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Abstract. We consider two types of Besov spaces on the closed snowflake, defined by traces
and with the help of the homeomorphic map from the interval [0, 3]. We compare these spaces
and characterize them in terms of Daubechies wavelets.

1. Introduction. In [2] we introduced two types of Besov spaces on the Koch curve. In
the same manner we can define Besov spaces on the closed snowflake SF, which is a d-set
with d = iggg. The first possibility is to define Besov spaces BS_(SF, ) by traces

g Pq

B3, (SF, ) = tr, B3 C~D/P(R?), 1<p<oo, 0<g<o0, 0<s< o0.

The second way is to use the homeomorphic map H between interval [0,3] = 3T and SF
and define IB%fDq(SF,,u) by

s(SF.u)={foH ':fe B (3T)} =B:,(3T)o H !,

where B, (3T) are 3-periodic Besov spaces.

In the present paper we consider how these types of spaces are interrelated. First we
concentrate on the case when 1 < p = ¢ < 00, 0 < s < 1 and then extend our result to
the case when p # q.

This paper is organized as follows. In Section 2 we collect the definitions and pre-
liminaries. For our purposes we slightly modify the definitions and theorems concerning
2m-periodic Besov spaces defined in [3]. We describe the trace method of defining Besov
spaces and their characterization in terms of atoms. In Section 3 we present the wavelet
characterization of the 3-periodic Besov spaces B, (3T) and then shift it to SF. Then we
compare B, (SF, 1) and B; (SF, 11). The main result is contained in Theorem 3.8.
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2. Preliminaries

2.1. Notation and basic definitions. Let N be the collection of all natural numbers
and Ng = NU{0}. Z is the set of all integers. Let R™ be Euclidean n-space, where n € N.
Put R = R!, whereas C is the complex plane. Let S(R™) be the Schwartz space of all
complex-valued, rapidly decreasing, infinitely differentiable functions on R™. By S’(R™)
we denote its topological dual, the space of all tempered distributions on R™. L,(R"™)
with 0 < p < o0, is the standard quasi-Banach space with respect to Lebesgue measure,
quasi-normed by

1/p
1Ly (®")] = ( [ wewr dx) C 0<p<oo
Rn
11 Loe (R = essesup |£(a)].
xER™
If ¢ € S(R™) then

B(6) = Fp(€) = (2m) 2 / @) dn, €€ R,

n

denotes the Fourier transform of ¢. The inverse Fourier transform is given by

o () = Fp(x) = (2m) "2 / PO de,  z e R™.

n

One extends F and F~! in the usual way from S to S’. Namely, for f € S'(R"),

Ffle)=fFp), ¢eSR).
Let po € S(R™) with

3
wolx) =1, |z| <1 and @o(z)=0, |z|> 2 (1)
and let
or(x) = po(27*z) — po(27"2), zeR", kel (2)
Then, since
oo
1= Zgoj(x) for all z € R, (3)
5=0

the ¢; form a dyadic resolution of unity in R™. According to the Paley-Wiener-Schwartz
theorem, (gokf)v is an entire analytic function on R™ for any f € S/(R™). In particular,

(cpkﬂv(x) makes sense pointwise.

DEFINITION 2.1. Let ¢ = {¢; };‘io be the dyadic resolution of unity according to (1)—(3),
seER, 0<p<o0,0<qg< o0 and
0 1/q
1183l = (X 2o 12RO )
§=0
(with the usual modification if ¢ = c0). Then the Besov space B, (R™) consists of all
f € S’(R") such that || f|B,,(R")[|, < oo, [4].
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2.2. Trace spaces B, (T, p)

DEFINITION 2.2. A measure p in R™ is called Radon if all Borel sets are u-measurable
and

e u(K) < oo for compact sets K C R™,
o (V) =sup{u(K): K CV is compact} for open sets V C R",
o u(A)=inf{u(V): ACV, Visopen} for A C R

DEFINITION 2.3. A compact set I' in R™ is called a d-set with 0 < d < n if there is a
Radon measure p in R™ with support I" such that for some positive constants ¢; and co,

cr? <p(B(y,r) <cord, el 0<r<1,0<d<n. (4)
where B(x,r) is a ball in R™ centred at € R™ and of radius r > 0.

If T is a d-set, then the restriction to I' of the d-dimensional Hausdorff measure H?
satisfies (4) and any measure p satisfying (4) is equivalent to Hd|p. A consequence of this
is that the Hausdorff dimension of T is d.

