FUNCTION SPACES IX
BANACH CENTER PUBLICATIONS, VOLUME 92
INSTITUTE OF MATHEMATICS
POLISH ACADEMY OF SCIENCES
WARSZAWA 2011

WEAK STAR CONVERGENCE OF MARTINGALES
IN A DUAL SPACE

C. CASTAING

Départment de Mathématiques, Université Montpellier 11
34095 Montpellier Cedex 5, France
E-mail: charles. castaing@gmail.com

F. EZZAKI

Laboratoire modélisation et calcul scientifique
Département de Mathématiques, Faculté des Sciences et Techniques
BP 2202, Fés, Maroc
E-mail: fatimaezzaki@Qyahoo.fr

M. LAVIE

Laboratoire de Mathématiques appliquées, Université de Pau et des Pays de L’Adour
BP 1155, 64013 Pau cedex, France
E-mail: marc.lavie@Quniv-pau.fr

M. SAADOUNE

Département de Mathématiques, Université Ibnou Zohr
Lot. Addalha, B.P. 8106, Agadir, Maroc
E-mail: mohammed.saadoune@gmail.com

Abstract. In this paper we present various weak star Kuratowski convergence results for mul-
tivalued martingales, supermartingales and multivalued mils in the dual of a separable Banach
space. We establish several integral representation formulas for convex weak star compact val-
ued multifunctions defined on a Kothe space and derive several existence results of conditional
expectation for multivalued Gelfand-integrable multifunctions. Similar convergence results for
Gelfand-integrable martingales in the dual space are provided. We also present a new version of
Mosco convergence result for unbounded closed convex integrable supermartingales in a sepa-

2010 Mathematics Subject Classification: 28B20, 60G42, 46A17, 54A20.

Key words and phrases: Conditional expectation, Gelfand-integrable, weak star Kuratowski con-
vergence, regular martingale, submartingale, supermartingale, mil, Levy’s theorem.

The paper is in final form and no version of it will be published elsewhere.

DOI: 10.4064/bc92-0-4 [45] © Instytut Matematyczny PAN, 2011



46 C. CASTAING ET AL.

rable Banach spaces having the Radon-Nikodym property. New application to the law of large
numbers is also presented.

1. Introduction. In this paper we present new results of weak star Kuratowski (w*K
for short) convergence for Gelfand-integrable multivalued martingales, supermartingales
and mils taking convex weak star compact values in the dual of a separable Banach
space. By contrast with similar results in separable Banach space dealing with Mosco
convergence, see [1, 4, 5, 15, 16, 17, 7, 20, 21, 22, 23, 27] and the references therein,
the study of w*K-convergence for the weak star closed convex valued multifunctions
considered here is unusual because the dual space is no longer strongly separable. Our
purpose is to present various w* K-convergence results for Gelfand-integrable multival-
ued martingales in the dual of a separable Banach space by introducing new tools based
on the conditional expectation for Gelfand-integrable multifunctions, multivalued Biting
lemma and multivalued Dunford-Pettis theorems. The paper is organized as follows. In
Section 3 we state the w* K-convergence for convex weak star compact valued martin-
gales. In Section 4 we state the w* K-convergence for convex weak star compact valued
mils. In Section 5 the w* K-convergence for unbounded weak star closed convex valued
for supermartingales is presented as well as the existence of Gelfand-integrable regular
martingale selections. In Section 6 we establish several integral representation formulas
for convex weak star compact valued multifunctions defined on Kéthe space and provide
several existence results of conditional expectation for convex weak star compact valued
Gelfand-integrable multifunctions. In Section 7 new versions of Levy’s theorem for con-
vex weak star compact valued Gelfand-integrable multifunctions with application to the
w* K-convergence for convex weak star compact valued Gelfand-integrable martingales
are provided. We also present in Section 8 a new version of Mosco convergence result
for unbounded closed convex valued integrable supermartingales in a separable Banach
space having the Radon-Nikodym property. In Section 9 we present an application to the
law of large numbers in the space of Gelfand-integrable and mean bounded functions.

2. Preliminaries. Let (92, F, P) be a complete probability space, (F,)nenN an increasing
sequence of sub-o-algebras of F such that F is the o-algebra generated by |J;%, F,,. Let
E be a separable Banach space, E* the topological dual of E, Bg (resp. Bg-) the closed
unit ball of E (resp. E*), D = (x,)pen a dense sequence in Br. We denote by E*
(resp. Ey) the topological dual E* endowed with the topology o(E*, E) of pointwise
convergence, alias w* topology (resp. the topology associated with the dual norm ||.|| g; );
and by E¥,. the topological dual E* endowed with the topology m* = o(E*, H), where
H is the linear space of F generated by D, that is the Hausdorff locally convex topology
defined by the sequence of semi-norms

Py(z") = max{|(z*,zp)| : p <k}, z*€E* keN.

Recall that the topology m* is metrizable, for instance, by the metric
p=0o0 1
dg» , (27, 23) Z 2— (Xp, 27) — (xp, 25)|, 27,25 € E™.
p=1
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We assume from now that dg- , is held fixed. Further, we have m* C w* C s*. When E is
infinite-dimensional these inclusions are strict. On the other hand, the restrictions of m*
and w* to any bounded subset of E* coincide and the Borel tribes B(E?) and B(E},.)
associated with EY and E},. are equal, but the consideration of the Borel tribe B(E})
associated with the topology of E} is irrelevant here. Noting that E* is the countable
union of closed balls, we deduce that the space E7 is Suslin, as well as the metrizable
topological space E¥.. A 2P -valued multifunction (alias mapping for short) X : Q = E*

is F-measurable if its graph belongs to F ® B(E¥). Given a F-measurable mapping
X : Q= E?¥ and a Borel set G € B(EY), the set

X G={weQ: X(w)nNG#0D}

is F-measurable, that is X~ G € F. In view of the completeness hypothesis on the
probability space, this is a consequence of the Projection Theorem (see e.g. Theorem
I11.23 of [13]) and of the equality

X~G = projo {Gr(X)N (2 x G)}.
In particular, if X : Q = E7 is F-measurable, the domain of X, defined by
domX = {w € Q: X(w) # 0}

is F-measurable, because dom X = X~FE}. Further if v : Q@ — FE} is a scalarly
F-measurable mapping, that is, for every x € E, the scalar function w — (z,u(w)) is
F-measurable, then the function f : (w,z*) — [|z* — uw(w)| g; is F @ B(E;)-measurable,
and for every fixed w € Q, f(w,.) is lower semicontinuous on E?¥, for short, f is a normal
integrand, indeed, we have

la* — u(w)lls; = sup(e,a* — u(w))
JEN
here D; = (e;);>1 is a dense sequence in the closed unit ball of E. As each function
(w,z*) = (ej, 2" —u(w)) is F @ B(E})-measurable and continuous on E} for each w € €,
it follows that f is a normal integrand. Consequently, the graph of u belongs to F ®
B(E7). Let us mention that the function distance dg; (z*,y*) = [z* — y*|
semicontinuous on E} x E¥, being the supremum of w*-continuous functions. If X is a

B; is lower

F-measurable mapping, the distance function w  dg; (2", X(w)) is F-measurable, by
using the lower semicontinuity of the function dg; (z*,.) on E* and measurable projection
theorem ([13], Theorem I11.23) and recalling that E* is a Suslin space. A mapping u : 2 =
E% is said to be scalarly integrable, alias Gelfand integrable, if, for every x € E, the scalar
function w — (z,u(w)) is F-measurable and integrable. We denoted by GL.[E](Q2, F, P)
(GL.[E|(F) for short) the space of all F-measurable and scalarly integrable mappings
u: ) = Ef. Here LL.[E](F) is the subspace of GL.[E](F) of all F-measurable mappings
gy is integrable. The measurability of |u[ follows

u such that the function |u| : w — [Ju(w)]
easily from the above considerations. For any 27:-valued mapping X : Q = LY, we
denote by S}, (X)(F) (resp. Sk (F)) the set of all G, [E](F)-selections (resp. L. [E](F)-
selections) of X. We denote by Gelfand- [, fdP (or, for short, G- [, fdP) the Gelfand
integral of a Gelfand integrable mapping f : Q@ — E* over a set A € F. The Aumann-
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Gelfand integral, AG-integral for short, of X over a set A € F is defined by
AG-/ XdP = {G/ JaP: f € Sk(X)(F)}.
A A

Let (X, )nen be a sequence of F-measurable w*-closed convex mappings, the sequential
weak* upper limit w*-ls X, of (X, )nen is defined by
w*-ls Xp, = {2" € E* : 2" = o(E*, E)-lima}; ] € Xy, }.
Jj—oo
Similarly the sequential weak* lower limit w*-li X,, of (X, )nen is defined by
w-li X, ={z* € E* : 2" = o(E*, E)-limz}; x; € X,,}.
n—oo
The sequence (X, )nen weak star Kuratowski (w*K for short) converges to a F-measur-
able w*-closed convex valued mapping X, : @ = EY if

w*-ls X, C Xoo Cw™-li X,
almost surely (a.s.). Briefly

w*;lileijn =X as.

