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ABSOLUTELY CONTINUOUS LINEAR OPERATORS
ON KOTHE-BOCHNER SPACES

| KRZYSZTOF FELEDZIAK |

Abstract. Let E be a Banach function space over a finite and atomless measure space (2, X, )
and let (X,| - ||x) and (Y,]| - ||ly) be real Banach spaces. A linear operator T acting from
the Kothe-Bochner space E(X) to Y is said to be absolutely continuous if ||7'(1a4, f)lly — 0
whenever u(A,) — 0, (A,) C X. In this paper we examine absolutely continuous operators from
E(X) to Y. Moreover, we establish relationships between different classes of linear operators
from E(X) to Y.

1. Introduction and notation. Let (X, -|x) and (Y, | - ||y) be real Banach spaces
and let Bx stand for the closed unit ball in X. Let X* and Y™ stand for the Banach
duals of X and Y respectively. Let N and R denote the sets of natural and real numbers.

Now we establish terminology concerning function spaces (see [AB], [KA], [Z]).
Throughout the paper we assume that (2,3, 1) is a finite and atomless measure space.
By 14 we will denote the characteristic function of a set A € 3. By L° we denote the
corresponding space of p-equivalence classes of >-measurable real valued functions de-
fined on Q. Let (E, | - ||z) be a Kothe function space in L°, that is, F is an ideal of L°
with supp E = Q and || - || g is a Riesz norm.

Now we recall terminology and basic concepts from the theory of vector-valued func-
tion spaces (see [CM], [DU], [L]). By L°(u, X) we denote the space of p-equivalence
classes of all strongly Y-measurable functions f : Q — X. For f € L%(u, X) let us set
flw) = | f(w)]|x for w € Q. The linear space E(X) = {f € L°(u, X) : fe E} provided
with the norm || f| g(x) == | fll is a Banach space and is called a Kithe-Bochner space.

Orlicz [O] and Orlicz and Wnuk [OW] defined and studied absolutely continuous
operators acting from Banach function spaces E to a Banach space Y. In this paper we
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extend the results of [OW] to the vector-valued setting, i.e., we study linear operators
from E(X) to Y.

For each u € ET the set I, = {f € E(X) : f < u} will be called an order interval
in E(X).

Nowak ([N1], [N2]) studied order-bounded and order-weakly compact operators acting
from E(X) to Y. Recall that a linear operator T': E(X) — Y is said to be order-weakly
compact (resp. order-bounded) whenever for each uw € E™ the set T'(I,) is relatively-
weakly compact (resp. norm-bounded) in Y. We will need the following result (see
[N1, Theorem 2.3]).

PROPOSITION 1.1. A linear operator T : E(X) — Y s order-bounded if and only if T
is (|| |z, || - ||v)-continuous.

Moreover, if || - || g is order continuous and X is a reflexive Banach space, then every
(I - Iz, - lly)-continuous linear operator T : E(X) — Y is order-weakly compact (see
[N2, Theorem 3.6]).

2. Absolutely continuous operators on Kéthe-Bochner spaces

DEFINITION 2.1. A linear operator T': E(X) — Y will be called absolutely continuous
whenever for every f € E(X), T(1a,f) — 0 as u(4,) — 0, (4,) C X.

PropoOsSITION 2.2. If T : E(X) — Y s absolutely continuous, then it maps order
bounded sequences in E(X) with pairwise disjoint terms into null sequences.

Proof. Let u € ET and let (f,) be a sequence in I, with pairwise disjoint terms, i.e.,
supp frn Nsupp fm = 0 if n # m. Let f: Q — X be the function defined by

folw) fwesupp fn, n=1,2,...

0 ifweQ\Usuppfn.

n=1

flw) =

Thus fg u, so f € I,.

