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Abstract. We investigate the propagation of the uniform spatial Gevrey G, o > 1, regu-
larity for t — 400 of solutions to evolution equations like generalizations of the Euler equation
and the semilinear Schrodinger equation with polynomial nonlinearities. The proofs are based
on direct iterative arguments and nonlinear Gevrey estimates.

1. Introduction. The main goal of this paper is to investigate the propagation for
t — +oo of the uniform Gevrey regularity with respect to the space variables = of
solutions to Cauchy problems for some classes of nonlinear evolution equations by means
of techniques, based on iterative arguments and nonlinear estimates in the framework of
Gevrey spaces. The initial data are supposed to be uniformly G7(2) Gevrey (we write
shortly v € G, (f)) for some o > 1, where @ = R™ or € is the n-dimensional torus
T" = R™/(27Z)™. More precisely, v € G, (1) means that there exists p > 0 such that

lel || g

P V(H"

(1.1) 0]l := sup (—” o
Qe (al)

) < +o00,
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280 T. GRAMCHEV AND Y.-G. WANG

where a! = ai!--ap!, o = (aq,...,a,) € Z, r > 0 is an integer, and H" = H"(Q2) =
W™2(Q) stands for the classical L? based Sobolev space of order r. Define G°(Q, H", p),
p > 0, as the space of all functions v € C°°(2) satisfying (1.1). We note that G*(Q, H", p)
is a subset of the space of uniformly analytic functions in  and every v € G}(Q, H", p)
can be extended to a holomorphic function in the strip {z € C" : |Im z| < p}. As in Propo-
sition 1.4.5 of [Ro|, we have that G (2, H", p) is a vector space and, if r > n/2, a ring
with respect to the arithmetic product of functions, and is closed under differentiation.
We refer to the book [Ro] for the basic theory of Gevrey spaces.

In view of the lack of space we will focus on two particular classes of equations. The
first one is a generalization of the incompressible Euler equation (cf. [LO]). We will extend
the results in [LO] for the propagation of the analytic regularity on T? in the framework
of all Gevrey classes G, o > 1. More precisely, we consider the Cauchy problem

(1.2) Ow + Klw] - Vw =0, t>0, ze)
(1.3) w(0,z) =W(z), z€Q
where 2 = R"™ or 2 = T"™, and the operator K satisfies the following hypotheses:

(H1) K is linear: H*(R") 5 w — Kw] = (Ki[w],..., K, w]) € (H*+*1(Q))", s > 0;
(H2) there exists a real valued function b € G2, (), inf,ecq b(z) =: by > 0 such that

(1.4) V- (bKw]) =0, we H*(Q), s> 0;

(H3) for any s > 0, K is bounded from H*(Q) to (H*T1(Q2))", namely there exists a
positive constant C' such that

(1.5) HK[u}]HHsJrl < C|wl|ms, w e H%(Q).

The hypotheses (H1)—(H3) are satisfied for generalizations of the Euler equation on
the two-dimensional torus related to shallow water equations, cf. [LO]. For the Euler
equation in a bounded domain in R? with smooth real analytic boundary, the propaga-
tion of the uniform analyticity of solutions to the Dirichlet boundary value problem has
been investigated in [BB] by means of subtle estimates on the Green function of the Pois-
son kernel in complex analytic neighbourhoods of the domain. The propagation of the
local analyticity of solutions to the Euler equation in R™ was studied in [AM]. Recently,
the propagation of the uniform analyticity of solutions to Euler type equations on the
torus T™ was investigated in [LO] by means of nonlinear estimates in Gevrey G spaces
and the Galerkin approximation (cf. also [BG], [FT], [FeT] for results on analytic regular-
ity for dissipative equations like the Navier-Stokes equation for incompressible fluids, the
Kuramoto-Sivashinsky equation, and semilinear parabolic equations). Theorems on the
existence and/or uniqueness of classical solutions to the initial value problem for Euler
type equations can be found in [Ba], [Ka|, [LOT], [O]].