L,(T', 1) with 0 < p < o0, is the standard quasi-Banach space (Banach when p > 1)
with respect to measure p, quasi-normed by

1
el = ([ 1sar )" o<psos
with usual modification when p = oco.
DEFINITION 2.4. Let y be a Radon measure in R™. Let
s>0, 1<p<oo, 0<g<oo. (5)

Let for some ¢ > 0,

/F le(M| wldy) < cllolBpy(R™)]| - for all ¢ € S(R™). (6)
Then the trace operator tr,,,
try, : By, (R") — Ly (T, p),

is the completion of the pointwise trace (tr, ¢)(v) = ¢(7v), ¢ € S(R™). Furthermore, the
image of tr,, is denoted by tr, B, (R") and is quasi-normed by

gl tr, Bog (R™)|| = inf {|[f1B5,(R™)] « try f = g} -

REMARK 2.5. The above definition is justified since S(R") is dense in B, (R") with (5).
We refer to [4], Theorem 2.3.3, p. 48. Due to (6), the trace of f is independent of the
approximation of f in By (R") by S(R")-functions.

DEFINITION 2.6. Let I" be a d-set in R™. Let s > 0, 1 < p < 00, 0 < ¢ < 0o. Then
s _ s+(n—d n
B3, (T, 1) = tr, Bo(=D/p(R™).

The following assertion is covered by Theorem 3, p. 155 in [1], we also refer to
[5, Section 1.17.2].
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THEOREM 2.7. Let T be a compact d-set in R™ with0 < d < n and let u be a corresponding
Radon measure. Let 0 < s < 1,1 <p<oo,1<q< o0, and let tr, be the trace operator.
Then there is a common linear and bounded extension operator ext, with

eXtM : B;Q(F’/’L) — B;;‘(n—d)/[)(Rn) (7)
and

tr, oext, =id (identity in By, (T, 1)) (8)

2.3. Atomic characterizations of B, (T, ). Besov spaces on d-sets By, (', 1) with
0<s<1land 1< p=gq< oo can be characterized in terms of intrinsic building blocks,
namely atoms.

Let
Is=|J B(9), >0,
~€ET
where
B(7,0) = {a € R" : [a =] < 3}, (9)
be a §-neighbourhood of T'. Let € > 0 be fixed. Let for j € Ny,
(it €T (10)

be a lattice of points with the following properties:

e For some ¢; > 0

Wik = Vikal = 1279, jE€No, ki # ka. (11)
e For some jo € N, some ¢y > 0 and §; = 277,
M;
s, C | Blyjr, 275020)), e N, (12)
k=1

where B(v;x,2750+20)) are given by (9).
DEFINITION 2.8. Let I' be a d-set in R™. Let
e>0, 1<p<oo, 0<s<l.
Let
Bl ,={yel:|y—vyxl <279}, jeNy, k=1,...,M;, (13)

be the intersection of a ball in R™ with I', where the lattices {ijk}ivg have the same
meaning as in (10)—(12). Then a Lipschitz-continuous function a;, on I' is called an
(s,p)*-atom, more precisely an (s,p)*-e-atom, if for j € Ng and k=1,..., M;,

supp a;x C B}:k,
Jaju(v)] < cHY(B )Py el
and
laji() = aj(8)] < cHY(BJ )~/ VP |y — g
with v,0 € T
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Now we can formulate an intrinsic atomic decomposition of the trace spaces B;p(l", ).

THEOREM 2.9. Let1 <p < oo, and0 < s < 1. Lete > 0. Then B, (T, u) is the collection
of all f € L1(T, u) which can be represented as

oo M;
V)= Map(y), veT, (14)

=0 k=1
where
oo M; 1/p
Al = (ZZ M) <
:O k=1

a;i, are (s,p)-e-atoms and (14) converges absolutely in L1 (T, ). Furthermore,

1B, (T )| ~ inf ]

where infimum is taken over all admissible representations (14), [5, Chapter 8.1.3].

2.4. Periodic Besov spaces. The theory of periodic Besov spaces may be found in [3].
We slightly modify the definitions and theorems given there to consider 3-periodic func-
tions.

