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Abstract. We prove asymptotic formulas for the behavior of Gelfand and Kolmogorov numbers
of Sobolev embeddings between Besov and Triebel-Lizorkin spaces of radial distributions. Our
method works also for Weyl numbers.

1. Introduction. Today we have good knowledge about asymptotic behavior of entropy
and approximation numbers of compact embedding between spaces of Sobolev-Besov-
Hardy type. The attention has been focused on spaces defined on bounded domains and
weighted spaces. Spaces defined on bounded domains were thoroughly investigated by
D. E. Edmunds and H. Triebel [ET1] and [ET2], cf. also [ET]. Embeddings of weighted
function spaces where investigated by D. Haroske and H. Triebel [HT1] and D. Haroske
[DH1], [DH2]. Further development can be found in the series of papers [KLSS2], [KLSS3],
[KLSS4].

Compactness of Sobolev embeddings of spaces of radial functions was noticed by
W. Strauss [WS] and S. Coleman, V. Glazer, A. Martin [CGM]. Asymptotic behavior of
entropy numbers and approximation numbers of the embeddings were studied in the paper
by Th. Kiithn, H. G. Leopold, W. Sickel and L. Skrzypczak [KLSS1] and by L. Skrzypczak,
B. Tomasz [ST]. However nobody has studied Gelfand and Kolmogorov numbers of the
embeddings of spaces of radial functions, so in this paper we investigate asymptotic
behavior of the corresponding numbers. In a similar way we can estimate the asymptotic
behavior of Weyl numbers of the embeddings.
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2. Function spaces of radial distributions. We assume that the reader is acquainted
with the definition and basic properties of Besov spaces B;}Q(R”), 1<p,qg<o0, s€R,
and Triebel-Lizorkin spaces Fj (R"), 1 <p < oo, 1< g <00, s € R. We will denote the
continuous embeddings between Banach spaces by —.
Let p; < po and s; > so. It is well known that if § = s1 — s — (p% — 172) > 0 and
q1,42 Z 1 ((J1 S q2 if 6§ = O) then
Byl R") = B3 4, (R").

The above embeddings are never compact. However if we take subspaces of radial func-
tions or distributions then some of the above embeddings are compact, cf. [SS].

DEFINITION 2.1. A tempered distribution f is called radial if f9 = f for g € O(R™)
where f9(¢) = f(¢9 ) and 9 (2) = p(g~ '), ¢ € S(R"). For s € R, 1 < p,q < 00, we
define

RB, (R")={f € B, ,(R"): f is radial},

RE; (R") ={f € F; ,(R"): f is radial }.
REMARK. The spaces RB;  (R") and RF; (R") are complemented subspaces of
B, (R") and F; (R™) respectively, cf. [LS]. The restriction to the subspaces of radial

distributions allows us to overcome the problem of compactness. We get the following
theorem, cf. [SS].

THEOREM 2.2. The embedding RB;!

n

sl—é—bl>s 2= s and p1 < ps.

R™) — RB32 _ (R"™) is compact if and only if

p1, Q1( P2,92

The behavior of radial functions from Besov spaces at infinity is strictly related to the
behavior of functions belonging to some weighted Besov spaces defined on the real line.
Before we formulate the known result we need some definitions. For « € R we introduce
a weight function w, : R" — R, given by

wa () = (1 + [a]*)*/2. (1)
DEFINITION 2.3. Let 0 < u <00, 1 <p; <ps < oo and s,a € R. Then
By ([u,00),wa) = {f € By ,(R,wa) :supp f C {zx e R: 2z > u}},
where
B;’q(R",wa) ={feSR") :wf € B;_’q(R”)},
with

1f1By.q(R™,wa)|l = llwa f|Bp o (R™)]].
Moreover we define
RB; (R"\ B(0,u)) = {f € RB; ,(R") : supp f C {z € R" : |z] > u}}.
The above function spaces are related to each other by the trace operator tr* defined
by
tr: f(x1,...,20) — f(u,0,...,0), where u = |z1].
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THEOREM 2.4. Supposen >2, 0<u< oo, 1 <p,q<oo ands>0. Then:

L. The operator tr* maps RB; ,(R™\ B(0,u)) continuously onto B  ([u,00),ws).
2. There is a linear and continuous extension operator ext which maps B  ([u,00),wa)
into RB, ,(R"\ B(0,u)) and such that tr* oext = id.
3. The operator tr* is an isomorphism.
The above theorem is proved in [KLSS1].
The next interesting dependence is a relationship between the radial Besov space and
some weighted sequence space. We will work with the following sequence spaces.