Another motivation for our investigations comes from results on the propagation of
the local analytic and, more generally, local GZ Gevrey regularity for linear and nonlinear
hyperbolic equations (e.g., cf. [CZ], [Kj1], [Kj2], [KY2], [RY], [Sp] and references therein).
We mention also that uniformly analytic functions in R™ as initial data have been used
as a functional set-up for proving global well-posedness of initial value problems for
degenerate Kirchhoff type equations (e.g., cf. [DS], [KY1]).
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The second type of equations will be a model semilinear Schrédinger equation
(1.6) 10w+ Au+ g(u) =0, t>0, zeR"”
(1.7) u(0,x) = ug(z), x€R,

where g is a polynomial, vanishing of order g > 2 at the origin, i.e.
P
(18) g(u)zzgﬁuﬁv gﬁe(cv ﬂZQaJQ» gq#o
B=q

for some integer p > q.

As a corollary from more general results (cf. [KP], see also [Ra]) we know that under
the assumption
q n
(1.9) Q-1 <3
there exists an integer ro > n/2 + 2, depending only on the dimension n, and a small
constant dg > 0 such that if

2
(1.10) u € H'(R") NW™P(R"),  p= qu -
forr e N, r > rg, and

(1.11) ol + ol <3, 0<6 < o,

then the Cauchy problem (1.6), (1.7) admits a unique classical solution

(1.12) u € C([0,+oo[ : H"(R™)) N C*([0, +00] : H2(R™)).
Moreover, for t — 400, we have

—1
(1.13) futt e =067, 2= "D 2 << oc,

and there exists a constant My depending on §y and r such that
(1.14) Jut, M ar < Molluol|ar, T >0.

Similar results for global in time solutions for small data are available for nonlinear
wave equations and the Klein-Gordon equation (cf. [KP], [Ra], see also [GG] for extensions
to certain quasilinear weakly hyperbolic systems).

We state the first main result of our paper for the initial value problem (1.2)—(1.3)
under the assumptions (H1)—(H3).

THEOREM 1. Let us firr € N, r > n/2+1 and 0 > 1. Then we can find a positive con-
stant co, depending only onn, r and the function b, such that for every w® € G (Q, H", p),
p > 0, the unique global solution w € C ([0, +oo[: H"(2)) to (1.2), (1.3) satisfies

(1.15) w(t,") € G7(LH", ps (1)),
where
(116)  po(t) = pesp(—eo(t”] i+ [ IVEToltr. e ) ).

for allt > 0.
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REMARK 1. We point out that if Q = T? and ¢ = 1, the decay of the Gevrey G'
radius p1(¢) in (1.16) is slower than the decay rate in Theorem 7 of [LO]. We refer to
Section 5 for more details.

Next, we investigate the propagation of the uniform Gevrey regularity of solutions to
the Schrédinger equation (1.6).

THEOREM 2. Assume that (1.9) holds and choose and fiz r € N, r > ro > n/2 42
and a Gevrey index o > 1. Let §g > 0 be as in (1.11) and let ug satisfy (1.10), (1.11) and
ug € G°(R™, H", p) for some p > 0. Then the unique classical solution u of (1.6), (1.7)
satisfies

(117) U(t, ) € GU(RTL; HT,pU(t)), t>0,
where
(1L18)  po(t) = pexp (“Noluollo i) = o1+ 6@ D) >0,

while cg > 0 and \g are constants depending only on &y, r, n, My and the coefficients of
the polynomial g. Moreover, for every 0 < ¢ < 1 we can find 0 < d(¢) < 1 and ¢y > 0
such that

(1.19) po(t) = pexp(—ct — o(1+ )7y >0
provided ug satisfies (1.11) with § = d(e).

The paper is organized as follows. In Section 2 we give the proof of Theorem 1 pro-
vided certain nonlinear Gevrey estimates are satisfied. We derive the nonlinear estimates
in Section 3. The proof of Theorem 2 is carried out in Section 4. Finally, in Section 5,

we discuss relations of our theorems with previous results and outline possible general-
izations.

2. Proof of Theorem 1. Let
(2.1) Zi(t) = llw(t, M arren
(2.2) u(t,x) = Klw(t, ().

In the sequel, we will use C, to denote any absolute constant independent of k € N
and w, * being an index.

The crucial ingredient in the proof of Theorem 1 is the following estimate, which will
be proven in the next section:

PROPOSITION 3.
1. If k > r+ 2, then

N
G20 < CoKlult. - Z2(0) + > (") 202050
(23) r+jc_
r+k
+j:%:+1< i >Zj—r—1(t)Zk+r+l—j(t)>a

where N = [T;rk] 1s the integer part of %
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2. If k<r+1, then

20 < o Hlutt. 2200 Z(jk)z (O Zisa—(0)
(2.4) ) .
+ i <T+k> (t) Zi—1(t) + ik (r;k>er1(t)Zk+r+1j(t)>»

j=k+1 j=r+2

where the third term does not appear if k =1+ 1.

