ALGEBRAIC METHODS IN DYNAMICAL SYSTEMS
BANACH CENTER PUBLICATIONS, VOLUME 94
INSTITUTE OF MATHEMATICS
POLISH ACADEMY OF SCIENCES
WARSZAWA 2011

DIFFERENTIAL OVERCONVERGENCE

ALEXANDRU BUIUM and ARNAB SAHA
Department of Mathematics and Statistics, University of New Mexico
Albuquerque, NM 87131, USA
E-mail: buium@math.unm.edu, arnab@math.unm.edu

Abstract. We prove that some of the basic differential functions appearing in the (unramified)
theory of arithmetic differential equations, especially some of the basic differential modular forms
in that theory, arise from a “ramified situation”. This property can be viewed as a special kind of
overconvergence property. One can also go in the opposite direction by using differential functions
that arise in a ramified situation to construct “new” (unramified) differential functions.

1. Introduction. This paper is a continuation of the study of arithmetic differential
equations begun in [Bu95l Bu00]; cf. the Introduction and bibliography of [Bu05]. For
the convenience of the reader the present paper is written so as to be logically independent
of the above references; we will instead quickly review here the main concepts of that
theory and we will only refer to [Bu95, Bu00, Bu05] for various results as needed. The
purpose of the theory in [Bu95| [Bu00l Bu05] is to develop an arithmetic analog of ordinary
differential equations. This theory has a series of purely arithmetic applications for which
we refer to [Bu96, Bu00, BuPo|. In the rest of the introduction we will define our main
concepts and state (in a rough form) our main results. We shall refer to the main body
of the paper for detailed statements and for the proofs of our results.

1.1. Review of notation and terminology [Bu95, [Bu00), [Bu05]. Throughout this
paper p > 5 is a fixed prime and we denote by R, = Z;fr the completion of the maximum
unramified extension of Z,. We set K, = R,[1/p] (fraction field of R,) and k = R,/pR,
(residue field of R,); so k is an algebraic closure of F,. Let 7 be a root of an Eisenstein
polynomial of degree e > 2 with coefficients in Z,. (Recall that Q,(n) is then a totally
ramified extension of Q,; conversely any finite totally ramified extension of Q, is of the
form Q,(7) with 7 a root of an Eisenstein polynomial with coefficients in Z,.) In order
to simplify some of our exposition we will assume in what follows that Q,(7)/Q, is a
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100 A. BUIUM AND A. SAHA

Galois. (A typical example we have in mind for our applications is 7 = 1 — ¢}, where ¢,
always denotes in this paper a p-th root of unity; in this case e = p—1.) Consider the ring
Ry := Ry[1] = R, ®z,Z,[r]. Then R, is a complete discrete valuation ring with maximal
ideal generated by m and with fraction field K of degree e over K,,. Let v, be the p-adic
valuation on an algebraic closure of K such that v,(p) = 1 (so v,(w) = 1/e) and let
|z| := p~»(*) be the corresponding absolute value. The ring R, possesses a unique ring
automorphism ¢ such that ¢(7) = 7 and ¢ lifts the p-power Frobenius of k = R, /7R.
Clearly ¢ sends R, into itself and is a lift of the p-power Frobenius of k = R, /pR,,. Also
throughout the paper "~ denotes p-adic completion. For R -algebras the p-adic completion
" is, of course the same as the m-adic completion.

Our substitutes for “differentiation” with respect to p and 7 respectively are the
Fermat quotient maps [Bu95| 6, : R, — R, and d, : Ry — R, defined by

— D
COnl
P
— D
Onl = M, z € R,
m

respectively. In particular, for x € R,,, we have

p
On = =0,2,

2 D
2 VY p p
o x = ﬁ(spl‘ + (7T2 - W) (6pz)P, ...

Let V be an affine smooth scheme over R, and fix a closed embedding V' C A? over R,.
(The concepts below will be independent of the embedding.) A function f, : V(R,) — R,
is called a d0,-function (or order r > 0) if there exists a restricted power series F,, with
R,-coeflicients, in (r + 1)d variables such that

fo(x) = Fy(x,0pz, ..., 0pz), ©€V(R,) C Rg. (1)

Here and later a power series is called restricted if its coefficients tend to 0. (If V' is not
necessarily affine f, is called a d,-function if its restriction to the R,-points of any affine
subset of V' is a d,-function.) A function fr : V(R;) — R, is called a d.-function (or
order r > 0) if there exists a restricted power series F; with R -coefficients, in (r + 1)d
variables such that

fr(®) = Fr(x, 672, ...,002), € V(R;)C R (2)

(If V' is not necessarily affine f, is called a d,-function if its restriction to the R, -points
of any affine subset of V' is a d,-function.)

1.2. j -overconvergence. The main concept we would like to explore (and exploit) in
this paper is given in the following definition. Let f, : V(R,) — R, be a d,-function.
We will say that f, is dr-overconvergent if one of the following equivalent conditions is
satisfied:

1) There exists an integer v > 0 and a d.-function f, making the diagram below
commutative:
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V(R,) "% R,
ol 177 (3)
V(R,) = R,
(Here ¢ stands for the inclusion and T'r stands for the R./R,-trace.)

2) There exists an integer v > 0 and a (necessarily unique) d,-function f, making the
diagram below commutative:

V(R,) — R,
ol L (4)

V(R,) <= R,

The equivalence between conditions 1 and 2 above is trivial to check; cf. also Propo-
sition 2.3

The concept of d,-overconvergence is related to the classical concept of overconver-
gence in the theory of Dwork, Monsky and Washnitzer. Indeed let us say that a é,-function
fp: V(Rp) = Ry as in is d,-overconvergent with radius > p if for any affine cover of
V and any affine embeddings of the open sets of the cover the series F), in can be
chosen to be overconvergent (in the classical sense of Dwork, Monsky and Washnitzer)
in the variables d,,...,d,x “with radius > p”. See the body of the paper for details
of this definition. We will then show that any J,-function of order » < e — 1 which
is dr-overconvergent must be d,-overconvergent with radius greater than or equal to a
universal constant that depends only on p and e.

1.3. Main results. The interaction between J,-functions and ¢,-functions turns out to
be a two way avenue as follows:

1) From ér-functions to é,-functions. Given a d0.-function fr : V(Rr) — R, the
function f, defined by the diagram with v = 0 turns out to be a J,-function. In
this paper we will construct “interesting” ¢,-functions using bad reduction phenomena
and then we will apply trace constructions (a geometric trace construction and also the
R, /R,-trace construction in diagram (3)) which can be referred to as an arithmetic trace)
to get “new” d,-functions. Cf. Theorem [I.T

2) From 6,-functions to 6 -functions. In this paper we discover that some of the basic
“old” ¢,-functions that played a role in [Bu95l Bu00, Bulf] are §,-overconvergent. Cf.
Theorem L2

We will apply the above considerations mainly to the theory of differential modular
forms [Bu00, Bu05]. To explain this recall the modular curve X;(N)g, over R, with
(N,p) = 1, N > 4. This curve is smooth and carries a line bundle L such that the
spaces of sections H°(X(N)g,, L") identify with the spaces of modular forms on I'; (N)
defined over R, of weight r; cf. [Gr], p. 450, where L was denoted by w. The curve
X1(N)r, contains two remarkable (disjoint) closed subsets: the cusp locus (cusps) and
the supersingular locus (ss). On Y1 (N) = X1(N)\(cusps) the line bundle L identifies
with u, Q7 Jvi(ny Wherew s E—Y) (N) is the corresponding universal elliptic curve. Next
consider an affine open set X C X;(INV)g, and consider the restriction of L to X which we
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continue to denote by L. We can consider the affine X-scheme V := Spec (@nez L®") —
X. Then a é,-modular function (on X, of level N and order r) is simply a d,-function
V(R,) — R, (of order r). Similarly a d--modular function (on X, of level N and order
r) is a dr-function V(R;) — R, (of order r). There is a natural concept of weight
for a d,-modular function or a dr-modular function; weights are elements in the ring
Z[¢] of polynomials in ¢ with Z-coefficients; cf. the body of the text for the definition
of weight. d,-modular functions (respectively dr-modular functions) possessing weights
are called d,-modular forms (respectively d.-modular forms). Now, as we shall review
in the body of the paper, d,-modular functions f (and hence forms) possess d,-Fourier
ezpansions denoted by E(f) which are restricted power series in variables d,q, ..., d,q,
with coefficients in the ring R,((¢))".

Our first main result is a construction of some interesting “new” d,-modular forms as
R, /R,-traces of some d,-modular forms. In their turn, these é,-modular forms will be
constructed using the bad reduction of modular curves. Here is the result (in which X is
assumed to be disjoint from the supersingular locus):

THEOREM 1.1. Let f = > anq"™ be a classical normalized newform of weight 2 and level
To(Np) over Z. Assume a, =1 and let m =1 — (. Then there exists a d,-modular form
fg of level N, order 1, and weight 0 which is dr-overconvergent and whose 0,-Fourier
expansion satisfies the following congruence mod p:

Gy o) O
E(ff) = ( >, ) - (Zanq ”)q%q-
(n,p)=1 n>1

Cf. Proposition Ff_ffl in the paper. Note that the condition a), = 1 is equivalent to the
condition that the elliptic curve attached to f via the Eichler-Shimura construction have
split multiplicative reduction at p. The J,-modular form fg in Theorem should be
viewed as a bad reduction analogue of the §,-modular forms f = fﬁ of level N, order < 2,
and weight 0 that were attached in [Bu08] to classical normalized newforms f = 3" a,q"
of weight 2 and level I'g(N) over Z. For such an f on I'g(N) that does not have CM
(in the sense that the elliptic curve attached to it via the Eichler-Shimura construction
does not have CM) the forms fg have order exactly 2 and were shown in [BuPo] to have
dp-Fourier expansions satisfying the following congruence mod p:

an 0pq 2 5,q\"
E(ff) = ( > q”) _aP<Z amqmp>%7 + (Z amq™ ) : (’;) :
(n,p)=1 " m>1 4 m>1 a
Similar results are available for f on I'g(N) having CM; cf. [Bu08, BuPo|]. Unlike the
forms f} for f on To(Np) the forms f3 for f on T'o(N) were defined for any X (not
necessarily disjoint from the supersingular locus).

