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Abstract. There are necessary conditions for a point x from the unit sphere to be a denting
point of the unit ball of Orlicz spaces equipped with the Orlicz norm generated by arbitrary
Orlicz functions. In contrast to results in [12, 17, 16], we present also examples of Orlicz spaces
in which strongly extreme points of the unit ball are not denting points.

1. Introduction. Let (X, ‖·‖X) be a real Banach space and B(X) (S(X)) be the closed
unit ball (the unit sphere) of X. Let us denote by N and R the set of natural numbers
and the set of reals, respectively. Before starting with our results, we need to recall some
notions.

A point x ∈ S(X) is called
a) an extreme point of the unit ball B(X) (write x ∈ δeB(X)) if for every y, z ∈ B(X)

the equality 2x = y + z implies y = z.
b) a strongly extreme point of the unit ball B(X) (write x ∈ δseB(X)) if for every

sequences (yn), (zn) in B(X) we have ‖yn − x‖X → 0 whenever ‖yn + zn − 2x‖X → 0.
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c) a denting point of B(X) (write x ∈ δdB(X)) if x /∈ co{B(X) \
[
x+ εB(X)0

]
} for

each ε > 0.
It is well known (see for example [11]) that

δdB(X) ⊂ δseB(X) ⊂ δeB(X).

A Banach spaceX is said to have the property R (resp. MLUR, G) if S(X) = δeB(X)
(resp. S(X) = δseB(X), S(X) = δdB(X)).

The notion of denting point plays an important role because it is connected with the
Radon-Nikodým Property (RNP), being one of the most important properties of Banach
space. Namely, H. B. Maynard [15] proved that a Banach space X has the RNP if and
only if every non-empty bounded closed set K in X has at least one denting point. It is
also known that a Banach space X has the RNP if and only if for any equivalent norm
in X the respective unit ball B(X) has a denting point (see, e.g. [3, p. 30]).

R. Płuciennik, T. F. Wang and Y. L. Zhang [16] presented complete characterization
of denting points of the unit ball in Orlicz spaces (for both Luxemburg and Orlicz norms)
generated by an N -function. Moreover, they proved that the sets of denting points and
strongly extreme points in Orlicz spaces coincide. Their results have been extended by
B. L. Lin and Z. R. Shi [12] to Orlicz spaces generated by general Orlicz functions and
equipped with the Luxemburg norm and by Z. R. Shi [17] to Orlicz spaces generated by
essentially wider class of Orlicz functions than N -functions and equipped with the Orlicz
norm.

The aim of this paper is to give the necessary conditions for a point x from the unit
sphere to be a denting point of the unit ball of Orlicz spaces equipped with the Orlicz
norm generated by arbitrary Orlicz functions (that is, Orlicz functions which vanish
outside zero and which attain infinite values to the right of some point u > 0 are not
excluded) and equipped with the Orlicz norm. In contrast to results in [12, 17, 16], we
present also examples of Orlicz spaces in which strongly extreme points of the unit ball
are not denting points. Moreover, we give examples of Orlicz spaces for which their unit
balls have no denting points. It is important because such spaces lack Radon-Nikodým
Property. As we will see below, the fact that the degenerated Orlicz functions are not
excluded in our considerations is of great interest. Namely, the classical spaces L1 + L∞

and L1∩L∞ which are important in the interpolation theory as well as the spaces Lp∩L∞
(1 < p <∞) become special cases of Orlicz spaces investigated by us.

Let (T,Σ, µ) be a σ-finite and complete measure space. By L0 = L0(T ) we denote the
set of all µ-equivalence classes of real valued measurable functions defined on T .

To define Orlicz spaces, we start with so called Orlicz function. A map Φ : R→ [0,∞]
is said to be an Orlicz function if it is even, convex, left continuous on whole of R+,
Φ(0) = 0 and Φ is not identically equal to zero. For any Orlicz function Φ we set

a(Φ) = sup{u ≥ 0 : Φ(u) = 0},
b(Φ) = sup{u > 0 : Φ(u) <∞}.

Since the quotient Φ(u)/u is nondecreasing on R+ for any Orlicz function Φ, the
limit (finite or infinite) AΦ = lim

u→∞
(Φ(u)/u) always exists. If we assume additionally that
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0 < Φ(u) <∞ for any u > 0, lim
u→0+

(Φ(u)/u) = 0 and AΦ =∞, then the Orlicz function

Φ is called an N -function. In the case AΦ <∞, define

R(u) = AΦ |u| − Φ(u).