Now, we want to conclude the assertion of Theorem 1 from the estimates (2.3)

and (2.4).
We set
(2.5) Co/ [lu(s, )| ar ds
and
(2.6) On(t) = kPO 7, (1),

(k)
where ¢, will be determined later.
When k > r + 2, from (2.3) we have

O (1) = ——e *PD (7L (t) — Coklult, )| Zi(t))

(k1)
Coek _wpe (o= (T +F
(2.7) = )€ kPU(;( j >Zj1(b‘)Zk+1j(t)
Ltk
+ ) Zj—r () Zigr -5 (1) )
2 (3)s0ns0)

Obviously, from (2.6) we have

k"7 (k)
(2.8) Zi1(t) Zjg1—4(t) = (j B 1) %ekp(t)ej_l(t)®k+l_j(t).
J J

Substituting (2. 8) into (2.7) we get

e;<t>§co( (G5 s erecan0
k

+ % (T B k) <j . 1) _U_€—k,@jr1(t)@k+r+1j(t))-

J=N+1 €j—r—1€k4+r4+1—j5

(2.9)

By using in (2.9) the relations

—0 —o+1
<T+.k)<.k ) gm(.k ) < Cuk
J Jj-1 j-1

], and

—0o —o+1
() sa(t) s
7 g—r—1 jg—r—1

< [Ttk
when 2 < j <[
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when j > [Z£] + 1, we obtain
)< Csl| k 1)Opt1—4(t
3( ZGJ P ©;-1(t)Ok+1-;(t)
(2.10) ek
+ —@-_T_l(t)Gk r 1_4(t)>.
J%:-HGJ 1€kl e

If we choose €, = k2, then we have

N N 1 2
e 5[ ) <a
€j—1€k+1—j = j—1 ]{3+17‘7

>
r+k €r r+k 1 1 2
P el <j—r—1+k:+r+1—j> <G,

j=2
joNg1 Gmr1Ckbrbl— I
with Cy, C5 being independent of k£ € N.
Thus, from (2.10) we obtain

/ . .
(2.11) 05(t) < Cﬁklgrjngaéi_l@](t)@k,](t),

where Cg is an absolute constant depending on r > 1.

When k < r+ 1, it is not difficult to derive from (2.4) that we also have the estimate
(2.11) by noting that all coefficients on the right-hand side of (2.4) are bounded by a
constant depending only on r.

If we set

(2.12) (0 = M) =

with P(t) being given in (2.5), then, from (2.11) and from the choice of the initial datum
w € G7(Q, H™, p) we obtain

—k(At4+P(t)) Hw(

e b ) s

Ce
gy < ) ) A
o1 1 (t) < i (0) + | Jnax | max (i 5 (8)ni—;(s)

Cs
< |w® i A A (s).
< llopurrr + =7, max | max, ui(s)ui—;(s)

Set

In(N) =  max, il;IO)uk( ), N=12,....

Since T'o(A) < 400, we are reduced to the following sequence of iteration inequalities
Cs
A
The sequence {I'y }3¥_, converges provided A > g := 4Cg||w°||s,p, ir-. Choosing A = Ag
we get the estimate

(2.14) Tn(\) < elopar + = (Tna(N)°,  N=1,2,....

(2.15) Y < 2o pnr,  N=1,2,...,
which leads to
(2.16) 0 (t) < o HT

for all £ > 0, k € N. The proof of Theorem 1 is complete. m
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3. Nonlinear Gevrey estimates. We will use the notation f(f) = Fu_¢f for the
discrete Fourier transformation

(3.1) fo = [ e iwin e
in the case 2 = T™ while if (2 = R"™ we will rely on the continuous Fourier transformation

(32) o= [ e o, e
First of all, we have

LEMMA 4. Let r € N, r > n/2 be fived, w be the classical solution to the IVP (1.2),
(1.3), and let A be the positive and self-adjoint operator A == (1— 02 —...— 02 )1/2.
Then for any k € N, w € C([0, 4+00[: HT>°(Q)) we have

(3:3) [{u- V(A" Fw), A Fw) (#)] < Collult, )z lwt, M Frsr gy
where u = K[w] (as in (2.2)), HY®(Q) = N,5o H*(Q),

(u, v)(t) :== /Q u(t, z)v(t, z) de, p,v € C([0,400] : L*(9)),

and Co = 27 by || Vb| o<, bo > 0 being defined in the assumption (H2).

