FUNCTION SPACES IX
BANACH CENTER PUBLICATIONS, VOLUME 92
INSTITUTE OF MATHEMATICS
POLISH ACADEMY OF SCIENCES
WARSZAWA 2011

AN ITERATIVE ALGORITHM
BY VISCOSITY APPROXIMATION METHOD
FOR MIXED EQUILIBRIUM PROBLEMS,
VARIATIONAL INCLUSION AND FIXED POINT
OF AN INFINITE FAMILY
OF PSEUDO-CONTRACTIVE MAPPINGS

PHAYAP KATCHANG

Department of Mathematics, Faculty of Science
King Mongkut’s University of Technology Thonburi (KMUTT)
Bangmod, Bangkok 10140, Thailand
E-mail: p.katchang@hotmail.com

POOM KUMAM

Department of Mathematics, Faculty of Science
King Mongkut’s University of Technology Thonburi (KMUTT)
Bangmod, Bangkok 10140, Thailand
Centre of Excellence in Mathematics, CHE, Si Ayutthaya Rd., Bangkok 10400, Thailand
E-mail: poom.kum@kmutt.ac.th

Abstract. The purpose of this paper is to investigate the problem of finding a common element
of the set of solutions for mixed equilibrium problems, the set of solutions of the variational
inclusion problems for inverse strongly monotone mappings and the set of common fixed points
for an infinite family of strictly pseudo-contractive mappings in the setting of Hilbert spaces. We
prove the strong convergence theorem by using the viscosity approximation method for finding
the common element of the above four sets. Our results improve and extend the corresponding
results of Peng and Yao [Math. Comput. Modelling 49 (2009), 1816-1828], Plubtieng and Sriprad
[Fixed Point Theory Appl. 2009, Article ID 567147] and some well-known results in the literature.

2010 Mathematics Subject Classification: Primary 46C05, 47D03, 47H09, 47H10, 47H20.

Key words and phrases: Strong convergence, nonexpansive mapping, fixed point, variational in-
clusion, mixed equilibrium problem, viscosity approximation method, pseudo-contractive
mappings.

The paper is in final form and no version of it will be published elsewhere.

DOI: 10.4064/bc92-0-12 [177] © Instytut Matematyczny PAN, 2011



178 P. KATCHANG AND P. KUMAM

1. Introduction. Throughout this paper, we assume that H is a real Hilbert space with
inner product and norm which are denoted by (.,.) and ||.||, respectively, C' is a closed
convex subset of H, R is the set of real numbers and N is the set of natural numbers.
A mapping T : C — C is called nonexpansive if |Tz — Ty|| < ||z — y|, for all z,y € C.
We use F(T) to denote the set of fixed points of T, that is, F(T) = {z € C : Tz = z}.
Recall that a self-mapping f : C — C' is a contraction on C' if there exists a constant
a € (0,1) and z,y € C such that ||f(x) — f(y)|| < ||z —y||- Let B be a strongly positive
bounded linear operator on H, that is, there is a constant 7 > 0 with the property

(Bzx,x) >7||z||* forall zc H. (1)

Let ¢ : C — R U {+0c0} be a proper extended real-valued function and F be a
bifunction of C'x C into R. Ceng and Yao [CY] considered the mixed equilibrium problem
for finding « € C such that

F(x,y) + ¢(y) > ¢(x) for all y € C. (2)

The set of solutions of (2) is denoted by MEP(F,p). We see that x is a solution of
problem (2) which implies that © € domy = {z € C | ¢(z) < +o0}. If ¢ = 0, then the
mixed equilibrium problem (2) becomes the following equilibrium problem: find z € C
such that

F(z,y) >0 for all y € C. (3)
The set of solutions of (3) is denoted by EP(F). Given a mapping T : C — H, let
F(x,y) = (Tz,y — x) for all z,y € C. Then z € EP(F) if and ouly if (Tz,y — 2) > 0
for all y € C, ie., z is a solution of the variational inequality. The mixed equilib-
rium problems include fixed point problems, variational inequality problems, optimiza-
tion problems, Nash equilibrium problems and the equilibrium problem as special cases.
Numerous problems in physics, optimization and economics are reduced to find a so-
lution of (3). Some methods have been proposed to solve the equilibrium problem (see
[BO, FA, K1, K2, K3, KK, MT]).

Let A: H — H be a mapping. Then A is called:

(1) monotone if
(Az — Ay,z —y) >0 Va,y € H;

(2) o-strongly monotone if there exists a positive real number o such that
(Az — Ay, z —y) > ol|lz —y|* Va,y € H.
For constant o > 0, this implies that
Az — Ayl| = ol — yl|,

that is, A is o-expansive and when o = 1, it is expansive;
(3) o-inverse-strongly monotone if there exists a positive real number ¢ such that

(Az — Ay, x —y) > oAz — Ay||* Va,y € H;
(4) k-strictly pseudo-contractive, if there exists a constant &k € [0,1) such that
Az — Ayl < o — yl* + BT — Ay — (1 — Ayg|® Va,ye I
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Let A : H — H be a single-valued nonlinear mapping and M : H — 2H be a
set-valued mapping. We consider the following variational inclusion problem, which is to
find a point u € H such that

0 € A(u) + M(u), (4)

where 6 is the zero vector in H. The set of solutions of problem (4) is denoted by I(A, M).

If M = 0é¢c, where C is a nonempty closed convex subset of H and d¢ : H — [0, o]
is the indicator function of C, i.e., d¢(z) = 0 for € C and d¢(z) = o0 for x ¢ C, then
the variational inclusion problem (4) is equivalent to finding u € C' such that

(Au,v —u) >0 Vv e H. (5)

This problem is called the Hartman-Stampacchia variational problem ([Bro, HS, LS]).
The set of solutions of problem (5) is denoted by VI(C, A).