Our second main result is a construction of ,-modular forms from certain ,-modular
forms. Indeed, a key role in the theory in [Bu00l, Ba, Bu05] was played by certain d,-
modular forms denoted by f,, f2, f3,... of weights —1 — ¢, —1 — ¢*,—1 — ¢%,... and
by é,-modular forms denoted by fl? and fp, of weights ¢ — 1 and 1 — ¢ respectively
(where the former are defined whenever X is disjoint from the cusps while the latter are
only defined if X is disjoint from both the cusps and the supersingular locus). Recall
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that fz? fa,p = 1. The definition of these forms will be reviewed in the body of the paper.
Our second main result (cf. Theorems and in the body of the paper) is the
following:

THEOREM 1.2. Assume vp(m) > ]ﬁ. Then the d,-functions f,?,fa,p, I},fg, 5’,... are

Ox-overconvergent. Also fﬁ s O -overconvergent for any classical normalized newform f
of weight 2 and level To(N) over Z.

By the way the forms f;, fz?v fa,p “generate” (in a sense explained in [Bu00, Bal, Bu05])
all the so called isogeny covariant §,-modular forms (in the sense of loc.cit.). We refer
to loc.cit. for the role of these forms in the theory and for the significance of the theory
itself (in relation, for instance, to the construction in J,-geometry of the quotient of the
modular curve by the action of the Hecke correspondences); reviewing this background
here would take as too far afield and is not necessary for the understanding of our second
main result above.

1.4. Summary of the main forms. We end our discussion by summarizing (cf. the
table below) the main d-overconvergent d,-modular forms appearing in this paper.

Form Attached to  Order Weight Domain X

> r>1 r —1—¢" X disjoint from (cusps)

4 fon To(N) lor2 0 X arbitrary

! fonTo(Np) 1 0 X disjoint from (ss)

0 1 ¢—1 X disjoint from (cusps) and (ss)
fop 1 1—¢ X disjoint from (cusps) and (ss)

1.5. Plan of the paper. We begin, in section 2, by revisiting our main set theoretic
concepts above from a scheme theoretic viewpoint; J,-functions and d.-functions will
appear as functions on certain formal schemes called p-jet spaces and 7-jet spaces re-
spectively; cf. [Bu95, [Bu96]. We shall review some of the properties of the latter and
we shall analyze the concept of §,-overconvergence in some detail. Section 3 is mainly
devoted to reviewing some basic aspects of modular parameterization and bad reduction
of modular curves, following [DI, [DR], [Gi]; so this section is exclusively concerned with
“non-differential” matters. In section 4 we go back to arithmetic differential equations:
we will use modular parameterizations and bad reduction of modular curves to construct
certain d,-modular forms and eventually the “new” §,-modular forms in Theorem
In section 5 we prove dr-overconvergence of some of the basic d,-functions of the theory,
in particular we prove Theorem

2. d.-overconvergence: definition and general properties. As expained in the
Introduction we begin in this section by presenting J,-functions and d,-functions
from a scheme-theoretic viewpoint (which is equivalent to the set-theoretic viewpoint of
the Introduction). The scheme-theoretic viewpoint is less direct than the set-theoretic
one but is the correct viewpoint when it comes to proofs so will be needed in the
sequel. We then introduce the concept (and examine some general properties) of -
overconvergence.
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2.1. p-jet spaces and 7-jet spaces [Bu95]. Let C,,(X,Y) € Z[X,Y] be the polyno-
mial with integer coefficients
XP+YP — (X +Y)P

) )

A p-derivation from a ring A into an A-algebra B, ¢ : A — B, is a map 6, : A — B such
that d,(1) = 0 and

Cp(X,Y) =

op(z +y) = pz + py + Cp(,y)
Op(zy) = aP - 6y +yP - 0px +p - 0px - Opy,

for all z,y € A. Given a p-derivation we always denote by ¢ : A — B the map ¢(z) =
©(x)? + pdpx; then ¢ is a ring homomorphism. A §,-prolongation sequence is a sequence
S* = (8™)n>0 of rings S™, n > 0, together with ring homomorphisms (still denoted
by) ¢ : S™ — S™*! and p-derivations §, : S™ — S™*! such that 6, o ¢ = p 0 J, on
S™ for all n. We view S™*! as an S™-algebra via ¢. A morphism of §,-prolongation
sequences, u* : S* — S* is a sequence u" : S" — Sm of ring homomorphisms such
that &, o u™ = u""! 04, and p o u™ = u" o . Let W be the ring of polynomials
Z[#] in the indeterminate ¢. For w = 3" a;¢' (respectively for w with a; > 0), S* a
§,-prolongation sequence, and = € (S9)* (respectively z € S°) we can consider the
element 2% := [[;_, ¢" "¢’ (z)* € (S")* (respectively 2 € S").

Recall the ring R, := Z;T, completion of the maximum unramified extension of the
ring of p-adic integers Z,. Then R, has a unique p-derivation d, : R, — R,, given by

pr = (p(x) — 2¥)/p,
where ¢ : R, — R, is the unique lift of the p-power Frobenius map on k = R,/pR,.
One can consider the d,-prolongation sequence R where R} = R, for all n. By a §,-
prolongation sequence over R, we understand a prolongation sequence S* equipped with
a morphism R — S*. From now on all our §,-prolongation sequences are assumed to be
over R,,.
Let now 7 be a root of an Eisentein polynomial with Z,-coefficients and let Cr(X,Y) €
Z,[7][X,Y] be the polynomial
XP+YP— (X 4+Y)P
T

Co(X,Y) = =Lox,v).
™

A m-derivation from an Z,[r]-algebra A into an A-algebra B, ¢ : A — B, is a map
0r : A — B such that §,(1) =0 and

0r (x4 y) = 0z + 6xy + Cr(2,y)
5w(xy) =P - 57ry + yp : 57TI + - 67r55 : 57rya

for all z,y € A. Given a w-derivation we always denote by ¢ : A — B the map ¢(z) =
o(2)?P + 7o x; then ¢ is a ring homomorphism. A §,-prolongation sequence is a sequence
S* = (S™)n>0 of Zp[r]-algebras S™, n > 0, together with Z,[r]-algebra homomorphisms
(still denoted by) ¢ : S — S"*T1 and 7-derivations §, : S™ — S™*! such that §, o ¢ =
@ o by on S™ for all n. A morphism of d,-prolongation sequences, u* : S* — S* is a
sequence u" : S" — S™ of Z,[r]-algebra homomorphisms such that &, o u™ = u™*! o §,
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and pou™ = u"tlop. Let W be, again, the ring of polynomials Z[¢] in the indeterminate
¢. For w =" a;¢" (respectively for w with a; > 0), S* a §,-prolongation sequence, and
z € (S°)* (respectively z € S°) we can consider the element =¥ := [[/_, ¢" ‘¢’ (x)* €
(8™)* (respectively z* € S™).

As above we may consider R, = R,[r] and the n-derivation d, : Rr — R, given by

dnx = (d(x) — 2P) /.

One can consider the dr-prolongation sequence R} where R! = R, for all n. By a
dr-prolongation sequence over R, we understand a prolongation sequence S* equipped
with a morphism R} — S*. From now on all our J,-prolongation sequences are assumed
to be over R,.

We note that if S* = (S™),>0 is a dp-prolongation sequence such that each S™ is
flat over R, then the sequence S* ®r, Rr = (S ®g, Rx)n>0 has a natural structure
of d-prolongation sequence. Indeed letting ¢ : S” — S™*! denote, as usual, the ring
homomorphisms ¢(z) = 2P + pd,z one can extend these ¢s to ring homomorphisms
¢ : 8" ®p, Rx — S™" @p, Rx by the formula ¢(z ® y) = ¢(z) ® ¢(y) where ¢ :
R, — R, is given, as usual, by ¢(y) = y? + 7d,y. Then one can define m-derivations
0r 1 S"®r, Ry — S" T @, Rx by 6:(2) = (¢(2) — 2P)/m for z € S" ®p, Rr. With these
s the sequence S* ®r, Ry is a dr-prolongation sequence.

For any affine R,-scheme of finite type X = Spec A there exists a (unique) d,-
prolongation sequence, A* = (A"),,>¢, with A° = A such that for any d,-prolongation
sequence B* and any Rj-algebra homomorphism u : A — BY there exists a unique
morphism of §,-prolongation sequences u* : A* — B* with u® = u. We define the
p-jet spaces J(X) of X as the formal schemes J;'(X) := Spf An. This construction
immediately globalizes to the case X is not necessarily affine (such that the construction
commutes, in the obvious sense, with open immersions). For X smooth over R, the
ring of 0,-functions X (R,) — R, naturally identifies with the ring of global functions
O(J}}(X)): under this identification any function f € O(J}'(X)) gives rise to a d,-function
X (Rp) — R, sending any point P € X(R),), P : Spec R, — X into the R,-point of the
affine line Aj, defined by

P'Il f ~ 1
Spf By = Jj(X) = Ap ;
here P is the morphism induced from P via the universality property of the p-jet space.
If X is a group scheme over R, then

fody(X) — Ga,Rp = A}%p

is a group homomorphism into the additive group of the line if and only if the corre-
sponding map X (R,) — R, is a group homomorphism; such an f is called a J,-character
of X.

As a prototypical example if X = Agp = Spec R,[x] is the affine space (where x is
an N-tuple of variables) then J;'(X) = Spf R,[z,dpz,...,dpz]" (where dpz,...,dyx are
new N-tuples of variables).

We will need, in this paper, a slight generalization of the above constructions as
follows; cf. [Bu00]. First note that the p-jet spaces J;(X) only depend on the p-adic
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completion of X and not on X. This immediately implies that one can introduce p-jet
spaces J,'(X) attached to formal p-adic schemes X over R, which are locally p-adic
completions of schemes of finite type over R,; the latter association is functorial in X.