PROOF. By using V - (bu) = 0, Vb~1 = —b=2Vb, and the definition of by > 0 in (H2),
we have

|(u- V(ATHrw), ATHQ) (1)) = ‘%((AH%)Z, v u) ()]
(3.4) = [t (v b o)

V| Lo
< THU(E')HLWHW(@ M rr (e

which implies the desired inequality (3.3). =
The main ingredient in the proof of Proposition 3 is to establish

PROPOSITION 5.
1. With the same notation as above, if k > r + 2, then

|(u- V(A" Fw), ATFw) () — (A" (u - Vw), Ar+kw>(t)|

N
< &ozef0) (lute M 220+ 3 (7 2202000510
=2
r+k

+ Y ("2 i020a0),

j=N+1

(3.5)

where Zk(t) = ||w(t’ )HH7+k and N = [’r‘—gk]‘
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2. If k<r+1, then

|<u . V(Ar-‘rkw)7 A7‘+k >( ) o <A7’+k(u . vw) Ar+k >(t)’

k r+k
o < ozu(0)(Hlutt. w2100 +§_j( ) 1020500

+ % (H—k) ) Z-1(t) + Ti“ <TJ;k>Zj—r—1(t)Zk+r+1—j(t)),

j=k+1 j=r+2
where the third term does not appear when k =1r + 1.
PROOF. Set (&) = (1 + |£[?)!/2, € being the dual variable of = € Q. Clearly, we have

|(u- V(A" Fw), A e >()—<Ar+k(U~Vw),Ar+kw>(t)|

_ ’/ (¢, €) (u (Ar—‘,—kw)(t £) - <§>r+km(t’£))d£‘

(3.7) // o6 |§< ) o

x ()3t € — )| |o(t,n)| dn dE

by using

(35) T+k<§( )i =ty .

For the term with j = 1 in (3.7), we have due to assumption (H3)
[ [1e7 10016 ~ n oy Hates — ot m] dnds

3.9 E)HFlw(t BT, .
69 [[EEEEOk e s+ Hage,e - ol dnde
< Collu(t, Mur+1Zi(t) < Crllw(t, )| - Zi (1).
Denote by I the sum of terms from j = 2 to r + k on the right-hand side of (3.7).

1. When k > r + 2, we decompose [ into two parts as follows:

r+k

I- Z(*’“)// (&)1 (t, ©)l(E — )

(3.10) x () TR |a (e, € — )| |o(t,m)| dn dE
r+k

(iJr Z ) =:1; + I,

j=2 j=N+1

where N = [7£E].
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For the term I; we have

11=Z(T+k)// (&) (e, €)I{€ —n)"a(t, € — )

j=2

r+k 17jdj
(3.11) < 1 +<;_n|>r(t7”)| dn dg
N

ey (" anz a0z

=2

For the term Is we have

L5 (R [ er )|
12_j;ﬂ< )//7@ e, € — )
(3.12) X ()2 T ot m) | dn d€
r+k
<Cs Y <T ;L k) Zx(t) Zj—r—1(t) Zirp1-5 (1)
j=N+1

Substituting (3.9)—(3.12) into (3.7), we conclude (3.5).

2. When k < r + 1, we decompose I into three parts as follows:

I—Hk(ﬂc)// YR, €)](€ = n)?

(3.13) ) fa(t, € — )@ (t,m)| dn dg
r+1 r+k

(zk: FY Y )=

j=2 j=k+1 j=r42

Similarly to (3.11) and (3.12) we can obtain

k
(3.14) r'<cyy (T J; ’“) Z1(8) Zj 1 (t) Zig1—5 (1)
j=2
and
r+k
(3.15) P<Cy ) ( ) () Zj—r1(t) Zgri1—(t).
J=r+2