By cwk(E?) we denote the set of all nonempty convex o(E*, E')-compact subsets of E%.
A mapping X : Q — cwk(E?) is scalarly F-measurable if the function w — §*(z, X (w))
is F-measurable for every x € E. Let us recall that any scalarly F-measurable cwk(E?)-
valued mapping is F-measurable. Indeed, let (e )ren be a sequence in E which separates
the points of E*, then we have z € X (w) iff (eg,x) < 6*(eg, X(w)) for all k& € N.
Further, we denote by (]iwk(E;)(Q7.7-', P) (for short, giwk(E;)(]:)) the space of all F-
measurable and scalarly integrable cwk(E?*)-valued mappings X : Q@ — cwk(E?), that
is, for every x € E, the function w — §*(z, X (w)) is integrable. By L’}:wk(E;)(Q,]:, pP)
(for short, Eiwk(E:)(}")) we denote the subspace of giwk(E;)(]-") of all integrably bounded
multifunctions X such that the function |X|: w — | X (w)] is integrable, here | X (w)| :=
SUpy«e x (w) 1Y || 7 » by the above consideration, it is easy to see that | X| is F-measurable.
Similarly, L7, g (Q, F, P) (for short, Emk(E;)(}")) is the space of all F-measurable and
scalarly integrable cwk(E¥)-valued mapping X : Q — cwk(E?), such that | X| belongs to
L>(Q,F,P). Let Hp, be the Hausdorff distance associated with the dual norm || g;
on bounded closed convex subsets in E*, and X,Y be two convex weak® compact valued
measurable mappings, then H}‘;g (X,Y) is measurable because

Hp; = sup[d”(ej, X) — 6" (e;, Y],
jeN

where (e;)jen is a dense sequence in Bg. A sequence (X,,)nen in ‘Czlzwk(E:)(}—) is bounded
(resp. uniformly integrable) if (|X,|)nen is bounded (resp. uniformly integrable) in
L4 (Q,F, P). We refer to [19] for the weak star convergence of closed bounded convex
sets in a dual space.

3. Martingales in LL.[E](F) and E}:wk(E*)(F)‘ For the convenience of the reader

we recall and summarize the existence and uniqueness of the conditional expectation in

‘C’(l;wk(E’f)(j:)' See [26, Theorem 3].
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THEOREM 3.1. GivenT € £}

cwk(E*)(]:) and a sub-o-algebra B of F, there exists a unique

(for equality a.s.) mapping ¥ := EBT € Eiwk(E,f)(B), that is the conditional expectation
of I' with respect to B, which enjoys the following properties:

a) [o0*(v,X)dP = [,6*(v,T)dP for allv e L (B).

b) ¥ C EB|T|Bg- a.s.

c¢) SL(B) is sequentially o(LY.[E](B), LY (B)) compact (here SL(B) denotes the set of
all LL.[E](B) selections of 33) and satisfies the inclusion

EBSL(F) c SL(B).
d) Furthermore one has
5 (v, EPSE(F)) = 6% (v, S(B))
for allv € LE(B).
e) EB s increasing: I'y C Ty a.s. implies EBT, ¢ EBT, a.s.

For more information for the conditional expectation of multifunctions, we refer to

12, 22, 26].
DEFINITION 3.2. An adapted sequence (X, )nen in Eiwk(E*)(]:) is

— a martingale if X,, = B/ X, for all n € N,
— a submartingale if X,, C E¥" X, for all n € N,
— a supermartingale if E7 X, 1 C X, for all n € N.

Here E7 "Xpy1 € Ciwk( Es*)(}—”) denotes the convex weakly compact valued condi-
tional expectation of X, 11 as defined in Theorem 3.1.

We begin with a simple convergence result for martingales in LL.[E](F) which is a
starting point of our study.

PROPOSITION 3.3. Let (X,)nen be a bounded martingale in L. [E](F). Then there is
Xoo € LL.[E)(F) which enjoys the following properties
(a) (X, )nen weak™ converges a.s. to Xoo.
(b) limy, oo | Xn —y*|lE; = [[Xeo —y*||lE; a.s., for each y* € £, here the negligible set
depends on y* € E*.

Proof. 1t is clear that (] X,|)nen is a bounded submartingale in L (F). Hence (| X,,|)nen
converges a.s. S0 SuUp, N | Xn|(w) < oo a.s. Now, since, for each x € E, ((z, Xp))nen is
a bounded martingale in Ly (F), it converges a.s. to a function m, € Li (F). Using [12,
Theorem 6.1(4)] provides an increasing sequence (A4, )pen in F with lim, ., P(4,) =1,
a function X, € LL.[E](F) and a subsequence (X} ),eN such that

lim [ (h,X')dP = / (h, X)) dP

n—oo Ap Ap
for all h € L (F). So by identifying the limit, we get m, = (z, Xo) a.s., so (a) follows
using the separability of E and the pointwise boundedness of (X,,)nen. It remains to
prove (b). We have

[ Xn — 4" 2y = sup [{ej, Xn —y")|
JEN
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here D1 = (ej)jen denotes a dense sequence in the closed unit ball of E. As, for
each j € N, (|(ej, Xn — ¥*)|)nen are real-valued submartingales which converge a.s. to
(e, Xoo —y™)|, and (| X,|)nen is Lg (F)-bounded we can apply Lemma V.2.9 in [24]. So
we have

lim || X, — "] gy = lim sup l{ej, Xn —y™)| = sup lim [({e;, X, —y")]
n—oo ’I’L—>OOj€N jEN n—oo

= sup [(e;, Xoo —y")| = [ Xoo — ¢

E¥
. b
jEN

almost surely. m
Now we proceed to a multivalued version of the preceding result dealing with sub-

martingales in /J}:wk(E:) (F). For this purpose we begin with the regular martingale E¥» X
where X € Eiwk(E:)(]:).
THEOREM 3.4. Let X € ﬁiwk(E;)(}'), Then the following hold:

(a) lim, oo 6*(z, E¥7 X) = 6*(z, X) a.s. Vo € Bg.

(b) w*-Is E¥"X ¢ X C w*-li E""X a.s.
Proof. (a) On account of Theorem 3.1, E¥» X € E}:wk(E;)(]:) with
(3.4.1) E*»X C E”"|X|Bg-.
Further by applying Levy’s theorem to (E¥76*(z, X))n,en we have

lim E7n6*(z, X) = 6*(z, X)

a.s. for each = € E. Since E¥§*(z, X) = §*(z, B/ X) and E is separable, using (3.4.1),
it is not difficult to check that

(3.4.2) lim 6*(z, E7"X) = 6*(x,X) as. Va € Bp.

n—oo

(b) Let us check the inclusion
X(w) Cw*-li EF"X(w) as.
Let f € S%. By applying (a) to the single-valued mapping f € LL.[E](F) (see 3.4.2) we
deduce that lim,, ., E¥" f(w) = f(w) a.s. with respect to the o(E*, E) topology. Since
E7nf(w) € Ef»X(w), it follows that f(w) € w*-li E¥» X (w) a.s. Taking a Castaing
representation of X (see [13, Theorem II1.37]) we deduce that X (w) C w*-li E¥» X (w)
a.s. The inclusion w*-Is E¥» X C X a.s. follows again from (a). Indeed, let w € € be fixed
but arbitrary for which the equality

lim 0*(z, X" X (w)) = 6*(z, X (w))
holds for all z € E, and let * € w-ls EZ» X (w). There is a sequence (7} )ren in E* with
r} € EF X (w) such that (2})gen weakly* converges to x*. Then, for each = € E, we
have
(x,x*) = klim (x,23) < klim 8 (z, BT X (W) = 6" (z, X (w)).
According to Proposition III1.35 in [13], we deduce that z* € X (w). m

Now we proceed to the convergence of martingales in £} K(E*) (F).
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THEOREM 3.5. Let (X,,)nen be a bounded martingale in Eiwk(E;)(]:). Then there is
X € Eiwk(E;)(]:) which enjoys the following properties

(a) lim,— oo Hi: (X0, 77 X)) =0 a.s.
Consequently

(b) lim,, o 6*(z, X,,) = 6* (2, Xoo) a.5. Vo € Bg.
Proof. (a) Let D1 = (e;)jen denote a dense sequence in Bg. As (X,,)nen is a bounded
martingale in [,iwk(E:)(]:), for each j € N, (6*(e;, Xn))nen is a bounded real-valued

martingale in Lk (F). So for each j € N, (6*(e;, X»))nen converges a.s. to an integrable
function m; in L (F). Applying [12, Theorem 6.1(4)] gives Xo € Ecwk(E y(F) such that

lim 0%(ej, X,,) =m; = 6"(ej, Xoo) aus.

n—oo

and then in view of Theorem 3.4
lim [6%(e;, X)) — 6% (ej, BT X )] =0 as.

