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Abstract. We introduce function spaces BP* with Morrey-Campanato norms, which unify
BP* CMOP?* and Morrey-Campanato spaces, and prove the boundedness of the fractional
integral operator I, on these spaces.

1. Introduction. Let R™ be the n-dimensional Euclidean space. It is known that the
fractional integral operator I, (0 < a < n) is bounded from LP(R") to LY(R™) for —n/p+
a = —n/q, from L™/ *(R") to BMO(R"), from LP(R") to Lipschitz space Lipg_y,/p(R™)
for 0 < a —n/p < 1, from BMO(R") to Lip,(R") for 0 < a < 1, and from Lipg(R™)
to Lip,,g(R™) for 0 < 3 < a+ f# < 1. In this paper we introduce BP*(R™) with
Morrey-Campanato norms and extend the boundedness of I, to these function spaces.
The space BP(R™) is introduced by Beurling [3] together with its predual AP(R™).
Feichtinger [5] gave an equivalent norm on BP(R™). The space BP(R") is a special case of
Herz spaces K" (R™) introduced by Herz [8]. Lu and Yang [12] proved the boundedness
of T, on Herz spaces. However, it does not cover the space BP(R™) which is an end point
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case. Chen and Lau [4] and Garcia-Cuerva [7] introduced the central mean oscillation
space CMOP(R") with its predual. Lu and Yang [10, 11] also introduced the central
bounded mean oscillation space CBMO?(R™) with its predual. As an extension of these
spaces, Alvarez, Guzman-Partida and Lakey [2] introduced the spaces BP*(R") and
CMOP*(R™). Our spaces in this paper unify BP*(R™), CMOP*(R™), Morrey spaces
L, A(R™) and Campanato spaces £, »(R"). Note that BP* with Lip,-norms is considered
in Komori-Furuya and Matsuoka [9]. For Morrey-Campanato spaces and the boundedness
of I, on them, see Peetre [22]. For Herz spaces, see for example Lu, Yang and Hu [13].
For x € R™ and r > 0, let B(z,r) = {y € R" : |[x — y| < r}. We denote B(0,r) by B,
and the characteristic function of B, by x,. For a function f € LL (R") and a ball B,

let 1 loc
fs = ]{? o) dy = /B £(v) dy,

where | B| is the Lebesgue measure of B.

For 1 <p< oo, —o0 <A <ooand 0<a<l1,let BPA(R"), CMOp’A(R”), Bp”\(]R”),
i.e. the homogeneous BP* space, CBMOP*(R™), L, \(R"), £, (R™) and Lip, (R") be
the sets of all functions f such that the following functionals are finite, respectively:

fllexors =sup (. 15 = sl )"
150 =sup < (f rwran) ™

r>0 T

11 S wwra v
L, = sup — Yy y) 5
" sern, >0 T VB

1 1/p
s = s (f, 156D~ fotan )

1 1/p
fllcwyions = sup = (f 17 = £, an) "

zeRn, r>0 T
and

P VCES (]
z,y€ER™, x#y |3j - y|

We regard Lip,, (R™) as a space of functions defined at all z € R™, and the others as spaces
of functions modulo null-functions. Then B*(R™), BP*(R") and L, »(R") are Banach
spaces equipped with the norm || f|[go.x, || f|l gp.x and | f||z, ,, respectively. Let C be the
space of all constant functions. Then CMOP*(R")/C, CBMOP*(R")/C, £, »(R™)/C and
Lip,(R™)/C are Banach spaces equipped with the norm || f||cyvor», | flocsmors 11z,
and. | /]|, respectively. For the unit ball By, | llestons + 175, [/ lcouions + 15, -
Ilfllz, » +1fB,| and for the origin O, || f||Lip, +|f(0)| are norms and thereby CMOP*(R™),
CBMOPM(R"), £, \(R") and Lip,(R™) are Banach spaces, respectively. Note that, if
p=1and A =0, then £, (R") is the usual BMO(R").
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By the definition we have
LyA(R™) € BPMR™) € BPMR™), L, A(R™) € CBMOP*(R"™) ¢ CMOP*(R"),
and, for p < ¢,

