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Abstract. We survey recent dimension-invariant imbedding theorems for Sobolev spaces.

1. Introduction. Here we will be interested in inequalities

([ 1r@rvean)” <o [ wrwra)”. rewir@,  aw

and
I FILPlog™(1+ L)|| < c| VAL, f € WyP(9), (1.2)

where either (2 is a bounded domain in RY (specifically, £2 will be the unit cube in R™) or
2 =RY and V is a weight on (2, that is, a.e. non-negative and locally integrable function
on {2. Our concern lies in behaviour of the constant ¢ on the right hand sides—it should
be independent not only of f but also of N (and of course it might depend on V). Both
inequalities can naturally be viewed as imbedding theorems independent, of the dimension.
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Inequality (1.1) has been studied in R or on domains in R using various methods,
in particular, in connection with a boom of weighted inequalities beginning in the 1970s.
It has been named the trace inequality or the wuncertainty principle. They have found
numerous applications in analysis.

As to (1.1) let us recall at least [1], [30], [31], [34], [19], [12], the special case N = 2
in [13], [26], [2].

The Sobolev imbedding theorem states that W, (2) (1 <p < N, £ in general with
sufficiently smooth boundary) is imbedded into L?(f2), where 1/q = 1/p —1/N. Hence if
N — oo, then ¢ — py and one can ask whether there exists some residual improvement
of the integrability, that is, a suitable proper subspace of LP, into which VVO1 P(9) is
imbedded and the norm of the imbedding is independent of N. It is clear that such an
invariant target must be sought outside the range of Lebesgue spaces. Inequality (1.2)
turns out to be a good candidate for such a relation. Let us point out that one should be
very careful when working with norms—the usual concept of equivalent norms is generally
dependent on the dimension without explicitly mentioning it (see also [38], [39] for some
observations in this direction).

The question concerning independence of the dimension is also important, for instance,
in the theory of contraction semigroups and finds applications in quantum physics (see
e.g. [27] for some of the references).

Agreement on notation. Throughout the paper we shall use standard notation for the
Sobolev, Lebesgue, Lorentz and Orlicz spaces, the respective domain will be sometimes
omitted if no confusion can arise. Sometimes we shall write ||f|LP| etc. instead of || f||,
and the like for the sake of better legibility. Since we work with Sobolev spaces of functions
with zero traces one point should be emphasized: If (2 is a domain in RV, then the norm in
WP (£2), in the Sobolev space of functions with zero traces, will be taken as ||V f|L?(£2)].
We define the space W, *(£2) itself as a completion of C5°(£2). Note that one should be
cautious here: Generally this space does not coincide with the space of functions in
WP (RN) whose support is contained in (2. If, nevertheless, 2 has a Lipschitz boundary,
then both concepts coincide. The latter space is sometimes denoted by lep(Q) to mark
the difference (see Triebel [37] for a detailed discussion).

Various constants independent of functions will be often denoted by the same symbol
c and the like.

If V is a weight in a domain 2 C RY then the weighted Lebesgue space LP(V) =
LP(V)(£2) is defined as the space of all measurable f on {2 with the finite norm
IFILP (V) = ([ |£@)[PV () da) /P, T f is a measurable function in RV, then f* will
denote its non-increasing rearrangement.

If @ is a Young function, that is, @ is even, convex, @( ) =0, lim;_,o0 P()/t = o0,
and 2 C RY is measurable, then m(®,f) = [, ®(f(z))dx is the modular, and the
(quasi)norm in the corresponding Orlicz space Lg = qu(Q) is the Minkowski functional
of the modular unit ball, namely, ||f|Ls| = inf{A > 0:m(®, f/\) <1} (the Luxemburg
norm). Replacing dz by V(z) dx where V is a weight function, we get the weighted Orlicz
space Lg(V') (or Lg(§2,V) in a more detailed notation).

One can weaken the assumptions on @, for instance ¢ can be just increasing rather
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than convex. In particular, if such a function @ is convex on some interval (a,o0) (a > 0)
and is equivalent to some convex function on (0,00), then we get the same space (with
an equivalent norm). If, moreover, {2 has finite measure and & is convex on some interval
(a,0), then it is always possible to find an equivalent, function which is convex on (0, 00).
We refer to [20] and [33] for the theory of classical Orlicz spaces and of general modular
spaces, respectively.