A set-valued mapping M : H — 2 is called monotone if for all x,y € H, f € Mx
and g € My imply (x —y, f — g) > 0. A monotone mapping M : H — 27 is maximal if
the graph of G(M) of M is not properly contained in the graph of any other monotone
mapping. It is known that a monotone mapping M is maximal if and only if for (z, f) €
HxH,{z—y,f—g)>0 for every (y,g9) € G(M) implies f € Mz.

Let the set-valued mapping M : H — 2H be maximal monotone. We define the
resolvent operator Jps » associated with M and A as follows:

Jua(u) =T +IM)" (u) ue€H, (6)

where A is a positive number. It is worth mentioning that the resolvent operator Jys y is
single-valued, nonexpansive and 1-inverse strongly monotone ([Bré, PWSY, PS, ZLC]).

In this paper, we introduce a new iterative process (16) below for finding a common
element of the set of solutions for mixed equilibrium problems, the set of solutions of
the variational inclusion problems for inverse strongly monotone mappings and the set
of common fixed points for an infinite family of strictly pseudo-contractive mappings in
a Hilbert space. Then, we prove strong convergence theorems which extend and improve
the corresponding results of Peng and Yao [PY] and Plubtieng and Sriprad [PS].

2. Preliminaries. Let H be a real Hilbert space with norm || - || and inner product (-, -)
and let C be a closed convex subset of H. Then
lz = ylI* = ll=[I* = lyI* — 2(z — v, 9) (7)
and
A+ (1= Nyl® = Mz]? + (1= Vyl* = A1 =Nz - y]? (8)

for all z,y € H and )\ € R. For every point x € H, there exists a unique nearest point
in C, denoted by Pox, such that

|z — Pox|| < ||z —y|| forally e C.

Pe is called the metric projection of H onto C'. It is well known that P¢ is a nonexpansive
mapping of H onto C and satisfies

(x —y, Pox — Pcy) > ||Pex — Pey|? (9)
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for every x,y € H. Moreover, Pox is characterized by the following properties: Pox € C
and
(x — Pox,y — Pex) <0, (10)

lz =yl > llz — Peal® + |ly — Pox|? (11)

forallz € H,y e C.
For solving the mixed equilibrium problem, let us give the following assumptions for
the bifunction F', ¢ and the set C:

(A1) F(xz,z) =0 for all z € C;

(A2) F is monotone, i.e., F(z,y)+ F(y,z) <0 for all z,y € C;

(A3) for each x,y,z € C, limy—0 F(tz + (1 —t)x,y) < F(z,y);

(A4) for each x € C,y — F(x,y) is convex and lower semicontinuous;

(A5) for each y € C,x — F(x,y) is weakly upper semicontinuous;

(B1) for cach x € H and r > 0, there exist a bounded subset D, C C and y, € C such

that for any z € C'\ D,,

1
F(z,y2) + 0(ya) + — (4o — 2,2 = 2) < p(2);
(B2) C is a bounded set.
LEMMA 2.1 (Peng and Yao [PY]). Let C be a nonempty closed convex subset of H. Let
F:C xC — R be a bifunction satisfying (A1)—(A5) and let ¢ : C — R U {400} be a

proper lower semicontinuous and convex function. Assume that either (B1) or (B2) holds.
Forr >0 and x € H, define a mapping T, : H — C as follows:

1
To(@) = {z € C: Fley) + o) + Sy — 22 —2) 2 p(z) Wy e}
forall z € H. Then
For each x € H, T,.(z) # 0;

T, is single-valued;

T, is firmly nonexpansive, i.e., for any v,y € H, | Trx —Tyy||? < (Trx — Ty, x —1y);
F(T,) = MEP(F, o)

MEP(F, ) is closed and convez.

Sk W=

In order to prove our main results, we need the following lemmas.
LEMMA 2.2 (Zhou [Z]). IfV : C — H is a k-strict pseudo-contraction, then

(1) the fived point set F(V') of V is closed conver, so that the projection Ppyy is well
defined,
(2) define a mapping T : C — H by

Tex=tx+ (1-t)Vz Vel (12)
Ift € [k, 1), then T is a nonexpansive mapping such that F(V) = F(T).

A family of mappings {V; : C — H}$2, is called a family of uniformly k-strict pseudo-
contractions, if there exists a constant k € [0,1) such that

IViz = Viy||* < lla =yl + k(I = Vi)z — (I = Vy)y|I* Va,y e CVi>1.
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Let {V; : C' — C}2, be a countable family of uniformly k-strict pseudo-contractions. Let
{T; : C — C}32, be the sequence of nonexpansive mappings defined by (12), i.e.,

Tix=tx+(1-t)Vix VeeCVi>1, telkl). (13)

Let {T;} be a sequence of nonexpansive mappings of C' into itself defined by (13) and
let {u;} be a sequence of nonnegative numbers in [0, 1]. For each n > 1, define a mapping
W, of C into itself as follows:

Unny1 =1,
Un = tiTeUn 1 + A —pi)I, k=nn-—-1,...,2, (14)
Wp=Un1 =T Up2~+ (1 —p1)l.
Such a mapping W, is nonexpansive from C to C and it is called the W -mapping generated
by T1,To, ..., T, and py, g, ..., fhn.
Let for each n,k € N the mapping U, be defined by (14). Then we can have the

following crucial conclusions concerning W,, which can be found in [ST|. Now we only
need the following similar version in Hilbert spaces.

LEMMA 2.3 (Shimoji and Takahashi [ST]). Let C be a nonempty closed convex subset of
a real Hilbert space H. Let Ty, Ts, ... be nonexpansive mappings of C into itself such that
Moo, F(T,) is nonempty, let p1, pi2, ... be real numbers such that 0 < p, < b < 1 for
every n > 1. Then

(1) W, is nonezpansive and F(W,) = i_, F(T;) for every n > 1;
(2) for every x € C and k € N, the limit lim,,_,o, U,y exists;
(3) a mapping W : C — C defined by
Wz := lim Wyx = lim U, 2 VzxeC (15)

n—oo

is a nonexpansive mapping satisfying F(W) = (2, F(T;) and it is called the W -
mapping generated by T1,Ts, ... and py, o, . .. .