Since f, = Lsupp ., .f and 307, pu(supp fn) = p(UpZy supp fn) < p(€) < oo, we get
p(supp frn) — 0 and it follows that T'(f,) = T (Lsupp ,f) — 0in Y. =

LeEMMA 2.3. If an operator T : E(X) — Y is absolutely continuous, then for each
f € E(X) and € > 0 there exists § > 0 such that | T (14 g)|ly < e for every A € ¥ with
w(A) <0 and g € If-

Proof. Assume that there exist f € F(X), e > 0 and sequences (A4,) in X, (g,) in T 7
such that Y07 | u(A,) < oo and || T(1a, gn)|ly > e

Since T'is absolutely continuous, there exists k; € N such that ||7°(1y <, A a)lly <5.
Then, we can find ky > k; with ”T(]lUE’ikQAm gk, )|ly < 5. Following this way we are able
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to find a sequence (k) such that ||T(]1U§;’ikn+lz4i9kn) ly < § for n € N. Thus we have

e <|T(Qay, gr)lly = 1T(Lag, Uz, 4k, Tk + Ly, 4y, k) lly
SNT(Lag, Uz, a4, )y + Ty | 4y, 98) Iy
ST (Lap, Uz, oA, 9ra)ly + % :
SO
(*) IT(La,, U, . Ar, Ie)lly > g for n=1,2,....

Let us put B, = Ag, \ U;2,41 Ak, and h, = 1p, gi, for n € N. Then the sets

By, B,, ... are pairwise disjoint and h < gk, < f for n € N. By Proposition 2.2 we get
IT(hy)|ly — 0, which contradicts (x). m

THEOREM 2.4. If a linear operator T : E(X) — Y is absolutely continuous, then it is
(I Iex), | - [ly)-continuous.

Proof. By Proposition 1.1 it is enough to show that T'(I,) is bounded in Y for every
w € Et.If T(I,) were not bounded, then we would find a sequence (f,) in I, such
that ||T'(fn)lly — oo. Thus we have || T(fn,)|ly > 2 for some n; € N. Using the ab-
solute continuity of T we can find k € N such that [|[T(1afn,)|ly <1 for every A € ¥
with p(A4) < w8 k . Since the measure p is atomless, there exist pairwise disjoint sets
Ay, ..., A in ¥ such that Q = Ui:l A; and p(4;) = @ for i =1,..., k. Thus we have
I1T(1a, fo)lly <1fori=1,... ,kand sup, |T(1a, fn)|y = oo for some j € {1,...,k}.
Putting g1 = 1o\ 4, fn,, we obtain [|T'(g1)|ly > 1. Moreover, we can find a natural number
ng > ny such that [|[T(14, fn,|ly > 2. Using the absolute continuity of 7" again, we can
find m € N such that |T(1afn,)|y < 1 for every A € X, A C A; with p(A) < #4),
Obviously, there exist pairwise disjoint sets Bi, ..., By, in ¥ such that 4; = [J;*, B; and
w(B;) = “( 24 for i = 1,...,m. Then we have |T(Lp, fo,)|ly < 1for i =1,...,m and
sup,, ||T(]lBlfn)||y =0 for some j € {1,...,m}. Let us put go = 1 4,\p, fn,- Note that
IT(g2)lly > 1 and g1 A g = 0.

By induction we can define a sequence (g,) of pairwise disjoint functions in I,, with
IT(gn)|ly >1forn=1,2,....

The last inequality contradicts Proposition 2.2 and it proves that T is continuous. m

Now we distinguish some classes of linear operators acting from E(X) to Y.

DEFINITION 2.5.

(i) A linear operator T : E(X) — Y is said to be o-smooth if f,, © o E implies

”T(f’n)”Y — 0.
(i) A linear operator T : E(X) — Y is said to be smooth if f, © omE implies
IT(fa)lly — Y.
THEOREM 2.6. Assume that L C E. For a linear operator T : E(X) — Y the following
statements are equivalent :

(i) T is absolutely continuous.
(if) T is o-smooth.
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Proof. (i)=-(ii) Assume that T is absolutely continuous. Choose a sequence (f,) in

E(X) with fn ©), 0 in E. Then there exists a decreasing sequence (u,) in E1 such

that f, < wu, | 0in E. Fix ¢ > 0. By Lemma 2.3 for u; there exists § > 0 such that
sup,, [T(1afn)lly < § whenever A € ¥ with p(A) < 6. According to the Egoroff theorem
there exists a set Ag € 3 with u(Q\ Ag) < 0 such that 14,f,(w) — 0 uniformly
on Q. It follows that 14,f, — 0in (E(X),] - |). Thus [|T(14,fn)|ly — 0 because by
Theorem 2.4 T is continuous. Hence
€ €
ITCE)lly < ITLap fo)lly + 1T (Lonap fu)lly <5 +5 =¢

for sufficiently large n’s, i.e., |T(fn)|ly — 0.

