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Abstract. We present an estimation of the H f and HY Prex ~ f means as approximation versions
of the Totik type generalization (see [5], [6]) of the result of G H. Hardy, J. E. Littlewood. Some
corollaries on the norm approximation are also given.

1. Introduction. Let L? (1 < p < 00) [resp. C] be the class of all 2m-periodic real-valued
functions integrable in the Lebesgue sense with p-th power [continuous| over Q = [—7, 7]
and let X = XP? where X? = LP when 1 < p < oo or XP = C when p = co. Let us define
the norm of f € XP as

1fllxe = |f@)||xr = {(fQ ‘f(l‘”p dx)l/p when 1 < p < o0,
sup,cq | f(z)] when p = oo.

Consider the trigonometric Fourier series
Sf(x) = @ + Z(ak(f) cos kx + by, (f) sin kz)

and denote by S f and o f the partial sums and the (C,«) means of Sf respectively.
Let

1/
HL f(x) {T+1Z| r, (x)\q} q, g>0, a>—1,

where 0 < kg < k1 < ko < ... < k,, and
HYof ZA $(log f(z) = f@)), a>-1,
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where (),) is a sequence of positive functions defined on the set U C R having at least
one limit point ug (possibly ug = co) and a function ¢ : [0,00) — R.

As a measure of approximation by the above quantities we use the pointwise charac-
teristic

wef (5 / ot} ", where o (t) i= flz 1) + Flz — 1) — 2f(2).

constructed on the base of definition of Lebesgue points ( LP-points) (cf. [1]).
We can observe that with p > p for f € XP, by the Minkowski inequality

[w.f(0)pllx» < wxi f(6),

where wy f is the modulus of smoothness of f in the space X = XP defined by the
formula

wx f(6) == sup [l¢.(h)]x.
0<|h|<6

It is well-known that the H{ f(x)-means tend to 0 (as r — oo with a € (—1/2,0))
at the LP-points of f € LP (1+a < p < 00). In [1] this fact was proved by G. H. Hardy,
J. E. Littlewood for a = 0 as a generalization of the Fejér classical result on the conver-
gence of the (C, 1)-means of Fourier series and in [3] these means were estimated for o < 0
in terms of w, f(),. Here we present estimations of the H, % (x)—andHfj;X f(z)-means
as approximation versions of the Totik type (see [5], [6]) eneralization of the result of
G. H. Hardy and J. E. Littlewood with the (C,a)-means oy f instead of Sf. We also give
some corollaries on the norm approximation.

By K we shall designate either an absolute constant or a constant depending on some
parameters, not necessarily the same at each occurrence.

2. Statement of results. Let us consider a function w, of modulus of continuity type
on the interval [0,400), i.e. a nondecreasing continuous function having the following
properties: w,(0) = 0, w, (61 + d2) < w,(01) + wy(d2) for any 0 < &1 < dy < &1 + 2 and
let

1/p
LP(wg)* = f eLr: / |0z (t) — @u(t )P dt} <wg(y) and w, f(9), < wr(é)}.
In the same way let
LP(w) ={f € L? : wrr f(§) < w(d), with a modulus of continuity w}.
We can now formulate our main results and begin with the following theorems:

THEOREM 1. If f € LP(w,)* (1 <p <2)and 0 < ko < k1 < ka2 < ... < k, then, for
o€ (—%,O) where %—i— % =1, we have

ko

i o = 1 { () e () + o 2o ()

with ¢ € (0,q].

Hence, using Lemma 2, we can immediately obtain
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THEOREM 2. If f € LP(w) (1 <p < 2) and 0 < ko < k1 < ka < ... < k., then, for
a € (—%,O) with %—I— % =1, we have

ko

a1l < 1{ (50 " (55) + g e ()

where ¢ € (0, q|.