We say that an Orlicz function Φ satisfies the ∆2-condition for all u ∈ R (at infinity)
[at zero] if there are positive constants K and u0 with 0 < Φ(u0) <∞ such that Φ(2u) ≤
KΦ(u) holds for all u ∈ R (for every |u| ≥ u0) [for every |u| ≤ u0]. We denote these
conditions by Φ ∈ ∆2 (Φ ∈ ∆2(∞)) [Φ ∈ ∆2(0)], respectively. We have that Φ ∈ ∆2 if
and only if Φ ∈ ∆2(0) and Φ ∈ ∆2(∞).

For any Orlicz function Φ we can define on L0(T ) a convex modular

IΦ(x) =
∫
T

Φ(x(t)) dµ.

Then the set

LΦ = {x ∈ L0(T ) : IΦ(cx) <∞ for some c > 0 depending on x}

is called an Orlicz space. This space is usually equipped with the Luxemburg norm

‖x‖Φ = inf
{
ε > 0 : IΦ

(x
ε

)
≤ 1
}

or with the equivalent one

‖x‖0Φ = inf
k>0

1
k

(1 + IΦ(kx))

called the Orlicz norm in the Amemiya form. The Orlicz space LΦ equipped with the
Luxemburg (Orlicz) norm will be denoted by LΦ (L0

Φ, respectively). The set of all k > 0
at which the infimum in the Amemiya formula for ‖x‖0Φ is attained will be denoted by
K(x). It is known (see [4, Theorem 5]) that the following conditions are equivalent:

(a) There exists x ∈ L0
Φ \ {0} such that K(x) = ∅;

(b) R(u) is upper bounded.
We say that w is a point of strict convexity of Φ (we write w ∈ SC(Φ)) if for every

u, v ∈ R such that u 6= v and w = u+v
2 we have

Φ
(u+ v

2

)
<

Φ(u) + Φ(v)
2

.

The following results given in [5] are the crucial point in our consideration.

Theorem 1.1. Assume Φ is an arbitrary Orlicz function. A point x ∈ S(L0
Φ) is an

extreme point of B(L0
Φ) if and only if the following conditions are satisfied :

(a) The set K(x) is a singleton, that is K(x) = {k};
(b) kx(t) ∈ SC(Φ) for µ-a.e. t ∈ T .

Theorem 1.2. Let Φ be an arbitrary Orlicz function. A point x ∈ S(L0
Φ) is a strongly

extreme point of B(L0
Φ) if and only if x is an extreme point of B(L0

Φ) and either
Φ(b(Φ)) < ∞ and x is of the form k|x(t)| = b(Φ) for µ-a.e. t ∈ T or Φ ∈ ∆2(∞)
and at least one of the conditions holds:

(i) µ(T ) <∞;
(ii) a(Φ) > 0;
(iii) Φ ∈ ∆2(0).
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2. Results. The criteria for denting points of the unit ball in Orlicz spaces generated by
some classes of Orlicz functions were given in [12, 17, 16]. In principle, Z. R. Shi in [17]
assumed thatK(x) 6= ∅ for any x ∈ L0

Φ, i.e. R(u) =∞ for any u ∈ R+. Combining results
obtained by R. Płuciennik, T. F. Wang and Y. L. Zhang in [16] with results (concerning
only denting points) by Z. R. Shi in [17], we see that if the Orlicz function Φ takes only
finite values, µ(T ) <∞ and R(u) =∞ for any u ∈ R+, then the following conditions are
equivalent:

a) x is a denting point of B(L0
Φ);

b) x is a strongly extreme point of B(L0
Φ);

c) Φ ∈ ∆2(∞) and kx(t) ∈ SC(Φ) for µ-a.e. t ∈ T and K(x) = {k}.
This result is not true in general, i.e. for Orlicz spaces generated by arbitrary Orlicz

functions. First we will prove the following.

Lemma 2.1. Let Φ be an Orlicz function. If b(Φ) <∞, then the set of denting points of
B(L0

Φ) is empty.

Proof. If b(Φ) < ∞ and Φ(b(Φ)) = ∞, then Φ 6∈ ∆2(∞), so, by Theorem 1.2, the unit
ball B(L0

Φ) has no strongly extreme points. Hence B(L0
Φ) cannot have any denting points.

Assume now that b(Φ) <∞ and Φ(b(Φ)) <∞. Then, by Theorem 1.2, the only strong-
ly extreme points are of the form |x| = b(Φ)

k0
χT , where k0 is such that

∥∥ b(Φ)
k0
χT
∥∥0

Φ
= 1.