(ii)==(i) It is sufficient to show that for every f € E(X) ||T(14, f)|ly — 0 for every
(A,) in ¥ with p(A,) — 0. Let us take f € E(X) and a sequence (A,) in X such that

#(Ay) — 0. Obviously ]lAnfﬂ 0 and it follows that ||T(La, f)|ly — 0 because T is
o-smooth. m

Now we briefly recall terminology concerning locally solid topologies and the duality
of E(X) (see [FN], [N2]). A subset H of F(X) is said to be solid whenever f; < fy and
f1 € E(X), fo € H implies f; € H. A linear topology 7 on E(X) is said to be locally
solid if it has a local base at zero consisting of solid sets. A locally solid topology 7T on

E(X) is said to be a Lebesgue topology whenever for any net (f,) in F(X), fa ©) in

E implies f, — 0 for 7.

A linear functional F on E(X) is said to be order continuous whenever f, ©

in E implies F(f,) — 0. The set consisting of all order continuous linear functionals
on E(X) will be denoted by E(X);’ and called the order continuous dual of F(X). Then
E(X)* = E(X); if and only if the norm || - | g is order continuous.

The following theorem will be of importance (see [N3, Theorem 4.1]).

THEOREM 2.7. Assume that X* has the Radon-Nikodym property. Then the Mackey topol-
ogy T(E(X), E(X)7) is a locally convezx-solid Lebesgue topology on E(X).

n

Now we are ready to state the following corollary.

COROLLARY 2.8. Assume that L™ C E and X* has the Radon-Nikodym property. Then
for a linear operator T : E(X) — Y the following statements are equivalent :

(i) y*oT € E(X)y for every y* € Y*.
(if) T is (c(E(X), E(X)7),0(Y,Y*))-continuous.
(iii) T is (r(E(X),E(X)), | - |ly)-continuous.
(iv) T is smooth.

(v) T is o-smooth.
(vi) T is absolutely continuous.
0

Proof. (i)<=(ii) See [AB, Theorem 9.26].
(if)<=(iii) See [AB, Example 11, p. 149].
(iii)==(iv) It follows from Theorem 2.7.
(iv)==(v) It is obvious.

(v)<=(vi) See Theorem 2.6.

(v)==(i) It is obvious. =

111

v



|AB]
[
IDU]
[FN]
[KA]
L]
IN1|
IN2]
N3]
(0]
[OW]

2]

LINEAR OPERATORS ON KOTHE-BOCHNER SPACES 89

References

C. D. Aliprantis, O. Burkinshaw, Positive Operators, Pure Appl. Math. 119, Academic
Press, Orlando, 1985.

P. Cembranos, J. Mendoza, Banach spaces of vector-valued functions, Lectures Notes in
Math. 1676, Springer, Berlin, 1997.

J. Diestel, J. J. Uhl, Vector Measures, Math. Surveys 15, Amer. Math. Soc., Providence,
RI, 1977.

K. Feledziak, M. Nowak, Locally solid topologies on vector valued function spaces, Col-
lect. Math. 48 (1997), 487—511.

L. V. Kantorovich, A. V. Akilov, Functional Analysis, 3rd ed., Nauka, Moscow, 1984 (in
Russian).

P. K. Lin, Kdéthe-Bochner Function Spaces, Birkh&user, Boston, 2004.

M. Nowak, Order bounded operators from vector-valued function spaces to Banach spaces ,
in: Orlicz Centenary Volume II, Banach Center Publ. 68, Polish Acad. Sci., Warsaw,
2005, 109-114.

M. Nowak, Order-weakly compact operators from vector-valued function spaces to Banach
spaces, Proc. Amer. Math. Soc. 135 (2007), 2803—2809.

M. Nowak, Linear operators on wector-valued function spaces with Mackey topologies ,
J. Convex Anal. 15 (2008), 165-178.

W. Orlicz, Operations and linear functionals in spaces of p-integrable functions, Bull.
Acad. Polon. Sci. Sér. Sci. Math. Astronom. Phys. 8 (1960), 563-565.

W. Orlicz, W. Wnuk, Absolutely continuous and modularly continuous operators defined
on spaces of measurable functions, Ricerche Mat. 40 (1991), 243-258.

A. C. Zaanen, Linear Analysis, North-Holland, Amsterdam, 1953.