Similarly, for any affine R, -scheme of finite type Y = Spec A there exists a (unique)
dr-prolongation sequence, A* = (A™),>0, with A® = A such that for any d.-prolongation
sequence B* and any R,-algebra homomorphism u : A — BY there exists a unique mor-
phism of §,-prolongation sequences u* : A* — B* with u® = u. We define the 7-jet spaces
J(Y) of Y as the formal schemes J*(Y) := Spf An. This construction immediately
globalizes to the case Y is not necessarily affine (such that the construction commutes,
in the obvious sense, with open immersions). Again, for Y smooth over R, the ring of
Or-functions Y (R,) — R, naturally identifies with the ring of global functions O(J?(Y)).
If Y is a group scheme over R, then f: J*(Y) — A}%W is a group homomorphism into
the additive group of the line if and only if the corresponding map Y (R,) — R, is a
group homomorphism; such an f is called a é,-character of Y.

As a prototypical example if Y = A%r = Spec R[z] is the affine space then J*(Y) =
Spf Rqlz,drz,...,00x]" (where d,x,...,0"x are new N-tuples of variables).

As in the case of p-jet spaces, note that the w-jet spaces J?(Y) only depend on the
m-adic completion of Y and not on Y. This immediately implies that one can introduce
m-jet spaces J'()) attached to formal m-adic schemes ) over R, which are locally m-adic
completions of schemes of finite type over R; the latter association is functorial in ).

For any scheme X/R, we write Xp_ = X ®r, Rr. Let X/R, be a smooth affine
scheme. The ¢,-prolongation sequence (O(J"(X)))n>0 induces a structure of d.-pro-
longation sequence on the sequence (O(J" (X)) ®r, Rx)n>0. By the universality property
of the d-prolongation sequence (O(J2(Xg,)))n>0 We get a canonical morphism of §,-
prolongation sequences

O(J7 (Xg,)) — O(Jy (X)) ®r, Rx. (5)
The following is trivial to prove by induction:

LEMMA 2.1. For anyn > 1 there exists a polynomial F,, € Ry[t1,...,t,] without constant
term, of degree < p"~! with the property that for any f € O(X) we have

03 f o Do f 4 O B (8, L 5 (6)
under the map (@

In particular, for instance,

6 f = L0y,

, (7)

2

P p
52f ;(ﬁf‘f' <7r2 - 7r,;Jrl)(fspf)p-
Note that for 1 <n < e—1and f € O(X) the image of 67 f in O(J} (X)) ®r, Ry is
always in the ideal generated by 7. Also note that for f € O(X) the image of §¢f in
O(J}(X)) ®r, Ry is not always in the ideal generated by m; indeed the image of d;p in
O(J}}(X)) ®r, Rx belongs to Rx. For X not necessarily affine we get a morphism
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and a canonical morphism of 7m-adic formal schemes
J(X) @, Re — J2(Xn,). (8)
Note that the map is an isomorphism if n = 0. For n > 1 the map is not surjective
and its reduction mod p is not injective. Nevertheless, we have:
PROPOSITION 2.2. The map (@ is injective.
We will usually view the map as an inclusion.

Proof. Indeed it is enough to prove this for X affine and sufficiently small. So let us
assume that X has étale coordinates i.e. there is an étale map R[z] — O(X) with x a
tuple of variables. Then by the local product property of -jet spaces [Bu95], Proposition
1.4, becomes the natural map

O(XRr,)[6xz,...,002] — O(X)[0pz, ..., 0, 7] @R, Rr. (9)

Now let L be the fraction field of the w-adic completion of O(Xpg_). (The latter is an

integral domain by the smoothness of X/R,,.) Then the left hand side of (9)) embeds into

L{[6rx, ..., 0"x]] while the right hand side of @ embeds into L[[§,x, ..., d,z]] (the latter
because R is finite over R,). Finally we claim that we have a natural isomorphism

L[[6x, ..., 05z]] ~ L[[dpz, ..., 0,x]] (10)

that induces ; this of course will end the proof that is injective. To prove the claim

note that there is a natural homomorphism
Llézz,...,65x] — Llépz, ..., 0, 7] (11)

which is trivially seen by induction to be surjective by the formulae @ Since the rings
in have both dimension n it follows that is an isomorphism. Since maps the
ideal (0xx,...,0px) into (and hence onto) the ideal (d,z, ..., x) we get an isomorphism
like in and we are done. m

Let now T'r : Ry — R, be the (R,-linear) trace map. We may consider the R,-linear
map

1®@Tr: O(J;(X)) ®R, Bx — O(JI’,’(X)) ®r, Ry = O(J[,L(X)). (12)
Composing with (12) we get an R,-linear arithmetic trace map:
Tn: O(J2(XR,)) — O(JS(X)). (13)

(Later we will encounter another type of trace maps which will be referred to as geometric
trace maps.)

PROPOSITION 2.3. Let X be a smooth scheme over Ry, and f € O(J;(X)). The following
conditions are equivalent:

1) f times a power of p belongs to the image of the trace map ,
2) [ times a power of p belongs to the image of the inclusion map (@

Proof. The fact that condition 2 implies condition 1 is trivial.

In order to check that condition 1 implies condition 2 let ¥ be the Galois group of
Q,(7)/Qyp (and hence also of K/ K),) and let us consider the action of ¥ on O(J; (X))®g,
R, via the action on the second factor. We will prove that ¥ acts on the image of
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O(J3(XR,)) — O(J;(X)) ®r, Rx; this will of course end the proof of the Proposition.
Let 0 € ¥ and ¢ =: u € Z,[n]*.

Claim 1. ¢ and o commute on ;. Indeed ¢ oo and o o ¢ have the same effect on R,
and on 7.

Claim 2. poo = o o¢ as maps from O(J} (X)) ®p, Rx to O(J)T (X)) ®p, Ry. Indeed
it is enough to check this for X = Spec R,[z] the affine space, x a tuple of variables.

So it is enough to check that ¢ and o commute as maps from R;[z,dpz,... ,5;ac]A to
R:lx,0pz, ..., §;+1x]“. This is clear because ¢ and ¢ commute on R, and on each tuple
.

P

Claim 3. 00, = % -8 00 as maps from (’)(JZ’;(X)) ®g, Rx to (’)(JI’;H(X)) ®r, Rx.
This follows trivially from Claim 2.

Now to conclude it is enough to show that for any 1 < i < r, and any f € O(X)
we have that o (8 f) is obtained by evaluating a polynomial P; with R,-coefficients at
Oxf,..., 0L f. We proceed by induction on i. The case i = 1 is clear. Assume our assertion

is true for 7. Then

OB f = 000 (511) = ~6a(0(611) = ~On(P6a, - 6L1)

and we are done. m

DEFINITION 2.4. A function f € O(J; (X)) is called dr-overconvergent if it satisfies one
of the equivalent conditions in Proposition [2.3

REMARK 2.5. The set of §,-overconvergent elements of O(J(X)) is a subring containing
all the elements of the form 47 f with i <n and f € O(X). In particular if X is affine then
the subring of d,-overconvergent elements of O(J}'(X)) is p-adically dense in O(J}'(X)).

REMARK 2.6. Under the identification of J,- functions (respectively d,- functions) with
elements of the ring O(J (X)) (respectively O(J'(Xg, ))) the definition of .- overcon-
vergence above corresponds to the definition of d,- overconvergence given in the Intro-
duction.

REMARK 2.7. Let us note that d -overconvergence is preserved by precomposition with
regular maps. Indeed, if v : ¥ — X is a morphism of smooth R,-schemes and if A - f
is in the image of for some A € R; and some f € O(J7(X)) then if f is identified
with the corresponding map f : X(R,) — R, it follows that X\ - f o u is in the image
of O(J}(Yr,)) — O(JJ(Y)) ®r, Ry. (Here f owu is identified with u*f where u* is the
naturally induced map O(J} (X)) — O(J;(Y)).)

The next proposition shows that the trace map 7, in , although not injective, is
“as close as possible” to being so.

ProrosIiTION 2.8. The map
e—1

O(J}(XR,)) = DO (X)), fr (alf)Talmf)se s Ta(m 7)) (14)

i=0
18 injective.
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Proof. Indeed if the image of f in O(J(X)) ®3p _R7r is Zf;g fi ® m and the image of
f via the map is 0 then we get Zf:_ol Tr(x't3)f; =0 for all j =0,...,e — 1. Now
det(Tr(7**7) # 0 which implies fo = --- = f._1 = 0 hence, by Proposition f=0 =

EXAMPLE 2.9. Consider the multiplicative group G, r, = Spec Ry[z,z71] and the
standard d,-character

Vp € O(J,(Gm,r,)) = Ryla,a™", 6pa]"
in [Bu95| defined by
. 441 (b(.’l?) » n—lpn_l 6171’. "

Assume v, () > ﬁ, e.g. m = 1—(p. Then clearly pi, = mr where ¢ is the ,-character
Yy € O(J(Gn g, )) defined by

b i T;u)"”fll (Z2)". (15)

(which is well defined because if v,(m) > zﬁ then v,(7"!/n) is > 0 and — oo as
n — 00). So 1, is dr-overconvergent. Moreover

relor) =Tr (1) vy,

By the way, if m =1 — (;, then Tr(%) = L;l.

The above global concepts and remarks have a local counterpart as follows. Let ¢ be
a variable and 4% g, J;q corresponding variables. Then exactly as above we have that the
natural map

R ((9)[0=q, - .-, 074)” = Rx((q)[6pq, - - -, 0pq) (16)

is injective. We shall view this map as an inclusion. On the other hand there is a natural
trace map

To: Re((0))[654, - -, 074 — Re((@))[6p4s- -, 7] 55 Rp((0))[0pas - - 62a),  (17)

where the first map is the inclusion and the second map T'r is induced by the trace
map Tr : R — R, on the coefficients of the series. As in the global case we have:

PROPOSITION 2.10. For a series f in Ry((q))[0pq, - --,0,q]" the following conditions are
equivalent:

1) f times a power of p belongs to the image of the trace map ,
2) f times a power of p belongs to the image of the inclusion map (@

So as in the global case we can make the following

DEFINITION 2.11. A series in R, ((q))[0pq; - - -, 6, q]" is dr-overconvergent if it satisfies one
of the equivalent conditions in Proposition 2.10}
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1

EXAMPLE 2.12. Assume v,(7) > e.g. m =1 — (p. Then the series

b= g (A0 - §<—1>"-IIT (%) e @i )

is 0x-overconvergent. Indeed we can write p¥, = 7, where the series

n—1 n
. n—17 (571—(] .
e S ()

n>1
is in R, ((q))[0-q])" because v, (7"~ /n) is > 0 and — oo.