LEMMA 2.4 (Chang [C]). Let C be a nonempty closed convex subset of a Hilbert space H,
{T; : C — C} be a countable family of nonezpansive mappings with ;o F(T;) # 0, {u;:}
be a real sequence such that 0 < p; < b <1 fori > 1. If D is any bounded subset of C,
then

lim sup [|[Wa — W,z| = 0.

n— xeD
LEMMA 2.5 (Xu [X]). Assume {an} is a sequence of nonnegative real numbers such that
Gn41 < (1 - an)an + 6n; n > O>

where {a,} is a sequence in (0,1) and {6,} is a sequence in R such that

(1) Xy an = o0,
(2) limsup,,_, . 6—’; <0 or Y7 10, < .

[e3%

Then lim,, .~ a, = 0.
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LEMMA 2.6 (Osilike and Igbokwe [O1]). Let (E,(.,.)) be an inner product space. Then
for all z,y,z € E and a, 8,7 € [0,1] with o+ 5+ v =1, we have

laz + By +vz)1* = allz|® + Blly|* + Iz — aBllz = ylI* = eylle = 2l = Bylly - =]1*.

LEMMA 2.7 (Suzuki [S]). Let {x,} and {y.} be bounded sequences in a Banach space X
and let {Bn} be a sequence in [0,1] with 0 < liminf, .. B, < limsup, .o On < 1.
Suppose Tpi1 = (1 — Bn)Yn + Bnxyn for all integers n > 0 and limsup,,_, . (||yn+1 — Ynl| —
Zns1 — Znl]) < 0. Then, lim, oo ||yn — &n|| = 0.

LEMMA 2.8 (Marino and Xu [MX]). Assume B is a strongly positive linear bounded
operator on a Hilbert space H with coefficienty > 0 and 0 < p < ||B||~!. Then |[I—pB]|| <
1—p7y.

LEMMA 2.9 (Opial [O]). Each Hilbert space H satisfies Opial’s condition, i.e., for any
sequence {x,} C H with x, — x, the inequality

liminf ||z, — z|| < liminf ||z, — y||,
holds for each y € H with y # x.

LEMMA 2.10 (Brézis [Bré]). Let M : H — 2% be a mazimal monotone mapping and
A: H — H be a Lipschitz continuous mapping. Then the mapping S = M+ A : H — 21
is a maximal monotone mapping.

REMARK 2.11. Lemma 2.10 implies that I(A, M) is closed and convex if M : H — 2
is a maximal monotone mapping and A : H — H is a Lipschitz continuous mapping.

LEMMA 2.12 (Zhang et al. [ZLC]). uw € H is a solution of variational inclusion (4) if and
only if u= Jyx(u— NAu) for each A >0, i.e.,

I(A, M) = F(Jua(I — XA)) VA >0.

3. Main results. In this section, we show a strong convergence theorem for finding
a common element of the set of solutions for mixed equilibrium problems, the set of
solutions of the variational inclusion problems for inverse strongly monotone mappings
and the set of common fixed points for an infinite family of strictly pseudo-contractive
mappings in a Hilbert space by using the viscosity approximation method.

THEOREM 3.1. Let C be a nonempty closed conver subset of a real Hilbert space H. Let
F be a bifunction of C' x C into real numbers R satisfying (A1)—(A5) and let ¢ : C —
R U{+oc} be a proper lower semicontinuous and convex function. Let f be a contraction
of H into itself with coefficient o € (0,1) and B be a strongly bounded linear operator
on H with coefficient ¥ > 0 and 0 < v < z Let My, My : H — 2 be mazimal
monotone mappings and Ay, As : H — H be o1, 02-inverse-strongly monotone mappings,
respectively. Let {V; : C — C}52, be a countable family of uniformly k-strict pseudo-
contractions, {T; : C — C}52, be the countable family of nonexpansive mappings defined
by Tox =t + (1 —t)Vix, for allz € C, i > 1, t € [k,1). Let W,, be the W-mapping
defined by (14) and W be a mapping defined by (15) with F(W) # (). Assume that either
(B1) or (B2) holds and  := ("_, F(T;) N I(Ay, My) N I(Ay, My) N MEP(F, ) # 0. Let

n=1
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{zn}, {yn}, {zn} and {u,} be sequences generated by x1 € H and

Fun,y) +¢(y) = ¢(un) + 7y = tn,tn —x0) 20 Yy € C,
Yn = Jnty,6(Un — 0 Asuy),

Un = Jaty 7 (Yn — TA1Yn),

Tn41 = O‘n’Yf(xn) + Bnn + ((1 - ﬁn)l - O‘nB)ann

for every n > 1, where {an},{Bn} C (0,1), {rn} C (0,00), 7 € (0,201) and § € (0,202)
satisfy:

(16)

(1) > g =00 and lim, o o, = 0;
(ii) liminf, oo my >0 and > 07 | [rpy1 — ra| < o0;
(iii) 0 < liminf, o B, < limsup,,_, ., On < 1.

Then {x,} converges strongly to z € Q which is the unique solution of the variational
inequality
(B=7f)z,z—2) <0, zeq.

Equivalently, we have z = Po(I — B+ vf)(2).