DEFINITION 2.5. Let 1 < p,q < oo and ¢ > 0. In the sequel, w, stands for (1). We define

1427 (wa)) = {(Sj,k-)j,k sgll (270 (o))

(XX b)) " < ”}

§=0 k=0
(with the usual modification if p = oo or ¢ = 00). If § = 0 we will write I,(I,(wa))-
Now we have the following proposition.

ProrosiTioN 2.6 ([KLSS1]). Let p1 < p2, 1 < q1,q2 < 00 and sy — ;- > 55 — - We
put d = 81 — 8o+ n(pi2 — p%) There exist bounded operators S, T such that the following
diagram is commutative
S n S ]
RBp} ¢, (R™) ——> 14, (270, (wn-1))

P1,91

RB32  (R") <1y, (1, (Wn—1)),

P2,92
i.e. T oS =id.
The details can be found in [KLSS1].

3. Gelfand and Kolmogorov numbers. In this section we prove asymptotic estimates
of Gelfand and Kolmogorov numbers. We need two well known results concerning this
numbers of embeddings of sequence spaces.

First we consider diagonal operators. We put

DEFINITION 3.1. A diagonal operator D, : l,, +— [y, for a nonincreasing sequence
01> 09 > 03 > ...>0is defined by
(k) — (kK ) k-
We will need compact diagonal operators defined by sequences of the form o, = k=%,
a > 0. We will write D, if o, = k%, It is very easy to show the following lemma.

LEMMA 3.2. Let Dy i1y, 1y,

(i) Let 1 < p; <ps <o0. Dy is compact if and only if o > 0.
(ii) Let 1 < ps < p1 < o0 and % = p% — p% Dy, is compact if and only if o > %
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Now we will formulate the key definitions.
DEFINITION 3.3. Let X and Y be Banach spaces and T € L(X,Y).
(i) For k € N, we define the k-th approzimation number by
ap(T) :=inf{||T — A|| : A€ L(X,Y), rank(4) < k},
where rank(A) denotes the dimension of the range A(X) = {A(z),z € X}.
(if) For k € N, we define the k-th Gelfand number by
cx(T) == inf{|TJ%| : M C X, codim(M) < k},

where J3¥ is the natural injection of M into X and M is a closed subspace of the
Banach space X.
(iii) For k € N, we define the k-th Kolmogorov number by

d(T) == inf{||QXT|| : N C Y, dim(N) < k},
where QY is the natural surjection of Y onto the quotient space
Y/N={y+N:|y+N|| = inf |ly+ =}
and N is a closed subspace of the Banach space Y.

The approximation numbers, the Gelfand numbers and the Kolmogorov numbers are
examples of s-numbers, that were introduced by A. Pietsch, cf. [AP]. In the next propo-
sition we recall the well known properties of the above s-numbers.

PROPOSITION 3.4. Let sy € {ak,ck,dr}. Then

LT = s1(T) = 52(T) > s3(T) > ...

Sn+k,1(T1 + T2) < Sk(Tl) + Sn (Tg) (additivity),
Sntk—1(T1T2) < 55(T1)s,(T2) (multiplicativity),
(T') = 0 when rank(T") < k (rank property),

Sk )
cx(T) < ar(T), di(T) < ar(T),
)

IO ol

if ap(T) — 0 then T is compact,
c(T) — 0 if and only if T is compact,
di(T) — 0 if and only if T is compact.
For a real number r > 0 and any operator T € L(X,Y) we put
Lgsgo(T) := sup kl/rsk,(T).
’ keN

The expression L5530(T) is an example of an operator ideal quasi-norm. This means in

particular that there exists a number 0 < ¢ < 1 such that
EHRIS W
J

for any sequence of bounded linear operators Tj : X — Y [HK, L.c.5].