We shall restrict ourselves to a characterization of weighted Orlicz spaces La(V) =
Lg(92,V), generated by the modular m(®,V, f) = [, (z) dx as special Musielak-
Orlicz spaces. Generally, if & = &(z,t) : 2xR — [0, oo) is the genemlized Young function
or the Musielak-Orlicz function, that is, @ is a Young function of the variable ¢ for each
ﬁxed x e n and a measurable function of the variable x for each fixed ¢t € R, then

=[,® )) dx is a modular and we can consider the corresponding Orlicz
space Wthh is called the Musielak-Orlicz space. Hence with the modular m(®,V, f) the
weighted Orlicz spaces becomes a Musielak-Orlicz space.

In the sequel we will work with special Orlicz spaces, usually denoted by L? log™(1+L)
(1 < p < o0, @ > 0). The generating function here is ¢ — [t|Plog™(1 + [t]), t € R.
Further, Lexpie for a > 0 will stand for the space with the generating function t —
exp(|t|*) — 1, t € R. For o = 1 we shall simply write L?log(1 + L) and Leyp. Note that
the function ¢ — P log™(1 + t) is not generally convex near the origin. It is, however, a
purely technical problem to consider an equivalent Young function (convex on the whole
of R). No confusions can arise so that we use the traditional notation LPlog®(1+ L).

2. Main theorems. Let us summarize the basic claims. Ideas of proofs will be given in
the following and in the last section.

First of all we shall make use of the (generalized) Gross logarithmic inequality to get
the following

THEOREM 2.1 ([23], Theorem 2.3, [24], Theorem 2.3) . Let 2 < p < co. Then

P o |f($)‘ T c p D
/Q F@Pog(1+ () do < VAL @) (2.1)

for all f € Wol’p(Q) and some c independent of f and N.

Next theorem will follow from Theorem 2.1; the sketch of the proof will be given in
the end of Section 3.

THEOREM 2.2 ([23], Theorem 2.3). Under the assumptions of the preceding Theorem, if
V' € Lexp, then

/ F@)PV(2)de < c / Vi@Pde,  feWiQ). (2.2)
Q JQ

In the last section we will then investigate possibilities to improve the power at the
logarithmic function in (2.1). It turns out that one can obtain a < p/2 for 1 <p < N in
inequality (1.2).
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THEOREM 2.3 ([23], Theorem 3.1, [25], Theorem 4.1). If1 <p < N, then
[F1L7log® (1 + L)|| < cl|VfILP| (2.3)
forall f € Wol’p(Q) and some c independent of f and N.

Let us observe that the preceding theorem holds for an arbitrary domain (2 C RN
and functions in W1P(2).

Similarly as above a weighted consequence of Theorem 2.3 is true (we obtain it also
with help of other methods):

THEOREM 2.4 ([23], Theorem 3.4). Let 1 < p < N and let V be a weight function in Q.
Then there exists a constant c independent of N and [ such that

IALPW@) < eIV [ Lexp 270 (@)D P IV F1LP| (24)
for every f € W) P(Q).

3. Sketches of proofs, a = 1. Our first attempt to find the target space for the
Sobolev imbedding independent of the dimension goes back to [21], where we used the
celebrated Gross logarithmic inequality [14], generalized later in various directions by
several authors, see, e.g. [15], [16]. Recall that the Gross logarithmic inequality (see [27]
for a detailed account and [3], [5], [10] for further interesting discussions of the topic),

2 |f (@) 2 l 212 da
[ @ os(S ) as+ NI < - [ 195 e (31)

gives, for a function f € WH2(RY) and supported in a bounded domain 2 C RY,
|V £IL%(2)|| < 1, and sufficiently large N,

2 1 2
| 1s@Pegl i@l de < - [ V(@) da (32

(since then at least for large N we have log|| f||2 < 0; this follows from the claim on the
best constant in the Sobolev imbedding and simple application of Hélder’s inequality—see
(3.9)).