Since every denting point of the unit ball of Banach space is a strongly extreme, the only
possible denting points are of the form |x| = b(Φ)

k0
χT also.

Suppose first that µ(T ) < ∞. Take a sequence of pairwise disjoint measurable sets
such that

T =
∞⋃
n=1

Tn and µ(Tn) = 2−nµ(T )

for any n ∈ N. For each n ∈ N define xn = xχT\Tn
. Then

‖xn‖0Φ ≤ ‖x‖
0
Φ = 1

for any n ∈ N. Consequently, xn ∈ B(L0
Φ) for any n ∈ N. Moreover,

‖x− xn‖0Φ =
∥∥∥b(Φ)
k0

χTn

∥∥∥0

Φ
= inf
k>0

{
1
k

(
1 +

∫
Tn

Φ
(kb(Φ)

k0

)
dµ
)}

= inf
0<k≤k0

{
1
k

(
1 +

∫
Tn

Φ
(kb(Φ)

k0

)
dµ
)}

> inf
0<k≤k0

1
k

=
1
k0

and∥∥∥∥x− 1
n

n∑
i=1

xn

∥∥∥∥0

Φ

=
∥∥∥x− n− 1

n
xχ∪n

i=1Ti
− xχ∪∞i=n+1Ti

∥∥∥0

Φ

=
∥∥∥ 1
n
xχ∪n

i=1Ti

∥∥∥0

Φ
≤ 1
n
‖x‖0Φ =

1
n

for any n ∈ N. Hence x ∈ co
(
B(L0

Φ) \ {x + εB(L0
Φ)}
)
for any ε ∈ (0, 1/k0), so x cannot

be a denting point of B(L0
Φ).

Now, let µ(T ) = ∞. Then it is easy to see that |x| = b(Φ)
k0
χT implies that x ∈ L0

Φ

if and only if a(Φ) > 0. To find k0, we calculate the Orlicz norm of x. Since for any
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u > a(Φ), IΦ(uχT ) =∞, we have

1 =
∥∥∥b(Φ)
k0

χT

∥∥∥0

Φ
= inf
k>0

{
1
k

(
1 + IΦ

(kb(Φ)
k0

χT

))}
= inf

0<k≤k0
a(Φ)
b(Φ)

{
1
k

(
1 + IΦ

(kb(Φ)
k0

χT

))}
= inf

0<k≤k0
a(Φ)
b(Φ)

1
k

=
b(Φ)
k0a(Φ)

.

Hence k0 = b(Φ)
a(Φ) and consequently |x| = a(Φ)χT . Let (Sn) be a sequence of pairwise

disjoint subsets of T such that T =
⋃∞
n=1 Sn and µ(Sn) = 1 for any n ∈ N. Then, by the

inequality ‖xn‖0Φ ≤ ‖x‖
0
Φ = 1 (n = 1, 2, . . . ), we have that xn ∈ B(L0

Φ) for any n ∈ N.
Further,

‖x− xn‖0Φ = ‖a(Φ)χSn
‖0Φ = inf

0<k<
b(Φ)
a(Φ)

{1
k

(1 + IΦ(ka(Φ)χSn
))
}
≥ a(Φ)
b(Φ)

> 0

and ∥∥∥∥x− 1
n

n∑
i=1

xn

∥∥∥∥0

Φ

=
∥∥∥ 1
n
xχ∪n

i=1Si

∥∥∥0

Φ
≤ 1
n
‖x‖0Φ =

1
n

for any n ∈ N. Therefore, the point x such that |x| = a(Φ)χT is not a denting point,
which finishes the proof.

Lemma 2.2. Let Φ be an Orlicz function and µ(T ) = ∞. If a(Φ) > 0, then the set of
denting points of B(L0

Φ) is empty.

Proof. Suppose that a(Φ) > 0, µ(T ) = ∞ and δdB(L0
Φ) 6= ∅. Let x0 be a denting point

of the unit ball B(L0
Φ). Since x0 is also an extreme point, by Theorem 1.1(a), there is the

only one k0 ≥ 1 such that

‖x0‖0Φ =
1
k0

(1 + IΦ(k0x0)).