Lya(R™) G Lya(R"), B (R") G BPA(R"), B*R") G B (R"),
LoA(R™) S L, A\(R™), CBMO?*R") G CBMO”*(R"), CMO?*(R"™) & CMO”*(R™).
Moreover,

Ly A(R™) C L, A(R") with  |[fllz, » + /5] < 31 fl, 5,
BPA(R") € CMOPM(R™)  with  [|f |emor + |f5.| < 311 fllpoas
BPA(R") € CBMOPM(R") with  [|f|esyor + .| < 311/l 0
If A <0, then
BPA(R™) = CMOPA(R™)/C, BPMR™) = CBMOPM(R™)/C, L, \(R™) = L, \(R™)/C,
where A = B means that there exists a bijective and bicontinuous map from A to B, and
BPARY) = BPARY) = Lya(RY) = LP(R") for A= —n/p,
BPA(R™) = BPA(R™) = L, A (R") = {0} for A< —n/p.

However, for A > 0, BP*(R"), BP*(R"), CMOP**(R™) and CBMOP**(R") are quite differ-
ent from Ly, »(R") and £, »(R™). For A = 0, we denote BP*(R"), CMOP*(R™), BP*(R")
and CBMOP*(R™) by BP(R™), CMOP(R"), BP(R") and CBMO? (R™), respectively. Then

L>*[R") S (| B"(R™) (] B"(R™),

p>1 p>1
BMO(R") S (] CBMO”(R™) & (1) CMO?(R™).
p>1 p>1

On the other hand, for every p > 1,
L,o(R™) =L*([R"), L,o(R")=BMOR").

The first equality follows from the Lebesgue differentiation theorem and the second
follows from the John-Nirenberg theorem and Holder’s inequality. Moreover, if A > 0,
then L, \(R") = {0}, while B»*(R") is a larger space than BP(R"). It is known that
L, »(R™) = Lip,, (R™) modulo null-functions for 0 < A = a < 1, and £, »(R") = C for
A > 1, while CMOP*(R") is a larger space than CMOP"! (R").

In the next section we introduce BP** with Morrey-Campanato norms which unify
BPA(R™), CMOP*(R™), L, A(R") and £, »(R™) and state our main results. To prove the
results we state several properties of functions in Morrey-Campanato spaces on balls and
the whole space R™ in Section 3. We give proofs of the main results in Section 4.

2. Definitions and main results. First we define Morrey-Campanato spaces on balls.
For 1 < p < o0, —00 < A < 00,0 < o <1 and the ball B, let L, x(B;), L, x(B),
Lip,(B,) and WLP(B,) be the sets of all functions f such that the following functionals
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are finite, respectively:

1 1/p
s =, o S (f i)™

B(x,s)C B

1 » 1/p
1flepnisn = s (£ 1f0) = Foealdy)
B(xz,s)CBr, B(z,s)
|f(z) = f(y)]
[ fllip, B,y =  sup —
T,yEB,, Ty |.1? y|

and
_ 1/p _ . 1/p
| fllwres,) =suptm(B,, f,t)"/? = supt }{x € B, :|f(z)] > t}| .
>0 >0
Note that for any ball B,
1/p . 1/p
wt(f 1) =l an) " < (f 11 = por an) " < 200 (f 170 =P an) " 21)

Now we introduce the spaces BP** with Morrey-Campanato norms.

DEFINITION 2.1. For 1 < p < 00, —00 < A < 00 and 0 < ¢ < o0, let B7(Lp »)(R™),
B7(L,)(R™), B (L, )(R™) and B?(L,)(R") be the sets of all functions f such that
the following functionals are finite, respectively:

1

1 fllBe(z,.0) = f};lfl’ T—UHfHLp,A(BT)v
_ 1

1 fllBo(£,p) = Egll) T_ng”,Cp,)\(Br)v

1
1l ger, ) = sup T—UHfHLm(BT)
and

1
1l gz, ) = sup T—UHfHﬁp,A(BT%
In the same way we define B?(LP)(R™), B°(WLP)(R"), B°(BMO)(R"), B°(Lip,)(R™),
and B?(LP)(R™), B°(WLP)(R"™), B°(BMO)(R™), B°(Lip,)(R™).