Note that one can formally put 0 in the integral on the left-hand side of (3.1) and (3.2)
if f(x) = 0 (which corresponds well to lim;_.o, t°logt = 0 for any ¢ > 0). The left hand
side of (3.2) contains generally both positive and negative values and the estimate says
that the final balance of that, containing a logarithmic residue integrability improvement
is estimated by a multiple of the L?-norm of the gradient. In [21] we have employed the
Gross theorem to show that

/B (@) P log(1+ [f@)|/ [V f]l2) de < ] fFIWEA(B)|2 (3.3)

with a constant ¢ independent of f and N.
First we will consider inequalities generalizing (3.3), namely,

po(1a H@IY o
[ @irios(1+ o) ar < v size@)
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for 2 <p<ooand f € WO1 P(02), and we will also tackle the weighted dimension-free
imbedding of the form

/Q |f(@)[PV(2) dz < |V FILP(2)]7, (3-4)

for f € WyP(2),2 <p < oo (or 1 < p < o0), 2 being a bounded domain and/or RV,
¢ depending just on p and V. Specifically we will consider 2 = Q = (0,1)", the unit
cube in RY. Conditions for V, derived from a variant of Ishii’s imbedding theorem for
generalized Orlicz-Musielak spaces [17] and [33], will be expressed in terms of suitable
exponential integrability of (a multiple of) V. Let us point out that in [21] we studied the
case of functions living in the unit ball of RY, whose measure tends to zero as N — oo.

The generalized form of the Gross inequality for 1 < p < oo, see Gunson [16], has a
little surprising form:

/ |f (@) |7 log(|f (2)]) dz + yn.p S/ IV f ()P de, (3.5)
RN RN

for all f € WHP(RYN), || f]l, = 1, with

N N Nlogm N Nlogp N(p—1)log(p—1) 11 g(F(l—i—N/Q)
2p P> p? 1+ N/p')

where I' is the Gamma function and p’ =p/(p — 1).

Substituting f(x)/| f]| into (3.5) we get a usual Lebesgue form of the above inequality,
namely,

IYN,p =

), (3.6)

[ o @ gy 4
RN ||pr

First we make use of (3.7) to get (2.1).

g [ IVI@P da. (37)

Step 1. For the constant -y, from (3.6) let us write
N NI N1 N({p-1)1 -1 1 I'1+ N/2
N | Nlogm  Nlogp N(p—1)log(p )__10( (1+ /))

IN,p = 2p p2 p2 8 W
=T +To+ T3 - Ty — Ts.
We have N | | | .
0 o og(p —
T1+T2+T3—T4:—(1+ 8T 058P _ g(p/ )>
P 2 p P
so that |T1 4+ T + T5 — Ty| < c¢1(p)N. With help of Stirling’s formula,
1 N 1 N
Ty| ~ N‘—l I Pl |
75| 2 o8 2¢ p 8 ep’
hence |T5| < ea(p)N log N, and we get
z D D
[ oo a < cpnognisp+ [ [wrara 69
RN I f1lp RV

for all f € WhHP(RY).
The best constant C' in the Sobolev imbedding Wol’p — L1 1<p<N,N >3,

(N—p)/Np
([ 1r@P e a) <CIVALY),  feW P ®Y),
RN
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is (see e.g. [36])

—1\1-Yp [ T(N)T(1+N/2) \'V
V(=) () (39

Calculation using asymptotic properties of the Gamma function shows that C ~ 1/N'/2.

Let us denote again by f the extension of f € VVO1 P(Q) by zero to the whole of RY,
We get

IFILP(@)7 < Np/2||Vf\LP(RN)||P
and altogether
c(p) log N
)N log N | f|Lr| < SELEL v 10

If p > 2, the constant on the right hand side is uniformly bounded with respect to N.
Inserting this into (3.8) we get, for 2 < p < N,

/|f P lo ”]E”” < c|VFIL7|P, (3.10)

for all f € VVO1 P(Q), with a constant ¢ independent of f and N. The same is true for any
fixed cube (a,b)" in RY. The case p = 2 follows easily because yx 2 > 0 so that the term
with this constant can be omitted directly.