Furthermore, for each j € N, (6*(e;, X)) — 6*(ej, E7" Xo))nen are real-valued L'-
bounded martingales thus, invoking Lemma V.2.9 in [24], we see that

Hp: (Xn, B Xoo) = sup 0% (z, X)) — 6" (2, B Xoo) |
r€EBE

—Sup‘é ey Xn) — 6%(ej, BT X ) |—>sup lim |(5 (ej, Xn )—(5*(ej,Ef“Xoo)| =0

§>1 j>1n—00
almost surely, which proves (a). Hence we deduce that

lim 6*(z,X,) = 6" (7, Xo), as. Vz € Bg.

n—oo

Indeed, for each = € By let us write
[5*(ann) - 6*(x7Xoo)] = [5*(1'7Xn) - 5*(xaE]:"XOO)]
+ [0%(z, BT X o) — 0% (2, X))

From (a), it is obvious that the first term [6*(z, X,,) — 0*(z, B/ X,.] goes to 0 a.s. for
all 2 € Bg when n goes to oo and so is the second term

(6% (2, BT X o) — 6" (2, Xo0)].-
Indeed, since
[6%(ej, BT" X ) — 6% (ej, Xoo)] = 0 as. VjEN
when n goes to co and

sup |[E7" X o (w)] <00 as. weQ
neN

it is straightforward (using a density argument) to check that
[0%(2, BT" X o) — 6% (2, X)) = 0 as. Vo€ Bg

when n goes to co. m
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COROLLARY 3.6. Let (X,)nen be a bounded martingale in L. [E](F). Then there exist
Xoo € LL.[E|(F), a regular martingale (Yy,)nen in Ly.[E](F) and a martingale (Z,)nen
in L. [E|(F) such that X, = Y, + Z, for all n € N and such that (Y,)neNn weak*
converges a.s. to Xoo and (Z,)nen norm converges to 0 a.s.

Proof. By Proposition 3.3, there exists Xo, € L. [E](F) such that (X,,)nen Weak* con-
verges a.s. to Xoo. As X, = EFn X +[X,, — EF» X ], the result follows from Theorems
3.4 and 3.5 by putting Y,, = EF» X and Z,, = X,, — E"" X

Now we proceed to the w*K convergence of bounded martingales in Eiwk( gy (F)-
For this purpose we need the following result that is dual version of a similar result ([1],
Proposition 3.1) in the primal space E.

LEMMA 3.7. Let E be a separable Banach space. Let (Ap)nen and (Bp)nen be two uni-
formly bounded sequences in cwk(EY) and By € cwk(E?) satisfying:
(i) w*K-lim B,, := By

(ii) lim,— o H*E;; (A, B,) = 0, where Hp; denotes the Hausdorff distance associated
with the norm ||.|

E; on the closed bounded convex subsets of Ej.

Then
w*K-lim A,, = B

n—oo
Proof. We may assume that the sets A,,, B, and By, are included in a convex o(E*, E)-
compact subset L. Then on L the o(E*, E) topology coincides with the metric topology
given by dp- , and so for any sequence (Cn)nen of convex o(E*, E)-compact subsets in-
cluded in L, and for any z* € L, we have that * € w*-li C,, iff lim,,_, de: , (z*,C,) =0.
Given z* € w*-li By, there exists ), € B,, such that * = w*-limz. We have the esti-

n—oo

mate
dgx (2", An) < dpg= (2", 23) + dp: (v, An) < dp: (37, 27) + Hp (An, By).

Indeed, for every z* € A,,, we have

— 1 — 1
dp; (23, 27) = ) oolah — 2" 2) Z;\x = 2"llg; = |z = 27|l
p=1 p=1
so that
dr;,. (@}, An) = _inf dp; (a},2%) < _inf [} — 2|5

— iy (w5 An) < s (An, Bo).
By (ii) we deduce that lim,, o dg= , (z*, An) = 0. Hence

) w*-li By, C w*-li A,.

Now let z* € w*-ls A,,. There exist a sequence (z})ken weak® converging to z* with
xy € Ay, for all k € N. Let us pick y; € By, such that

1 1
dE,*n* (ks yr) = dE,*n* (k> Bn,,) + % < H*E* (Any, Bn,) + 4 L
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because dp- , (v}, Bn,) < H*;(Ank,Bnk) similarly. As y; = zf + (yf — 25), (Yi)keN
weak™® converges to x*, therefore z* € w*-ls B,,. Hence

(**) w*-ls A, C w*-ls By,.
Consequently, combining (i), (*), (**) we get
w*K-limA,, = Bs. =

n—oo
Now we present the weak star Kuratowski convergence for bounded martingales in
1
ﬁcwk(E:)(JT)‘

THEOREM 3.8. Let (X,,)nen be a bounded martingale in Eiwk(E’f)(]:)' Then there is
X € Eiwk(E,f)(f) which enjoys the following properties

(a) lim |X,| =X as.
n—oo
(b) lim 6*(z, X)) = 6" (2, Xo) a.s. Yz € Bpg.
(c) w*K-lmX, = X« a.s.
n—0oo

Proof. Arguing as in the proof of Theorem 3.5 via Neveu lemma [24, Lemme 5.2.9], we
conclude that

(3.8.1) lim |X,| = |Xe| as.
(3.8.2) lim Hp: (Xn, BT Xoo) =0 as.

So (b) follows easily by repeating the arguments in the proof of Theorem 3.5. In view of
Theorem 3.4 one has

(3.8.3) w*K-lim B X, = X, as.

n—oo

From (3.8.1), (3.8.2), (3.8.3) and Lemma 3.7 we conclude that (X, )nen w*K-converges
to X a.s. m

REMARKS. The above results are not comparable with those given in [18, Proposition 1]
dealing with norm convergence a.s. of strongly measurable vector-valued martingales
taking values in a strongly separable subspace of a dual space. In the next section, we
will present similar results for multivalued mils in E*.

4. Multivalued mils in a dual space. Before going further, let us introduce the
definition of mils in Ciwk(E*)(]:).

DEFINITION 4.1. An adapted sequence (X,)nen in Eiwk(E*')(]-") is a mil if for every
€ > 0, there exists p such that for n > p, we have
P( sup Hp(Xq, ET1X,) >¢) <e

nzq>p

where Hp. stands for the Hausdorff distance associated with the dual norm II]

E; on
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It is obvious that if (X, )nen is a mil in Eiwk(E*)(}'), then for every x in the unit ball
Bp of E, the sequence (6*(z, X,,))nen is a mil in L (F), since we have
Hiy- (Xq, ET9X,) = sup [0%(w, Xy) — ET96% (2, X,,)]
b z€BE
Further, if (X,,)nen is single-valued, Definition 4.1 is reduced to

DEFINITION 4.2. An adapted sequence (X,,)nen in LL.[E](F) is a mil if for every € > 0,
there exists p such that for n > p, we have

P( sup || X, —E7X,|
n>q>

B >¢) <e

Similarly if (X, )nen is a mil in L. [E](F), then for every x in the unit ball Bg of E,
the sequence ((z, X,,))nen is a mil in L} (F), since we have

1Xg — EX1 X, ||z = sup [(z, X, — ET9X,,)].
IGEE

Now we are ready to state the convergence of cwk(E?¥)-valued mils.
THEOREM 4.3. Let (Xn)nen be a bounded mil in L}, o) (F) and Xeo € LY, 4 ey (F)
such that, for each x € B,
lim 6*(z, X,) =0"(z, X)) a.s.

Then

(i) lim M, (Xp, BT X)) =0 a.s.
Consequently, we have

(i) nlgl;o §(z,X,) = 0*(z,Xoo) a.s. Vz € Bp.

Assume further that sup, o | Xn(w)| < 00 a.s., then one has

w*K-limX,, = Xo a.s.

n—oo
Proof. We will proceed in three steps.

Step 1. Claim. lim,_ o ’H*E; (X0, BT X)) = 0 a.s. If (X,)nen is a bounded mil in
L. [E](F), then || X,,—E7" X || g+ goes to 0 a.s. by repeating the techniques of Talagrand
developed in [25, Theorem 6, p. 1193] because for each = € Bpg, the real-valued L'-
bounded mil ((x, X,, — E¥" X)) nen converges to 0 a.s. In the multivalued case, the claim

(i) is true by using Definition 4.1 and a careful adaptation of the mentioned techniques
of Talagrand, namely limy, oo M- (X, E7nX ) =0 as. (see [4, 5] for details).