Directly from the definition we see that the approximation numbers of the diagonal
operator D, : I, — [, defined by the nonincreasing sequence oy > 03 > 03 > ... > 0 are
given by

ax(Dy : 1y, — 1p) = oy (2)
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This fact can be found in [CS, p. 46] or in [AP, p. 108]. By the boundedness of D, and
the monotonicity of the scale [,-spaces we get

k(Do : lp, = lp,) < an(Do < lp, — Ip,) < o, (3)

if p1 < po, cf. Proposition 3.4. The above and the following facts can be found in [AP].
If X and Y are Banach spaces, then

ek (T™) = di(T) (4)
for all compact operators T € L(X,Y) and
an(T) = di(T) (5)

forall T € L(X,Y).
It is well known that

Dy Ly, — 1y = Do g, — gy, (6)

where ¢ = pffl, q = plpil and 1 < p1,p2 < 00 (s0 1 < g1,¢2 < o0). Hence, from (4)

and (6), for 1 < py,ps < 0o we get
di(Do : lpy, — lp,) = k(Do 2 lg, — gy ), (M)

it Dy : 1, —1,, is a compact operator. In addition from (5) and (6), for 1 < p;,ps < o
(s0 1< q1,q2 < 00) we obtain

k(Do lpy = lpy) = di(Do 2 lgy — gy, (8)

if Dy : 1y, — 1p, is continuous.
Now we consider the asymptotic behavior of Gelfand numbers of embedding of finite-
dimensional spaces. In [EDG] or [JV] we can find the following lemma.

LEMMA 3.5. For 1 <k< N < o0 and 1 < py,ps < oo define

(N —k+ 1), if 1<py<p <00,
T N e
(min{l, N*"rrgz})ten w22 if 1<p<p2<2
11 k(%_é)/(%_é)
O(N,k,p1,p2) := InaX{NP2 a1 — }, if 2<p1 <ps < o0,
1 1 . 11— 1 k
max{NPz rr omin{l, N " P k~z} I—N},
if 1<p <2< py<oo.

Then
ce(id: D) — 1) ~ ®(N, k,p1,p2), 1<k<N<oo,

if ;1 > 1.

In [EDG] we can also find an analogous lemma for Kolmogorov numbers. One can
switch from Kolmogorov numbers to Gelfand numbers and vice versa using (4) and (5).

We can use Lemma 3.5 to prove the behavior of Gelfand numbers of diagonal operators
acting between infinite-dimensional spaces.
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LEMMA 3.6. Let 1 < p1,p2 < oo and D, be a diagonal compact operator generated by

o = k™. Let % = p% — p%’ 0 = (p% — p%)/(p% — %) There exist positive constants ¢

and C such that for oll k € N
ck™P <ep(Dy i1y, — 1,,) <Ok,
where
a, if 2<p1 <p2 < oo,
f%JriJra, if 1<pr <2<pr <0 anda>i,

) 1
8= p-1 Zfl<]?1§2<pz§ootmda<H

0r1<p1<p2§2andoz<§,
1

; z’f1<p1<p2§2andoz>2%
1

or 1 <py <p; <oo, p1>1anda>%.

REMARK. Similar estimates without proof are given in [RL]. Since we have no good
reference for the proof we present our proof below.

Proof.
1) Estimation from above. The upper estimates in the case 2 < p; < ps < oo follow

from general estimates (3) and (2). Now we regard the case 1 < py < p; < o0, p; > 1
and % < a. Let

AZZ{)\Z(/\l)l:)\lG(C, 1§l<OO}
and let P; : A — A be a projection defined in the following way

A, if 207 <1< 2
(PA) =40 ! = leN,
0, otherwise,

for \=(N\),i=1,2,.... Then
D, :ZDaoPi.