Step 2. Now we are able to show that for N > 3 and 2 < p < oo there exists ¢ independent
of N such that

|f ()]

(@)1 10g 1+ dw < ¢V f|L7||” (3.11)
/Q IVl )

for all f € W, P(Q), and the norm of the imbedding of W, *(Q) into L”log(1 + L) is

independent of N. Let ||V f|LP|| = 1. The estimate (3.11) follows from (3.10) via the

auxiliary inequality

/RN(|f(:v)| +&%5.(x))" log (1 + | f(2)| + %s:(x)) dx < ¢|VF|LP|| + ec(N) < 0o (3.12)

with some constant ¢ independent of the dimension (¢(IN) might depend on N but it is
independent on f) and e and with a suitable smooth function s, living in (14 ¢)Q. The
desired inequality (3.11) then follows by virtue of Fatou’s lemma, by letting & tend to
7ZET0.

This part of the proof is rather tedious and long. The idea is to take a smooth s,
such that s.(z) = 1if x € Q, s-(z) = 0 if |z| & (1 +¢)Q, and |Vs.(x)| < ¢(N)/e on
(14+e)Q\ Q. A careful calculation yields (3.12). We refer to [24] or to [23].

Finally, for a general f € Wy*(Q), f # 0, note that inequality (3.11) holds for
f@)/(IVFILP]), that is,

" on "
/ £@P g (1+ 1775 / Vi@ de.



DIMENSION-INVARIANT SOBOLEV IMBEDDINGS 211

Step 8. Now we turn our attention to Theorem 2.2. If V' € Leyp¢(Q), then (3.11) will be
the starting point to show that there exists ¢ = ¢(p, V') > 0 such that

/Q |f(@)[PV (z) dw < c(p, V)I[VFILP[]” (3.13)

for all f € W;?(Q). The desired imbedding is the second part of the chain of W7 (Q) —
LPlog(1+ L)(Q) — LP(V)(Q); this gives a condition for the weight V.

Suppose that V is an integrable function on @ and that there exist K > 1 and a
non-negative function h € L(Q) such that

PV (z) < KtPlog(l 4+ t) + h(z), t>0, zeqQ. (3.14)

Note that the use of such an estimate is inspired by Ishii [17], see also [33]. Then one can
show that

if ./Q | fx(2)|P log(1 + | fr()]) dz < &, then '/Q (@) PV (2) d < .

for a given e and any sequence f € LPlog(1+ L).
This involves some technical details for which we refer to [23]. To prove the desired
imbedding it is enough to show that

/Q 9@V () dr < /Q l9(@)|P log(1 + |g(x)]) dx
for all g such that ||g|LPlog(1 + L)|| = 1; the last equality is equivalent to
/Q l9()P log(1 + |g(x)[) dz = 1.

Should there exist a sequence (g ), where g have the LP log(1+ L) norm equal to 1, and
Bj, — oo such that

/ gk () [PV (2) d = Bk/ |9k (2)[" log(1 + |gk(x)]) dz = B, (3.15)
Q Q
choose » < 1 and a sequence Ay \, 0. Then for large k,

/ AR |gr(x)|Plog(1 + Ag|gr(z)]) dz < %
Q

Then i
/Q Az\gk(:z:ﬂpV(x) dr < ¢

and putting Ay = 1/3;/;) we get

/ 0x(2) PV (2) dr < By,
Q

which contradicts (3.15). Finally, the condition (3.14) is equivalent to
sup[tV (z)/K — tlog(1 + tl/p)] <h(z)/K, z€Q, (3.16)
>0

with some integrable function h. Hence the left hand side of (3.16) should be integrable
over Q. If we invoke Young’s inequality for complementary Young functions (see e.g. [20]),
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this is guaranteed by integrability of ¥(V(x)/K), where ¥ is a Young function comple-
mentary to t — [t|log(1 4 [¢|*/P). Plainly ¥ is equivalent to ¢ s exp |t| — 1.

Moreover, the norm inequality (1.2) can be proved, too; for the proof see the end of
the last section, where it is done for inequalities with more general «.

An analogous claim for the integral with log(2+ |f(2)|/||V fllp) (or any a > 1 in place
of 2) can also be proved. Both the modulars give the same space with equivalent norms,
nevertheless, an analogue of (3.11) (that is, (2.1)) has to be proved. We refer to [23].