Moreover, by Theorem 1.1(b), k0x0(t) ∈ SC(Φ) for µ-a.e. t ∈ T . Obviously, a(Φ) is
the smallest positive number in SC(Φ). Hence k0 |x0(t)| ≥ a(Φ) for µ-a.e. t ∈ T and
consequently infess

t∈T
|x0(t)| ≥ a(Φ)

k0
. Take the sequence (An) of pairwise disjoint measurable

sets such that T =
⋃∞
n=1An and µ(An) = ∞ for any n ∈ N. Define xn = x0χT\An

for
any n ∈ N. Then ‖xn‖0Φ ≤ ‖x0‖0Φ = 1 for any n ∈ N. Moreover,

‖x0 − xn‖0Φ = ‖x0χAn
‖0Φ ≥

∥∥∥a(Φ)
k0

χAn

∥∥∥0

Φ

= inf
0<k<k0

{
1
k

(
1 + IΦ

(
k
a(Φ)
k0

χAn

))}
=

1
k0

> 0

and ∥∥∥∥x0 −
1
n

n∑
i=1

xn

∥∥∥∥0

Φ

=
∥∥∥ 1
n
x0χ∪n

i=1Ai

∥∥∥0

Φ
≤ 1
n
‖x0‖0Φ =

1
n
,

whence x0 ∈ co(B(L0
Φ) \ {x+ εB(L0

Φ)}) for any ε ∈ (0, 1/k0), so x0 cannot be a denting
point of B(L0

Φ).
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Theorem 2.3. Assume Φ is an Orlicz function and x ∈ S(L0
Φ). If x is a denting point

of B(L0
Φ), then the following conditions are satisfied :

(a) the set K(x) is a singleton;
(b) kx(t) ∈ SC(Φ) for µ-a.e. t ∈ T ;
(c) Φ ∈ ∆2(∞) and at least one of the conditions holds:

(i) µ(T ) <∞;
(ii) Φ ∈ ∆2(0).

Proof. Let x be a denting point of B(L0
Φ). Since every denting point is an extreme point,

by Theorem 1.1, conditions (a) and (b) are necessary. Moreover, x is also a strongly
extreme point, so at least one of conditions in Theorem 1.2(c) is satisfied. By Lemmas 2.1
and 2.2, the cases: b(Φ) < ∞, a(Φ) > 0 with µ(T ) = ∞ can be excluded. Hence, by
eliminating from Theorem 1.2 the superfluous conditions, we get the assertion.

3. Examples. Now we will present some examples of Orlicz spaces L0
Φ in which

δseB(L0
Φ) 6= δdB(L0

Φ)

Example 1. Define

Φ∞(u) =

{
0 for u ∈ [−1, 1]

+∞ otherwise.

It is easy to see that L∞ is the Orlicz space L0
Φ∞

with the equality of the norms. By
Corollary 4 from [5], the only strongly extreme points of B(L∞) are functions x ∈ L0(µ)
such that |x(t)| = 1 for µ-a.e. t ∈ T . But, by Lemma 2.1, none of them is a denting point
because b(Φ∞) = 1 <∞.

Example 2. Consider the classical interpolation space L1 +L∞ equipped with the norm

‖x‖L1+L∞ = inf
{
‖y‖1 + ‖z‖∞ : y + z = x, y ∈ L1, z ∈ L∞

}
(see [1], [10]). It is known (see [6]) that the space L1 +L∞ is the Orlicz space generated by
the Orlicz function Φ∞,1 defined by the formula Φ∞,1(u) = max {0, |u| − 1}. Moreover,
‖·‖L1+L∞ = ‖·‖0Φ∞,1

. By Corollary 5 from [5], x is a strongly extreme point of B(L1+L∞)
if and only if µ(T ) > 1 and |x(t)| = 1 for µ-a.e. t ∈ T . By Theorem 1 from [2], any strongly
extreme point of B(L1 + L∞) is a denting point of B(L1 + L∞) only in the case when
1 < µ(T ) < ∞. If µ(T ) = ∞, then, by Lemma 2.2, the unit ball B(L1 + L∞) has no
denting points.