Elementary properties of the Gelfand numbers yield that for any ¢ € N

(Do Pi: Iy, — 1) <2707V (id - 1277 = 127, (9)
From (9) and Lemma 3.5 we get
L) (Do o Py i1y, — 1,) < 207 D0/sH1/tma), (10)
Taking M € Ny we put
M+1 oo
PM:=3 DooP; and Qu:= » DaoP.
i=1 i=M+2
We choose s > 0 such that L + 1 —a > 0. Then, from (10)
M+1 M
LE(PM)7 < 37 L) (Do o P)7 < Cy Y 27i1/s51/170) < CpoMO/s41/t=0) (17
i=1 =0

So from (11) we get for all k € N

ck(PM 1, — 1)) < ck™/saMO/s+1/t=0),

1
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Let now k = 2. Then

cont (PM 21, — 1,,) < 2M/t=) (12)
Since 7 < o we can choose s > 0 such that 1 + } — o < 0. Hence, from (10)
Lgcgo<QM)a <0 Z 20i(1/s+1/t—a) < 022UM(1/3+1/t—a)_ (13)
i=M+1
Thus taking k = 2M we get from (13) that
cont (Qur < Ly, — 1) < 2MA/t=2), (14)

From (12) and (14) we get
cort (Dg = Ly, — 1py) < 2MO/t=e)

therefore by the properties of Gelfand numbers

k(D t Ly, — lp,) < ekt (15)
for all £ € N.
Let now 1 < p; <2 < py < oo. Then by Lemma 3.5
1- £ if 1<k < N272/P,
ck(id:lg —>lI])\;)z Ly N 1_%7 if N2-2/m < | < N"‘+*1+1’ (16)
1 1
N#z o1, if Sz < k<N,
As in the previous case in view of (9) and (16) we conclude that
L) (Do o Pi iy, — 1y,) < C2U-DW/sH1/270/m=e) - if g < 9, (17)
L) (Do o Py i 1y, — 1) < 0207 D(@=2/p0)/sma) i g > 9, (18)
Let o > i Take s < 2 such that  + 1 — p% — a > 0. Then formula (17) yields
M
LgCOO(P]M)U <0 2201’(1/54—1/2—1/1)1—&) < szaM(l/s-&-l/Q—l/pl—a). (19)
i=0

Taking k = 2™ we get from (19) that
con (PM 11, — 1,,) < 2M1/2=Y/pima), (20)
We choose s < 2 such that § + 3 — -~ —a < 0. Then from (17)

s3]
Lgfgo(QM)U <0 Z 20’i(1/s+1/2—1/p1—a) < 02201\4(1/s+1/2—1/p1—o¢). (21)

i=M+1
Hence taking k = 2™ we obtain from (21) that
cont (Qup < 1y, — 1,) < 2M/2=1/pi—a), (22)
In view of (20) and (22) we get
cort(Dg = Ly, — 1yy) < 2MA/271/p1ima)
hence
k(Do : 1y, — 1,) < ckM/21/m=e (23)

for all £ € N.
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Let o < 1. We take s > 2 such that (2 — p%)% — « > 0. Therefore, from (18)

51
M

L(SC()XJ(PJW)U < Cl Z 20’i((272/p1)/57a) < 0220'M((272/p1)/57a)' (24)
=0

Then for all k € N we get from (24) that
en(PM 21, —1,,) < ck™ /oM ((2=2/p)/s=a),
Taking k = [2M(2=2/P1)] we get
en(PM 21, — 1,,) < ck=(@/2 1/ (i=1) (25)
Take s > 2 such that (2 — p%)% —a < 0. From (18) we have
Lgi))o(QM)g < Z L.(si)X)(D(l o F;)°
i=M+2

<0 i 20i((2=2/p1)/s=0) < (0,90 M((2=2/p1)/s=a) — (96)
i=M+1
Thus, for all k& € N we obtain from (26) that
cr(Qur : lp, — lpz) < ck=1/s9M((2=2/p1)/s—a)

Taking k = [2M(2=2/P1)] we get

Qs : 1y, — 1) < ck—(a/2)(p1/(p1—-1)) (27)
In view of (25) and (27)

(Do i 1y, — 1y,) < ck~ (/21 /(p1=1))
if k = [2M(=2/P1)] hence

cr(Da Ly, — 1) < ck—(@/2) e/ (p1=1)) (28)
for all k € N.