Writing for o € (—3,0)

2 = {¢:¢(0) =0, ¢ /, ¢(2u) < Kop(u) for u € (0,+00), with K, < 27171/}
and, as in the Leindler monograph [2, p. 15],

{ov: (5 5 +1(»)“‘)1/5 <k (5 3 HAV)

m m
v=Npmy_2 v=Npy_2

As(Ny)

for s> 1, and N,,, < Nppq1, No=0, N_1 = —1},

we can formulate the next theorem on the base of the previous one and Lemma 3.

THEOREM 3. If f € LP(w,)* (1 <p <2), (\) € Ag(Nim), @ € (=1 + 1,0) and ¢ € 9,
then

0o N. Ny —2
o m 1 ’]T
Hfuf(f)SKZ AU(U)d)(N—Q"_l Z wx(k—kl))’
m=1 v=N,,_o+1 m= k=0

for any u e U.

By the same proof using Lemmas 2 and 4 we can obtain also the following theorem
and corollary:

THEOREM 4. If f € LP(w) (1 <p <2), for (\,) € Ay(Npw), @ € (=1 + 5,0) and ¢ € &%,
then

Ol <83 Y (g > (i)

m=1 v=N,,_o+1 k=0

for any u e U.
COROLLARY 1. If we additionally assume that lim X, (u) = 0 for all v and that y_.° A\, (u)

u—ug

converges, then
lim Hffjf(x) =0

uU—1ug

at every LP-point x of the function [ and
uh—{Eo‘ Hf,:f()HLP =0.
3. Auxiliary results. With the notation
1 y+0 1 y+46 1/p
6= 3 [t wefG,=[5 [ leor
2l 2l

we will need
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LeMMA 1. If f € LP(w,)* (p > 1), then

D0 f(0,7)] < we f(6,7)p < wa(6) + wa ()

for any positive vy, 6.

Proof. The first inequality is evident and we only prove the second one here.
If fe LP(w,)*, then

Lo @) <o

whence

e at] " =,

\2\
5}
+
>

—
| =

>

et + P at] | / ectt at]”

IN IA
S| = =
O\%O\

pult +7) — et ]

By the assumption

A et ] " = 0.06) < )

Sl

and our relation follows. m
Analogously, we can give inequalities for norms.
LevmMma 2. If f € LP(w) (p > 1), then

@£ Le < [lw.f(6,7)pllr < 2w(8) +2w(v)

1/p
H / . (t tiv)\pdt}

and

< 2w(y)
Lp

for any positive v, 6.

Proof. It f € LP(w), then, by the monotonicity of the norm as a functional and by the
above lemma,

||(I)f(57 7)”Lp < wa((S, V)PHLM

and consequently

|w.£6,7)p]| Lo = {/: [% /7“/+5|<pm(t)|17dt] dx}l/p _ {%/;M |:/:-|S0I(t)|pd‘r:|dt}1/p
< ([ sor )" <2us6 1y,

whence our first result follows.
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For the next one we will change the order of integration. Then

T

= %/: [/W (If(@+) = fla+t 2|+ |/ (@ =) = fl@ =t F7)])" da dt}l/p

1[0 1/p
< {5 [ rowsora} " = 2o
0
and thus our proof is complete. m
In the proof of our last two theorems we will use the next fundamental lemmas.

LEMMA 3. If f € LP(w,)* (1 <p<2), ¢ €D (=141 < a<0)and \(m) = 57
forv=Np_o+1,Ny_o+2,...,Np, and \,(m) = 0 otherwise, then

Npm—2

1 T
H™ <K¢| —"— o[ ——
)\,mf(x)— ¢(Nm—2+1 kzzo w (k+1))7
where m =0,1,2,....

Proof. If w;(0) =0 then f is a constant function and our inequality is true. Thus we can
assume that w,(6) > 0 for § > 0.

We use the following notation with integers p > 0 and v:

Np—2
1 0
Qw Nm7 - X I a:(—)7
( 2) Nm—2 +1 ’;0 v k +1

Ap=A{v € [Nm—2+1,Np]: |07 f(z) = f(2)] = 12 (Nm—2)},
P,u = {V € [Nm72 + 17Nm] : (,U, - 1)QI(Nm72) § ‘O—gf(m) - f($)| S ,Ume(Nm.fQ)}a
©={peN:T',#a}

Then

b, 1 o 1
HY L f(2) < N1 ;;) gr:b P(loy f(z) — f(2)]) < N1 ;% g; A1 (N —2))
1 1

=71 %qus(mxuvm_g)) < N1 %\Au_lw(mxwm_g)).