Then B?(Ly ) (R™), B7(Ly2)(R™)/C and B? (L, »)(R™), are Banach spaces equipped
with the norm ||fHBt7 L) IfllBoc, ) and ||fHBfr(Lp ») T 1fB,|. The same thing can be
said about B7 (L, x)(R™), B (L, )(R™)/C and B (L, )(R™).

In the definition, we have equivalent norms if we replace balls B,. by cubes @, centered
at the origin and of side-length r.

By the John-Nirenberg theorem, for each 1 < p < o0,

B7(L,0)(R") = B"(BMO)(R"), B"(L,0)(R") = B"(BMO)(R")
with equivalent norms. By Theorem 3.2 below, if 0 < A = « < 1, then, for each
I1<p<oo,

B7(L,\)(R") = B?(Lip,)(R"), B7(L,)(R") = B’ (Lip,)(R")
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with equivalent norms. We note that B?(L, )(R") unifies L, y(R") and BP*(R") and
that B7(L,.)(R") unifies £, x(R") and CMOP*(R™). Actually, we have the following
relations:
BY(Lp)(R") = Lpa(R™),  B%(Lpn)(R") = L a(R"),

BMMP(Ly, ) (R") = BPAR™),  BMMP(L, ,.)(RY) = CMOPM(R™).  (2.2)
In the above, the last equality follows from Theorem 3.3 below. We also have the same
properties for the function spaces B (L, »)(R™) and B (L, »)(R").

Next we consider the fractional integral operator I, (0 < a < n) defined by

ff) = [ A _ay

x =y

It is known that I, is bounded from L, x(B,) to L, ,(B,) with appropriate indices.
However, we cannot use directly this boundedness to prove the boundedness on our
function spaces, since I f # I,(fx,) on B, in general.

In general, I, f is not necessarily well defined for functions f in our spaces. Actually,

I,|f| # oo is equivalent to
/ PO 4 < o
re (L+ |y
(see [16]). Therefore we define the modified version of I,, as follows;

i@ = [ 10—y~ ) ay

|z —y|n—e |y|—e

If I, f is well defined, then I, f is also well defined and I, f — I f is a constant function.

REMARK 2.1. For the constant function 1, I,1 = oo, while I,1 is well defined and also
a constant function. Actually,

= 1 1—x1(y)
I, 1(z :/ — d
(=) Rn(lx—y\"*“ ly|"—e ) Y
1 1 1
rn N T =y |yl By |y

1
:/ T——dy =C,
B, [yl

1
|l‘— yln—oz |y‘n—a

since

with O0<a<n

is integrable as a function with respect to y and the value of its integral is zero independent

of x. This property is important to define operators on function spaces modulo constants.
Our main results are the following.

THEOREM 2.1. Let0 < a<n,l <p<oo, n/pta<it+a=p<0and0 <0<
—A—a. If1 < q < (AN p)p, then I, is bounded from B?(Ly »)(R™) to B°(Lg,,)(R™), that
is, there exists a positive constant C' such that

Mo fllBo Ly, < ClfllBo L, € B7(Lpx)(RY).
The same conclusion holds for the boundedness from B? (L, \)(R™) to B?(L,,.)(R™).
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In the theorem above, if o = 0, then I, is bounded from L, x(R™) to Ly ,(R™). This
is the result of Adams [1] (see Theorem 3.6 in the next section).

If A\ = —n/p, then A/ =n/(n — pa) in the theorem above. Hence, by (2.2), we have
the following (Fu, Lin and Lu [6, Proposition 1.1}).