Step 2. lim,, o, 6*(z, X)) = 6* (7, Xoo) a.8. Vo € B.

Let (e;)jen be a dense sequence in the closed unit ball B g, with respect to the topology
of norm. For each z € By let us write

(6% (2, X)) — 0 (2, Xoo)] = [0 (2, X,,) — 6% (2, BT X 0)]
+ [0 (2, BT X oo) — 6" (2, X o))
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From (i), it is obvious that the first term [6*(z, X,,) — 0*(z, B/ X )] goes to 0 a.s. for
all 2 € Bg when n goes to oo and so is the second term

[6*(z, BT X ) — 6 (z, Xo0)].
Indeed, by Levy’s theorem it is obvious that for all j € N
[6%(e;, BT Xoo) — 0% (ej, Xoo)] — 0 aus.
when n goes to co. Since

sup BX" | Xo|(w) <00 as. weN
neN

by using a density argument, it is easy to check that
(0% (2, ET" X o) — 6% (2, Xo)] = 0 as. Vo€ Bg

when n goes to co.
Step 3. From the pointwise boundedness condition sup,cn | Xn(w)] < oo a.s., the
assertion

w*K-limX,, = X a.s.

n—oo

follows by applying (i)—(ii) and Lemma 3.7. =
Here are some corollaries.

COROLLARY 4.4. Let (X,)nen be a bounded mil in Eiwk(E*)(}") such that
SUP,en | Xn(w)| < 00 a.s. Then there exists Xoo € ‘Ciwk(Ef)(f) such that
lim §*(z, X,,) = 0*(z,Xoo) a.s. Vz € Bg

n—oo

lim Hp. (Xp, BT X)) =0 a.s.

n—oo
Consequently, we have

w*K-limX,, = X a.s.

n—oo

Proof. Let Dy = (e;)jen denote a dense sequence in Bg. As (X,,)nen is a bounded mil
in L}:wk(E:)(]-"), for each j € N, (6*(e;, X»))nen is a bounded mil in Li (F). So for each
j €N, (6*(ej, Xn))nen converges a.s. to an integrable function m; in Lk (F). Applying
[12, Theorem 6.1(4)] gives X € Eiwk(E*)(}') such that

lim §*(e;, X)) =m; = 8"(ej, Xoo) as.

n—oo

Since (X, )nen is pointwise bounded, we deduce that
lim 6*(x, X,,) = 6*(2, Xoo) a.s. Vz € Bp
by a density argument. Then the conclusion follows from Theorem 4.3. m

COROLLARY 4.5. Let (X,)nen be a bounded mil in L. [E](F). Then there exist Xo €
Ly [E)(F), a regular martingale (Yy)nen in Ly [E)(F) and a mil (Z,)nen in L. [E](F)
such that X,, =Y, + Z, for alln € N and such that (Y, )nen weak™ converges a.s. to
Xoo and (Zp)nen norm converges to 0 a.s.
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Proof. As ((x, X,,))nen is areal-valued bounded mil in L for each x € B, ((x, Xpn))neN
converges a.s. to an integrable function m,. Using [10, Proposition 6.5.11(4)] provides an
increasing sequence (4,)pen in F with lim, o P(A,) =1, a function X, € LL.[E](F)
and a subsequence (X},) such that for each p € N

lim [ (h,X.)dP = / (h, Xo0) dP

n—oo Ap A])
for all h € LY (F). So by identifying the limit, we get m, = (z,X) a.s. As X,, =
E7" X + [X,, — E7" X ], the result follows from Theorem 3.4 and Theorem 4.3(i) by
putting V,, = E¥» X and Z, = X, — E/" X . n

5. w*K convergence of integrable supermartingale with unbounded weak™*-
closed convex values. Let us recall that, given a w*-closed convex F-measurable map-
ping T such that SE(F) is nonempty (I is integrable, for short), and a sub-c-algebra
B of F, there is a unique w*-closed convex B-measurable and integrable multifunction,
denoted by EPT that is the conditional expectation of T satisfying, for every u € SE(F),

1) EPu(w) € EPT(w) as.
) Shar = 0(Lip. [E], LE)-cl{EF[ : f € St}).
3) [6*(u,T)dP = [ &*(u, EPT) dP.
4) EB is increasing: I'y C I's a.s. implies EBT, c EBT, as.
See [26, Theorem 3] or [13, Theorem VIIL.34] for more details. Now we proceed to the
w* K convergence for w*-closed convex integrable supermartingales. We begin with some

DO

useful lemmas.

LEMMA 5.1. Assume that T’ is a w*-closed convex F-measurable and integrable multi-
function and let B be a sub-c-algebra of F. Then for any x* € E*, we have

dg; (¢, E°T) < EPdg, (2*,T) a.s.
Proof. We will use some arguments from [20, Lemma 4.3]. Nevertheless this needs a
careful look. Recall that I' is integrable iff dg; (0,I') is integrable (see [8, Lemma 5.6]).
Note that the function ||.|
the measurable choice theorem (see e.g. Theorem II1.6 in [13]) there is a F-measurable
selection g of I" such that

* d . *,F _ . f * 0k
) g @ D) = inf e~y

p; 18 Inf -w”-compact in the sense of convex analysis. By using

5 =l = gl as.

so that g € LL.[E](F). By Theorem 3.1, one can consider the conditional expectation
EBg which belongs to LL.[E](B) and satisfies EPg(w) € EBT(w) a.s. Now taking the
conditional expectation in the equality (*) gives

(**) EBHJ?* _glE; :EBdE;(.’E*,F)
By Theorem 3.1 and (**) we deduce that
lz* — E®gl 5y = | EP(z* — g)|
As EBg € EBT ass., from the preceding estimate it follows that
* B B *
dE;;(:E ,E F) S E dE;;(;E ,F) a.s. m

By < EP|la* — ¢

E; = EBdE; (IC*7 F)
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Recall that the Banach space E is weakly compactly generated (WCG) if there exist
a weakly compact subset of ' whose linear span is dense in F.

LEMMA 5.2. Let (X,)nen be a uniformly integrable supermartingale (E¥=X,, C X,, for
m < n) in ﬁiwk(E*)(]:) such that sup,cn | Xn(w)| < 0o for each w € Q. Then there is
X € ‘chk B (F) such that

(a) lim, o0 6* (7, X,,) = 6" (2, Xoo) a.5. for all x € Bg.
(b) E¥m X, C X, a.s. for all m € N.
(¢) Consequently, if E is WCG, then

w*K-lIlmX, = X a.s.

Proof. (a) Let D1 = (e;),en be a dense sequence in the closed unit ball of E. As (X, )nen
is a uniformly integrable supermartingale in Eiwk(E;) (F), foreach j € N, (6*(ej, X))nen
is a L'-bounded real-valued supermartingale. So it converges a.s. for every j € N to
a function in L'. Applying [12, Theorem 6.1(4)] to the uniformly integrable (X, )nen
provides a subsequence (X, )nen and Xoo € E}:wk(E*)(]:) such that

nlirgo 6% (e;, X,,)dP = /5* ej, Xoc)dP VjEN VAecF.

By identifying the hmlts we get
lim 6*(e;, X)) = 0%(ej, Xoo), as. VjeN.
n—oo

So taking into account the condition sup,,cn | Xn(w)| < oo for each w € Q, (a) follows by
a density argument. Let m < n and A € F,,, by the supermartingale property

/5*(ej,Xn)dP§/5*(ej,X ) dP
A A
/5*(ej,Xoo)dP§/6*(ej7X

A A

Therefore by taking the conditional expectation of X, (see Theorem 3.1) we get

/5*(ej,Ef’”Xoo)dP:/ 5*(ej,Xoo)dP§/5*(ej,Xm)dP
A A A

It follows that

thereby proving (b) (see e.g. Proposition IIL1.35 in [13]).
(¢) If E is WCG, on account of (a), the pointwise boundedness of (X,),en and
Theorem 4.1 in [19], we get

w*K-limX,, = Xo a.s. m

THEOREM 5.3. Assume that E is WCG. Let (Xp)nen be a w*-closed convex integrable
supermartingale (E¥™ X,, C X,, for m < n) satisfying: (Xn)nen admits a regular mar-
tingale selection (fn, Fn)n>1 in Ly [E](F). Then one can find a w*-closed convex valued
integrable multifunction X such that

w*-1sX, C Xoo Cw*cl[w*-liX,] a.s.
Ef"X, c X, as YneN.
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Proof. We will proceed in several steps.

Step 1. Here we will use a careful adaptation of a truncation technique developed in
[15, Theorem 2.16]. By our assumption there is f € LL.[E]|(F) such that f, = E¥» f for
all n € N. For each k£ € N, let us consider the multifunction

Xk =X, 0[fn+E"(f|+k)Bg-).