Using Theorem 1 with ¢’ =1 and &, € A,—1 we can estimate

(it DN o) € —— S [0S f(2) — £()]
|A, 1] vern .
|A 1| A1\
< K (o e +1) 0 (N2) < 2K (7250 ) 0u(Nn2),
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whence [A,_1| < (N, + 1)(42)Y* and therefore

/a
H{7 @) < 5 HZN (A2) " 692 (N )
/o
<KZ( )1 (1 (Nim—2))-
pneoO
Since ¢ € ®* we have
(%) ont1
i) < Ko@) + 3 S () ot noa )
n=0 pu=2"+1
co 27t
<K{¢( S(Nm2))+> > ( ) A2 (N 2))}
n= O,u 241

< K$(Q(Nim—2) +KZ2"2"/QK $(2" Q2 (Nim—2))
n=0

< Ko (Nypa)) + K3 20079 K31 60, (N, )
n=0

< KoK ¢(Q:(Nm—2))

and our proof is complete. m

LEMMA 4. If f € LP(w) (1 <p <2), ¢ € B* (14 L < a<0) and A\, (m) = 47 for
V=Np_o+1,Nyu_o+2,...,Npy and X\, (m) = 0 otherwise, then
Np—2

N 1
8Ol < Ko (g > o(:53))

where m =0,1,2,....

Proof. The proof is similar to the above one, the only difference is that we have to use
Theorem 2 instead of Theorem 1. =

4. Proofs of the results. We only prove Theorems 1 and 3.

4.1. Proof of Theorem 1. Let as usual

Higy, /(@) {r—i—lz‘/ K, ()

q}l/q

where K (t) = A?V :Zo Ay _lk% By the known notation and estimates (|7,
Vol. T, pp. 94-95])
Ko (t) = 1 sin[(k+ (1+ )/2)t — /2] a .M
AO‘ (2sint/2)+e k+1(2sint/2)?

= Ki1(t) + Ki»(t) with [M] <1,
|Kp ()] < 2k, |K(t)| < Kk~ ¢!
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and |K (t)| < Kk~ |KRo(t)| < K(k+1)7'¢ 72
for a € (—1,1), t € [—m, 7],

we can write

HE® f(x) < Ar+ B, + Cy + Dy,

where
e sty
B = {1 2_; L eom o al )
o= { s [, eomtaoal}
D= {7 2z [ womiama] Y
with 6, = 6.0 = TraTayz a4 7 = FEra e (v=0,1,2,...,7).

Since |Kp (t)| < 2k,, for v =0,1,2,...,7, we have

1/q

A, < {— Z[% /0 eetlar] '} <4l g[wmf(éy)ﬂq} < 4w, (80).

The terms B,., C, and D, will be estimated by the Totik method [6].

At the beginning we divide the sum in the term B, into two parts with the index vq
(0 < vg < r) which is defined as follows: vy = 0 in the case r < kg and vy = v > 0 if
ko1 <r <k,

1 <1 [P ay1/q
B, = ’— LK tdt‘
{rJrll;)W/%u @() k”() }

S{THUOZI\/% sewaf} e {4 S [ eonz o'}

{2 [ el } g D5 [ ont oa] )
A 27 [, eomeama '}

<2 S @07} Bt Bua < dunl0) + o+ Bra

v=0
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Next, the term B, ; is divided into three parts, namely

27y 1/q
Br,1={r+12’—/ () Ky, 1 (t d’}
29, 29,—8, 27, 26,
e Z\— (L] +/5/5 )ealOKE, A1)

v

q}l/q

S B'},l + Br,l + Br,l

By a simple calculation

Ip 1O
Bl =5{
) r+1Z:

/2%

26

r 2vr
/25V

29r =0y o qy1/q
+ [ )eomz a0}

Pa () K, 1 (1) + pa(t — 60)Ki 1 (t = 60))
Q}l/q

Z L[ - s a0+ R a6}

Q}l/q

1 1
:§{r+1 Z T

et Xl [ e et sRE 0
#of

5,
Using the inequality

QSinE L 2Sint_6 o
( 2 2

and integrating by parts we obtain

Bl < %{%Z i/: S o) - eatu— )
sin((h 5 Y] e 1
3l Sl L, e (e
- T >sm<< Sy

%{il WAQ [/ —u(u—15,))
(- L) )

+ o /5 [/Ot«oz(u) ~ulu=4)
V Q}l/q

IN

< Kot™2 " for t € [6, 7]
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9w dt‘q}l/q

27y

1 < 1

{ + Z‘ A
r+1 TAY /2(5
V=rg v v

(pac(t - 61/)

By the assumption

r

K 1 1 2
Bl < xT - ¥z _611 d
T’1—<kr+1>a{r+1u_zw[v%+a/o (o) =l = 0 du

1

26,
J'_W/ |90zr ) @w(u_(suﬂdu

/2% / |z (u) — @z(u—6 )|du> tzdfa}q}l/q
r S
(kr-l‘l){Tj-lyzl;o[éu/&"7 |9:2T£?| dt]q}l/q
< Gl [ et o) [

26,
. 27r . y
e 2 e

and since the function w,(t)/t is almost nonincreasing,

K K t— %127
1 @ o v
Bra < e e )+ o) 5,

e fl)a {r% _Z . /? ﬁ%%( Ot puu)| du) df]q}”q

< K(%)awx(%) + ﬁwx((so) {%}

T

K 1 1 ¢ 29,
e {7« +1 ; {5” [t2+a /0 ()] du} 1=5,

29 q t qy 1/q
+5y/6 W(/O |<px(u)|du)dt] }

() o

K 1 < 1 2w, (t) 79y 1/
+ (kr+1)0‘{r+—1 > |6 e e (21 + 0 /5 e )

() i
- = (0 +(8) [T /
ey 3 o O 0 [ Ly

() i
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e S e )

—Q

Next, by the evident estimate |Kg | (t)] < Kk, “t~*~,

27y /
=gl Xle [, eoseaoal'}”

27, —0,

1 ¢ 1 e (B)] M
<c{ 2w 1a/ i)
T+ u:uo(V+) 2y —08y

SK(k,«Hl)a %W{ril Z [/22% et 1]}

Yr—0u

Pt 2% 2y q\1/q
r+1 Z‘/ | (t |dt_/6,, |<,Dz(t—(5,,)‘dt‘}
ay1/q
{/ |2 (t |dt+/ |02 (t)] — |pult — 6 )Hdt}}
5

v

e

et Z
a{ril :Z [2%/ foalD] di+ o /:%m(t)%(twdt]q}”q
)

7)

1 a

1
r+1

OL

r+1

< ( 0‘{ [ ,(5u> +wx(5u)}q}l/q
() (o St} ()
and

1 1 &1 [» ay1/q
B3:—{ ‘—/ (DK tdt‘}
LD T+1I§ﬂ 5 @a(t) k,,,l()

1 1 r ke + 1 26, ay1/q
Sﬁ{wrl;) m /5 20 }
1 r 1/q
<{ . ;[wx(ztsr)]q} < 2w, ()

For an estimate of B, we observe that [K} ,(t)| < K(k, +1)"'t~? and therefore
2 1/q
B2 = { +1Z‘—/ () K, o(t d‘}
IR Lo 27 fpa(t)] 19 e
< K{ { / dt] }
- r+1;0 ky+1 Jos, t2
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SK{ril XT:O{(SV/; |%;2(t)\dt}q}1/q
<x{iy Xl e G

ko

1 T
<K— (—)
= ko—i—l];wx k1

We divide the term C) into two parts using the notation

1
d0,1

C, {r+12’_/ o (1)K 1 (1) d‘}l/q

s " sin|(k, @ _ra
< I {)2 [ at) — s taan ) R =R

™

(I)a:f(60,17t) = m :

t+80,1
/ g (u) du with 6 = dp1 =

Q}l/q

n K%}/‘I {g'l /2% Do F(Gor,t )Sin[(kl, 4;2(;;—;;;1221;— a2 dt‘q}l/q

= Lra + CT,?-

Then, by the Hausdorff-Young inequality,
1/q T 1/p
Cra < K2 { [ [1@08(@01.0) = a0 2sine/2) 1 e}
kr 2y

