi;+m3iz0 (Q, RN3«L3))
k=0
NCHR(0, 77, Hy™ (@, RN )) 0 HUE([0, 77, B2 (2, RY))
N HH (0,77, L2(Q, RVsi).

We note that the scales of function spaces in the above theorem enter into our non-
linear theory in a natural way through the underlying linear theory.

3.2. The hyperbolic-parabolic problem. For the case of the hyperbolic-parabolic initial
boundary value problem we make the following definition:
OF, Jij,a F
Aji;aplul(z,t) = W(Uﬂj,m,t).

Moreover, we use the following notation:
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M fif_lkl denotes the highest order of spatial derivatives of u;;, that occurs in the
constitutive functions ¢;;; where ¢ = F, f.
¢,1
Jij,1k1
constitutive functions ¢;;, where ¢ = F, f.

denotes the highest order of spatial derivatives of J;u1z, that occurs in the

We also make the following assumptions:
(B1) Fji, .o and fj;, are smooth functions.
(B2) Symmetry condition (j =1, 3):
T
Ajiy galul(z,t) = (Aji, aplul(2,1))"
(B3) Legendre-Hadamard condition (strong ellipticity):
So 0 (A aslul(a, €70 2 el .
\oz\,|,8|:mjij

(B4) Compatibility condition:
8f(fjij(0,x,t))‘t70 —0  (k=0,...,14+%).

(B5) Regularity assumptions (I):

FO L 1,0 _
liy,1d; — Mgy, Mlzl 1i7 — — 00, Ml’Ll 1iq < M1y,
fi1 FO . 7,0 )
Mlzl 1iy <0. MQ'LQ 245 mM2iy, Mng 2iq < 2m2l2 - L
FO0 ) f,0 )
M3i3,3i3 = M3ig, Mszg 30 < 2mgi, — 1.

Regularity assumptions (II):

¢, ¢,V y
Mﬂ;,lkz <Pk (myi, mup, ).

In the above assumptions the <I’¢’ 1k, denote suitable functions specified in [5]. The
assumptions (B1), (B2), (B3) and (B4) are structural conditions. The regularity assump-
tions (B5) define the admissible couplings now. In particular, the regularity assumptions
(B5) imply the previous regularity assumptions (A4) and (A5). We note that by Poincaré’s
lemma the symmetry condition (B2) is equivalent to the following integrability condition:

oV ;.
e UF _ Jj UF
Jg ( Jijo ) 8(85‘%“)( Jij0 )

COROLLARY (Local Existence, Uniqueness, Regularity). Let (B1)—(B5) be satisfied.
Then there exists 0 < T* < T such that the hyperbolic-parabolic initial boundary value
problem has a unique smooth solution:

k-1

wis, € () CHFHI([0, T, 12 ( RV )
k=0

NCHEF([0, 7], Hy'™ ™ (92, RN ) N TR+ (0, T7), LA, RM)).
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k—1
Ug;, € ﬂ Cl+k+1([0,T*],Hu(k—l—k)+mzq,2+mzizo(Q’RNziQ»
k=0

N CHEHL (0, 7], L2(Q, RN2:2)) 0 HHF+ ([0, T7), Hy'®'2 (Q, RM>i2))
N HF2((0, 7], H ™2z (2, RN2i2)).
k-1

tgiy € () €L, T, HHO 1Rt (g, RN )
k=0

N CHRHL([0, T%), HY™ = (Q, RN35)) 0 HHRHL([0, T%], H2™sis (Q, RN3 )
N HFR2([0, 7%, L2(Q, RN#:2)).

4. Sketch of proof (energy method). In order to prove our main theorem we
make use of the so called energy method, see e.g. [1] (Dafermos-Hrusa), [7] (Kato) and
[8] (Majda). Therefore, we proceed in several steps:

1. First, we define of a sequence {u”}52, of approximate solutions with the help of
the following recursion scheme:

(a) Let u® := 0.

(b) Insert the previous solution u” into the coefficients Aj;; o5[-] and right hand
sides fji,[-].

(c) Solve the linearized initial boundary value problem for u**!.

The crucial point in this step is that we cannot make use of the full regularity of u”
as we insert it into the Aj;, op[-] and fj;,[-]. Therefore, we linearize the single systems
successively in the following way, cf. [6] (Jiang-Racke):

Ok + Bi[v](V, z, t)vg = gilv](x,t) (k=1,...,K)

= 0wy + By, vl o), (Vo T = gl ot g ().

2. Next, we derive a priori estimates for {u”}32, using Galerkin’s method. In view of
the regularity of the u}’ij we have the following correspondence:

uTil «—— testing afu + (=A)"u = f with dsu.
uy;,  «— testing Ou+ (—A)"u=f with u.
ug;, +— testing Oyu+ (=A)™u = f with du.

One crucial point in this step is that we need an elliptic regularity theory for linear
elliptic differential operators with minimal regularity in the coefficients. Such a theory
was previously developed by the author, see [2]. Another crucial point in this step is
that we have to find suitable scales of function spaces. The important observation is that
we can find some p > 1 and corresponding scales of function spaces such that for any
(j,5) one temporal derivative of uj;, corresponds to u spatial derivatives of w;;,, cf. [6]
(Jiang-Racke).