For the term I? in (3.13), by using

R™ = {|n| < Cs[€ = nl} U{Inl = C5[€ —nl}
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for some positive constant C5, we have

o Y
= Z ( jk) <//|nécs£—n +//n|205|€—n|> <§—77>7+

j=k+1
(€ la(t, )|
(mI=2(§ —m)r+>
r+1

B0 <o 3 (TN [[oree ol e a)

j=k+1

x |a(t, & —n)| ()" @ (¢, )| dn d€

x (& =) 2lat, & —n)[(n) @t m)| dn dé

r+1
<a > (TN awanaan. ez

j=k+1

Substituting (3.14)—(3.16) into (3.13), and using (3.9) we immediately obtain (3.5). m

4. Gevrey regularity for semilinear Schrodinger equations. Without loss of
generality we may assume n = 1 and g(u) = u? (in the general case n > 1 and g(u)
polynomial only additional technical and notational difficulties occur). We write x instead
of 1 and D for 0,. Set

Wy, = D", Ui(t) = [[Wi(t,)|ar,  keEN

We differentiate equation (1.6) k times with respect to x, multiply it by Wy, integrate
in H"(R™). Using the Leibniz rule for differentiation, we get

1d B
w1 2d UE®) SRe(Wilt ), qu ™ (tOWilt, )
+ Re(<Wk(t7 ')7 Rk(ta ')>H")7
where
min{q,k} 0 ’

q!uq (tv ) k!

4.2 )= gut"(t,) R .
(=2 ki+...+ke=k u=1
E1>1,.. ke >1

for all k € N.

We recall that since r is an integer greater than n/2 and we consider classical Sobolev
spaces H"(f2), we have the following Schauder type estimates (e.g., cf. [GR]):

(43) Nt ()Wt e < (lult, o) Uk(t) + Mi(Ju(t, ) g™ Uk-1(2),

for all k € N, t > 0, where M; = #7971, § > 0 being a positive constant in the Schauder
lemma for the product in H"(Q2), depending only on n and r. Combining (4.3) with the
decay estimate (1.13) for k = oo and the estimate (1.14) we get that for some constant
Ap > 0, defined in an obvious way by the decay of ||u(t, )|~ in (1.13), the following
inequality holds

(4.4) ud=L(t, YW (t, g < Ao(146) " @DV () + M6 U1 (1),
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for all k € N, t > 0. Set

(4.5) Vi(t) = k€ N.

On the other hand, using the Moser type inequality

q
1fr el <O M ullae TT 1ol

pu=1 vEp

for some C' = C(g,r) > 0 and the nonlinear Gevrey estimates from [GR] we deduce that
one can find a constant My > 0 depending on ¢, r and My, such that

min{q,k} ¢
IRy )l :

O AL ID DELND DR DL L) | LD
Eit...tke=k p=1 vn
Ea>1,.,k>1

for every k € N, ¢ > 0, where

ek 1

(47) P o= (M) T esesa

' v#Eu Y

with the convention 7?;;1 (o) = 1. Hence, combining (4.1), (4.4) and (4.6), we obtain

M7 1
VL(t) < gAo(1+ 6) 7O TDV(0) + 1,@ Vi (1)
(48) min{q,k} ' ,
IR LD Z Pet @V, @) T Ve a(t)
q=2 ki+...4+ke=k p=1 vEL
k1>1,.. ke>1
for every kK € N, ¢t > 0. Set
(4.9) Qr(t) := exp(—kMz(1 + 1) 7= D) V(1)

with the constant M3 > 0 satisfying

t

Ms(1+ )17 > qAO/ (14+7)77@Vgr, >0
0

Therefore, multiplying (4.8) by exp(—kMg(l + t)l’W(q*I)) and taking into account the

identity

exp(—kMs(1+ )NV () [ Ve-(®)
v#p,1<v<{

= eXp(—Mg(f -1+ t)l_y(q_l))Qku (1) H Qr,—1(t),

v#Ep,1<v<{
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we obtain
M9t
Qu(t) < = exp(— My (1+ )0 D) @y (1)
min{q,k}
+ M, Z exp(—Ms(¢ —1)(1+ t)l_'Y(q_l))(Sq_g
=2
¢
x> P (0@ ] Q1)
ki+...+ke=k p=1 v#p
k121, ke>1
4.10
( ) My 1-v(g—1)
<= exp(—M;s(1 +t) )Qr—1(t)
min{q,k}
+ My Y exp(—Ms(0—1)(1+1) D) 5et
=2
¢
£,
<> P k(0@ () [T Qr-a(®)
ki+...+ke=k p=1 VL
ki>1,...,ke>1