Next we would like to compare the concept of § -overconvergence introduced above
with the classical concept of overconvergence as it was introduced in the work of Dwork,
Monsky, and Washnitzer. Let us recall the classical concept of overconvergence of power
series or, more generally the concept of overconvergence of series with respect to a subset
of variables.

DEFINITION 2.13. Let C be a positive real number and p = p®. Let = and y be tuples of
variables and F € R,[z,y]” C R,[[x,y]] a restricted power series, F' = 3" a, gz®y” (where
a, § are multiindices). Then F is called overconvergent in the variables y with radius > p
if there exists a positive real number C” such that for all o, 5 one has v,(aq.5) > C|3|—C’
(equivalently |a, s|p/?! is bounded from above independently of a and ().

Here |(| is, of course, the sum of the components of 5. We make then the following

DEFINITION 2.14. Let V' be any smooth scheme over R, and let f € O(J;(V')). We say
that f is 6,-overconvergent with radius > p if for any affine open set W C V and for any
closed embedding W C A? = Spec Rp[z] (where z is a d-tuple of variables) the image
of fin O(J;(W)) is the image via O(J;(A%)) — O(J;(V)) of a restricted power series
in O(J;(A%) = Rylx, 6z, ..., 6,2]" which is overconvergent in the variables d,z, ..., 6z
with radius > p.

Then we have the following:

PROPOSITION 2.15. Let V' be any smooth R,-scheme. Assume 1 <r <e—1 and f €
O(J}(V)) is dx-overconvergent. Then f is dp-overconvergent with radius > pe e

Proof. Tt is enough to prove this for V = A?. By hypothesis p”F is in the image of
Relx, 0z, ..., 6,2]" — Rylz,0p,...,6,7]" @R, Rx
for some v. We may assume v = 0. Write
F(z,6pr,...,0,z) = Z Qo0 T (0r ) ... (Ox)™r,
Qo

vvvvv Qr

with aag...0, € Rez. By @ one can find polynomials G; € R,[t1,...,t;] of degree < pi~1
such that

5fo:7r~Gi(5px,...,5;x), 1<i<e—1.
We get that

F(2,0,m,...,002) = Y ag...a, T 0200 (G (5,2)) . (G (Bpa, ..., )™
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Then clearly the coefficient of the monomial
(). (5;95)’&
in F is going to have p-adic valuation at least
1 <|51+“-+ﬂr| _1>
e pr1

and we are done. m

REMARK 2.16. Proposition [2.15]fails if we do not asssume the order r is strictly less than
the ramification index e. Here is a typical example. Let V = A! = Spec R,[z], m = VD
so e = 2 and 02z = p(6jx) + u(6pzr)?, u = 1 — p®P=Y/2 Let a, € R,, v,(a,) — oo,
vplan) <nf 0<e<1,and let

F =F(x,0,x,0.1) Zan ) + u(6p2)P)" € Rylz, bpz, 62a] .
Then F' is § -overconvergent because
F= Z an(022)" € Rylw, 0., 022] .

On the other hand F(z, d,x,62x) is not d,-overconvergent of radius p (regardless of the
value of p). Indeed if this were the case then

0 ,y,0 Za un np

would be overconvergent in the variable y with radius > p which is clearly not the case.

REMARK 2.17. The concept of d,-overconvergence introduced above comes with a built
in number p that is “coordinate independent” (independent of the affine embedding). It is
worth remarking that no such coordinate independent p can be similarly attached to the
classical overconvergence concept of Monski and Washnitzer. This is best exemplified by
the following example. Let y = {y1, y2} be a pair of variables. For any R,-automorphism
o of Rply1,y2] let us denote by & the induced automorphism of Rp[y1,y2]". Then one can
easily find examples of elements f € R,[y1,y2]" having the following properties:

1) There is a real py > 1 such that the series f is overconvergent in the variables y
with radius > po;

2) There is no real p > 1 such that for any automorphism o of R,[y1,y2] the series
&(f) is overconvergent in the variables y with radius > p.

To come up with an explicit example let f =3 _; p"y". Then 1) above is satisfied
with py = p. To show that 2) is satisfied assume there is a constant p > 1 having the
property that for any automorphism o of R,[y1,y2] the series 6(f) is overconvergent in
the variables y with radius > p and let us seek a contradiction. Take any integer m > 1
such that p™ > p and let o be the automorphism defined by o(y1) = y1 +y5*, o(y2) = ya.
Then 6(f) = >_,5,P"(y1 +y3")". The coefficient of y5'" in the latter is p™ so we must
have that p~"p™" is bounded from above independently of n; this is a contradiction and
we are done.

REMARK 2.18. Let us make the following definition. For a smooth affine scheme V', an
clement f € O(J7(V)) is overconvergent if there exists a closed embedding V' C A% =
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Spec Ry[z] and a real p > 1 such that f is the image via O(J;(A%)) — O(J;(V)) of
a restricted power series in (’)(J;(Ad)) = Rylx,0p,...,0,x] which is overconvergent in
the variables z,dpz, ..., 0,z with radius > p. (So here, as opposed to the definition of
dp-overconvergence, we include the variables x as well. Also we only ask that p works
for one particular embedding V' C AZ.) If f is as above and V C Al = Spec R,[Z] is
another closed embedding then one can easily see that there exists a generally different
real number p > 1 such that f is the image via O(J5(A%)) — O(J;(V)) of a restricted
power series in O(J) (A?)) = Ry[Z,6,Z, ..., 0}F]" which is overconvergent in the variables
T,0p,...,6,% with radius > p.) We expect that all the remarkable §,-functions appear-
ing in this paper that will be proved to be dr-overconvergent (such as f, f,) , fg in the
Introduction) are also overconvergent. This would not imply (and would not be implied
by) our é-overconvergence results or our d,-overconvergence results with radius bounded
by a universal constant.

2.2. p-jets and 7-jets of formal groups. In what follows we recall from [Bu05], section
4.4, the construction of p-jets of formal groups and we also introduce the 7-jet analogue
of that construction.

Start with a formal group law F € S[[T1,7z]] (in one variable T') over S = O(X),
where X is a smooth affine R;-scheme. For r > 1 we let S} := O(J;(X)). Let T be the
pair of variables T7,7T5. One has a natural p-prolongation sequence

(SplIT, 0, T,...,5,T]])r>0
(where ¢, T, 512)T, ... are pairs of new variables). Then the r + 1-tuple
FopFy.,0,F

defines a commutative formal group in r + 1 variables T, 6,7, ...,,T. Setting T = 0 in
the above series, and forgetting about the first of them, we obtain an r-tuple of series

F]_ = {611‘7:}|T:()7 .. ')FT = {(5;.7:}'|T:0
This r-tuple belongs to S;[0,T,...,d,T]" and defines a group
(A%, [+]) (19)

in the category of p-adic formal schemes over S;. Now let

UT) = anT" € (S ® Q)[T]]

n>1
be the logarithm of F. Recall that na,, € S for all n. Define
1
Ly i= & U oo € (S} © QST 5T, (20)

Then Lj, actually belong to S}[0,7,...,6,T]" and define group homomorphisms
L; :( A g‘p [+]) — (A}S;’_'_) = Ga,s;'
For all the facts above we refer to [Bu05l, pp. 123-125.
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Now let S} := O(J;(XR,)) C S} @r, Rx; cf. Proposition We have the following
PROPOSITION 2.19.

1) For some integer n(r) > 1, p™") F,. belongs to the image of the natural homomor-
phism
Sp[6=T,..., 5, T]" — (S, ®r R[7])[§,T,...,6,T|".

2) If vy(m) > p%l, e.g- if m = 1—(p, then L} := EL7 belongs to the image of the
natural homomorphism

S[6:T, ..., 00T — (S5 ®g R[x])[6,T, ..., 8T

Proof. Since ¢"(T) = TP mod m in R,[6,T,...,6-T] we have {¢"(T)}jr—o = 0 mod
7 in the same ring. Set G,.r = 2{¢"(T)};r=o. We claim that for any F € S[[T]] with
F(0) = 0 we have

PV {6 F Y reo € SI0T, ..., 85T

for some N. Indeed since some power of p times 0, F is a polynomial with Z-coefficients
in F,¢(F),...,¢"(F) it is enough to show that {¢"(F)}7—¢ is a restricted power series
in 0,T,...,0;T for any r. But {¢"(F)}r—o is a power series with S} -coefficients in
{0' (1) }yr=0 = 7Gx, i < r, and our claim is proved. The same argument works for T’
replaced by and tuple of variables; this ends the proof of assertion 1. To check assertion 2
note that
LT = Z¢(na )EG”
™ n n T,

n>1

and we are done because na, € S and v,(7"~1/n) is > 0 and — cc. =

2.3. Conjugate operators. Recall from [Bu05|], Proposition 3.45, that if X/R, is a
smooth affine scheme and 0 : O(X) — O(X) is an Rp-derivation then there are unique
R,,-derivations

00y, 0r 1 O(J, (X)) = O(J, (X)), (21)
called the conjugate operators of d such that for all s,5 =0,...,7:
1) 9j0¢* =00n O(X) if j # s;
2) 0jo¢) =pl-¢Jodon O(X).
In case r =1 it is trivial to see that
3) O1f =0and 010, f = ¢0f for f € O(X).
4) Oof = Of and 00, f = —fPLaf for f € O(X).