Let now 1 < p; < pa < 2. Then by Lemma 3.5

1, if 1 <k<N2-2/P,

(N1=Upi=1/2)° if N2=2/m1 < | < N, 29)

Ck(id:lzj)\i ng)%{

As in the previous case in view of (9) and (29) we conclude that

L) (Dgo P lp, = 1py) < C02i—=1)(1/s+(1/2=1/p1)0-a)

1

= 020D/ s+1/p2=1/pr1=0) i ¢ 2/0,  (30)

L) (Dy o Pi 1y, — 1) < C207D(@E72/p1) 50, if s>2/6. (31)

Let o > %. Take s > 0 such that 1 > max(Z, pil - p% + ). Then formula (30) yields
M

Lgfgo(PM)” <0 Z 90i(1/s+1/p2=1/p1—a) < 0220M(1/s+1/p2—1/p1—a)_ (32)
=0

Taking k = 2™ we get from (32) that
CoMm (PM : l[)1 — lp2) < oM 1/p2=1/p1—a) (33)
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Since o > ]% we can choose s > 0 such that g <ic p% - piz + a. Then from (30)
1

LELQu) <0y 3 2/ Ine o) < ComMO/sHntm=e) (34
i=M+1
Hence taking k = 2™ we obtain from (34) that
Comt (Qag t Ly, — ) < 2M/P2m1/pi=e), (35)

In view of (33) and (35) we get

com (Dt lp, — 1) < 62]\4(1/7)2*1/3’71*“)’

hence
ck(Dg : Ly, — 1y,) < ckl/P2=1/pi=e (36)
for all £ € N.
Let a < %. Then we can choose s > 0 such that 2p; < 2 < £. Therefore, from (31)
M
Lgc(lo(pM)cr <0 Z 20i((2=2/p1)/s—a) < (1,90 M((2=2/p1)/s—a) (37)
i=0

Then for all k£ € N we get from (37) that
ck(PM = lp,) < ck~1/5oM((2=2/p1)/s—c)
Taking k = [2M(2=2/P1)] we get
cr(PM 21,

Take s > 2/6 such that 1(2 — 2) — a < 0. From (31) we have
8 pP1

N lm) < ck—(@/2)(p1/(p1—1)) (38)

oo
L Q)7 < Y LE(Dao P)?
i=M+2

< i 90i((2-2/p1)/s=0) < (0,90 M((2=2/p1)/s=0) (3g)
i=M+1
Thus, for all £ € N we obtain from (39) that
Qs i Ly, — 1y,) < ck™Y/52M((2=2/p1)/s=a)

Taking k = [2M(2~2/P1)] we get

Qs : Ly, — Lyy) < ck= (/2 @1/ (i=1) (40)
In view of (38) and (40)

k(Do t lp, — 1py) < ck—(@/2@1/(P1-1))
if k = [2M(=2/P1)] hence

k(Do t lp, — 1py) < ck=(@/2)®1/(1=1)) (41)

for all £ € N.
2) Estimation from below. First we note that

Ck‘(D(l : l;Ul - lpz) ~ Ck(Id : lpl (w) - lp2)7
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where -
1 (@) = {00 I @) = (S e ™™ < oo},
=1

Thus we can regard the following commutative diagram

"1y (@)

o lm

N T
Ly <——lp,.

We have
c(id) < [|S]||T||ex(Id) for k=1,2,3,..., (42)
and the norm of S depends on N and a. Let v = (vy,...,vn), A = (A\;) and
vi, if N <i< 2N,
0, otherwise,
then
(T(N\)i = Nign—1, if1<i<N.
Hence |T|| =1 and || S]] < CN®. In consequence we get by (42) that
cr(id) < CN%(Id) for k=1,2,3,.... (43)
Let 1 < p; < p2 < 2. By (43) and Lemma 3.5 we get
(min{1, N1V =12 6w G < oo (d) for k=1,2,3,....  (44)
If a > pi and N =k, k € N, then (44) yields
Clk=ot/P =1 < O~ (min{1, K~ /71 57 1/2}) < ¢ (1d).
Let a < % and N = [kP+/C(P1=1)] & € N. From (44) we get
Ch (/2@ /(=) < Op=(@/2E1/E1=D) (i {1, k21 0120/ G- =1/21)° < o (14).
Let us regard the case 2 < p; < py < 0o. Then in view of (43) and Lemma 3.5, taking
N =2k, k € N, we obtain

1Lyl 1
1 Pz)/(2 2

Ck™* < c(2k)™%/3% < ¢ (1d).