3. Next, with the help of the above a priori estimates we show that the sequence
{u"}22, is bounded with respect to some high norm and contractive with respect to
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some low norm.

4. Finally, we pass to the limit v — oo. In particular, we show that the sequence
{u"}%2, converges to some limit function v and that u is the unique solution to the
abstract initial boundary value problem. The crucial point in this step is that we make
use of interpolation inequalities in non-dual spaces. Consequently, we cannot make direct
use of Banach’s Fixed Point Theorem (Kato’s direct method) but we rather pass to the
limit ‘by hand’, cf. [8] (Majda) and compare with [1] (Dafermos-Hrusa) and [7] (Kato).

5. Application to two coupled systems. We consider the hyperbolic-parabolic
initial boundary value problem for the case of two coupled systems.

DEFINITION. We say that the coupling in the hyperbolic-parabolic initial boundary
value problem is admissible if the regularity assumptions (B5) hold.

We note that if the constitutive functions satisfy the structural conditions (B1)—(B4)
and if the coupling in the hyperbolic-parabolic initial boundary value problem is admissi-
ble then by the above corollary the hyperbolic-parabolic initial boundary value problem
has a unique smooth solution.

5.1. Hyperbolic-hyperbolic systems. We consider the initial boundary value problem
corresponding to the following PDE systems:

My F,0 F,1
Ou + Z(—l)‘alafFa(D?“u,Dyv v, DA 8tv,x,t)
|a]=0
£.0 1
:f(D;n"u,atu,DiV[” v,Dy“ Btv,x,t).
ey G,0 G,1
v + Z (—1)‘“|8§‘Ga (Dy“’ u,Dy”‘ atu,Dxm“v,x,t)
|a]=0
9.0 9.1
:g<Di‘45 u, Diw’z 8tu,D;n“v,8tv,a:,t).

LEMMA. The coupling in the above initial boundary value problem is admissible for

the following choice of the parameters M:
MEY <m, —m,, M = o0, Mfo < my, Mg’l <0,

MO < m, —m,, MG = —c0, M0 < m,, Mt <o.

5.2. Hyperbolic-parabolic systems. We consider the initial boundary value problem
corresponding to the following PDE systems:

My » ;
O+ Z (—1)‘°‘|6)§‘Fa (D;n“u, DM v,a:,t) = f(D;"“u,&gu,Dy“ v,x,t).

|ae]=0
J G,0 G,1

O + Z(—l)'a‘agGa(D?/u u, DM atu,D;nvv,x,t)
=0

M9° Mot _
:g(Dm v ou,Dp v ﬁtu,Dim” lv,a:,t).
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LEMMA. The coupling in the above initial boundary value problem is admissible for
the following choices of the parameters M:

Mf < My — My, MJ < My, MS’O < My, Mf’l <0,
M < my, +m,, M <m,
or
Mf < 2my — My, qu < 2my,, ME’O < My — My, Mf’l = —00,
MO < my, Mot < 0.

5.3. Parabolic-parabolic systems. We consider the initial boundary value problem cor-
responding to the following PDE systems:

My » ;
Oy + Z (—1)‘“‘8§Fa (D?'“U,Diw” v,x,t) = f(Dim"_lu, DM v,a:,t).
|a]=0

My o .
Ov + Z (-Dlloea, (Diw“ u,D;””v,x,t) = g(Dy“u, Dimv*lv,x,t).

LEMMA. The coupling in the above initial boundary value problem is admissible for
the following choices of the parameters M:

MEF <m, -1, Mggmuqtmvfl, Mfgmu, MJ < my, +my
or

Mf§2mv—1, Mggmu—i—?mv—l, Mfgmu—mv, MJ < my
or

MfSva, M,fgmu—l—me7 Mggmu—mv—l, M <m, —1
or

ME <om, —m, -1, M/ <2m,—-1, M <2m,—m,  MJ<2m,.

6. Limitations of our theory. Finally, we want to point out some of the limitations

of our theory. Therefore, we make the following definitions:
A A 1 .
A(V) = <—aA2 —A2> , G(t) := F~ ' exp(tA(—i&)) F.

In the above definitions A(—i{) denotes the symbol of the differential operator A(V), and
F' denotes the Fourier transform. We consider the following linear initial value problem:

Ou = A(V)u, u‘t:o = v(x).
In particular, we have:
u(z,t) = G(t)v(z) Vove F1CE (R, R?).
We note that the above initial value problem has a unique solution in the sense
of our general theory if and only if the solution operator G(t) extends to a bounded

linear operator on L2(R™,R?). Moreover, we note that in our general theory we look at
evolutionary problems from the point of view of perturbation theory. For the case of the
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above initial value problem this means that we consider the diagonal of A(V) as the
principal part and the remainder as a perturbation. This approach has the feature, that
we obtain existence and uniqueness of solutions either for all @ € R or only for o = 0. Now
it is easy to see that for some a1 # 0 the solution operator G(t) extends to a bounded
linear operator on L?(R™,R?) whereas for some other ag # 0 the solution operator G(t)
becomes unbounded on L?(R™, R?). Consequently, for a; the above initial value problem
has a unique solution but nevertheless the approach of our general theory fails.
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