REMARK 3.1. As to an unbounded (2 a detailed inspection of the proofs above shows
that the term 7y, from (3.6) is non-negative if p € [2, p*], where p* is the unique solution
of the equation erp'/? = 2(p — 1)1/#".

4. Sketches of proofs and miscellanea, the case of general «. In the first part
of this section we discuss various ways how to get weighted estimates of type (1.1). In
particular we show several alternative proofs of Theorem 2.4. Then we sketch the proof
of Theorem 2.3.

The condition on the weight function V' in Theorem 2.2 is derived via anocther imbed-
ding and a natural question is whether one can get a stronger weighted result by a suitable
direct method. We will show that this is indeed the case. Of interest in this connection
is also the special choice of weights V = V(z) such that V*(¢) = (log(1/t))*, that is,
inequalities of the type

/1 Fr ()P log® E dt < c/ IV f(z)Pde. (4.1)
0 ¢ Q

Note that by the Hardy-Littlewood inequality for product of functions the left hand side
of (4.1) majorizes fQ | f(2)[PV (z) dx for such weights V. Moreover, the weighted integral
on the left can be interpreted as a modular and it is well known (cf. e.g. [6]) that it
generates the space LPlog®(1 + L) with a norm equivalent to the standard Luxemburg
norm there—this, however, does not automatically imply an inequality generalizing (2.1).

It is not difficult to see that V' € LV/? is a sufficient condition for (1.1) in RY or in
Q C RV, it is enough to apply Holder’s inequality with conjugate exponents N/(N — p)
and N/p to the left hand side of (1.1). This can be slightly sharpened: Since W,”(Q) is
imbedded into the Lorentz space LNP/(N—P):?(Q) we have, using the Hardy-Littlewood
rearrangement inequality,

1 1 dt
2PV (2) dz * pY/* _ (N=p)/N px(\psyp/N 1/ * oy
./Qf( )PV (z)d S/O(f (£)PV*(t) dt /f FrOPermve() o

0
IN1% b NN pr e B
< sup sPNVE(s) [ (N TPINP E () "
0
= [VILNP=| | fILNP =RR2 P < o N | VILN P ||V fI 2P,
where ¢(N) is the best constant for the imbedding of W' ?(RN) — LNP/(N=P):»_ Hence
(1.1) holds in Q@ C RN if V € LN/P>°(Q), similarly in R™. The behaviour of the con-

stant ¢(NN) is known thanks to Alvino [4]: a bit surprisingly the best constant for the
refined Sobolev imbedding into LYN?/(N=P).»(RN) behaves in the same way with respect
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to N — oo as the best constant in (3.9). Consequently

[ ir@rviae < P g g < L o iy
4.2
< o2 1o 1201 < cetpysup L oo v
q>1
Let us recall the standard extrapolation fact that
VIS @I _ (4.3)

IV1Zesg s (@) ~ sup =

The equivalence of norms here is independent of N; indeed, one can pass to rearrange-
ments of V in (4.3) and to use the fact that the (one-dimensional) norms of V* are equal
to the corresponding norms of V. For more on extrapolation conditions using L9 and
L% norms see, e.g. [9] or [32]. Hence we have proved Theorem 2.4.

An analogue of Theorem 2.4 holds in RY (and similarly on sets with an infinite
measure). As to a characterization as in (4.3) one has to be careful. In (4.2) we require
in fact that

VIL R _
Oo7
4>N/p qr/?
which in contrast to the situation in @) is not equivalent to finiteness of sup,>.

A remedy is to use Orlicz spaces E, 3(RY) generated by the Young function t ~—
t|” (expt? — 1) (B > 0), as suggested in [11] and investigated in details in [35]. The
Luxemburg norm in E,. 5(RY) is equivalent to the (extrapolation) norm
V]I RY)|

sup
qt/s

q=>r
and the constants of the equivalence are independent of N.

We get the following variation on Theorem 2.4.

THEOREM 4.1 ([23], Theorem 3.5, [25], Theorem 3.2). Let 1 < p < N and let V be a
weight function in RN . Then there exists a constant ¢ independent of N and f such that

IALP V)R] < c(IVIEnpp2®Y) )7 19127 RV

for every f € WHP(RY),
An analogous statement holds for a domain 2 C RN and functions in W1P($2).