Consider the case 1 < py < p; < oo, p1 > 1 and } < o. Let N = 2k, k € N. From
Lemma 3.5 and (43) we get

Okt < e(2k)™(k + 1)Vt < ¢ (1d).
Take the last case 1 < p; <2 < py < co. In view of Lemma 3.5 and (43) we get

min{1, N'7VPg=2h, 1 k< ONoe(1d). (45)
If o > ﬁ and N = 2k, k € N, then (45) yields

Ok +/274/1 < of2k) = min{1, (26) /P k) /3 < e (1),
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Let a < - and N = [(25)P/CP=D)] k€ N, k > 2. From (45) we get
1

C(2k)_(a/2)(171/(p1_1)) min{l, (Qk)Pl(l_l/pl)/(2(pl_1)) (Qk—Q)—l/Q} %

V1 — 2k(1-p1/@pi-1)))-2 < cor—2(1d).
Therefore
C(28) =@/ /(1 =1) < ¢(2k)=(@/D(P1/P1=1) minf1, 2} < o2 (Id). m

REMARK. If a = 1% or @ = z%’ then our method does not work since we cannot use

estimates (17), (18) and (30), (311) Moreover in both cases
Léi)zo(DOt 0Pt lp, = lp,) < C20-D0/pime),

and

L(C)

2/9Aoo<Doz oF;:l, — lpz) < C26-DEU=1/p)=a),

From the above lemma and equations (7), (8) we get

LEMMA 3.7. Let 1 < p1,p2 < o0 and D, be a diagonal compact operator generated by

o = k™. Let % = piz - p%’ 0 = (le - p%)/(% - piz) There exist positive constants c

and C such that for oll k € N
ck™? < d(De : 1y, — 1p,) < Ck™P,

where
a, if 1<p1<p2<2,
+a, if 1<p; <2<ps<ooanda> p%,
al?, if1§p1<2<p2<ooanda<pi2

or2§p1<p2<ooanda<f)—;,
oz—%, if2§p1<p2<ooando¢>p—;

or1 < ps <p; < o0, p2<ooanda>%.

4. Gelfand and Kolmogorov numbers of embedding of spaces of radial func-
tions. First we regard the following lemma.

LEMMA 4.1. Let 1 < q1,q0 < 00. Let a > 0 if 1 < p1 < p2 < o0. Let § > 0 and

L1 _ 1 p— (p—ll — p%) / (L — %) There is a positive constant C such that for all

P p1 p2’ p1
keN
Ck (Id Hg, (2J61p1 (Wa)) = lg, (lp, (wa))) < Ck~,
where
%a Zf2§p1<p2§00a
%_%‘Lp%’ if1<p1§2<p2§00and%>i7
g={ . m if 1<pi<2<py<ocoand & <
orl<pr<pys<2and 2 <2,
p Py
ot if1<p1<p2§2and%>%.
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Proof. We decompose Id into the sum Id = Z ~o1d; with id; = Ej;oid oP;, where P;(z =
(x1,1)) = (x;,:); denotes the projection onto j- level and E; (y = (yl)) =(0,...,(%),---,0)
is the identity operator putting the sequence y into j-level and id : I, (wa) — Ip,(wa)-
Thus for any given j € Ny we have the following commutative diagram (see [KLSS1])

. P; D,
lgy (2]5Zm (Wa)) — lp, (wa) — lp,

ldJ\L lld lDU
E; D

ZCI2 (lpz (wa)) ~— lpz (wu) -~ lpza

where D,,, D,,, D, are the diagonal operators generated by the sequences pj = (14-k)o/Pr,
v = (1 +k)~%/P2 and o}, = (1 + k)~%/P, respectively. Since D, and D, are isometries,
1P < 2779 and |E;|| <1, from Lemma 3.6 we get

Ck (ld ZQ1(2]6lpl(wa)) = gy (Ip, (wa))) < k(Do < lp, — I, ) [|1P5]] < C27 7%k 0

where 3 is defined as in the lemma. Taking r > 0 such that l = (3 we have

oo

Lg.,c) Z L) 2. (1d,) ’O<CZQ 0P < 0,

7=0 =0
for some p € (0,1]. =
With the above lemma we get upper estimates of Gelfand numbers of embeddings of

the radial Besov spaces, whereas using Theorem 2.4 we get an estimation from below.