Proof. First, we show that I —7A; and I — A, are nonexpansive. Indeed, for all z,y € H
and 7 € (0,207), we note that

I(I = 7A)u — (I = 7A)V|?* = [[(u —v) = 7(Ayu — A0)||?
= |lu—v||® = 27(u — v, Aju — Ayv) + 73| Aju — Ayv|)?
< Jlu—=)* +7(r = 200) || Aru — Arol? < Jlu —of?, (17)
which implies that the mapping I — 7A; is nonexpansive. So is I — § As.
By condition (i), we may assume, without loss of generality, that o, < ||B|~! for

all n. We assume that || — B|| < 1 — 4. Since B is a strongly positive bounded linear
operator on H, we have

1Bl = sup{[(Bz,z)| : 2 € H, |[z]| =1}.
Observe that
<((1 - ﬂn)l - oan)x,x> =1-03,— O‘n<B~r7m> >1—=0n— OanB” >0,
this shows that (1 — 8,)I — «,, B is positive. It follows that
(1 = Bu)] — anB| = sup{|[{((1 = B,)] — o B)z,x)| : x € H, ||z|| =1}
=sup{l — B, — an(Bx,z) : x € H, ||z|]| = 1}

Let p € , and let {T, } be a sequence of mappings defined as in Lemma 2.1 and
Up, =T, xpn. For any n € N, we have

un —pll = T, 20 — T, pll < |20 — pll.
Since p € I(Ay, My) and p € I(Ag, Ma), we have p = Jur, - (p—7A1p) = Jar, 5(p— 5 A2p).
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Because I —T7A;, I —6As, Ju, » and Jyy, 5 are nonexpansive mappings, we obtain

lvn = pll = [[I01,7 (Y — TA120) = Jaty 2 (p — T A1) ||
< (I =7A)yn — (I = 7A)DP| < [lyn —pll
= [|Jag,6 (tn — 6A2un) = Jary 6(p — 6 A2p)||
< (I = 6A2)un — (I — 0A2)p||
< lun —pll < [z — bl (18)
It follows that

[0t = pll = llanyf(2n) + Bun + (1 = Bu)I — an B)Wyv, — p|
= |lan(vf(2n) = Bp) + Bp(zn —p) + (1 = Bp)I — anB)(Wyv, — p|
< apllvf(@n) = Bpll + Ballzn — pll + (1 = Bn — an) v — p|
< an|lvf(n) = Bpll + Bullzn — pll + (1 = B — an¥) |20 — |
< an|vf(@n) =@ + anllvf(p) = Bpll + (1 — an¥)lzn — pl|
< apyalz, — pll + anllvf(p) — Bpll + (1 — an¥)|lzn — p||

- _ vf(p) — Bp
— (1~ (5~ v@an)llen — pll + (7 — ra)a, L P PPl (19)
¥ — o
for every n € N. It follows by mathematical induction that
-B
s — pll < max{ - pl) LRLZBRIY oy
¥ — o

Therefore {z,} is bounded, so {y,}, {un}, {vn}, {f(zn)} and {W,v,} are all bounded.
Next, we show that ||z,+1 — 2] — 0 and ||z, — Wyv,|| — 0 as n — 0. Observing

that w, =T, z, € domp and w11 =T, ,,Tnt+1 € domp we get

Tn+1
1
F(un,y) +¢(y) = o(un) + —(y = tn,un — zn) 2 0 forally € C (20)
n
and
1
Funi1,y) +0(y) — o(tng1) + . (Y = Ung1,Uny1 — Tny1) 2 0 forally € €. (21)
n+

Take y = up41 in (20) and y = u,, in (21), by using condition (A2), we obtain

Up — Ty, 7un+1*xn+1>>0

<un+1 — Up,
Tn Tn+1

Thus (Up+1 — Un, Up — Unt1 + Tnp1 — Tn + (1 — T:L )(Unt1 — Tny1)) > 0. Without loss
of generality, let us assume that there exists a real number ¢ such that r, > ¢, for n > 1.
Then we have

T'n

tnsr = tall® < lmsr = wnll{lznss = @all + 1= " [Juns1 = znsa] }

Tn+1
and hence

1
luns1 — tnll < [Tng1 — 2ol + ——Irns1 — Tollltngr — Toga|
Tn+1

1
S Hxn-i-l - xn” + E |Tn+1 - Tn|M17 (22)
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where My = sup{||u, — x| : n € N}. On the other hand, again since I — 74y, I — 6 Aq,
I, - and Jy, 5 are nonexpansive, we obtain
lvnt1 = vnll = T30 Wnt1 — TA1Yns1) — Inny (Y — TA1Yn) ||
<N Wnt1 = TA1Ynt+1) — W — TA1Y) | < Ynt1 — ynll
= [[IMz,5(Un+1 — 6 A2unt1) — Iy 5 (un — G Asun) ||
< [(ung1 = 6Agunt1) — (un — 0Baun)|| < [[unt1 — un|
1
< @ngr — xn” + - Tyt — rn|M1~ (2?’)
Since T; and U,, ; are nonexpansive, we have
HWn+1vn - Wnun” = ||/141T1Un+1,2vn - MlTlUn,Z’Un”
S ,UJ1||Un+1,2vn - n,2vnH
= |2 ToUpns1,30n — p2T2Uy 30, ||
< pip2||Ung1,3vn — Uy 30|

S M1 - - Hn||Un+1,n+1Un - n,n-‘rlvn”
n

S M2 H,ui) (24)
i=1

where My > 0 is a constant such that ||Uyq1,n+10n — Uppt1vn| < My for all n > 0. It
follows from (23) and (24) that

HWn—&-l'Un-‘,-l - ann” < ||Wn+1vn+1 - Wn+lvn|| + ||Wn+lvn - ann”

n
< |vn41 — vnl| + Mo H/M
i=1

1 n
<l — 2l 4 = [Foay — | My + Moy TT . 25
< lenty = zall + =~ lrogs = 7ol My + 2};[1# (25)
Define the sequence {z,} by 2,41 = (1 — 5n)2n + Bny, for each n > 1. Then, observe
that

Tn41 — Bnmn
Zn — ——/———————

1 -0,
_ anVf(Tn) + Bnzn + (1 = Bn)] — an B)Wyv, — Brn
10,
_ anVf(xn) + (1= Bp)] — an B)Wyv,
B 1- ﬂn
and hence
a1V f(@ng1) + (1= Bry1) ] — an 1 B)Wo1vnqa
Zn4l — Zn =

1= Bn+
_ Oén’Yf(SCn) + ((1 - ﬂn)l - anB)WnUn
1- /Bn
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O‘n,+17f(xn+1) (1 - ﬂn+1)Wn+1vn+l an+1BWn+1vn+1