COROLLARY 2.2 ([6]). Let 0 < a < mn, 1 <p < oo and —n/p < A< —a. If1 <qg<
pn/(n—pa) and A\+a = u, then I, is bounded from BP*(R™) to B&*(R™), that is, there
exists a positive constant C' such that
[afllpon < Cllfllper, f€BPARY).
The same conclusion holds for the boundedness from BPMR™) to B1#(R™).
THEOREM 2.3. Let0 < a<n, 1 <p<oo, n/p+a<it+a=p<land0<o<
-\ —a+ 1. Assume that p and q satisfy one of the following conditions:
(i) p=landl <qg<n/(n-—a)
(i) 1<p<n/aand 1 <q<pn/(n—pa);
(iii) n/a <p< oo and 1 < q < oo (in this case, 0 < p < 1).
Then I, is bounded from B (L, )(R") to B?(Ly.,.)(R™), that is, there exists a positive
constant C' such that
1o fllBe (2, +1UTaf)Bl < Clfllger, s f€ B (Lpn)(R).
The same conclusion holds for the boundedness from B (Ly »)(R™) to B (L,,.)(R™).
By (2.2) we have the following (cf. Komori-Furuya and Matsuoka [9]).

COROLLARY 24. Let 0 < a <mn, 1l <p<ooand —n/p <A< —a+1. If1 <qg<
pn/(n — pa) and X+« = u, then I, is bounded from BP*(R™) to CMO?"(R™), that is,
there exists a positive constant C such that
o fllovoss + [(Iaf)B,| < Cllfllper, f € BPAR™).
The same conclusion holds for the boundedness from BP*(R™) to CBMO%*(R™).
By Theorem 3.4 below we have the following.

COROLLARY 2.5. Let 0 < a<n, 1 <p<o00,0< —n/p+ta=0<1land0 <o <
n/p—a+1. If 3=0, then I, is bounded from B°(W L?)(R™) to B(BMO)(R"), and if
B > 0, then I, is bounded from B’ (W LP)(R™) to B?(Lipg)(R™), that is, there exists a
positive constant C' such that

oSl 5o @nioy + (Iaf)5,| < Cllfll-wiey,  f € BT (WLP)R™), if B=0,
and

o fllpewipy) +1Uaf)m] < Clfllp=qwin, [ € BZWLIP)R™), if §>0,
respectively. The same conclusion holds for the boundedness from B (W LP)(R™) to
B?(BMO)(R") and to B"(Lipﬁ)(R").
THEOREM 2.6. Let0 < a< 1,1 <p<oo, —nfp+a<it+a=p<land0 <o <
—X—a+ 1. Assume that p and q satisfy one of the following conditions:

() p=1and1<q<n/(n—a);
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(i) 1<p<n/aand 1< q<pn/(n— pa);
(iil) n/a<p < oo and 1 < q < oo (in this case, 0 < p < 1).
Then I, is bounded from B (L, »)(R™)/C to B°(L,,.)(R™)/C and from B?(L,)(R™) to
B7(Lq,,)(R™), that is, there exist positive constants C1 and Cs such that
5o (20 < Cull il ey T € B (Lpn) BV

and

1ot llBe 2, + |Taf) | < Co (1fllBoe, ) + [ fBil) . f € BT(Ly )R,

respectively. The same conclusion holds for the boundedness from B?(L,)(R™)/C to
B7(Lg,,)(R™)/C and from B (L, \)(R™) to B7(Ly,,)(R™).

By (2.2) we have the following.

COROLLARY 2.7. Let 0 < a < 1,1 <p<ooand —n/p <A< —a+1.If1<q<
pn/(n — pa) and X\ + o = p, then I, is bounded from CMOP*(R™)/C to CMO%*(R™)/C
and from CMOP*(R™) to CMO%*(R™), that is, there exist positive constants Cy and Cy
such that

o fllemonr < Chllfllomoras  f € CMOPAR™)/C,
and

o fllomors + (Iaf) 5] < Co (| fllemors + |f5,1), | € CMOPA(R™),

respectively. The same conclusion holds for the boundedness from CBMOP”\(R”)/C to
CBMO?Y*(R")/C and from CBMOP*(R") to CBMO%"(R™).