For the special choice of the weight function V on @, when V*(t) = (log(1/t))%,
Theorem 2.4 yields a < p/2. Indeed, since

sup sP/NV*(s) = e"’(—) =cN*?,
0<s<1 p

we have,
1
ol
[ @ pae <Pl e Wor@).
0

where o < p/2.
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Inequalities of the type

1
| reroe Lae< (V@I + 1AP@QP) (44)

have been recently studied by Martin and Milman [29]. Such relations are of interest
because the expression on the left hand side leads to an equivalent norm in LP log®(1+L),
say, on the unit cube, nevertheless, its dimension-free relations to the usual modular
(corresponding to the Young function [¢|Plog™(1 + |¢|)) are not immediately clear. In
particular, in some response to [22], which handled dimension-free imbeddings of Sobolev
spaces on a unit ball, Triebel [38] raised a question about inequalities of the above type
for spaces on a unit cube and the dependence of ¢ on the dimension. The answer was
given in [29, subsect. 7.1], giving a = p/2 as the “best” exponent in (4.4). The proof is
based on the isoperimetric inequality.

Note that the dimension-free estimate (4.4) with « = p/2 is contained in Theorem 2.4.
It is not, however, necessary to use an additional technique as in [29] (isoperimetric

theorem) or here in this section (extrapolation). A simple short proof can be given: For
f € Wy (Q) we have

/01 fr@r (log %)a dt

</1 f*(t)Np/(pr) dt)(pr)/N (/01 (1Og %)Na/p dt)p/N
Nm ||Vf|LpHp[ (1 + _)}

s e[ T ()

oo VAT (2"

We have used the claim on the best constant for the Sobolev imbedding and properties
of the Gamma function (T'(§)Y/€ ~ € as € — c0). Once more we recover the condition
a < p/2 for the independence of N.

IN

In the remainder of the paper we sketch the proof of Theorem 2.3. This is in fact
an alternative approach to (1.1) and (1.2) based on extrapolation of standard Sobolev
imbedding theorem and knowledge of the best constant (the norm of the imbedding) to
overcome limitations given by the form of the Gross inequality. In the first part of this
section we have directly proved weighted inequalities with « = p/2 at the logarithmic
function. It is, however, impossible to establish better integrability of f from this.

Step 1. Assume that « > 0. Holder’s inequality and the standard imbedding give, similarly
as in Section 3,

([ 1r@Pog+ @) as)

(4.5)
1/N
< 5o VAL [ 10g™/7(1 + Ifa)) da)
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By the inequality log(1 + &) < 1£°, £ > 0, € € (0, 1], we obtain

(/QlogNa/P(1+|f(x))dx)1/N < %)a/p(/g|f(x)|Na€/de)1/N. (4.6)

Plainly we have to make the choice N;E = NN—_I’p, in other terms,
€= P’
a(N —p)

By the Sobolev inequality and (4.6),
o 1/N 1\o/p e 1/N
([ ro¥rasis@ar) ™ < (2)7( [ et i)
Q Q

< (SN[ 1pwpe o a)

< () ()" e,

Together with (4.5),

() 1r@Pog -+ f@ar)

c(aN =)\l L NI
<y ) (Gam) vz (4.7)
Na/p 3
< ez IV AP e,

Independence of the right hand side with respect to N is guaranteed by a < p/2.
Step 2. Now let a < p/2 and ||V f|LP|| = 1/cWN~P)/N with ¢ from the third line in (4.7).
Then

| 1r@P oz 1+ @) e < 1. (19
For an arbitrary 0 # f € W, insert f/(c(N=P)/N||Vf|LP|) into (4.8). We get

()P . /(@)
1 1 dr <1
/Qcp<Np>/N||VfLP||p & T A ) S

which gives (according to the definition of the Luxemburg norm)

IF1LP1og® (1 + L)|| < X PVN|VfILP| < | VFILP).

REMARK 4.2. Now it is enough to mimic arguments from Section 3 that we used in Step 3
to prove (3.13). We get the weighted estimates in Theorem 2.4 again.
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