1-—- ﬁn+1 1- ﬁnJrl 1- ﬁn+1
B anyf(z,) B (1 =B )Wyv,  anBW,vu,
1- Bn 1- 6n 1- ﬁn
O a0) — BWaatien) + T (BWov — 7 f(2)
- ﬁnJrl ]- - ﬂn
+ Wn+lvn+1 - ann- (26)

Combining this with (25), we obtain

Q41
211 = zall < =2 (7 f @np )]l + |BWni10n 1))

1-— ﬁn-&-l
Oy
+ 1-3 (”BannH + ||’Yf(xn)||) + ||Wn+1vn+1 - Wn”ﬂ”
Q41
< — (7 f@ns)ll + [ BWnsavnia )
1 ﬂn+1
an
+ 1-3 (”Bannn + ||7f($n)||)

1 n
+ ||1'n+1 — l’nH + *|7"n+1 — 7“n|M1 + M2 Hul
¢ i=1

Observe that

Q41
Hzn+1 - Zn” - Hxn-i-l - an < 7(||7f(37n+1)” + ||BWn+1vn+1||)
1 _ﬂn+1
an 1 n
Tz 3 (IBWypon || + 7 f(zn)ll) + E|rn+1 —rn| My + Mo Hﬂzu
" i=1

Assumptions (i)—(iii) imply that
limsup([|zn41 — 20| = |Zns1 — zal]) <0.
n—oo

Hence, by Lemma 2.7, we have

lim ||z, — z,] = 0.
Consequently,
nh—>H;<> [Zn+1 — @l = nh_{%o(l = Bu)llzn — @a| = 0. (27)

From (ii), (23) and (27), we have ||unr1 —un|| = 0, |yn+1—ynl| — 0 and ||vp41 —vn| — 0
as n — 0o. We note that
Tnt1 — Tn = WV f(Xn) + Bnan + ((1 — B — anB)ann — Ty
= oV f(®n) — By + By + Buan + (1 — Bu)] — anB) Wy,
— ((1 = Bn)I — anB)xn + ((1 — B — anB)xn -z,
= an(vf(zn) — Bxn) + ((1 — Bu)I — anB) (Whvn — xy),

hence

(1= Bn — an¥)zn — Wovall < anllvf(zn) — Bul| + |27 — 2pga |-
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From (i)—(iii) and (27) we obtain
lim ||Whv, — 2, =0. (28)
n—oo
Next, we shall show that lim, . ||un, — .|| = 0. For any p € Q and T, is firmly

nonexpansive, and we have

Hun _p||2 = ||Trn517n - TMLPHQ < <Trn1'n - TTnpa Ln _p> = <un — D, Tn _p>

%(Ilun =l + llzn = plI? — llun — 2al®).
It follows that
[un =Pl < 20 = plI* = [lun — @l
Therefore, we have
[Znt1 = plI* < @nllvf(za) = Bpll? + Ballzn — pll* + (1 = B — an¥)[[Wavs — pl®
< an|vf(@n) = Bpll? + Ballzn — pl* + (1 = B — an?)|vn — pl®
< anlvf(@n) = Bpll? + Ballzn — plI* + (1 = B — an?)[lun — p]?
< ||y f(zn) — Bp||2 + Bnllzn —p||2
+ (1= Bn = an¥)(llzn = plI* = [lun — 2al?)
= an|7f(zn) = Bp|?* + (1 — an?)[lzs — pl®
- (1_ﬁn_an'7)“un_xn”2~ (29)
It follows that
(1= Bn = anWllun = 2]* < anllvf(@n) = Bpl* + (1 = an®)llzn — pl* = [znsr = pll?
< anllvf(zn) = Bl + zns1 — 2ol (l2n = pll + lznrs — pl)-
Assumptions (i)—(iii) and formula (27) imply that

lim ||z, — u,| =0, (30)
and by (ii) we have
lim || 22— ]| = fim —||zn, — un|| = 0.
n— oo T n—oo T,

We note that, by (29), nonexpansiveness of Jur, -, Ja,,s and the inverse-strong mono-
tonicity of A;, As imply that
2041 = plI* < anllvf(zn) = Bpll* + Bullzn — plI* + (1 = Bn — an?¥)[[on — p]?
= an|lvf(wn) — Bp||2 + Bullzn — p||2
+ (1= B — || Ity (Yn — TALYR) = Jazy (P — TAlP)H2
< an|vf(@n) = Bpll? + Ballzn — pl?
+ (1= B — )| (= r Ay — (I = TADp |
< anlvf(@n) = Bpll? + Ballzn — pl?
+ (1= B — an{llyn — plI* + 7(r = 201)[| A1y — Arp|*}
< an|vf(@n) = Bpll? + Ballzn — plI* + (1 = B — an?) [z — p|?
+ (1= B — an¥)7(T — 201) || A1y — Aup]?
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< apllyf (@) — Bpl? + [z, — pl?
+ (1 - ﬂn - 04,{7)7‘(7‘ - 201)|‘A1yn - Alp“2

and

21 = plI* < anllvf(@n) = Bpll? + Ballzn — plI* + (1 = Bn — an¥)llyn — p|1?
= anllvf(zn) — BpH2 + Bnllzn — pH2
+(1 =08, - an”y)HJMw;(un —0Asun) — I, 5(p — 6A2p)”2
< an|vf(@n) = Bpl* + Ballzn — ol
+ (1= B — )| (I = §42)u, — (I — 5A9)p||*
< an|vf(@n) = Bpl* + Bullzn — ol
+ (1= B — an¥){lJun — pl|* 4 6(6 — 209) || Aoy, — A2p||2}
< an|vf(@n) = Bol* + Bullzn — ol
+ (1= B — a2 = plI” + (1 = Bn — @n7)8(8 — 202)|| Aguy, — Azp]|?
< anlvf(@n) = Bpl? + ||lzn — plf?
+ (1= Bn — @n7)8(8 — 209) [ Az, — Asp|?
which imply that