THEOREM 4.2. Let the embeddings RB:' , (R™) — RB2%2 _ (R") be compact and

P1,91 P2,q92
l:i—— Then
p p1
ce(id : RB3! , (R™") — RB32 . (R™)) ~ k7,
el if 2<p1 <pz < oo,
f%+p%+"771, if1<P1§2<P2§OOa"dn(p%*p%)>p'2a
8= "2_—1)11%, if1<p1§2<p2§ooandn(pi—pi2)<é
orl<pi<p2<2andn(y-—3) <3
%, if1<p1<p2§2andn(p%—%) %
Proof.

1) Upper estimates. Due to Proposition 2.6 we transfer the problem from the level of
function spaces to the level of sequence spaces. Now applying Lemma 4.1 with o =n—1
we get the needed estimates.

2) Lower estimates. Lower estimates are a consequence of Theorem 2.4 and Propo-
sition 1 in [KLSS2]. Let s; > s > 0. It follows from Theorem 2.4 that the following
diagram is commutative

Byt g ([100), win-1)/p,) RBj: , (R™\ B(0,1)) (46)

Idll lm

Bs2 . ([1/2,00),w(n-1)/ps) <=— RB32. . (R™\ B(0,1/2)).

p2,q92 p2,q2
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Furthermore

ck(Bpl g0 ([1,00), win—1)/py) = By 4, ([1/2,00),w(n—1)/p,))
~ ci(Bp 4, ([1,00), wWin—1y/p) = Bp2 4, ([1/2,00))  (47)

Pp1,q1 P2,q92
and the Gelfand numbers of the embeddings B;! , ([1,00),wmn—1)/p) = B2 ,,([1/2,00))

and Byl | (R,wn_1y/p) — B;? ., (R) are asymptotically the same. We repeat the sim-

ple argumentation taken from [KLSS1]. We take 11,15 € C(R) such that suppe; C
(—00,1/2), supp s C (—1/2,00), where ¥; + 1 = 1. We get the commutative diagram

s P1 D2
Byt i (R, w(n-1)/p)

o1 Bt g (=00, 1], win—1)/p) & Byl 4, ([=1,00), w(n—1)/p)

B;? (R) = B;? ((_0073/2])@Bzg,qg([_?)/z’w))’

p2,92 P2,92

where ¢; : f — ¥ f, i = 1,2, and 7 : (f1, f2) — f1 + fo. Furthermore id = id, +ids,
where idy : (f1, f2) — (f1,0) and ids : (f1, f2) — (0, f2). So
cr(Ida) < cp(idy) + cx(id2) < 2Cex(B,} ,, ([1,00), Wn—1)/p) — Bp2 ,,([1/2,00))). (48)

P1,q91 P2,q92
By Proposition 1 in [KLSS2] it is enough to analyze the diagram

S o~
Ip, (w(”—l)/P) —— lgy (2J6lp1 (W(nfl)/p)) (49)
Id4l lldz
T
lpz - lfh (lpz)’

where for v = (v;) and X = ();;) we put

vy, if j=0and! € Z,
(so(v))j,z:{ i I

(To(N)i = Aoy
Hence ||Tp|| = 1, ||So|| < 2 and the sequence spaces Iy, (27°1,,, (Win—1)/p)) are defined by

0, otherwise,

1oLy (@Wn—1)p)) = {(Sj,k)j,k lsiallg (2701, (wa)|

_ (Z 27%4 (i |w<n—1>/p(2_j’f)5j’k|p)Q/p)Uq < OO}

§=0 kEZ
(with the usual modification if p = co or ¢ = o0). Thus from the estimate
ck(Idy = Uy, (Win—1)/p) = Ips) = C(Din—1y/p * bpy = Ip,)
we get Ok~ < cx(Idz). On the other hand we have
RB3r  (R™\ B(0,1)) RB;! , (R") (50)

P1,91
Idl lid

RBSz (Rn \ B(O7 1/2)) <i RBsz (Rn)7

P2,92 D2,92
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where @ : f — ¢f and ¢ is a radial smooth function such that suppy C {z : |z > 1},
o(x) =1if |x| > 1. Hence

ek(RBy! ,, (R"\ B(0,1)) = RBiz ,,(R"\ B(0,1/2)))
< cp(RBS , (R") — RB2 _(R")). (51)