We observe that by the definition of the constant Ag we get that Ag = O((|Juo||m+)?1).
Since the right-hand side of (4.10) does not depend on Q(t), we derive (1.18) by argu-
ments similar to (and easier than) the ones used in Section 3. We show in details (1.19)
since somewhat more subtle estimates are involved. Choose and fix 0 < € < 1. Then for
every small positive number 0 < €1 < € we have the freedom to choose § < 1. We set

Q5. (t) = Qx(t) exp(—ket) and

(4.11) By = max sup Q5 (), N eN
1<k<N ¢>0

Then, taking into account (4.7) and (4.10), we can find a positive number M, depending
on My, Ms, n, ¢ and o, such that

My .
By < luollo.p,mr + 7752 Z5q 1By 1)

Nl+o’
(4.12)
My
< llwollo,p,r + NlJra qu TN By + W( N-1)%, N eN.

Note that problems in dealing with (4.12) might occur for N**9 < O(e~!). At this point
we choose § < €1, €1 < min{||uols,p,z, €} so that both de~! and the H™ (2) norms of
u(t,-) for N1*7 < O(e71) become small enough. If N1+ > O(e~1), then the convergence
of {B%} for N — +oco follows by iteration type arguments as for (2.14). The proof of
(1.19) is complete.

5. Concluding remarks. We begin by pointing out that if = T? and ¢ = 1, the
decay of the Gevrey G! radius p,(t) in (1.16) is slower than the decay shown in Theorem 7
of [LO]. Indeed, by (H3) we obtain that

IVELw(t, e < Cllolt,)ar = 0(t), >0,
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Hence, by (1.16), we get

t
(5.1) p1(t) > pexp(—cotHwOHU,p)Hr — CQC/ 0(t1) dtl), t>0.
0

The decay rate for p;(t) given by the formulas (22) and (24) on p. 329 of [LO] could be
rewritten in the following form: there exist two positive constants ¢; and c¢s such that

t ta
(5.2) pi(t) =pexp (—02/ (\/Hwoﬂgﬁpﬂr +a 63(t1) dtl) dt2>, t>0,
0 0

which is faster than the decay rate given by (5.1).
We mention also that we can derive estimates for the decay of p,(t) for ¢ — +oo

in (1.15) for solutions ¥ = (v1,...,vm) to IVP for m x m systems of evolution equations
of the type
(5.3) 0T+ Y K;[0]0,,5+ Flt] = f(t,),

J
where F is an analytic nonlinear term, f € C([0,+o00[ : (GG, (V))™), Kj, j =1,...,n,
are matrix-valued operators (they might be nonlocal, as in Kirchhoff type equations
uy — M(||Vu(t,)||2.)Au=0, M € C*'(R :]0,+oc])). The condition (H2) is replaced by

the requirement
n

(5.4) Re(z (v, K, [v]axjw) >0, weHY(Q).

J
Note that (1.2) can be reduced to an equation of the type (5.3), setting v(t,z) =
b(x)w(t,x) and multiplying (1.2) by b(z). The proofs become more involved from the
point of view of the nonlinear analysis type difficulties.

As to the possibility to investigate the propagation of the uniform G¢ regularity of
solutions to initial boundary value problems (Dirichlet or Neumann type) when  C R™
is a domain whose boundary 0f2 is a real analytic submanifold, we observe that even
for polynomial nonlinearities g(u) no estimates in Banach spaces of Gevrey functions are
available, as far as we know. In particular, it is necessary to analyze carefully Gevrey
norms of products of eigenfunctions of —A in domains with zero Dirichlet or Neumann
boundary conditions.

As to generalizations of Theorem 2, we can show, by the same body of ideas (it-
erative inequalities and precise Gevrey nonlinear estimates) but with technically more
involved proofs, similar results on the uniform Gevrey regularity of solutions to Cauchy
problems for the nonlinear wave equation, the Klein-Gordon equation as well as for some
Schrédinger type operators with multiple characteristics (cf. [GNT], [Ta]), with quasilin-
ear nonlinear terms depending analytically on v and Vu. As for the case of nonanalytic
Gevrey G?, ¢ > 1, nonlinearities, it seems that some of the recent methods for obtaining
nonlinear Gevrey estimates of Gevrey (but not analytic) nonlinear compositions (cf. [GR],
[BRS]) might be applied for semilinear equations with Gevrey nonlinearities.
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