0<(1-0n—ay)7(201 — 7)||A1Yyn — A1p||2

< anllvf(@n) = Bpll? + lon = pl* = llzns1 — pl®

< anlvf(@n) = Bpll* + lon — 2nsa|(l2n — 2l + lzns1 — pII)
and
< (1= B = an)d(202 = 0)|| Azun — Azpl|?
< an|vf(@n) = Bpll* + lon — pl* = llzns1 — pl”
< anllvf(2n) = Bpll* + llzn — zas1ll(lzn = pll + lzass —pl).
It follows from (i), (iii) and (27) that

nhj;o [A1yn — A1p|| =0 (31)
and
lim ||Asu, — Asp|| = 0. (32)

On the other hand, since Jy, - is firmly nonexpansive, we have

2
[vn — p”2 = HJM1,T(yn —TA1Yn) — JMl,-r(p - TAlp)H
< <(yn - TAlyn> - (p - TAlP)vvn - p>

1
= §{||(yn - 7—141yn) - (p - TAlp)||2 + an _pH2
— (yn — TA1yn) — (p — TA1p) — (v — p)|I*}

1
< 5{lyn = pI* + lon =PI = [ (yn = v0) = 7(Aryn — Aup)|*}
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1
= 5 {1 = pI* + lon = pII?
- ||yn - 'Un||2 + 2T<yn - ’UnaAlyn - A1p> - 7—2HAlyn - A1P||2}

IN

1
5 Ll = pI* + llvn — pl?
—lyn — vnll® + 27(lyn — vallllAryn — A1pll — 72| Aryn — A1p|?}
1
< §{||9€n =pl? + llvn = 2> = lyn = vall® + 27 |yn — vallllA1yn — Arpl|},

which yields that

||UTL _pH2 < ”xn _p”2 - ”yn - 'UnHQ + 2T||yn - UnHHAlyn - AlpH' (33)

Similarly, since Jyy, 5 is firmly nonexpansive, we also have
[y = plI* < llzn = pI* = lun = ynll* + 28] un — yull| Azun — Aopl|. (34)

Substituting (33) into (29), we have

[Znt1 = plI* < anllvf(@a) = Bpl? + Ballzn — plI* + (1 = B — an¥)[[Wavs — pl*
< anllyf(@n) = Bpl|? + Bullzn — plI* + (1 = Bn — an)lon — p]?
< apl|vf(wn) — Bp||2 + Bnllzn _pH2
+ (1= Bn = an¥) (len = 21 = llyn — vall? + 27 [lyn — valll Aryn — Arpl])
< anllvf(xn) = Bpl? + [lzn = pl1* = (1 = Bn — @) |y — val)?
+27(1 = Bn — an¥)llyn — vnlll[Aryn — Aspl| (35)

and substituting (34) into (29), we get

[ont1 = plI* < anllvf(@n) = Bpl? + Ballon = plI* + (1 = Ba — cn¥)[[Wavn — pl*
< an|lvf(@n) = Bpll* + Bullwn — pl* + (1 = B — aw?)[vn — pII?
< anl[vf(zn) = Bpl* + Ballzn — pl* + (1 = B — @) lyn — pII?
< anlvf(@n) = Bpll* + Ballzn — pl?
+ (1= 8o = an¥) (lzn = pI* — llun = yall® + 28]lun — yallll Azun — A2p]))
< anlvf(@n) = Bpl? + |zn = plI* = (1 = B — an¥)lun — ynl®
+26(1 = Bn — an)[un = ynll|Azun — Aspl|. (36)

Therefore, by (35) and (36), we have
(1= Bn = anNlyn — vall? < @nlvf(@n) = Bpl? + llzn — plI* = l|lzns1 — pl®
+27(1 = B = an)yn — vnlllAryn — Asp||

< anllvf(2n) = Bpl? + lon — znall(len = pll + llznsr = pl)
+27(1 = Bn — anY)l[yn — vnlll| Aryn — Asp|| (37)
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and
(1= B — an)lun = yal® < anllvf (@) = Bpll? + [lzn — plI* = 2041 — pl?
+26(1 = B — anY)[tn — ynll[|A2un — Asp||
< a7 f(zn) = Bpl* + |20 — znral|(lzn = pll + |2n+1 — pll)

+20(1 = Bn — an¥)|lun = ynll[[Azun — Asp|. (38)
It follows from (i), (iii) and (27) that
lim [y, —val =0 (39)
and
lim |lu, — yn| = 0. (40)

From (28), (30), (39) and (40), we have
Whvn —vpll < [[Wivn —2n | +[|2n = tn|| + [un =yl +lyn —vall = 0 as 1 — oo (41)
and also
[on = @nll < llon = ynll + l[yn — unll + [un —2nll =0 as n — oo (42)

Observe that Po(I — B 4+ v f) is a contraction of H into itself. Indeed, for all z,y € H,
we have

[Pa = B+~f)(@) = PaI = B+ /)W) < 11 = B+yf)(@) — (I = B+7f) )l

<= Bl — gl +417@) — £w)]

< (=3l — gl + 7oz ]

—(1- (G -r@)lz -yl
Since H is complete, there exists a unique fixed point z € H such that

2 = Poll - B+41)(2).
Next, we show that
limsup{(B — vf)z,z — x,) < 0.
Indeed, we can choose a subsequence {v,, } of {v,} such that
B (B =)z = ) = Tinnsup((B = 7/)z,2 = vn).