@, FGot) — el e}

Applying the generalized Minkowski inequality, we get
1/q
C’r 1 < K 1 {

1 /t+50ﬁ1 P y1l/p
«a Pz \U) — Pr t)|du| dt
7 g ), [el) — a0 du] ar}

1/q u 1 80,1 p 1/p
~y
_KAO‘ {/27 [t1+a50,1/0 | (u+1t) gox(t)\du} dt}
1/q do,1 ™ . » 1/
< K2 1/ U |pa(u+t) — pa(t)] dt} P
2

A 50 1 ” t(l—o—a)p

<K 71/[1 50’1{ ! |<p (u+v) — pg(v )|pdv) dt} pdu.
- A%T(SO,I 0 t(1+a)p dt v “

Next, the partial integration gives

Va o pooxe ™ 1 d ot 1p
5
< - _ p
Cra < KA;;ﬁo,l /0 [/27 t0Ta)p gt (/0 [palu £ ) = ¢a (V)] dv) dt} du
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us

’Yl/q 80,1 1 t
=K 1 T - Pz Pd
A%T5O,l /0 { |:t(1+a)p /0 ‘QO (U + U) 12 (U)| ’U:| .
1/p

K 1 t

Since f € LP(w,)* and ag > —1,

,Yl/q 60,1 1 ™
- — p
Cra < K girs [ {[zawan || et 0 = 0P )]

kr

+(1+a)p /; {ﬂ%wx(u)]pdt}l/l’ du
gl

1/q 80,1 T dt 1/p
Y
< p P
= KAgﬁo,l /o {[wx(u)] + [z (w) /27 t(1+a)p} du

1/q o
v, (80.1) (1= (14a)p)/ <7~+1>
<K——~ PP < K 2(00.1).
- ‘1gr 7 - kr 1 v ( 071)

Let us now estimate C, . First we suppose that r < ky. Then, by the partial integra-

tion,
1/q ay1/q
K” { ‘—/ #mi(sm((ky—&—(1+a)/2)t—7ra/2))dt }1/
Kfyl/q{ D, f(do,1,1) cos((kl,+(1+0¢)/2)t77ra/2)]77
B 2s1nt/2)1+°“ k,+ (14 a)/2 2y
1/ i B, f(50.1,1) )cos[(ky+(1+a)/2)t—7ra/2] q}l/q
T Joy dt \(2sint/2)1+e k, + (14 a)/2
Kfyl/q " (@, f(60.1,27) cos((k, + (1 +a)/2)2y — ma/2) |9\ /4
{g‘ 2s1n(jyll+“ ky+ (14 «)/2 ‘ }

Ya 2f(0,1,1)
t <k0[?1+a 73 {Z\‘/ (o)
cos[(ky + (1 + a)/2)t — ma/2] dt’ }

and by the Hausdorff-Young inequality

e i
4 (W)

2sint/2)1+e

07',2 S

K~t/a
AR (ko +1) {
K4 f(00,27)|
AR (ko + 1)ytte
K~'/a
AR (ko +1) {

p}l/P

£90f(B0,1,8) | Buf(b0.1,t)(—1 — ) cost/2 ‘p dt}w
2| (25int/2)1te (2sint/2)2+e '
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Thus, for f € LP(w,)* and by the partial integration,

K (wg(d0,1) +wz(27))