Let

T={zxeR:0<z<1},
where the points 0 and 1 are identified. Let
JT={zeR:0<2<3}

with the points 0 and 3 being identified. We can interpret 3T as a circle of radius % with
the centre at the origin. We define the distance p(x,y) between two points x,y € 3T as
the length of the shortest arc on the circle connecting them, i.e.

pla,y) = min{[z —y|,3 - [z —y[}. (15)

By D(3T) we denote the collection of all complex-valued infinitely differentiable func-
tions on 3T. The topology in D(3T) is generated by the family of semi-norms

l¢lla = sup [D%(z)|, o € Ny.
xe3T

D’(3T) is the class of all continuous linear functionals on D(3T). The continuity of a
linear functional f on D(3T) means that there exist N € N and ¢y > 0 such that

o)l <en > lglla

a<N

for all ¢ € D(3T).
Let 0 < p < 00. L,(3T) is the standard quasi-Banach space with respect to Lebesgue

measure, quasi-normed by
3 1/p
I,ml = ([ 1@ ar)
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with the usual modification if p = co. If 1 < p < oo then f € L,(3T) can be interpreted
in a unique way as an element of D'(3T) by

/ flz dx, ¢ € D(3T). (16)
Consequently, for 1 < p < oo we have
D(3T) C L,(3T) c D'(3T), (17)

where “C” here and further on means the topological embedding.
Let f € D'(3T). Then the numbers
1

k) = 317270, ke,

are said to be the Fourier coefficients of f. If f € L,(3T), 1 < p < oo, then (16), (17)
imply that

1 [? -
= g/ flx)e=2mike/3 gy, ke Z.
0

Any f € D'(3T) can be represented as

= Z are®™*@/3 3 e 3T (convergence in D'(3T)), (18)
kEZ

where the Fourier coefficients {a)} C C are of at most polynomial growth,
lax| < c(1+ k)", for some ¢ >0, k>0andallk€ Z.

DEFINITION 2.10. Let ¢ = {(pj} o be a dyadic resolution of unity in R according to
(1)-(3),seR, 0 < p < o0, ()<q<ooand

s s 2rk 2mika/3
1718, (5T = (22”12%( Y ety )|

=0
(with the usual modification if ¢ = oc). Then the Besov space B (3T) consists of all
[ € D'(3T) such that | f|B,,(3T)|| < oo, [3, Chapter 3].

3. Besov spaces on the snowflake. Three Koch curves clipped together form the
snowflake curve SF, see Figure 1. Due to the isomorphism H between [0, 1] and the Koch
curve I', described in [2], we may establish isomorphism H between [0, 3] and SF. The

snowflake is a d-set with d = }ggg. Let p be chosen in such a way that it is the image of

the Lebesgue measure under H.

Our approach to defining Besov spaces on the snowflake is the same as in [2]. We start
with the same restrictions on the parameters

0<s<l, 1I<p=¢g<x
and then extend our result to the case when p # q.

3.1. New periodic wavelets on T and R. Let C*(R), u € N, denote the collec-
tion of all complex-valued continuous functions on R having continuous bounded deriva-
tives up to order u inclusively. Let ¢ € C*(R) and ¢y € C*(R) be a father and a
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Fig. 1. The snowflake

mother Daubechies wavelet on R, respectively. Since 0 < s < 1 it is enough to consider
¢r € C'(R) and ¢y € C*(R). Define ¢} by

W) = {¢F($k)v j=0 kez,

2(]*1)/21/}1\/[(2]*1;5 —k), jeN keZ. (19)

Then {4} jeny kez is an orthonormal basis in Ly(R). We transform the wavelet basis of
Ly(R) into a wavelet basis of Ly(3T) by periodizing each member of the basis.
Let L € N. One can replace g and 1y by

V() =vr2"), v =vu(25),

YF by
Lk(N\ _ oL/2. k(oL
Pt () = 282yl (2 ). (20)
We choose and fix L such that
1 1
L . - . L . Z
supp ¥z C {x ezl < 2}, supp Y31 C {x el < 2}. (21)
Then
suppij’0 Cl{z:|z| <277}, jeN
Let

N =sup [{p(z)], M =sup[¢y(2)].
zeR z€R

¥r and vy, are Lipschitz-continuous functions. For the functions Q/Jf’k defined by (19)
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and (20) we have

[ @)~ )| < PHAN -yl wyeR,

UM (@) — Pt y)| S POHEVEM e -yl jEN, myeR.