Since {vy, } is bounded, there exists a subsequence {Umj } of {vn, } which converges weakly
to v € C. Without loss of generality, we can assume that v,, — v. From |W,v, —v,| — 0,
we obtain W,v,, — v. Let us show that v € M EP(F, ). Since u,, = T, z, € dom g, we
have

1
F(un,y) + ¢(y) — o(un) + 7<y = Up,Up — Tp) >0 Vy el

From (A2) we also have

1
o(y) — p(un) + 7<y = Un, Uy, — Tp) > F(y,u,) Yy € C,

n
and hence

Un1 - $ni
o(y) — p(un) + <y = Un,, T7> > F(y,un,) YyeC.

i
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From |ju, — z,|| — 0, ||xn, — Who,| — 0, and ||W,v, — v,|| — 0, we get u,, — v. Since

(Un, — Tp,;)/Tn, — 0, it follows by (A4) and the weak lower semicontinuity of ¢ that
Fly,v) + o) —¢ly) <0 Yy el

Fort with0 <t <1landy € C, let y, =ty + (1 — t)v. Since y € C and v € C, we have

yr € C and hence F(y,v) + ¢(v) — ¢(y:) < 0. So, from (A1), (A4) and the convexity
of ¢, we have

0= F(ysyt) + ¢(ye) — ¢(ye)

<tF(ye,y) + (1= ) F (ys,0) + te(y) + (1 = 1)(v) — o(41)

< HF(ye,y) + oY) — @(yr))-
Dividing by t, we get F(y:,y)+¢(y) —¢(y:) > 0. From (A3) and the weak lower semicon-
tinuity of ¢, we have F(v,y) + ¢(y) — ¢(v) > 0 for all y € C' and hence v € MEP(F, ¢).

Next, we show that v € F(W) = (_, F(W,,), where F(W,,) = (,_, F(T;) for

every n > 1, and F(Wp41) C F(W,). Assume that v ¢ F(W), then there exists a
positive integer m such that v ¢ F(T},) and so v ¢ (.-, F(T;). Hence for any n > m,
vé Nie, F(T;) = F(W,), i.e., v # Wyo. It follows from Opial’s condition that

liminf ||v,, — v|| < liminf ||v,, — W,v]|
11— 00 11— 00

+ ”anm — Wyl))

< liminf(||vn, — Whon,
11— 00

< Timinf [[on, — o]
11— 00

which is a contradiction. Thus, we obtain v € F(W).

Next, we show that v € I(Ay, M;) and v € I(Ag, Ms). The fact that Ay is a o1-
inverse-strongly monotone mapping implies that A; is a U%—Lipschitz continuous mono-
tone mapping and the domain of A; equals H. It follows from Lemma 2.10 that M; + A;
is maximal monotone. Let (y,g) € G(M; + Ay), that is, ¢ — Ayy € M;i(y). Since
Uny = Iy - (Yny — TA1Yn, ), we have y,, — TA1yn, € (I + 7M1)(vy,), that is,

1

;(ym — Un; — TAlyni) €M (Um) (43)
Since M7 + A7 is maximal monotone, we have
1
<y —Un;»g — Aly - X(ynq — Un; — TAlyn1)> Z Oa (44)
and so
1
(Y = Vn;»9) > <y = Vniy A1y —(Yns = Vn; — TAlyni)>
1
= <y - 'UnmAly - Alvni + Alvni - Alym + ;(ynl - Um)>
1
Z 0+ <y - vmaAlvm - Alym> + <y — Uny, ;(ym - Um)> (45)
It follows from (39) and v,, — v that

lim {y —vn,, 9) = (y — v, 9) 2 0. (46)

It follows from the maximal monotonicity of M; + A; that 8 € (M + Ay)(v), that is,
v € I(Ay, My). By the same way, from (40) and y,,, — v, we obtain v € I(Ay, M>). Hence
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v € § is proved.
Since z = Po(I — B+ vf)(2), it follows that

limsup((B — vf)z,z — x,) = limsup((B — vf)z,z — vy)

n—oo n—oo

= lim (B = 1/)% 2 — tn,) = (B —1/)2 5 — v) £ 0. (47)
By (41), (42) and the last inequality, we conclude that
limsup(yfz — Bz, Wpv, — z) <0. (48)

Finally, we show that {x,} converges strongly to z. Indeed, from (16) we have
lZnt1 — 2|
= Han'yf(xn) + Brxn + (1 = Bu)I — a, BYWyu, — zH2
= |lan (v f (@) = B2) + Bul(@n — 2) + (1 = Ba)I — an B)(Wovn — 2)||°
= 2|7 f(wn) = Ba|® + || Baln — 2) + (1 = Bu)] — anB)(Wavn — 2)|°
+ 2<5n(xn —z)+ ((1 = Bn)I — an )(ann - z), O‘n('yf(xn) - Bz)>
< a2 |7 f(wn) = B2|® + (Bullwn — 2l + (1 = B — an)llon — 211)*
+ 20, Bnxn — 2,7 f(xn) — Bz)
+ 20, (1 = Bn — an¥)(Whvn — 2,7f(2n) — Bz)
< arllvf(@n) = BIP + (Ballan — 2l + (1 = B — )l — 2[)°
+ 200 Bn (@0 — 2,7f (#n) — 7f(2)) + 200 B (xn — 2,7f(2) — Bz2)
+ 200 (1 = Bn — an¥) (Wavn — z,7f (zn) — 7f(2))
+ 20, (1 = Bn — an¥)(Whvn — 2,7f(2) — Bz)
< aplvf(@n) = B[ + (1 — any)?[lan — 2|2
+ 20 Bnyllwn — 2l f (#n) = f(2)|| + 2008 {@n — 2,7f(2) — Bz)
+ 20, (1 = Bn — Y)Y Wavn — 2|[| f(2n) — f(2)]l
+ 20, (1 = Bn — an¥)(Wyvn — 2,7f(2) — Bz)
< apllvf(za) = B2|* + (1 = an¥)? 2y — 2|2
+ 200 Bpyallzn — zl|* + 200 B0 (s — 2,7f(2) — B2)
+ 20, (1 = Bn — an¥)yalz, — Z||2
+ 20, (1 = Bn — an¥)(Whv, — 2,7f(2) — Bz)
= apllyf(zn) = B2|? + (1 = 2007 + a3 3* — 20597a)||ln — 2|2
+ 20 0n{xn — 2,7f(2) — Bz) 4+ 20, (1 — B, — ) Wyvpn — 2,vf(2) — Bz)
< (11— an(27+ )20 — 2| + 2000, (49)
where 0, = au,|vf(zn) — Bz||? + 28u(x — 2,7f(2) — Bz) + 2(1 — B, — a,¥) X