We are going to check that (XF),cn is a uniformly integrable supermartingale in
Eiwk(E*)(}"). Let m < n. As X* C X,,, one has by the monotony of conditional ex-
pectation and supermartingale property

EFn Xk c BT X, C X,,.
Taking the conditional expectation in the inclusion
Xy C Ufu +E7(|f|+ k)Bg-]
yields
BT Xy € BT [fu+ BT ([f] 4+ k) B+ ] = fou + E7(f] + k) B

Hence we get E/mXF C Xk Note that |XF| < hE for all n € N, where hf :=
|fn| + EZ7(|f] + k). Further the positive uniformly integrable submartingale (h%),en
converges a.s. to a positive integrable function h*. Hence there exists a positive constant

r* depending on w € € such that h¥ < r* as. for all n € N. So |XF| < r* as. for
all n € N. Applying Lemma 5.2 to the uniformly integrable supermartingale (X*),en

provides X € Eiwk( E:)(]-" ) and a negligible set Ny such that
(5.3.1) ETn XE (W) € XF(w) Vn €N VYwe Q\ N,
(5.3.2) w?[i;l(}imX,’f(w) =Xk () Yw € Q\ Ny.

Step 2. Convergence and conclusion. By construction, we have X* c X*+1 so that
(XX )ken is increasing. Let us set N = |Jg—; Ny and

w*el]Upey X5 (w if weQ\N

0 if weN
‘We need to check that

w*K-lmX, = X a.s.

n—oo
Let 2% € w*-1sX,,(w) with w ¢ N. There is a sequence (z})jen weak™ converging to z*
with 27 € X, (w). Pick a large enough integer p € N such that [[2}|| < p for all j > 1.
By Jensen’s inequality we have

25 = fu, W) = llz} — E™5 ()W)l < p+ E™5 (|f])(w) = BT (| f] + p) (w),
in other words
&5 € fo; (W) + 75 (| + p)(w) B

and so zj € X} (w), coming back to the definition of X¥. Hence using (5.3.2) and the
definition of X, we get

2" € wi-lsXy (w) C X (w) C Xoo(w).
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By Theorem 3 in [26] that we recalled in the beginning of this section, and by our
construction we have

E7" X o (w) = w*cl[G E}—"Xfo(w)} a.s.

k=1
Hence by (5.3.1)
(5.3.3) EFr X () C w*cl[U Xﬁ(w)] C Xp(w) as.
k=1

Let f € Sx_. By (5.3.3) we have E”" f(w) € X,(w). Applying Theorem 3.4 (a) to
the single-valued mapping f yields w*-lim E¥» f = f a.s. Hence f(w) € w*-liX,(w) a.s.

Taking a Castaing representation of X, we get Xoo(w) € w*cl[w*-1iX,(w)] a.s. m

Taking into account Theorem 5.3, we proceed to the existence of regular martingale
selections in L. [E](F).

THEOREM 5.4. Let (Xp)nenw be a w*-closed conver integrable supermartingale
(E7m Xy, C Xy, for m < n) such that (dgy (0, X,,))nen is uniformly integrable in Ly (F).
Then there is Z € Eiwk(E) (F) such that

E’"7Z c X, as. YVYneN.
Hence (X, Fn)nen admits a reqular martingale selection (frn, Fn)nen in Lb.[E](F).

Proof. We will use some techniques from [24, Theorem IV-1-2] and [20, Theorem 4.4]. Set
Vi i=dgy (0, X,,) +1 for each n € N. Then by using Lemma 5.1 and the supermartingale
property

dg; (0, Xp) < dp: (0, B7" Xpp1) < EPrdg: (0, Xny1)  ass.

we see that (V,,)nen is a positive uniformly integrable submartingale. So (V,,)nen con-
verges a.s. to a nonnegative integrable function V., € L (F). For each fixed n € N, the
sequence (E7"V,,p > n) is increasing, so, if p > n, let us set M, = T lim,,_, E7nV,.
Then (M, )nen is a positive integrable martingale such that M,, > V,, for every n € N.
But (Vy,)nen converges to Vi, in L (F) so that limy . EF"V, = EFV, in Lk (F).
By identifying the limits, we get M, = E¥"V,, a.s. So we conclude that (M, ),enN is a
regular integrable martingale. Set

Y, = X, N M, Bg-.

Now using the supermartingale property and the monotony of the conditional expecta-
tion, it is easy to check that (V,)nen is a cwk(E?*)-valued uniformly integrable super-
martingale in Eiwk(E*)(]:). Indeed, we have for each n € N

E7nY, 1 = B [ Xy N My Bg-]
C B X, 1 NE’"[M,,1Bg-] C X, N EX"[M, 11 Bg-].
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Let (e;j)jen be a dense sequence in Bp. Taking the conditional expectation of
My 41(.) B~ gives

6" (ej, BT [Mp41()Bp-]) = B7*[6"(ej, Mn+1(.) BE-)]
= B (0% (ej, Bp)[Mys1(.) = 6" (e, Bp-) BT M1 (.) = 0" (¢j, Bp- ) Min(.)
a.s. for all j € N. Hence EF[M,+1(.)Bg<] = M,(.)Bg~ a.s., thus proving that

E7Y, 1 C Y, a.s. Now applying Lemma 5.2 to the uniformly integrable supermartingale
(Y,)nen yields an Z € ﬁiwk(E*)(}") such that E/»Z C Y,, C X,, a.s. foreach n € N. m

The above consideration leads to a characterization of regular martingales in
[’iwk: E*)(]:)
PROPOSITION 5.5. Let (X,,)nen be a uniformly integrable martingale in Eiwk(E*)(]:).

Then there is Xoo € Ecwk(E* (F) such that X,, = EX™ X, for all m € N.

Proof. Since (X,)nen is a martingale, for every m € N and for every A € F,,, we have

lim  AG- / X, dP = AG- / X,, dP
A A

n>m,n—oo

here the limit can be taken with respect to the Hausdorff distance Hip.. As (| X7 nen is
uniformly integrable, applying Theorem 6.1(4) in [12] provides a subsequence (X )neN
and X, € L'cwk -y (F) such that

lim 5*(u,X;)dP=/6*(u,Xoo)dP Vu € L (F).
Q

n—oo Q

It follows that, for every m € N, for A € F,,

G—/XoodP:AG-/deP.
A A

In other words X,,, = B/ X

COROLLARY 5.6. Let (X,,)nen be a uniformly integrable martingale in L. [E|(F). Then
there is Xoo € L. [E|(F) such that X,, = BT X, for all m € N.

Proof. Since (X,)nen is a martingale, for every m € N and for every for A € F,,, we

have
w*-lim G—/ X, dP:G—/ X, dP
n>m,n— oo A A

where the limit can be taken with respect to the weak star topology. As (|X,|)nen is
uniformly integrable, applying Theorem 6.5.9 in [10], provides a subsequence (X ),eN
and Xo € LY. [E](F) such that

lim [ (u,X))dP = / (uy, Xoo) dP  Yu € LF(F).
Q Q

n—oo

It follows that, for every m € N and for every A € F,,,

G—/XOOszG—/deP.
A A

In other words X,,, = EZm X . m



CONVERGENCE OF MARTINGALES IN A DUAL SPACE 61

6. Conditional expectation in giwk(E*)(.’F). Now the existence and uniqueness for

the conditional expectation in gclwk( oy (F) comes.

THEOREM 6.1. Let B be a sub-o-algebra of F and let X be a cwk(E?)-valued Gelfand-
integrable mapping such that EB|X| € [0, 4o0c[. Then there exists a unique B-measurable,
cwk(E*)-valued Gelfand-integrable mapping, denoted by Ge-EBX which enjoys the fol-
lowing property: For every h € L*°(B), one has

AG- / hGe-EBX dP = AG- / hX dP.
Q Q

Ge-EBX is called the Gelfand conditional expectation of X .