We construct 3-periodic counterparts of ijk by the procedure

Yl (@) = 3 ol (@ +30). (22)

l=—00

Define ij’kﬁper on 3T by

Ut (@) = e (@), @ € 3T

Let
Py={keZ:0<k<3-2"-1}

PP={keZ:0<k<3-2t"1_1} jeN.
Then for j € Ny there exists a set of points {2 x }eps C 3T such that

supp ¢é,k,3per C{z € 3T: p(z,zox) < %} = Bg:ﬂ,;,

supp %L’k’gper C{ze3T:p(z,z,x) < 277} = Bﬁ~
Recall that p(-,-) is the metric on 3T given by (15). For the points z,y € B?}E, j € No,
k € P?

J’

|H(2) = )| ~ pla,y)""
Similarly to Proposition 1.34 in [6] one gets that

{wﬁ’“ﬁp‘” :j €Ny, k € Pg’}

is an orthonormal basis in Ly (3T). We simplify the notation and omit L in ij’k’?’per.

To characterize periodic Besov spaces in terms of wavelets we first introduce the
corresponding sequence spaces.

DEFINITION 3.1. Let 0 < p < 00,0 < ¢ < o0 and s € R. Then b‘;;f’per is the collection of
all sequences

p={uf €eC:jeNy,keP}

such that ,
[e'e] 1/q
s, r i(s— : | P a/p
e = (2 on (37 ) ™) <o
j=0 kep?

THEOREM 3.2. Let {wf’?’per} be the orthonormal basis in Ly(3T). Let 0 < p < oo, 0 <
g <o0and 0 < s < 1. Let f € D'(3T). Then f € B, (3T) if and only if it can be
represented as

(o)
F=20 D Uy e e,
J=0 keP?
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unconditional convergence being in D'(3T) and in any space By, (3T) with o < s. Fur-
thermore, this representation is unique,

py =20+ / 3 Flaygy ™ () dr,
and ’
I:f—{uh,jeNy,keP}}
is an isomorphic map of B;q(ST) onto the sequence space b;fpcr. If, in addition, p < oo,
q < oo, then {wf’per} is an unconditional basis in By, (3T).
REMARK 3.3. This assertion is the counterpart of Theorem 1.37 in [6] for B, (3T).

Since
B2, (3T) < L,(3T)
with s, p and ¢ satisfying (5) (see [3, Chapter 3.5.1]), we reformulate Theorem 3.2 with

additional restrictions on the parameters.

THEOREM 3.4. Let {wf’gpcr} be the above orthonormal basis in Lo(3T). Let 1 < p < oo,
0<qg<ooand0<s<1. Let f € Ly(3T). Then f € B,,(3T) if and only if it can be

represented as
oo
ko—(j+L)/2,,k,per ,3
P25 S g e
7=0 keP?

unconditional convergence being in L,(3T). Furthermore this representation is unique,

3
= 2002 [ gy a) da,
0
and
I:f—{uf,jeNy,keP}}
is an isomorphic map of B (3T) onto the sequence space by, 3per
3.2. Besov spaces B} (SF,p). Let
5 (SE,p)={foH': fe B (3T)} = B5,(3T) o H!
with
If o H™ By (SE, w)ll = [ £1B;,3T)].
Define {/;jk by
Uie(v) = P o H (7).

k,3per

From the corresponding properties of functions ¢}’ and transform H the properties

of %k follow, namely:

e The system {zzjk,j € Ng, k € ]P’;’} is an orthonormal basis in Lo(SF, ).
e For j € Ny there is a set of points {7, k}kepe_. C SF such that

buPP¢OkC{7€SF |y = yo,k| <27 Ud} BOka keﬂ”g,

supp ¥, C {7y € SF: |y —yjul < 279/ = B, ke Pl
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e For v,§ € supp zzjk

Uin(7) = P(8)] < 2% [y — 5|
=292 |y = 5|7 |y = 8] < @D |y — 4.
The last inequality is due to the fact that for v, € Bjsg
v =81 < Iy = il + e — 6] < 27974,
Define a;j, by
~ 27[1/212;]'%‘,’ J = 07 ke ]P)§7
Qi = . . ~
J 9-(s=1/P)g=(+L-1/2),  jeN, ke P3.
Then
supp ;i C BJS,Q,
@,k (7)) < 2= 9(s=1/P) < cHd(B]S;;)S*l/p, for any v € SF,
and for any v,d € supp a;i,
k(1) — Be(9)] < 29I [y 5] < cHOBSE) A by ).
According to Definition 2.8 @, are (sd, p)-atoms.