(By uniqueness this construction extends, in its obvious sheafified version, to the case
when X is not necessarily affine.) Note that the operator 0, was introduced in [Ba] in
a special case. Clearly 0; uniquely extend to R-derivations d; : O(J, (X)) ®r, Ry —
O(J;(X)) ®r, Rr. View O(J7(Xg,)) as a subring of O(J} (X)) ®r, Rr. Then we have:

PropPOSITION 2.20. If f € O(J,(X)) is d--overconvergent then so are 0;f for j =
0,...,7. Moreover if r = 1 then O(JX(Xg.)) is sent into itself by both Oy and 0.
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Proof. We may assume X is affine. Write
f:F(f17'-'7fna"'76:rf1a"'a5:rfn)7 FeRW[T107~"7T7L07'"aT17‘7--~7Tn7']A-
Then

8f ZGTw fla---afnw-'aé;flw“ fn) (5 fz)

So it is enough to show that 0;(87 f;) times a power p” of p is in O(JL (X, )); we also need
to show that one can take v = 0 if r = 1. Since J% f; is a polynomial with R -coefficients
in 6y fi,...,0,fi it is enough to show that 0;6; f times a power p” of p is in O(J;(Xr,))
and that one can take v = 0 if r = 1. These statements are clear from the properties 1,
2, 3, 4 of the the J;s. »

3. Review of modular curves. This section is entirely “non-differential” and repre-
sents a review of essentially well-known facts about modular parametrization and bad
reduction of modular curves. These facts will play a role later in the paper.

3.1. Modular parameterization. Consider the following classes of objects:

(1) Normalized newforms

[ = Z anq" (22)

n>1
of weight 2 on I'o(M) over Q; in particular a; =1, a, € Z.
(2) Elliptic curves A over Q of conductor M.

Say that f in (1) and A in (2) correspond to each other if there exists a morphism
@ Xo(M) — A (23)

over Q such that the pull back to Xo(M) of some 1-form on A over Q corresponds to f
and L(A,s) = > a,n~*. We have the following fundamental result:

THEOREM 3.1.

i) For any f as in (1) there exists an A as in (2) which corresponds to f.
it) For any A as in (2) there exists f as in (1) which corresponds to A.

The first part of the theorem is due to Eichler, Shimura, and Carayol; cf. [Kn] for an
exposition of this theory and references. The second part of the Theorem is the content
of the Tanyiama-Shimura conjecture proved, in its final form, in [BCDT].

From now on we fit M = Np with (N,p)=1,p >5, N > 5, and we fiz f and A cor-
responding to each other, as in Theorem . We further assume a, =1 or, equivalently,
A has split multiplicative reduction at p.

Recall from [Kn|, p. 282, that amn = amay for (m,n) =1, agrag = apr+1 + Lag—1 for
£t Np, and a,r = aj for ¢|Np; in particular a,r = 1 for all r.
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3.2. Model of X;(Np) over Z[1/N,(,]. Recall that the modular curve X;(Np) over C
has a model (still denoted by X;(Np) in what follows) over Z[1/N, (,] considered in [G1],
p. 470; this is a version of a curve introduced by Deligne and Rappoport [DR] and the
two curves become canonically isomorphic over Z[1/N,(n, (] if {n is a fixed primitive
N-th root of unity. Recall some of the main properties of X;(Np). First X;(Np) is a
regular scheme proper and flat of relative dimension 1 over Z[1/N, (] and smooth over
Z[1/Np,(p]. Also the special fiber of X;(Np) over F,, is a union of two smooth projective
curves I and I’ crossing transversally at a finite set ¥ of points. Furthermore I is isomor-
phic to the Igusa curve I1(N) in [Gz], p. 160, so I is the smooth compactification of the
curve classifying triples (F, «, 8) with E an elliptic curve over a scheme of characteristic
p,and a : uy — E, §: p, — E are embeddings (of group schemes). Similarly I’ is
the smooth compactification of the curve classifying triples (E, «,b) with E an elliptic
curve over a scheme of characteristic p, and o : uy — E, b: Z/pZ — E are embeddings.
Finally ¥ corresponds to the supersingular locus on the corresponding curves.

3.3. Néron model of A over R.. Let m =1 — (, and consider a fixed embedding of
Z[(n,(p,1/N] into R, (hence of Z[(n,1/N] into R).]

Let A, be the Néron model of Ag_ := A®q K, over Ry; cf. [S194], p. 319. Then the
m-adic completion (A%W)A of the connected component A%W of Ag_ is isomorphic to the
m-adic completion (G,)" of G,, = Spec R, [z, z~]. Indeed by [Si94], Theorem 5.3, p. 441,
Ag, is isomorphic over K to a Tate curve E,/K, with ¢ € mR,. By [Si94], Corollary
9.1, p. 362, A%W is the smooth locus over R, of a projective curve defined by the minimal
Weierstrass equation of Agx_. Now the defining Weierstrass equation of the Tate curve
([Si94], p. 423) is already minimal (cf. [Si94], Remark 9.4.1, p. 364). The isomorphism
(A% )" ~ (G,)" then follows from the formulae of the Tate parameterization [Si94],
p. 425.

On the other hand recall that the modular curve X;(N) over C has a natural smooth
projective model (still denoted by X;(N)) over Z[1/N] such that

Y1(N) := X1(N)\(cusps)

parameterizes pairs (E, ) consisting of elliptic curves F with an embedding o : uy — E.
The morphism X;(Np) — X7 (V) over C induces a morphism

e: X1(Np)r \Z — X1(N)r,\(s9)

over R, where (ss) is the supersingular locus in the closed fiber of X;(N)g_ . Indeed the
morphism X;(Np) — X1(N) — J1(N) over C (where J;(N) is the Jacobian of X;(N)
over C and X;(N) — J;1(N) is the Abel-Jacobi map defined by oo) induces a morphism
from X (Np)r \X into the Jacobian Jy(N)g, of X1(N)g, (by the Néron property, be-
cause the latter Jacobian is an abelian scheme and hence is the Néron model of its generic
fiber). But the image of X1(Np)r \X — J1(N)g, is clearly contained in the image of
the Abel-Jacobi map X;(N)gr, — Ji1(N)g, which gives a morphism X;(Np)g, \¥ —
X1(N)g, and hence the desired morphism € : X;(Np)r \X — Xi(N)g, \(ss). Let
X C Xi(N)g,\(ss) be an affine open set, Xp, = X ®gr, R C Xi1(N)g,\(ss) its
base change to R, and X := ¢ 1(Xg_). Denote by Xr_ the m-adic completion of Xp_.
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Also note that the m-adic completion of X has two connected components; let X} be the
component whose reduction mod 7 is contained in I'\X. We get a morphism € : Xy — Xg_.

3.4. Igusa curve and lift to characteristic zero. It will be useful to recall one of the
possible constructions of the Igusa curve I. Let L be the line bundle on X;(N)g, such
that the sections of the powers of L identify with the modular forms of various weights
on I'y(N); cf. [Gr] p. 450 where L was denoted by w. Let E,_y € HY(X1(N)g,,LP~!) be
the normalized Eisenstein form of weight p — 1 and let (ss) be the supersingular locus on
X1(N)r, (i.e. the zero locus of Ej,_1). (Recall that E,_; is normalized by the condition
that its Fourier expansion has constant term 1.) Take an open covering (X;) of X such
that L is trivial on each X; and we let z; be a basis of L on X;. Then E,_; = goia:f_l where
i € O(X;). Set x; = wijxj, uj; € O*(X;5), Xi; = X; N X;. Consider the Rr-scheme
X obtained by gluing the schemes X; := Spec (’)(XLRW)[ti]/(tf_l — ;) via t; = u;jltj
(where X; g, = X;® R, R.). Note that tf -1 — ; are monic polynomials whose derivatives
are invertible in O(X; g )[t:]/(t’"" — ©;). Denote in the discussion below by an upper
bar the functor ®k. Note that the scheme X, = X,y ® k is isomorphic to X = X @ k;
indeed X is clearly birationally equivalent to I (cf. [G1], pp. 460, 461) and is the integral
closure of X in the fraction field of X. We claim that:

PROPOSITION 3.2. The isomorphism Xy ~ X, lifts uniquely to an isomorphism (Xy)
~ Xg.

Proof. Indeed this follows immediately by applying the standard Lemma below to
S = O(XZ)7 X, =X, 8 = O(XIZ), X, = 6_1(.)(1‘). [ ]

LEMMA 3.3. Let S — Si be a morphism of flat w-adically complete R.-algebras, let
f € S[t] be a monic polynomial and assume we have an isomorphism @ : S[t]/(f) — S
such that df /dt is invertible in S[t]/(f). Then T lifts uniquely to an isomorphism o :

S[H/(f) = Si.

Proof. The homomorphism ¢ exists and is unique by Hensel’s Lemma; it is an isomor-
phism because @ is one and 7 is a non-zero divisor in both S and S). =

3.5. Review of diamond operators. Recall from [Gi] that G := (Z/pZ)* acts on
the covering X1 (Np) — X1(N) over Z[1/N, (] via the diamond operators (d),, d € G;
this action preserves the Igusa curve I and induces on I the usual diamond operators. In
particular /G — X1(N)r, is an isomorphism. So G acts on the covering € : X1 — Xgr_
and hence on the isomorphic covering (Xi)” — Xg,; cf. Proposition It is easy to
explicitly find the latter action. Indeed any G-action on a covering (Xu;)” — X; g, must
have the form

d-t; =, ded, (24)

for some homomorphism x : G — Z/(p — 1)Z, where (,_1 is a primitive root of unity of
order p— 1. Now we claim that x must be an isomorphism. Indeed if x was not surjective
then the G-action on the Igusa curve I would be such that I/G — X1(N)p, has degree
> 1, a contradiction.
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3.6. Classical and p-adic modular forms. We end by reviewing some more terminol-
ogy and facts, to be used later, about classical modular forms and their relation with the
p-adic modular forms of Serre and Katz. Let M be any positive integer. (In applications
we write M = Np¥, (N,p) = 1.) In what follows a classical modular form over a ring
B, of weight k, on I'; (M) will be understood in the sense of [DR] Kal [Gr] as a rule that
attaches to any B-algebra C' and any triple consisting of an elliptic curve E/C, an em-
bedding par,c — E[M], and an invertible one form on E an element of C' satisfying the
usual compatibility rules and the usual holomorphy condition for the Fourier expansion
(evaluation on the Tate curve). We denote by

M(B,k,M) = M(B,k,T'1(M))
the B-module of all these forms. We denote by
M(BvlivI‘O(M))

the submodule of those forms which are invariant under the usual diamond operators. In
particular any newform as in is an element of M(Z,2,To(Np)); cf. [DI], p. 113. Also
by [Goul, p. 21, the spaces M(R,, k, Np”) embed into Katz’s ring of generalized p-adic
modular forms W = W (N, R,) parameterizing trivialized elliptic curves E over p-adically
complete R,-algebras, equipped with an embedding pny C E[N]; if f € M(R,, s, Np”)
then f, as an element of W, satisfies A - f = A" f for A € Z5, A = 1 mod p”. (Here A - f
denotes the action of Z; on W induced by changing the trivialization.) If f is actually
in M(Ry,r,To(Np”)) then A- f = \*f for A\ € Z). In particular any newform f as in
(22) on T'o(Np) defines an element (still denoted by f) of W such that A - f = A2f,
AEZ;. By [Goul, p. 21, any f as in on I'g(Np) is a p-adic modular form of weight
2 over R, in the sense of Serre, i.e. it is a p-adic limit in W (or equivalently in R, [[¢]]) of
classical modular forms over R, of weight k, € Z on I'1(N) with k, =2 mod p"(p —1).
Soif f=>anq" is as in on I'y(Np) then, by [Goul, p. 36, > a,¢"? is also a p-adic
modular form of weight 2 in the sense of Serre. In particular the reduction mod p of
> anq™ is the expansion of a modular form over & on I';(N) of weight = 2 mod p — 1.
Finally recall from [Gr] that the Serre operator 6 := dd% : k[[q]] — k[[q]] increases weights
of classical modular forms over k by p + 1. We conclude that the image in k[[¢]] of

> =q" e Ryl

(n,p)=1

is the expansion of a modular form over k on I'; (V) of weight = 0 mod p — 1.