Proof. Theorem 6.1 is a corollary of a general integral representation (see Theorem 6.3)
given below. m

Let us mention a useful corollary.
COROLLARY 6.2. Under the hypotheses and notation of Theorem 6.1, the following hold:
1) For every h € L>(B) and for every x € E and for every f € St (X), one has

(h@x,Ge-EBf) := / (h@x, f)dP
Q

g/5*(h®x,X)dP:/5*(h®x,ae-EBX)dP
Q Q

and hence Ge-EP f(w) € Ge-EB X (w) a.s.
2) For every h € L= (B) and for every x € E, one has

5% (h & 7, Ge-E5(S5,(X)) = sup{ (h @ 7, Ge-Ef) : f € S,(X))
=sup{(h @ 2", f) : f € Sge(X)} = 6" (h ® 2, 8.(X))
= / S (h@x,X)dP = / §*(h@x,Ge-EBX)dP = 6*(h ® z, 85 (Ge-EP X))
Q Q
3) For all B € B, for allz € E,
/ 5 (2, X (w)) dP = / 5* (3, Ge-EB X (w)) dP
B B
hence 6*(z, Ge-EBX (w)) = EB§* (v, X (w)) a.s.
Proof. 1) Equality (h ® z,Ge-EB f) = Jo(h @z, f) dP and equality
/ S*(h®x,X)dP = / §*(h® x,Ge-EP X)) dP
Q Q

follow from Theorem 6.1. In particular, by taking the functions 14 ® x; where A € B and
(2;)ien is a dense sequence in F, we get

/(xi,Ge—EBﬁdPS/(5*(xi,Ge—EBX)dP
A A

and hence
(z;, Ge-EP f) < 6*(2;, Ge-EP X))
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a.s. for all ¢ € N. By Proposition I11.35 in [13], we get
Ge-EPf(w) € Ge-EBX (w) aus.
2) follows from the Strassen formula [13, Theorem V-14] applied to the Aumann-

Gelfand integral of the cwk(E?)-valued Gelfand-integrable X and Ge-EBX.
3) follows from the calculus of support functionals in Theorem 6.3. =

Theorem 6.1 is a consequence of the following integral representation.

THEOREM 6.3. Let B be a sub-o-algebra of F. Let us consider a cwk(E?)-valued mapping
M : L*(B) — E? satisfying the following conditions:
(i) For each © € E, the scalar function h — §*(x, M(h)) is continuous on bounded
subset of L>°(B) with respect to the convergence in probability.
(ii) M(f+g) =M(f)+ M(g) if fg =0, for f,g € L>(B).
(iii) There is a sequence (X, )neNn in Eiwk(E*)(Q,f, P) and a B-measurable partition
(Bn)nen of Q satisfying

M(1p, h) = AG—/ hX,dP Vhe L®(B) VneN.
By

Then there exists a unique B-measurable, cwk(E¥)-valued Gelfand-integrable mapping T
satisfying the following property:
M(h) = AG—/ hL'dP Vh € L*=(B).
Q
Here AG- fQ hI' dP denotes the cwk(E¥)-valued Aumann-Gelfand integral of hT.

Proof. Let n € N. By (iii) and Theorem 3.1, there is a unique cwk(E¥)-valued B-
measurable and integrably bounded mapping I, := EBX,,

M(hlp,) = AG-/ hp, X, dP = AG/ hT, dP Yh e L™(B).
Q B

n

Let us define I'(w) = 'y (w) if w € By,. Then I' is B-measurable. By using (ii) it is not
difficult to check that

(6.3.1) M(i IBnh) = AG-/ ianhFdP
n=l Q n=lI

for every h € L*°(B) and for every m,l € N. Let us consider an arbitrary B-measurable
selection g of I'. Then we have

m m

(6.3.2) G-/ S 1p,hgdP € M(Z 1Bnh>
Q n=l

n=I

which implies

(e (S 16) < [ (03 tmt0)ap <0 (s 0(S10,0)).

for every x € E. By (i) the mapping h — M (h) is scalarly continuous on bounded subsets
of L*>(B) with respect to the convergence in probability, from the above estimate we see
that the sequence ((z,> 1| 15, g))men is a o(L*(B), L>°(B)) Cauchy sequence. But the
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pointwise limit of this sequence is (z,g), therefore by classical property of L' space we
have

(6.3.3) dim > 1p,(z,9) = (z,9)

n=1

for the norm topology of L!. By (6.3.3) we conclude that g is Gelfand-integrable with
G- [, hgdP € M(h) by passing to the limit when m goes to co in (6.3.2). Now we prove
that ' is Gelfand-integrable. Let © € F. By the measurable implicit Theorem II1.38 in
[13], there is B-measurable selection o of I" such that (z,0) = §*(z,T"). We conclude that
the cwk(E*)-valued B-measurable mapping I' is Gelfand-integrable. Let us denote by
SL.(T)(B) the set of all Gelfand-integrable selections of I'. Then S}, (T')(B) is nonempty
convex o(GL.[E](B), L= (B) ® E) compact, by applying Theorem V-14 in [13]. We finish
the proof by showing that

M(h) :AG-/QhFdP: {G-/thdP:geSée(F)(B)}

By invoking Theorem V-14 in [13] we see that the Aumann-Gelfand integral AG- fQ hI'dP
is convex weak* compact. In order to prove the desired equality, we proceed as in the
proof of Theorem V-17 in [13]. It is clear that

AG-/ D dP = {G/ hgdP : g e sge(r)(s)} c M(h).
Q Q

Assume that there is a ¢ € M(h) \ AG- [, hY dP. By the Hahn-Banach theorem, there
is an « € E such that

(6.3.4) Vg € 8¢ (T)(B) /Q<x,g>h dP < (x,¢) < 6" (z, M(h)).

By the measurable implicit Theorem I11.38 in [13], there is a B-measurable and Gelfand-
integrable selection g of I' such that

(x,g)h = 6"(z, ") Yw € Q.
This implies by integrating on each B,
/ (xj}thz/ 0" (z, hI") dP = 6" (x, M(1p, h))
B, By,

By (6.3.2) we have
M(Z anh> = AG-/ 3 1, hTdP = ZAG—/ 15, hTdP =Y M(1p,h)
n=1 Qpn=1 n=1 Q n=1
Hence we get

5*(m,M(Zm: 1Bnh)) :/sz}x,an@th

By passing to the limit when m goes to co, we get by Lebesgue’s theorem

5 (z, M(h)) = /Q@,g)h dP
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This contradicts the inequality
/(w,@}h dP < §*(x, M(h))
Q

in (6.3.4) and completes the proof. m

The preceding result recovers Theorem 6.1. Indeed, it is enough to put M(h) =
AG- [ hX dP, h € L>=(B). Using the assumption EP|X| € [0, +oo[ provides a B-measur-
able partition (B, )nen of Q and a sequence (X, )nen := (15, X)nen in E}zwk(E:)(Q, F,P)
such that

M(1p,h) = AG—/ hX,dP Vhe L®(B) VneN.
By,

In the same vein we provide another integral representation theorem for a cwk(E*)-
valued mapping M : A* — cwk(E*) involving a pair of Kéthe spaces (A*, A) in the same
style as Theorem V-17 in [13]. Recall that (A*,A) is a pair of vector subspaces of L!
placed in duality by the bilinear form

<f,g>:/ﬂfgdP7 feA, geA.

THEOREM 6.4. Let B be a sub-o-algebra of F. Let us consider a cwk(E?*)-valued mapping
M : A*(B) — E¥ satisfying the following conditions:

(i) For each x € E, the scalar function f — 6*(x, M(f)) is continuous on A*(B) with
respect to the topology of L*(B).

(i) M(f+g)=M(f)+Ml(g) if fg 20, for f,g € A*(B).
iii) There is a sequence (Xp)neN i L2, oo (QF, P) and a B-measurable partition
cwk(E*)

(Bu)nen of Q satisfying

M(p, f) = AG-/B fXn.dP Vfe A (B) VYneN.

Then there ezists a unique B-measurable, cwk(E?)-valued Gelfand-integrable mapping T’
satisfying the following properties:

(a) 0" (z,T) e A(B) Vz€E.
(b) M(f):AG—/deP Ve A" (B).
Q
Here AG- [, fT'dP denotes the cwk(E?)-valued Aumann-Gelfand integral of fT.

Proof. Let n € N. By (iii) and virtue of Theorem 3.1, there is a unique cwk(E?)-valued
B-measurable and bounded mapping I',, := EPX,, satisfying

AG—/ fTpdP = AG’—/ fX,dP
B, Bn
for every f € L*°(B). Coming back to (iii) we have

M(flg,) :AG-/QflanndP:AG-/B fT,dP Vf e L®(B).
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Since the set of simple functions is dense in L, by using (i) it is not difficult to see that

(6.4.1) M(f1g,) :AG'/QlenX” dP:AG-/B fT.dP Vf e A*(B).