Example 3. Let Φ1,∞(u) = max {|u| ,Φ∞(u)}. Then the Orlicz space L0
Φ1,∞

is the space
L1 ∩ L∞ equipped with the norm ‖·‖L1∩L∞ = ‖·‖L1 + ‖·‖L∞ . By Corollary 6 from [5],
the set of strongly extreme points is nonempty if and only if µ(T ) < ∞. Moreover, the
only strongly extreme points of B(L1 ∩L∞) are of the form |x| = (1 + µ(T ))−1χT . Since
b(Φ1,∞) = 1 < ∞, by Lemma 2.2, the set of denting points of B(L1 ∩ L∞) is empty.
We also will show directly that points of the form |x| = (1 + µ(T ))−1χT are not denting
points. Really, taking into account the sequence of pairwise disjoint measurable sets (Tn)
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such that µ(Tn) = µ(T )
2n for any n ∈ N, define xn = xχTrTn

. Then

‖xn‖0Φ1,∞
= ‖xn‖L1∩L∞ = ‖xn‖L1 + ‖xn‖L∞ =

µ(T )− µ(Tn)
1 + µ(T )

+
1

1 + µ(T )

= 1− µ(Tn)
1 + µ(T )

= 1− µ(T )
2n(1 + µ(T ))

≤ 1,

so xn ∈ B(L1 ∩ L∞) for any n ∈ N. Moreover,

‖x− xn‖0Φ1,∞
= ‖xχTn‖

0
Φ1,∞

=
µ(Tn)

1 + µ(T )
+

1
1 + µ(T )

≥ 1
1 + µ(T )

,

but∥∥∥∥x− 1
n

n∑
i=1

xn

∥∥∥∥0

Φ1,∞

=
∥∥∥x− n− 1

n
xχ∪n

i=1Ti
− xχ∪∞i=n+1Ti

∥∥∥0

Φ1,∞
=

1
n

∥∥xχ∪n
i=1Ti

∥∥0

Φ1,∞

=
1
n

( µ(T )
1 + µ(T )

(
1− 1

2n−1

)
+

1
1 + µ(T )

)
=

1
n

(
1− µ(T )

2n−1(1 + µ(T ))

)
<

1
n
.

Therefore x is not a denting point.

Example 4. Let Φp,∞(u) = max{|u|p ,Φ∞(u)}, 1 < p < ∞. It is proved in [8] that the
Orlicz space L0

Φp,∞
is the space Lp ∩ L∞ equipped with the norm

‖x‖Lp∩L∞ =

β(x)p−1 ‖x‖Lp + ‖x‖L∞ if β(x) ≤ (q/p)1/p

p1/pq1/q ‖x‖Lp if β(x) > (q/p)1/p,

where β(x) := ‖x‖Lp / ‖x‖L∞ for x 6= 0 and 1/p+ 1/q = 1. By Corollary 7 from [5], the
space Lp ∩ L∞ is strictly convex. Moreover, if µ(T ) ≤ q/p, then a point x ∈ S(Lp ∩ L∞)
is strongly extreme if and only if |x| = (1 + µ(T ))−1χT . In the case when µ(T ) > q/p,
the unit ball B(Lp ∩ L∞) has no strongly extreme points. Since b(Φp,∞) = 1 < ∞, by
Lemma 2.2, the unit ball B(Lp ∩ L∞) has no denting points.

By Theorem 1 in [16], it is easy to conclude that L0
Φ has property G whenever Φ is

an N -function, SC(Φ) = R and Φ ∈ ∆2. Now, if we omit the assumption that Φ is an
N -function, then L0

Φ need not have property G. The following example shows this fact.

Example 5. Define Φ(u) = u2

|u|+1 . By the inequalities

1
2
u2 ≤ u2

|u|+ 1
≤ u2 for |u| ≤ 1

and
1
2
|u| ≤ u2

|u|+ 1
≤ |u| for |u| ≥ 1,

we conclude that Φ satisfies the ∆2-condition for all u ∈ R. Moreover, by the standard
calculation, it is easy to prove that SC(Φ) = R. On the other hand, Φ is not anN -function
because limu→∞

Φ(u)
u = 1. Since

R(u) = |u| − u2

|u|+ 1
=

|u|
|u|+ 1

≤ 1
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for any u ∈ R, there is x ∈ L0
Φ \ {0} such that K(x) = ∅ (see [4, Theorem 5]). Define

x = χA with µ(A) = 1. Then

‖x‖0Φ = inf
k>0

1
k

(1 + IΦ(kx)) = inf
k>0

1
k

(
1 +

∫
A

k2

k + 1
dµ
)

= inf
k>0

(1
k

+
k

k + 1

)
= inf
k>0

k2 + k + 1
k2 + k

= lim
k→∞

k2 + k + 1
k2 + k

= 1

and consequently K(χA) = ∅. Hence, by Theorem 1 from [5], χA is not even an extreme
point B(L0

Φ). Therefore, L0
Φ is not strictly convex, so it has not property G.

Open problem. Can Theorem 2.3 be reversed? The Authors feel sure that the answer
is positive, but they still have no complete proof of it.
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