We end by recalling a few basic facts about Hecke operators. Throughout the discus-
sion below the divisors of a given non-zero integer are always taken to be positive, the
greatest common divisor of two non-zero integers m,n is denoted by (m,n), and we use
the convention (m,n) = n for m = 0, n # 0. Fix again a positive integer M and let
erm : Zso — {0,1} be the “trivial primitive character” mod M defined by epr(A) = 1 if
(A, M) =1 and €p(A) = 0 otherwise.

For each integers n > 1, k > 2 and any ring C define the operator T, p(n) : C[lq]] —
C[[q]] by the formula
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Toarm)f =D ( 3 ear(A) A auy g™
m>0 Al|(n,m)

Recall (cf., say, [Kn]) that if f = > _,amqg™ € C[[q]] is the Fourier expansion of a
form in M(C, k,To(M)), & > 2, then the series T as(n)f is the Fourier expansion of the
corresponding Hecke operator on f. Note that if M = Np”, (N,p) =1, (n,p) = 1 then
TN = Ty m as operators on C[[q]]. Now if f is as in then To np(n)f = a, f for all
n > 1; so, for (n,p) = 1 we have Tb y(n)f = a,f. On the other hand, going back to an
arbitrary f = > anq™ € C[[q]], we have

Tm,N(p)f = Z ampqm + pﬂ_l Z amqpm,

Tm,Np(p)f = Z ampqm~

So Ty, n(p) = T, np(p) mod p as operators on C|[g]]. Specializing again to f € Z[[q]] as
in on I'y(Np) we have To np(p)f = apf = f so we get T x(p)f = f mod p in Z[[q]].

4. p-modular forms arising from bad reduction. In this section we return to
“differential matters”. We will use bad reduction of the modular curve X;(Np) at p
to construct certain d,-functions on this curve. These functions will then induce (via a
geometric trace construction) certain new interesting d.-modular forms on the modular
curve X1 (V). By further applying the arithmetic trace from R, down to R, we will obtain
certain new J,-modular forms on X (). We will then analyze the 6,-Fourier expansions
(respectively ¢,-Fourier expansions) of these forms. On our way of doing this we will
review the concepts of d,-modular form and 6,- Fourier expansion following [Bu00), Bu05].

4.1. ép-modular forms and J.-modular forms. Let L be the line bundle on X;(N)g,
such that the spaces of sections H(X1(N)g,, L®*) identify with the spaces M(R,, k, N)
of classical modular forms over R, of weight x on I'1(N); cf. [Gr] p. 450 where L was
denoted by w.

Let X C X1(N)g an affine open subset. (In [BuO5, [BuSa**, BuSa*| we always as-
sumed that X is disjoint from the cusps; we will not assume this here because we find it
convenient to cover a slightly more general case.) The restriction of L to X will still be
denoted by L. Consider the X-scheme

V.= Spec(@ L®”). (25)
neZ

By a d,-modular function of order r on X [BuSa**| we understand an element of the ring
M) = O(J;(V)). If we set, as usual, Vg, :=V ®g, R; then by a --modular function
of order r on X we will understand an element of M} := O(J%(Vg,)). The formation of
these rings is functorial in X. Also if L is trivial on X with basis « then M identifies with
O(J5 (X)) [z, 2™, 0px, ..., 00x]" and M identifies with O(J5(X))[z, 27", 0, ..., 05x]".
Recall the ring W := Z[¢] of polynomials in ¢; it will play in what follows the role of
ring of weights. By a 6,-modular form of order r and weight w € W on X we mean a
dp-modular function f € M such that for each i, f € O(J;(X;)) - z}’; cf. [BuSa™*]. We
denote by Mj (w) the R),-module of §,-modular forms of order r and weight w on X. For
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w =0 weset S) = M} (0) = O(J)(X)). By a d--modular form of order r and weight w on
X we will mean a ¢,-modular function f € M such that for each i, f € O(JL(X; r,))-z}.
We denote by M (w) the R,-module of d,-modular forms of order r and weight w on X.
For w = 0 we set ST = MZ(0) = O(JZ(Xg,)). In view of (5) and we have natural
R-algebra homomorphisms

My — M, ®r, Rx (26)

™
preserving weights, i.e. inducing R,-linear maps
M7 (w) — My (w) ®g, Rx, w e W.

Also we have R)-linear trace maps

7ot My — My (27)
that preserve weights, i.e. induce maps

T+ My (w) — Mj(w), weW. (28)
In particular we have R.-algebra homomorphisms
Sy — S, ®r, Bx

and R-linear trace maps

Tr 2 Sy — S,

When applied to the scheme V', Definition [2.4] translates into the following:

DEFINITION 4.1. A d,-modular function f € M is called dr-overconvergent if one of the
following equivalent conditions is satisfied:

1) f times a power of p belongs to the image of the map ;
2) f times a power of p belongs to the image of the map .

4.2. dr-modular forms from J,-functions on &i. Let X C X;(N)g, be disjoint from
the supersingular locus (ss) (but necessarily from (cusps) !). There is a canonical way of
constructing d,-modular forms of weights 0,—1,...,—p 4+ 2 on X from §,-functions on
AX. Indeed we will construct natural geometric trace maps

7o : O(JL(X)) = MI(—k), k=0,....,p—2, (29)

as follows. The isomorphism (Xu)" ~ X, in Proposition induces an isomorphism
JI(X) ~ Jr(Xy). Since Xy; == Spec O(Xip,)[t:]/(t?™" — @) is étale over X; g, and
since the formation of 7-jet spaces commutes with étale maps it follows that we have an
identification

O(J5 (X)) = O(T(Xir ) )/ (7 = 4). (30)
Let us denote the class of ¢; in the latter ring again by ¢; and let the image of a €
O(JL(A)) ~ O(JE(Xu)) in O(JL(Xw)) be 3P0 apith, awi € O(JL(X;r,)). Then
define
T = gz, ~ € O(Ji (X R,)) -z, ™.

3
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Note that from the equalities

—KK
Zam Zam Zamut

it follows that ay; = ufjau ; hence 7, ;o0 = 7 for all i and j. So the latter glve rise to
well defined elements 7,,a € M} (—r) which ends the construction of the map (29).

PROPOSITION 4.2. The map
O(JL (X)) @MT ), a— (Toqy, ..., Tp_2q) (31)

is an isomorphism.

Proof. Injectivity is clear from construction. Surjectivity immediately follows by reversing
the construction of the trace maps above. m

On the other hand it will be useful to have a criterion saying when a §,-function
on X “comes from” a d,-modular form on X of weight 0, i.e. from a §,-function on X.
Indeed recall the G = (Z/pZ)*-action on A induced by the diamond operators. This
action induces a G-action on O(J% (X)) for all r > 1. Then we have:

PROPOSITION 4.3. The ring O(JL(X)) of G-invariant elements of O(J5(X))) equals
O(J7(XR,))-

Proof. This follows immediately from the identification and the fact that G acts on
t; by the formula where y is an isomorphism. =

4.3. d,-characters composed with modular parameterizations. We assume, un-
less otherwise specified, that 7 = 1 — ¢, and we fix, as usual an embedding Z[1/N, (n, (]
— R;. Also recall our fixed elliptic curve A with modular parametrization and the
modular form f in . We continue to consider X C X;(N)g, an affine open set dis-
joint from (ss). We shall freely use the notation in our section on bad reduction. By the
Néron property [S194], p. 319, we get a morphism ® : X; — Agr_ over R,. We get an in-
duced morphism from &, into the connected component, (A% )"~ (G,,)". This morphism
®°: Xy — (G,,)" induces a morphism ®* : J1 (X)) — J1(G,,). Now take the standard d,-
character 1, € O(JL(G,)), cf. ( ., identified with a morphism ¢ : J1(G,) — (AR )"
By composition we get an mduced morphism f# := 1, o ®' : JL(X)) — (Af )" This
morphism can be identified with an element

i€ O(J1(X)). (32)

(Here f in f£ refers to the newform f = 3" a,q" (22).) Now, since f is a form on To(Np)

it follows that ® : X\ — Apg_ is invariant under the diamond operators (d),, d € G. This
implies that f# is G-invariant. By Proposition 4.3|it follows that

fi € O(Jx(XR,)) = Mo (0) = 5, (33)

i.e. f!is a d;-modular form of weight 0. Consequently its image via the corresponding

map (28)) defines a d,-modular form of weight 0,
TefE € M)(0) = S). (34)
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4.4. ¢,-Fourier expansions and §,-Fourier expansions. The R,-point oo on the
curve X5 (N) R, induces d,-Fourier expansion maps

E:O(J7(X)) = Re((9)[6xq, - -, 67q] "

Indeed to construct such a map we may assume X contains co; but in this case the map
arises because X — Xpg_ is étale so the inverse image of co by this map is a disjoint
union of R -points.