By Theorem 3.2 below we have the following.

COROLLARY 2.8. Let0 < < f+a=v<1and0 <o < —f—a+1. Then I, is bounded
from B?(Lipg)(R")/C to B?(Lip,,)(R")/C and from B (Lipg)(R") to B (Lip.,)(R"), that
is, there exist positive constants Cv and Cy such that

HjafHB“(Lipw) < CillfllBowip, [ € B (Lipg)(R")/C,

and

Ve wip,) + 1Uaf)z) < Co (I lloip,) +151l), f € B (Ling) R"),
respectively. The same conclusion holds for the boundedness from B"(Lipﬁ)(R")/C to
B”(Lipw)(R")/C and from BU(LipB)(R") to B"(Lipv)(R").
3. Morrey-Campanato spaces on balls and R". First we state a lemma. See [21, 23]
for the proof.

LEMMA 3.1. Let 1 < p < oo, —n/p < X < 1 and r > 0. Then there exists a positive
constant Cy, », dependent only on n and A, such that, for B(xz,s) C B(z,t) C B, and
f € ‘CP7)\(B7“)7

2t
o) — Foo)] < Cun / AV du | fle, 5,
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The lemma follows from an elementary inequality

BI

|f5 — fBr| < ||B|| ]{B/|f(y)—f3'\dy’ BcCB. (3.1)
By the lemma above we can prove the next two theorems. For the proofs, see [14, 23]

and [15, 19], respectively.

THEOREM 3.2. If1 <p<oo,0<A=a<1andr >0, then L, \(B,) = Lip,(B,)
modulo null-functions and there exists a positive constant C, dependent only on n and X\,
such that

C N epno) < flltip, 8 < Cllfllz,a8.)-
THEOREM 3.3. If 1 <p < oo, —n/p < A < 0 and r > 0, then L, \(B,)/C = L, x(B;)
and there exists a positive constant C, dependent only on n and X\, such that

C M fllzynBry S I = FB MLy a80) < Clfllz, 8-

REMARK 3.1. Theorems 3.2 and 3.3 are valid for Morrey-Campanato spaces on R”.

For the following theorem, see also [18, Theorem 3.4] which deals with Orlicz spaces
on R™.
THEOREM 3.4. If1 < p < o0, —n/p = X and r > 0, then WLP(B,) C L1 (B,) and
there exists a positive constant C, dependent only on n and p, such that
Iz, < Clfllwers,y, € WLP(B,).
Proof. Let f € WLP(B,). We may assume that || f|lwrr(p,) = 1. Then m(B,, f,t) < t™P.
For any ball B(z,s) C B,, let n = s = s~™/P and
f@), [f(@)]>n,
f=1"+fy f"(x)Z{
! 0, |f(@) <n.

Then

1 1 b
- )| de < ——— By, f.4) dt
SF @l < —c [

B(z,s)
< (/ (B f )dt—l—/ tjdt>
—= U,n An m ™ ?77 .

1 P o1y D
— )\+n _ 77 - _ 9
vpsrtr p —1 vp(p—1)
where v,, is the volume of the unit ball in R™. By Holder’s inequality we have

1 1 1/(2p)
dr < — P
@l < S(f i)

oA
S B(z,s)

1 K 1/(2p)
- m(By, f,t)(2p)t?? 1 dt
,U}L/(QP)S)\—&-n/(Qp) (/0 (Br, 1,8)(2p) )
1
< 2P/ (20) = (2 /4,,) 1/ (2P)
< U}L/(gp)s)\+7l/(2p)( n") (2/vn)

So we get the conclusion. m

Next we prove the following lemma (see also [17, Lemma 4.2] for the first part).
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LEMMA 3.5. Let 1 <p < oo. Forr >0, let x, be the characteristic function of B, and

ho(x) = h(z/r), h(z) = {1’ = < 1,

0, |z >2 [P llLip, &e) < 1. (3.2)
(1) If X <0, then

XLy s < NNz, (Bsr)
for all f € L} (R™) with ||fHLp,)\(BBT) < 00.