Cro <
2 = Ai‘ (kO 4 1) 14+
K’Yl/q / 50 1 |80$(50 1+ ) (t)| + wr(§0,1) + wm(t) pdt Y
AO‘ (k() + 1) tita t2+a
K (wz(d0,1) + wz(27))
T AR (ko + 1)yt
Kr'e 1 ("1 d[t 1/p
1. T — Py )P d dt
g (k:0+1){(6071)1’ /27 HiTor gt (/0 [6a(B0. +u) = palO)” du) di
Kvl/" ™ (we ()P /P
A o+ 1){/ (@ o) it
_ K (wz(d0,1) + 2(52= + Dwx(do,1)) N K~/ {/W (wm(t)/t)l’dt}l/p
B Ap (ko ¥ 1) the A (ko + 1) Uy, t(0Fep

K~l/a 1 t o, 1T
e +1)501{[15(1”),0 [ tertns + )= ot an]

™ t 1/p
T +a)p / vt (] Vel +0) = st du) ar} .

If r < ko then v > 6p,1 and therefore

Kwg(60,1)7 n K~l/a we (27) {/” 1 dt}l/p
c- A (ko + 1)yt tedo1 AR (ko+1) gy tFP

K,yl/q 1 T
+ { . /
AgT(ko +1)do1 La(tedp Jo

o1 1/p
- P
+ ey (ws (@) dt}

1 1
< Kw,(001) Ky, (80.1) o K~ 2, (80.1) 1 +71/p_(1+a)]
Ag v AR (ko +1)do Ag (ko +1)dg.1
< Kua(or) | KA1 Kuslng)  ge(r+1
Aj A Ag g k. +1

Cy

p
a0, + 1) — pu(t)] du

W, (891 )y~ I <

)aww(éo,l).

Now, let us consider the case r > kg. Then, by the Hausdorff-Young inequality and
the partial integration,

Kyt/a T B, f (801, ay1/a
Cro = 2 { ‘_/ #/021)13& in((ky + (14 a)/2)t — ma/2) dt|'}
1/q 250,1 1
§ K")/ {/ Q)z.f((sOJ, ) pdt} /p
Af 9y |(2sint/2)1+e

K’yl/q T D, f(d01,t) d scos((ky +(1+@)/2)t —Ta/2)
{Z‘ /250 2smt/02)1+adt( k,+ (14 a)/2 )

)
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and by Lemma 1

K,yl/q 260,1
Cra < {
ey

v

1/q 1,t) cos((k, @ — T w
K’y {Z’ [ ;1)51{1 t(5/02 I+a “ Zl,(j- —2_1 —25));2 /2)}260
Q}l/q

. / _( B0 (.1 )oosllh U+ )i na2)
dt \ (2sint/2)l+e ky+ (14 w)/2
(I)$f(50717260,1)‘
(2sindg)tte

- K,yl/qwl((;Ol){/zéol : 1 J }1/p K,yl/q 1
‘I’ 2f(d0,1,1) )COS((k,,+(1+a)/2)t—7ra/2) dt‘q}l/q

- AL I+a)p Ay (ko + 1)V
‘ 260 dt (2sint/2)1+« ko+ (1+a)/2

K/yl/q
< Mv“ ey K1 [wz(éo’l) +wz(250’1)}

ww(é(),l) + U}w(t) p 1/p
B K

260,1

B Ag, Ag (ko +1)Y/P (Jg) e

Kyl/a {/” ‘i( @, f(d0,1,1) )"’dt}””

P ACES) di \ (2sint/2)+a
r+1
SK(k +1) e (%0,1)

K~/ T D, f(60,1,1) &, f(Jo.1,t)cost/2\ P Y1/
- a7 r A5 (] s
A%T(k0+1){/260,1 ((ZSint/Z)Ha 1+a) (2sint/2)2+e ) dt}
r+1y\@

<
*K<kr+1> ws(%0,1)

K")/l/q 1 i 7(1+ )p d ¢ 1/p
AT a)p & (6 — o (u)[P
A o D) [5 /2501 di (/O (o0, + ) — e (u)|" du) di|

el / ] ]
< K(};ill) wy(80,1)