(Whvn — 2z,7f(2) — Bz). By (48), we get limsup,,_,., 0, < 0. Hence by Lemma 2.5
applied to (49), we conclude that x,, — z. This completes the proof. m

Using Theorem 3.1, we obtain the following corollaries.
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COROLLARY 3.2. Let C be a nonempty closed convex subset of a real Hilbert space H. Let
F be a bifunction of C x C into real numbers R satisfying (A1)—(Ab), f be a contraction
of H into itself with coefficient a € (0,1) and B be a strongly bounded linear operator
on H with coefficient ¥ > 0 and 0 < v < g Let M : H — 28 be a mazimal monotone
mapping and A : H — H a o-inverse-strongly monotone mapping. Let {V; : C — C}$2,
be a countable family of uniformly k-strict pseudo-contractions, {T; : C — C}$2, be the
countable family of nonexpansive mappings defined by Tyx = tx + (1 — t)Vix, for x € C,
i>1,t€[k,1). Let W, be the W-mapping defined by (14) and W be a mapping defined
by (15) with F(W) # 0. Assume that Q := (\\_, F(T;) N I(A,M) N EP(F) # 0. Let

{zn}, {yn}, {zn} and {u,} be sequences generated by x4 € H and

F(tn,y) + 7=y = tn,un —xn) 20 Yy € C,

Yn = Jnrr(Un — TAU),

Unp = JM,T(yn - TAyn)a

xn+1 = O‘nfyf(xn) + ﬁnmn + ((1 - ﬁn>[ - anB)ann;
for every n > 1, where {a,},{8,} C (0,1), {r,} C (0,00) and 7 € (0,20) satisfy

conditions (1)—(iii) in Theorem 3.1. Then {x,} converges strongly to z €  which is the
unique solution of the variational inequality

(B=7f)z,z—x) <0, z€Q.

(50)

Equivalently, we have z = Po(I — B+ vf)(2).

Proof. Taking ¢ =0, M7 = My = M, Ay = As = A and 7 = § in Theorem 3.1, we
obtain the desired conclusion easily. This completes the proof. m

COROLLARY 3.3. Let C be a nonempty closed convexr subset of a real Hilbert space H.
Let F be a bifunction of C' x C into real numbers R satisfying (A1)-(Ab5) and let ¢ : C' —
RU{+0o0} be a proper lower semicontinuous and convex function. Let f be a contraction
of H into itself with coefficient « € (0,1) and let B be a strongly bounded linear operator
on H with coefficient ¥y > 0 and 0 < v < g Let Ay, Ay : H — H be o1, 02-inverse-strongly
monotone mappings, respectively. Let {V; : C — C}22, be a countable family of uniformly
k-strict pseudo-contractions, {T; : C — C}32, be the countable family of nonerpansive
mappings defined by Tyx = tx + (1 — t)Viz, forx € C, 1 > 1, t € [k,1). Let W, be
the W-mapping defined by (14) and W be a mapping defined by (15) with F(W) # (.
Assume that either (B1) or (B2) holds and Q := ﬂﬁ;l F(T)NVI(C,A)NVI(C,A2) N
MEP(F, @) # 0. Let {zy}, {yn}, {2} and {u,} be sequences generated by x1 € H and

Fun,y) +¢(y) = ¢(un) + 7=y = tp,tn —20) 20 Yy eC,

Yn = PC(un - 5A2un)7
Un = PC(yn - TAlyn)7
Tpt+1 = O‘n'}/f(mn) + BnTn + ((1 - ﬂn)l - anB)anny

for every n > 1, where {ay},{B,} C (0,1), {r,} C (0,00), 7 € (0,201) and § € (0,202)
satisfy conditions (1)—(iii) in Theorem 3.1. Then {x,} converges strongly to z € Q which

(51)
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is the unique solution of the variational inequality
(B=~f)z,z—x) <0, ze.
FEquivalently, we have z = Po(I — B+ vf)(z).

Proof. In Theorem 3.1 put My = My = 9éc, then Jyr, - = Jar,,6 = Po. The conclusion
can be obtained immediately. m

COROLLARY 3.4. Let C be a nonempty closed convex subset of a real Hilbert space H.
Let f be a contraction of H into itself with coefficient o € (0,1) and let B be a strongly
bounded linear operator on H with coefficienty > 0 and 0 < v < g Let My, My : H — 21
be mazximal monotone mappings and Ay, As : H — H be 01, og-inverse-strongly monotone
mappings, respectively. Let {V; : C — C}52, be a countable family of uniformly k-strict
pseudo-contractions, {T; : C' — C}52, be the countable family of nonexpansive mappings
defined by Tyx = te + (1 — t)Vix for x € C, i > 1, ¢t € [k,1). Let W, be the W-
mapping defined by (14) and W be a mapping defined by (15) with F(W) # (. Assume
that Q0 := ﬂgzl F(T;)) N I(Ay, My) N I(A2, M) # 0. Let {z}, {yn}, {zn} and {u,} be

sequences generated by x1 € H and

Yn = Iy 6(xn — 0Aszy,),

U, = Iy (Y — TA1YR), (52)

Tni41 = an'Yf(xn) + Bnn + ((1 - ﬂn)I - anB)Wn'Una
for everyn > 1, where {a, },{Bn} C (0,1), 7 € (0,201) and § € (0,202) satisfy conditions
(1),(iii) in Theorem 3.1. Then {x,} converges strongly to z € Q which is the unique
solution of the variational inequality

(B=~f)z,z—x) <0, xef

Equivalently, we have z = Po(I — B+ vf)(2).

Proof. Putting in Theorem 3.1 ¢ = 0 and F(x,y) = 0 for all z,y € C, we deduce that
Uy, = Poxy = x,. Thus the desired conclusion follows easily. This completes the proof. m
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