On the other hand there are d,-Fourier expansion maps

E: My — Re((4)[0x¢, - .- 07d]" (35)
compatible, in the obvious sense, with the previous ones and with the d,-Fourier expansion
maps in [Bu05, BuSa**|

E My — Ry((9)[0p4; - - -, 0,4]" (36)
We recall [Bu05] the 6,-Fourier expansion principle according to which for any w the map

B My(w) — Ry((0))[0pg; - - 0pq]"
is injective and has a torsion free cokernel.

REMARK 4.4. The maps and commute with the trace maps 7. : M7 — M, and
Tt R ((9))10q; - - - 67q]" — Rp((9))[0pg, - - -, 0,g]", in the sense that F o7, = 7, o E.

REMARK 4.5. Clearly if f € M, of dr-overconvergent then its d,-Fourier expansion
E(f) is dr-overconvergent. Later we will prove the d-overconvergence of a number of
remarkable d,-modular functions. By the present remark we will also get that their d,-
Fourier expansions are d -overconvergent. However the §,-overconvergence of all these
expansions can also be proved directly.

The next proposition establishes a link between the d,.-Fourier expansions of d,-
functions on A} and d,-Fourier expansions of their geometric traces. Recall the series
E,_1(q) := E(E,-1) € Ry[[q]] and the fact that E,_1(¢) = 1 mod p in R,[[¢]] [Ka]. So
the series E,_1(g) has a unique (p — 1)-root €(q) € R,[[q]] such that e(¢) = 1 mod p in
Ryl

PROPOSITION 4.6. If o € O(JL(X))) then its §,-Fourier expansion is given by
p—2
E(a) = Z E(r.a)e(q)".
k=0

Proof. Shrinking X we may assume X = X, for some ¢. From E,_; = apﬂffl we get
Ey1(q) = E(pi) E(x:)P ! = E(t:)P ™ E(a:)P .

So E(tiz;) = c¢-€(q), ¢ € RY, ¢»~' = 1. Now the birational isomorphism between the

Igusa curve I and X sends t;x; into the form a in [Gr], p. 460-461, and the Fourier
expansion in k[[g]] of the form a at co is 1. It follows that ¢ = 1. We get

p—2 p—2 p—2
E(a) =) Elap)E(t:)" =) Elaw:)E(x:) "E(x,)"E(t;)" = Y E(r.a)e(q)". =
k=0 k=0 k=0
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PROPOSITION 4.7. If fi € O(JL(X)) is attached to f = > a,q" as in then its
On-Fourier e:vpansz'on E(f%) € R:[[q]][6q]" has the form

B = Ho-n T 2 = LT 2@ +nsa) -p( X 2|

n>1 n>1 n>1
1 [( G G
= - —(q" +p5pq)”> —p( q”)} (37)

Proof. Entirely similar to the proof of Theorem 6.3 in [Bu0S]. m
REMARK 4.8. The series in the right hand side of Equation are a priori elements of

Krllg: 6x4ql) = K=, dpqll-
The lemma says in particular that these series are actually in R,[[¢]][0~¢] . One can also

check the latter directly.
PROPOSITION 4.9. The form 7, f% in satisfies the following identity in the ring

Ry[[g)l[0pal
E(r:f2) = p%l KZ a:( P+ pdpq)” > p(z ?q")]-

n>1 n>1
Proof. This follows from Proposition by using Tr(1) = p21. n
One can get a more explicit picture mod 7 (respectively mod p) as follows.

PROPOSITION 4.10. The form f% in satisfies the following congruence mod 7 in the

ring R a)]5-0)
(1= (T an) - = (zanqw)-( Y

Proof. Using Proposition and the fact that a,, = ama, for (m,n) =1 and a,: =1
for all ¢ [Knl, p. 282, one gets immediately that

p
E(fﬁ')l&rqzo = _; Z
(m,p)=1

Also the coefficient of the monomial ¢?"~Y¢,.q in E(f%) equals a,. Finally fix i > 2; the
coefficient of the monomial ¢?("~"(5,¢)" in E(f%) equals

i1

Cim = " (n=1)(n—2)...(n— i+ 1)a, € Ky,

i

If ¢ < p clearly v,(¢c; ) > 0.If i > p or if i = p and (n,p) = 1 then

vp((n—1)(n—2)...(n—i+1)) >1

il >i—1 i 1
v — =— .
Pl “—p—1 p-—-1 p—1

we get vp(c; n) > 0. Finally, assume ¢ = p and p|n. Then

a
4™ =0 mod .

and since

Pl

Cinm = a, = —a, mod T

p
because
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p=m"""A+G)A+G+E) . (L4 G+ 4+ E ) =a " (p—1)! mod 7 = -7~ mod 7
which easily concludes the proof because an, = a,,. =

PROPOSITION 4.11. The form 7. f} € Szl, mn belongs to pS;;. Moreover the form

p

2
fu = ];Tﬂrfﬁ. S S;

18 O -overconvergent and satisfies the following congruence mod p

= (5 %) - (Soa)

(n,p):1 n21
in the ring Ry[[q]][6pq]".
Proof. By Proposition one gets
E(Tﬂfﬂ)\épqzo = 5 Z q".
(n,p)=1
The coefficient of qp(”_l)épq in E(7.f!) equals pa,. Also, for i > 2, the coefficient of
"= (6,q)" in E(7, %) equals
p—1p'
2 4
In particular E(7, f£) is divisible by p in the ring R[[¢]][0,¢]". By the §,-Fourier expansion
principle it follows that 7, f# is divisible by p in S, ! which proves the first assertion of the
proposition. d,-overconvergence follows from Proposmon 3l The rest of the proposition

an(n—1)(n—-2)...(n—i+1).

then follows from the above coefficient computations. m

REMARK 4.12. Let f = ang™ € k[[q]], fV := 32, )1 %=q" € k[[g]] and let V be
k-algebra endomorphism of k[[g]] that sends ¢ into ¢P. Then the series in k[[g]] obtained
from the right hand side of the formula in Proposition by reducing mod p equals

g FOD - v<?>%f € k)b,

This series g is Taylor 6,-p-symmetric in the sense of [BuSa™*|. Also, recalling from [BuSa*|
the operators denoted by “pU” and “pTy(p)” acting on Taylor d, —p-symmetric series and
using the fact that T y(p)f = f it is a trivial exercise (using the formulae in [BuSa*))
to check that “pU”g = g and hence

“PTo(p)’g =g+ V(fCD).
In particular note that g is not an eigenvector of “pTy(p)”. On the other hand an ac-
tion of the operators Ty(n) (for level N) on k[[¢]][d,q] was introduced in [BuSa*|; using
the fact that Th y(n)f = a,f for (n,p) = 1 it follows (using the formulae in [BuSa¥)
that nTy(n)g = a,g for (n,p) = 1. So g is an eigenvector of all operators nTy(n) with
eigenvalues a,.

5. dr-overconvergence of some basic j,-modular forms. In this section we prove
the dr-overconvergence of some of the basic d,-functions of the theory in [Bu95, Bu00,
Bal, Bu05l, Bu08, [BuPd].
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5.1. Review of the §,-modular forms f; [Bu05]. We start by reviewing the con-
struction of some basic d,-modular forms f; = f7 ;., € M}(=1—¢"), r > 1. These were
introduced in [Bu00} [Bu05]. (There is a “crystalline definition” of these forms introduced

in [BuQ0] for » =1 and [Ba] for » > 1 in the case of level 1, and in [Bu05| for arbitrary
level; the equivalence of these definitions follows from [Bu05], Proposition 8.86.) Below
we follow [Bu05], p. 263. The construction is as follows. We let X C X;(N)r, be an affine
open set disjoint from (cusps). Assume first that L is trivial on X and let  be a basis of
L. Consider the universal elliptic curve &£ — X over R, and view z as a relative 1-form on
E/X. Cover E by affine open sets U;. Then the natural projections J; (U;) — Ui®523;
possess sections
Sip -+ Ul®sgS; — J;(Ul)

Let Ny := Ker(J,(E) — E ®s9 Sp); it is a group object in the category of p-adic formal
schemes over Sj. Then the differences s; ;, — s, , define morphisms

Sip — Sjp - ﬁijé@sgs}z — N;
where the difference is taken in the group law of JJ(E)/S). On the other hand N
identifies with the group (Ag;, [+]) in with coordinates given by the 6,T,...,6,T,
where T is a parameter at the origin o chosen such that @ = dT" mod T'. Let L, be
the series in attached to the formal group of E with respect to the same parameter
T', viewed as a homomorphism Lj : N = (Agp, [+]) — Ga’g;;. The compositions

Ly o (sip—55p) : Uyy®so Sy — Gasr
define a Cech cocycle of elements
©}; € O(Ui;&505p) (38)
and hence a cohomology class ¢ in Hl(E®sg Sy, O)=H\E ®s0 Sy, ). The expression

(" 2y, (39)

where the brackets mean Serre duality, is a well defined element of Sy - x99,
If L is not necessarily free on X we can make the above construction locally and the
various expressions glue together to give an element
fo = Thjer € Mp(=1—¢"). (40)
5.2. d-overconvergence of f]
1

THEOREM 5.1. Assume vp(m) 2 5= . Then the forms

gf; € MI(—1—¢") @g, Rx
belong to the image of the homomorphism
Mz(=1=¢") = Mj(=1—¢") ®r, Rx.
In particular f; are dr-overconvergent.