K/ » 1/p
i Af (ko +1)d0,1 [77(1+a):l) / |2 (F0,1 + 1) = o (u)l du}

1/q ™
e L, £ et s ) o]
.\ K,yl/qwx( ){/ 1
AR (ko + 1) Lfas, , 181 F
K~/
AR,

KAl/a /W wg(0o,1) P 1M/ K'Vl/qwx(ﬂ') -
+ : ‘ dt =7 N s, ) A=A ta)p)/p
Agr(k0+1)6071{ a5l 1 } * Ag (ko + 1y (%0.1)

P }1/10

r+1\@
SK( ) wm(5071)+ wm(50,1)

k. +1
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—x

r+ 1\« K
< K () wn(b00) + = (60.)
- k

KAy 1u,(80.1) _ Kyt tw, () -

Ay TWal0.1) (5 yA-(ta)p)/p o BV WalT) 6 y(a—(14a)p)/p
+ e (do,1) + A7 (Ko + 1) (o)

ri1o Ky 0w, (80,1) _(1-(14a)p)/p
(571) wallo) T

KV, (5 ) 2= 1)

AR (ko + 1)

= K(ﬂll)a%“m

r

<K

7(1—(1+a)p)/p

Finally, we estimate the last term.

D {THZ!—/ 5 oty }
K{Til@ " _Z> It / + [ sttt o]}

D) / + [ Vewtoniac )]}
(e £ o]}

vo—1 26,

< K{Til I/X:ZO [/2
G S et ol al'}
v=0 720y
r - /
1y X[ el sl '}
vo—1 200 1 /
SK{TL ;) [(kuim /2% |f1*(?| dtr}l q
+K{rili[kyl_~_1/2: |<Pa;2(f)|dt]q}1/q
" 26, /
SK{rnlLl Z[(k Jlrl) /2% ra gt / | oo (u |dU)dt} }1q

el 2l [ wa (] i) ]}

IN

IN

K

qy1/q
e OI KR, (1) + Kg, 1 (0] dt] '}

Tr

+ K
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11/071 u
iy 2 [P = [ el ],

Yr

14+« 26, 4 ¢ s 1/
+(l<:+1)a/2 2ra / |@x(u)|du)dt}}
v Y
K o (u)| d
+ {r+1 [ k +1t2/\<ﬁ |u]25V
1/q
2
k +1 du)dt} }

vo—1 — 26 265
1 (k,,—l—l) a v 14+« v wg(t) qy1/4q
< K -~
= {'r+1 VZ_O[ (25,) e /0 fe=(W)ldu+ =y /2 e dt] }

i 1

3

v

1 r 1 T 2 ™ wx(t) q 1/q
+K{r+1;0{(k,,+1)7r2/0 I%(u)ldu+ky+1/% 5 dt} }

vo—1

{m— el
=

}1/f1

1 L 1o 1 NGRE
SK{T+1 Vz::o[wx(isu)] } +K{T+luz—:0[k +1kzwx(k—+1)] }
<Kw$(50)+K%HkZO a:(k—ﬂ)

Finally we have

This completes the proof. m

4.2. Proof of Theorem 3. We start with the obvious inequality

o Ny,
HPCf) <KDY Y Ao(log fz) — f(@)]).

m=2 v=N,, _o+1
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Using the Hélder inequality

oo N, /s N, /
mrs@ <k {0 Y o Y eless@ - s}
m=1 v=Ny,_2+1 v=Np,_2+1

with 1 + % =1 (s > 1), and by the assumption (\,) € As(N,,), we obtain

o] N. N,
o m 1 m o 1/q
ST TOES'S DD DEIPH E- S S (O R 60])) S
m=1 v=N,,_2+1 m v=N,,_2+1
The second assumption ¢ € ®* implies that also ¢? € ®*. Thus by Lemma 3,

oo N 1 Nip—2 - 1/q
mes@ sy Y are(p g S e())]
m=1v=N,,_o+1 m—2 k=0
Nm,72

> S 1 s
<K 2. W(m 2 ww(m))-

m=1v=N,,_2+1

Thus our result is proved. m
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