THEOREM 3.5. Let 1 < p < 00,0 <g<ooand0 <s <1 Let fe L,(SF,u). Then
[ € B, (SF, i) if and only if it can be represented as

F=20 0 w22y, (23)

J=0 keP?

unconditional convergence being in L,(SF, ). Furthermore this representation is unique,

;= 2R dg)se =200 | F0)dak() nld):
F

and
I:f—{uk jeNy,kePl} (24)
is an isomorphic map of BZQ(SF, i) onto the sequence space b;;;’pcr.
3.3. Comparison of B} (SF, ) and B, (SF, pu). We have
s/d . s

The inclusion from left to the right follows from Theorem 2.9 and Theorem 3.5. To get
the opposite one, we need the characterization of periodic Besov spaces in terms of first
differences, we refer to [3, Section 3.5]. The idea is the same as in [2].

To compare B, (SF, u) and B, (SF, ) with 0 < s < 1 and p # g we use the real
interpolation.

Let 0 <0< 1,1 <p<o0,0<g<oo,0<s<1,0<s <1,s #s and
s =(1—0)sg + 0s1. Then from Theorem 1 in [3, Ch. 3.6.1] it follows that

(B39 (3T), B3 (3T)) 6.0 = Bra(3T).
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Since spaces qu(ST) are isomorphic to sequence spaces b;;]?’per, we have

Sp,3per psi,3per
(bpp ’ bpp )O,q

__ 71,8,3per
- bpq e
Using the isomorphic map in (24) one gets
(Byy(SF. 1), By, (S, 1)), = Bpg(SF, o). (26)
For any d-set the following theorem holds.

THEOREM 3.6. Let I be a d-set in R™ with 0 < d <n. Let 0 < 8 < 1,1 < p < o0,
1<g<o00,0<s80<1,0<8<1,s0#s1 ands=(1—0)sp+0s1. Then

(Bpgo (T ) Boi (T 1) 4 = Big (T 0)- (27)

Proof. We put
P = extyotr, : B (" D/P(R") — piF=d/p(Re),
Then P is a linear and bounded map. From (8) it follows that
P? = ext,, otr, oext, otr, = P.

Hence P is a projection of B,s,[;("_d)/p(R”) onto PB;;(n_d)/p(R”). By P oext, =
4, one gets that ext, maps By, (I, u) into PR~ /P(Rn) On the other hand, if
fe PB;;(nfd)/p(R"), then f = ext,, (tr,(f)), tr, f € B, (I'). Hence ext,, maps By (L', 1)
onto PBiy "~ D/P(R"). Since tr,, and ext,, are linear bounded operators, one has

1By (T )| ~ [l excty, f1Bpg =/ (R™)| (28)

ext

and it follows that
exty, : B (T, p) — PBI=d/P(R™)
is an isomorphic map.
Let
(B35, (0, 0), B, (T ), = Bo(T).
It is known that

( Brot(n=d)/p(Rr), B;;j(wd)/p(mn)) — B D/p(R), (29)

0,9
We denote the right-hand side of (29) by By(R™).
By the interpolation property for the spaces on R™ and I"

1£1Bo (D)l = || tru o exty f1By(T)|| < e exty, f|Bo(R™)|| < [ f|Bo(T)].  (30)

Hence
1 £1Bo (D) ~ || exty, f| By "= D/P(R™)]]. (31)

Together with (28) this leads to
1F1Ba (D) ~ [1£1Bpq (Ts -
This completes the proof. m

REMARK 3.7. The proof essentially uses the way of reasoning in [5, Ch. 1.11.8].
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Using (25), (26) and (27) one gets that for 0 < s <1, 1 <p<o0,1<g<
s s/d
B}, (SF, pi) = By (SF, ).
Thus we may conclude that the following theorem holds.

THEOREM 3.8. Let 1 < p <o00,1<¢g<ooand0 <s <1 Let fe L,(SF,u). Then
[ € B, (SF, i) if and only if it can be represented as

f= i Z M?Q—(j+L)/2J;?7

Jj=0 keP;
unconditional convergence being in L,(SF, u). Furthermore this representation is unique,
pf =20 B2 (F ks,
and
.7 k
I.f—>{,uj,]€N0,k€]P’j} (32)

is an isomorphic map of B,,(SF, 1) onto the sequence space b;éd’per.
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