Proof. The question is clearly local on X in the Zariski topology so we may assume that
L is free on X with basis  and X has an étale coordinate t : X — A'. We may also



DIFFERENTIAL OVERCONVERGENCE 125

assume that each U; — X factors through an étale map t; : U; — X x A'. Next we note
that

Ui®SSS; ®r, R, ~ (UZ AR, R;) X g0 (S; ®R, R,). (41)
(This follows from the general fact that if S is a ring, S’, C' are S-algebras, A, B are C-
algebras, and A’ = A®gS’', B' = BgS', ' =C®gS5’, then AQc BRgS' ~ A®c B’ ~
A®cC'®cr B' ~ A'®cr B'.) Consequently there is a canonical homomorphism from
to UZ-,RW(EAQSQ ST, where, as usual, ﬁi,R,, =U; ®Rr, Rx. We claim that one can find sections
sip and s; » of the canonical projections making the following diagram commute:

Ji©59S) ©r, R = J5(Us) ®r, Ra
l ! (42)

Uir,®s085 =5 Ji(Usr,)

where the vertical morphisms are the canonical ones. Indeed consider the ring B =

O(U; R, ) and the commutative diagram

Blopt, ..., 80t —  Blbyt, ..., 60, Sty ..., 00t
T 7 (43)

Blgt,...,00t]" — Blogt,...,00t,0xt;,...,008]"
with horizontal arrows sending dpt;, ..., d,t; and dxt;,...,07t; into 0. Then the spaces
in the diagram are the formal spectra of the rings in the diagram and we can
take the horizontal arrows in the diagram to be induced by the horizontal arrows in
the diagram (43)). The diagram plus Proposition then induces a commutative
diagram

5. g e
A ” Si,p—Sj,p r T p A
Uij®s0Sp @r, Re =" Np®g, Rx “— Gasron, Rx
| l | (44)
N - Si,m—8j,m L, -
Uij R, @505, =" Ny — Ggsr

where N7 is the kernel of the canonical projection J'(Eg_) — E R ®gg S» and the vertical
morphisms are the canonical ones. The diagram shows that the cocycle %cpgj in
comes from a cocycle of elements in O(Uij, R ®59r S7). This immediately implies that the
element 2(¢", ) € Sy @R, Ry comes from an element in S} and we are done. =

REMARK 5.2. Since f; € Ml} is 0 -overconvergent it follows that its ,-Fourier expan-
sion E(f)) € Ry((q))[0pq]” is also dr-overconvergent. But, as shown in [Bu00], E(f;)
equals the series ¥, in and note that we knew already (cf. the remarks surounding

Equation ) that W, is dr-overconvergent. A similar remark holds for f;, r > 2.

5.3. J -overconvergence of fl‘? , fa,p In this subsection we assume that X C X1(N)g,
is an affine open set disjoint from (cusps) and (ss). There are remarkable forms fz‘? €
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M} (¢ —1) fap € M'(1 — ¢) playing a key role in the theory; they are multiplicative
inverses of each other: fz? - fa,p = 1. These forms were introduced in [Ba] in the level 1
case; cf. [Bu05], p. 269, for the arbitrary level case. The definition of these forms in [Bu03],
loc.cit. is crystalline but an alternative description of these forms (up to a multiplicative
factor in R*) can be given via [Bu05|, Propositions 8.64 and 8.66; here we shall follow this
latter approach. Indeed one has a canonical R-derivation 9 : O(V) — O(V) defined by
Katz [Ka] via the Gauss-Manin connection, generalizing the “Serre operator”; cf. [Bu03],
pp. 254-255, for a review of this. (Here V is as in (25).) One can consider then the
conjugate operators do, &1 : My — M) = O(J}(V)); cf. . One can also consider the
Ramanugan form P € M)(2); cf. [Bu05], p. 255, for a review of this. Then one can define
fP € M} by the formula

fy = 0ufy —po(P)f, € M. (45)

It turns out that actually fz‘? has weight ¢ — 1, i.e. fp8 € MI}(¢ — 1) and f;? has a
multiplicative inverse in M called f5, which actually lies in M'(1 — ¢) and satisfies

Jop= —30f; +P- fpl~ (46)

(By the way, as shown in [Bal, f;? and hence fy,, have d,-Fourier expansion E( fz? ) =

E(fop) =1.)
Theorem [5.1] plus Proposition [2.20] imply then the following:

THEOREM 5.3. Assume vp(m) > ﬁ, Then the elements %fz?’ Lfop € MI} ®r, Rx be-
long to the image of the map M} — MI} ®r, Rr. In particular fp8 and fap are Ox-
overconvergent.

5.4. Review of the §,-characters v, of elliptic curves [Bu05]. We follow [Bu05|,
pp. 194-197. Let A/ R, be an elliptic curve and fix a level I'; (V) structure on A. (The con-
struction below does not depend on this level structure.) If Y1 (N) g, := X1(N)g, \(cusps)
we get an induced point Py : Spec R, — Y1(N)g,. Let X C Y1(N)g, be an affine open
set “containing” the above point and such that the line bundle L on X is trivial with basis
z. Let w be the invertible 1-form on A defined by z. By the universality property of the
p-jet spaces we get canonical morphisms P} : O(J; (X)) — R compatible with d, in the
obvious sense. Then any d,-modular form f € M on X defines an element f(A,w) € R,
as follows: we write f = f-z% with f € O(J;(X)) and one takes f(A,w) € R, to be
the image of f in R, via the above morphism Pj. In particular one can consider the
dp-modular forms f; € MI}(—I — ¢) and fg € Mg(—l — ¢?) in ; we get elements
(A, w), f2(A,w) € Ry. We recall that f)(A,w) = 0 if and only if A has a lift of Frobe-
nius i.e. the p-power Frobenius of A ®g, k lifts to a morphism of schemes A — A over

Z. Assume in what follows that A does not have lift of Frobenius. Then the quotient
FR(Aw)
TIAw)
may consider the cocycles (38]). The images of these cocycles via the homomorphism

Sp = O(J1(X)) — O(J5(X") 2 R, yield cocycles

¢ (A) € O(Uij.)

which is a priori an element of K, lies actually in R,. On the other hand we
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where U;j 4 = U;; N A. (Here we view A embedded into the universal elliptic curve E via
the isomorphism A ~ E x x p, R,.) The cocycle

fa(Aw) N
2 p 1
pi;(A) — ¢;;(A) € O(Uij,a)
! fr(A,w) ™Y !
turns out, by construction, to be a coboundary
I, -T,

with T'; € O(ZA]LA), Ui,a = U;N A. Recall the series L, € S}[6,T,...,0,T]"; cf. . (Here
T is an étale coordinate at the origin of E such that = dT mod T'.) The images of Ly,
via S) — R, yield series L;(A) € R,[6,T,...,,T]". Take sections s; , : Uia— JﬁA(Ui,A)
of the natural projections and let Ng,A be the kernel of the projection JZ% (A) — A. The
maps

Tip + (A]i,A>A<N57A - J;(Ui,A)a (47)

given at the level of points by (a, b) — s; ,(a)+b, are isomorphisms. Consider the functions
2 fﬁ (Aw) 2 2~ Ao A2
Yip = Ly(A) - mLp(A) + T € O(Uia)[6,T, 0,T] = O(Ui, aX N, 4). (48)
Then it turns out that the functions
Yipo TiTp1 € O(J2(Ui.a))
glue together to give a function
Uy € O(J%(4)). (49)

This map turns out to be a homomorphism Jg (A) — G, and was referred to in [Bu0g],
Definition 7.24, as the canonical d,-character (of order 2) of A. (In loc. cit. ¢, was denoted

by Yean.)

In case A has a lift of Frobenius a different (but similar, and in fact easier) construction
leads to what in cf. [Bu05], Definition 7.24 was referred to as the canonical 0,-character
(of order 1) of A. We will denote it again by

by € O(J,(A4)). (50)
In [Bu05], this ,-character was again denoted by ¥cas.

5.5. d.-overconvergence of ,. Let A/R, be an elliptic curve and let r be 1 or 2
according as A has a lift of Frobenius or not.

THEOREM 5.4. Assume v,(T) > p%l- Then the function 24, belongs to the image of the
map
U (Ar,)) — OLTL(A)) @5, Ro.

In particular v, is d,-overconvergent.

Proof. We give the proof in case r = 2. The proof in case r = 1 is similar. It is enough
to show that one can choose the data in our construction such that:
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1) The functions 24; ;, (where 1; , is as in ) belong to the image of
O(Ui,a ®r, Rx)[0<T, 62T — O(Ui,a ®r, Rx)[8,T,52T]';
2) There are commutative diagrams

(Ui.a ®R, R‘n’)%(Ng’A ®g, Rx) Ty J2(Ui,a) ®r, Rx
1 !

(Ui,A ®R, Rw)>A<N,2r,A iy J2(Uia ®r, Rx)
for isomorphisms 7; .

Now 1) follows from the fact that 2L (A) € R[6,T,62T] (cf. Theorem , and
I'; € O(U;,4). On the other hand 2) follows from the fact that one can choose the sections
;. p together with sections s; r as in ; then one can define the isomorphisms 7; . using
;. in the obvious way. This ends the proof. m

5.6. d,.-overconvergence of fg for f on I'o(N). We first recall the construction of
the d,-modular forms fg attached to newforms on I'g (V) given in [Bu08), [BuPo]. As usual
we let N >4, (N,p) = 1. Fix, in what follows, a normalized newform f =3 ., anq"™ of
weight 2 on I'g(IV) over Q and an elliptic curve A over Q of conductor N such that f
and A correspond to each other in the sense of Theorem [3.1} recall that this means that

there exists a morphism
D: Xo(N)— A (51)

over Q such that the pull back to Xo(N) of some 1-form on A over Q corresponds to
fand L(A,s) = Y a,n~°. Fix an embedding Z[1/N,(x] C R,. Let Ag, be the Néron
model of A®q K, over R, (which is an elliptic curve) and let X;(NN)g, be the (smooth)
“canonical” model of X;(N) over R, which has been considered before. By the Néron
model property there is an induced morphism ®, : X;(N)gr, — Ag,. Let X C X1(N)g,
be any affine open set. Let 7 be 1 or 2 according as Ag, has or has not a lift of Frobenius.
(Note that we always have r = 2 if A has no complex multiplication.) The image of the

canonical §y-character 1, € O(J;(Ag,)) in (respectively ) via the map

(D; T T T T
O(J,(Ag,)) — O(J, (X)) = S, = M;(0) C M,
is denoted by f# = fg and is a ¢,-modular form of weight 0; this form was introduced in

[BuOg|] and played a key role in [BuPo].
Putting together Theorem [5.4] and Remark [2.7] we get:

THEOREM 5.5. Assume vp(m) > ﬁ, Then the function %fg belongs to the image of the
map
O(J7(Xg,)) = O(J; (X)) ®r, Rr.

In particular fg 18 O -overconvergent.
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