P1,q91 P2,q92
This finishes the proof for so > 0. The case so < 0 follows from the lift property for Besov
spaces. m

Now we will show that
(RB,(R"))* = R(BS,)"(R™) = RB;*, (R™), (52)

where p/ = 1 — % and ¢ = 1— %. We know that (B, ,)"(R") = B, (R"). Since
RB; (R") — B; (R") we get R(B;,)*(R") — (B, )*(R") — [RB; ,(R")]*. On
the other hand since RB, ,(R") is complemented in By (R™) there exists a projection
P:B; (R") — RB; ,(R™). This was proved in [LS]. Hence for f € [RB; (R")]* we put
foPe (B, ) (R")=B,° (R"). But foPis aradial distribution. This is our claim.

From (52), (4) and (5) we get the following theorem.
THEOREM 4.3. Let the embeddings RB3' . (R™) — RB22 _(R") be compact and

1 1 1 P1,91 P2,92
=== ——=_ Then
p P1 D2

dp(id : RBS! , (R™) — RBS2 (R™)) ~ k™",

PO P2.q2
L if 1<p1<p2<2,
%—piz ”;1, if1§p1<2<p2<ooandn(pil—pi2)>p%,
8= %, if1§p1<2<p2<ooandn(p%fp%)<p%
07’2§p1<p2<ooandn(%—plz)<%7
o, if2§p1<p2<ooandn(%—pi2)>%.

The corresponding result about Gelfand and Kolmogorov numbers of embeddings for
the Triebel-Lizorkin space follows from elementary embeddings

B} oy (RY) = F3 (") = B, (R"),

p,q1 p,q2

if ¢ < min(p, q), g2 > max(p, q). We get

COROLLARY 4.4. Let the embeddings RBp! , (R") — RB,? (R") be compact and
p2 < 0o. Then

ce(id : RFS' (R™) — RF% _(R™)) ~ ¢(id : RBS' , (R") — RB® , (R")),

P1,91 P2,92 P1,91 p2,92
d(id : RF;! (R™) — RF? . (R™)) == dj(id : RB;} . (R™") — RB;? ., (R™)).

Taking into account that Fj, = Hj, 1 < p < oo, as a special case we obtain the esti-
mates for Gelfand and Kolmogorov numbers of Sobolev embeddings of radial subspaces
RH;(R") of fractional Sobolev spaces H,(R").

REMARK. Let id denote the above compact embedding of function spaces. Let 1 <

prps < 00, n(E — L) £ 1 n(L — 1) £ Landn(d - 1) £ 1 n(l - 1) £ L.

If we compare the above estimate of Gelfand and Kolmogorov numbers with the related
estimates of approximation numbers of [ST], we get easily the following relations:
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o if 1 <p; < py <2then

di(id) = ay(id) but ¢k (id) = o(ax(id)) if k — oo,
e if 2 < p; < py < oo then

ex(id) = ag(id) but di(id) = o(ar(id)) if & — oo,
o if 1 <p; <2< py<ooand ps =p) then

ck(id) = di(id) =~ ak(id),

e if 1 < p; <2< py < oo and min(p},p2) = p} then

¢k (id) = ay(id) but di(id) = o(ax(id)) if k — oo,
e if 1 < p; <2< py < oo and min(p},p2) = p2 then

di(id) = ay(id) but ¢k (id) = o(ax(id)) if &k — oc.

REMARK. Another example of s-numbers are Weyl numbers. For k£ € N, we define the
k-th Weyl number by

2k (T) :=sup{ax(TS) : S € L(l2, X) with ||S| < 1},

where X and Y are Banach spaces and T € L(X,Y). Using the same methods as above
we can also prove the following theorem.

THEOREM 4.5. Let the embeddings RB2' (R™) <— RB22 (R") be compact and

) . . P1,q1 P2,q2
2 == — = Then
p p1 p2

zyp(id : RBS , (R™) — RBS2  (R")) ~ k7

P1,91 D2,92

if 1<p1<p2<2,
f=qLt—1+21 if1<p<2<py<oo,
if 2<p1<ps<oo.
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