Let us define I'w) = T',(w) if w € B,,. Then T' is B-measurable. Accordingly, from (ii)
and (6.4.1)

(6.4.2) M(i 15, f) = AG- /Q ihgn frdP
n=l n=Il

for every f € A*(B), and for every m,l € N. Let Sp be the set of all B-measurable
selections of I'. Let g be a B-measurable selection of I and h € L*(B). Then we have

(6.4.3) G—/sz:anhfg dP € M(i anhf)
n=l n=Il

which implies

7 (e m (X tn.ns)) < [ (53 1 So)nar < 5 (01 (3 15,05))
n=I n=I n=l

for every x € E. By (i) and the preceding estimate we see that the sequence

(o3 hm), .

is a o(L'(B), L*°(B)) Cauchy sequence. But the pointwise limit of this sequence is (z, fg),
therefore by the classical property of L' space we have

(6.4.4) dim Y 1p, (2, fg) = (2, f9)
n=1

for the norm topology of L. By (6.4.4) we conclude that fg is Gelfand-integrable with
Ge- [, fgdP € M(f) by passing to the limit when m goes to oo in (6.4.3). This implies
that (x,g) € A for all z € E. Now we prove that I" is Gelfand-integrable. Let « € E. By
the measurable implicit Theorem II1.38 in [13], there is B-measurable selection o of T’
such that (z, o) = 0*(z,T"). We conclude that the cwk(E*)-valued B-measurable mapping
I' is Gelfand-integrable and also 6*(z,T') € A for all z € E. Let us denote by St (T')(B)
the set of all Gelfand-integrable selections of I'. Then S} (I')(B) is nonempty convex
o(GL.[E](B), L=(B) ® E) compact, by applying Theorem V-14 in [13]. We finish the
proof as in Theorem 6.3 or Theorem V-17 in [13] by showing that

M(f) :AG-/Q fTdp = {G-/Q fgdP: g€ St (T)(B)}. =

7. Levy’s theorem for convex weak* compact valued Gelfand-integrable map-
ping. We begin with a version of Levy’s theorem for a Gelfand integrable mapping.

THEOREM 7.1. Assume that F is a separable Banach space and X is a Gelfand-integrable
E*-valued mapping such that

(C) E7|X| €[0,400] for eachn € N.
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Then we have
w*limGe-E¥*X = X a.s.

n—oo

where Ge-E¥ X denotes the Gelfand conditional expectation of X .

Proof. By condition (C) and Theorem 6.1, Ge-E”» X is F,-measurable and Gelfand-
integrable satisfying

(7.1.1) G-/ hGe-EandP:G-/ hX dP
Q Q

for every h € L*(F,). Applying (C) for n = 1 provides a Fj-measurable partition
(Bg)ren of Q such that Xy := X1p, € LL.[E](F) for each k € N. By virtue of Theorem
3.2, we have

(7.1.2) X, = wrlim E7" X}, as.

n—oo

for each k € N. We claim that
X =w*limGe-E7" X a.s.

n—oo

As B, € F1 C F, for every k € N and for every n € N, it is obvious by using (7.1.1)
that

(7.1.3) E¥"X1p, = 1p5,Ge-E"" X.
By (7.1.2) and (7.1.3) we have

X=) Xp=) w-lmE"X; =3 1p w-limGe-E" X = w'-lim Ge-E™" X.

k=1 k=1 k=1
a.s., thereby proving the claim and completing the proof. =

Now here is a version of Levy’s theorem for cwk(E¥)-valued Gelfand-integrable map-
ping. A similar version for convex weakly compact valued Pettis-integrable mappings is
available in [1, Theorem 5.1].

THEOREM 7.2. Let X be a cwk(E?*)-valued Gelfand-integrable mapping such that (C)
holds. Then we have

w*K-limGe-E7*X = X a.s.

n—oo

where Ge-E¥ X denotes the cwk(EY)-valued Gelfand conditional expectation of X .

Proof. 1) By condition (C) and Theorem 6.1, Ge-E7" X is F,,-measurable and cwk(E?)-
valued Gelfand-integrable satisfying

(7.2.1) AG- / hGe-E7" X dP = AG- / hX dP

Q Q
for every h € L*(F,). Applying (C) for n = 1 provides a Fj-measurable partition
(Bi)ken of  such that Xj, := X1p, € Eiwk(E*)(]:) for each &k € N. From equality

(7.2.1) it follows easily that E¥1p5, X = 1p, Ge-E"" X. So
1p,|Ge-E X | = |EP"15,X| < EF"1p,|X|  as.
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Hence

sup |EXX| < 0o a.s. on each By,
neN

which implies that w*-li Ge-E7" X (w) is convex and w*-compact a.s.
2) Since X is Gelfand-integrable, the measurable selections of X are Gelfand-inte-
grable. So, by [13, Theorem III1.22], there is a sequence (fn)nen in G.(F) such that

(7.2.2) X(w) =w-c{fn(w)}
for every w € Q.

Claim 1. X C w*-li Ge-E7» X a.s. Let f € S&.(F)(X). By Theorem 6.1 and Part 3)
of Corollary 6.2, Ge-E”" f is F,,-measurable and Gelfand-integrable and satisfies

Ge-E7" f(w) € Ge-E7" X (w) as.
Furthermore, by Theorem 7.1, w*-lim Ge-E""f = f a.s. So we conclude that f €

n—oo

w*-li Ge-E¥» X a.s. Since this is true for any f € S (F)(X), by invoking (7.2.2) we
see that Claim 1 is true.

Claim 2. w*-Is Ge-E¥» X C X a.s. Let (h;);en be a dense sequence in E. Then Part 3)
of Corollary 6.2 implies

§*(hj, Ge-E"" X (w)) = E76*(h;, X (w)) as. Vj€N VneN.
By Levy’s theorem, we have

lim EX"6*(hj, X (w)) = 6" (hj, X (w)) as. Vje€N.

Let w € Q be such that the preceding relations are satisfied. Let 2* € w*-Is Ge-E7" X (w).
Then z} — z* in E} for some z} € Ge-E” "+ (X)(w) and hence, for each j € N,
(hj,z*) = klim (hj,x}) < limsup 6*(h;, Ge-E¥ s (X)(w))
— 00 k—o00

= limsup E7 "+ 6*(h;, X (w)) = Jim BT 5% (hy, X (w)) = 0% (hj, X (w))

k—o0
So z* € X (w) because X is convex weakly* compact valued ([13], Proposition III.35) and
hence Claim 2 follows. m

The following is a w*K-convergence result for cwk(E?)-valued Gelfand-integrable
martingales.

THEOREM 7.3. Let (X, Fn)nen be an adapted sequence of cwk(E*)-valued Gelfand-
integrable multifunctions satisfying:

(i) B%4|X,| < co for eachn € N and each 1 < g < n.
(i) (Xn, Fn)nen is a cwk(E*)-valued martingale, that is, Ge-E7" X, .1 = X,, for all
n € N.
(ili) sup,>1sup,cg, fo 0% (2, Xn)|dP < oo.
(iv) There is a partition (Ap)nen in U,— Fn such that for each m € N, (X,|a,, )nen
is bounded in ‘Ciwk(E;‘)(Am)‘

Then there is a cwk(EY)-valued Gelfand-integrable multifunction Xo such that
w*K-lim X,, = X a.s.

n—oo
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Proof. By (i) and Theorem 6.1, for 1 < ¢ < n the Gelfand conditional expectations
Ge-E%4 X, exist and belong to giwk( B (F). Accordingly the cwk(E¥)-valued martingale
given in (ii) exists. Now for each m € N, let n(m) € N be such that A,, € F,, ). Then,
by (iv) (Xnla,, s Frlam )n>nm) is a cwk(E})-valued bounded martingale in £iwk(E;‘) (An).
Hence for each m € N, using Theorem 3.8, we can find X} € ‘C(lzwk(E;)(Am) such that
w*K-llm X, =XT as. weA,
n—oo,n>n(m)

Put Xoo = > o, X714, . Then obviously (X, )nen w*K-converges to X«. It is easy
to check that X, is scalarly F-measurable. By (iii) it follows that, for every z € Bg,
(6% (2, X)) nen is a real-valued L!-bounded martingale, so it converges a.s. to a function
in L'. Hence X, is Gelfand-integrable. =

8. Mosco convergence results for closed convex valued supermartingales. We
present a new version of Mosco convergence results for closed convex valued supermartin-
gales in a separable Banach space E having the Radon-Nikodym property (RNP). For
this purpose, in the remainder of this section, the conditional expectation is taken in
the sense of Hiai-Umegaki [22]. If B is a sub-c-algebra of F, F : Q = E is an inte-
grable F-measurable multifunction, Hiai and Umegaki [22] showed the existence of a
B-measurable and integrable multifunction G such that

Se(B) = c{ESf : f € Sp(F)}

where S§L(F) (resp. S5(B)) is the set of all F- (resp B-) measurable and integrable
selections of F' (resp. G), here the closure is taken in LL(F). G is the multivalued condi-
tional expectation of F relative to B. The conditional expectation G := EBF of Hiai and
Umegaki can be defined as the essential supremum of {E®f : f € SL(F)}. For more in-
formation on the Hiai-Umegaki conditional expectation, see [22]. A closed convex valued
integrable sequence (X, ),enN is a supermartingale if X, is F,,-measurable for each n € N
and E¥ X, 11 C X, for each n € N. Recall that an adapted sequence (f,,, Fy)nen is a
regular integrable martingale if there is f € L (F) such that f,, = EZ» f for each n € N.
A nonempty closed convex set A in E is weak ball-compact if for any x € A, for any r > 0,
the set AN [z +rBg] is o(E, E*)-compact.
We need a preliminary lemma.

LEMMA 8.1. Assume that E is a separable Banach space having the RNP and the strong
dual Ef of E is separable. Let (X,)nen be a uniformly integrable supermartingale in

Ciwk(E)(}') satisfying:

(1) sup,en |[Xn(w)| < 0o for each w € Q.

(ii) For each A € F, the set \J,_, [, Xn dP is relatively weakly compact.
Then there is X € Eiwk(E) (F) satisfying the following properties:

(a) limy, o0 6% (2%, X,,) = 0%(2%, X&) a.s. for all z* € Bp-.
(b) limy, oo d(z, Xp(w)) = d(z, Xoo (w)) a.s. for all x € E.
(¢) BFm Xoo(w) C Xpn(w) a.s. for allm € N.
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Proof. (a) Let D = (e});jen be a dense sequence in Bg- for the topology associated with
the dual norm. As (X, )nen is a uniformly integrable supermartingale in L’}:wk( ) (F), for
cach j € N, (6*(e}, Xn))nen is a bounded real-valued supermartingale in Lg (F). So it
converges a.s. for every j € N to a function m; in L'. Thanks to (ii) we may apply [11,
Theorem 3.4(b)] to the uniformly integrable cwk(E) sequence (X, )nen. This provides a
subsequence (X )nen and Xo € Eiwk(E) (F) such that for each v € L% (F)

lim 5*1}X’ dP = /(5*UX

So by identifying the limits we get
lim 6*(ej, X)) = my = 6" (ej

)
n—oo J

Xoo) as.

Therefore (a) follows by using (i) and a density argument. Applying Lemma V.2.9 in [24]
to the family of real-valued L'-bounded submartingales

((ej, @) — 67(€], Xn))nen
gives (b). Now let m < n and A € F,,. By the supermartingale property we have

/5*(6;,Xn)dpg/5*(e;,x

A A
/5*(6;,)(00)(1133/5*(6;,Xm)dp.
A A

Therefore by taking the conditional expectation of X, we get

/5*(6;,Efmxoo)dpz/5*(e;,Xoo)dPg/5*(e;,X
A A A

thereby proving (c) (see Proposition II1.35 in [13]). m

It follows that

The following result is an extension of a similar one due to Choukairi [15, Theorem
2.14] dealing with reflexive separable Banach space and is a variant of a result due to
Hess [20, Theorem 5.12].

THEOREM 8.2. Assume that E is a separable Banach space having the RNP and the
strong dual Ef of E is separable. Let (X, )nen be a weak-ball compact closed convex
valued integrable supermartingale (E¥m X, C X,, for m < n) satisfying:

(1) (Xn)nen admits a regular martingale selection (fn)nen = (B f)pnen in LE(F).
(ii) For each k € N, and for each A € F,

U /A Xo 1 [fu + EZ*(If] + W) Bg] dP
n=1

1s relatively weakly compact.
Then one can find a closed convex valued integrable multifunction X such that
M—Jian =X a.S.
EF" X C X, as VYneN.
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Proof. We will proceed in several steps.
Step 1. By our assumption there is an f € LL(F) such that f,, = E%n f for all n € N.
For each k € N, let us consider the multifunction

Xk =X, n[f, +E"(|f| + k)Bg).

We are going to check that (XF),cn is a uniformly integrable supermartingale in
L’iwk( B) (F). Let m < n. As X* C X,,, by the supermartingale property and by monotony
of conditional expectation one has

ETmXFc BT X, C X,
Taking the conditional expectation £ in the inclusion
XFC fo+ ET(|f| + k)Bg

yields
EFm Xk f. + EF(|f| + k)Bg.

Hence we get EFm X* c Xk . Note that |X*| < h for all n € N, where ht = |f,| +
E7»(|f| + k). Further the uniformly integrable submartingale (h¥),cn converges a.s. to
a positive integrable function h¥. Hence there exists a positive constant 7* depending on
w € Q such that h® <7k as. for all n € N. So | XF| < rF as. for all n € N. As (X,,)neN
is weak-ball compact closed convex valued, by (ii) we may apply Lemma 8.1 (a), (b),
(c) to the uniformly integrable cwk(E)-valued supermartingale (XY),en. That provides
X5 € L], (F) and a negligible set N, such that

(8.2.1) nh_}ngo 5 (z*, XF(w)) = 6% (2", XE (w)) Vz* € Bp- Yw € Q\ Ny,
(8.2.2) lim_d(z, XF(w)) =d(z, Xk () Ve € E Ywe Q\ N,
(8.2.3) E7» Xk (w) ¢ XF(w) YneN VYweQ\ N,

so that by (8.2.1) and (8.2.2)

(8.2.4) J\g;hoglx,’i(w) = X% (w) VYweQ\ Ny

Step 2. Convergence and conclusion. By construction, we have X¥ c X*+1 so that
(XX )ken is increasing. Let us set N = |Jg—, Ny and

cl [UZ’; X(’fo(w)} if weQ\N

Xoo(w) =
0 if weN.

We need to check that
M-lim X, (w) = Xoo(w) a.s.

n—oo
Let z € w-l1sX,(w) with w ¢ N. There is a sequence (z;);cn weakly converging to x
with 2; € X, (w). Pick a large enough integer p € N such that [|z;|| < p for all j € N.
By Jensen’s inequality we have

25 = fo; @) = g = B75 (F) (@) < p+ BT | f|(w) = BT (f] + p) (),
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therefore x; € f,,(w) + E7"i (|f] + p)(w)Bg, and so z; € X} (w). Hence using (8.2.4)
and the definition of X, we get

z € w-lsX] (w) C XE (w) C Xoo(w).

By Theorem 2.1 in [21] we have

EF X oo (w) = cl[U Ef"Xfo(w)} a.s.
k=1
Hence by (8.2.3)

(8.2.5) EF" Xoo(w) C cz[U X,’:(w)} C Xp(w) as.

k=1
Let f € Sk _. By (8.2.5) E”" f(w) € X,,(w). By Levy’s theorem lim, .o EZ* f = [ a.s.
Hence f(w) € s-liX,(w) a.s. Taking a Castaing representation of X, we get X (w) €
s-liX,(w) a.s. =

9. Application to the law of large numbers. Here we need some specific notation
and definitions. Let ' be a element in Lk.[E](F). The law (or distribution) Pr of T is
given by Pr(B) = P(I'"!B) for each B € B(E?). Two elements I and A in L. [E](F) are
said to be equidistributed (or to have the same distribution) if Pr = Pa. Two L. [E](F)-
mappings I' and A are said to be independent if

Pir.a)y = Pr ® Pa.

Given I in L}, [E](F), Ar is the o-algebra on ) generated by I'. For shortness we provide
a simple application to the law of large numbers in LL.[E](F), see [9] for a related result
with different approach. An element I' € LL.[E](F) is often called random vector or
random element.

PROPOSITION 9.1. Let (X,)n,>1 be a sequence of independent random elements in
LL.[E)(F). Let
Sn Z=X1 +X2—|—+Xn
and assume that for all n and for every j € {1,2,...,n}, (Sp, X1) and (S,, X;) have the
same distribution. Then
1
w*-lim —§,, = / X1dP a.s.
Q

n—oo N

Proof. We will sketch the proof, using several arguments developed in [6] involving the
existence of conditional expectation in Theorem 3.1.
Fact 1. Using the arguments of Theorem 3.2 in [6] we have

(9.1.1) VnVj € {1,2,...,n} EAsnX; =E4"X; as.

Fact 2. Let (z,)pen be a dense sequence in the closed unit ball of E. Since (z,, X1)
and Ag, are independent, by a well known result (see e.g. [2, Theorem 10.1.4]) we get

(9.1.2) E((xp, X)|Sn, Xny1, Xnga,...) = EASn(z, X)) as.
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By combining (9.1.1) and (9.1.2) we get for a.s. w € Q

i(m;ﬂ? (% i (zp, X ) = %iE“mejHSn)
Jj=1 j=1

= E(@pa X1)|Sn) = E(<$p7X1>|Sna Xng1, Xnga, ...

That implies by using the properties of conditional expectation and the separability of E,
1
5 = E(X41]Sn) a.s.

Let
Gn =0(As,, As,iryy---) Yn>1

Then we have
EAsn X, = E9" X, as.

Hence 1
w*-lim —.5,, = w*-lim E9"X, = E9~ X, as.

n—oo mN n— oo
where Goo := (., G,. We finish the proof by proving
Fact 3. E9~ Xy = [, X1 dP and conclusion.
Observe that for each fixed integer m > 1,

n

w*-lim — ! X; = Eg°°X1 a.s.
n—oo M Jat
So that E9= X is 0(Asg,,j > m)-measurable. By invoking the independence of (Asg,, )n>1
and the Kolmogorov’s Zero-One Law, we conclude that E9~ X; = fQ X1dP. =
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