(ii) If 0 < XA < 1, then there exists a positive constant C, dependent only on n and \,
such that

”(f - fBQT)hT”Lp,)\ < C”f”[«p,)\(BB'F)
for all f € Ly, (R") with || f||z, (5, < o0

Proof. (i) We show that, for all balls B(z,s) C R™,
1

=7 Py 1, s, (3.3)

We may assume that B, N B(z,s) # 0. If s < r, then B(z,s) C Bs, and (3.3) holds. If
s > r, then

o wnwrays TP ey <
sPA B(z,s) Yxry v= sPA |B(x, s)| rP? B, Yy y= Ly (Bsr)"

(ii) Let f=f- IB,,. We may assume that Bo, N B(z, s) # ), since supp h, C Ba,. If
s < r/2, then B(x,s) C Bs,. By (2.1) it is enough to show

. ~ 1/p
(. P 0) = o) )

f f p 1 1/p
< (]{3( ) |(f(y) - fB(x,s))hr(y)‘p dy) + (]{3( : |fB(I,S)(hT(y) — (hT)B(QS))‘P dy>
=1+ 1 < CsMfllz, , (Ban)-

From 0 < h <1 it follows that I; < 5/\||f||£p,x(Bgr)~ By Lemma 3.1 we get

| fB(e,9)| = [FB(es) — [Bor| S |fBGas) = FBor| + | fBar — [Ba, |
<20, A ((61) /M) fll, 1 (Bar)-
From [|h,||Lip, me) < 1/r it follows that

e (y) = (Pr) B(a,s) | S]é( : | (y) = ho(2)] dz < 25/r < 2(s/r)™.

Then I < 4C,L7)\(6)‘//\)5>‘||f||5p’x(33r). If s > r/2, then
1

] p_ (2r) 1 ¢ |Bay| ; e
S emwra) < B (G, era)
<Ay

By (2.1) we get the conclusion. m
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At the end of this section we recall the results on boundedness of I, on Morrey-
Campanato spaces.

THEOREM 3.6 ([1]). Let 0 < a<mn, 1 <p < oo and —n/p+a < A+a=pu<0.If
g = (M p)p, then I, is bounded from Ly, (R™) to L, ,(R™), that is, there exists a positive
constant C' such that

Hofllz,, < ClfllL, s, [ € Lpa(R™).

REMARK 3.2. If ¢1 < g2, then Ly, ,,(R™) D L, ,(R"™) and Hf||qu <|Ifllz
if 1 < g < (A p)p, then I, is bounded from L, y(R™) to L, ,,(R™).

. Therefore,

a2,K

THEOREM 3.7 ([20]). Let0<a<n,l1<p<ooand —n/p+a<A+a=pu<1. Assume
that p and q satisfy one of the following conditions:
(i) p=1land1<g<n/(n—a);
(ii)) I<p<n/aand1<qg<pn/(n—pa);
(i) n/a <p<ooand1l < g < oo (in this case, 0 < g < 1).
Then I is bounded from Ly, \(R™) to L, ,.(R™), that is, there exists a positive constant
C such that
Hafllzgu +1Uaf)Bi | < Clifllz, s | € Lpa(R").
THEOREM 3.8 ([20]). Let0 < a<1,1<p<ooand —n/p+a < A+a=p<1. Assume
that p and q satisfy one of the following conditions:
(i) p=landl <qg<n/(n—a)
(ii) I1<p<n/aand 1l < q<pn/(n—pa);
(i) n/a <p< oo and 1l < q < oo (in this case, 0 < p < 1).
Then I, is bounded from L, x(R™)/C to L, ,.(R™)/C and from L, x(R") to L, ,(R™), that

is, there exist positive constants Cy and Ca such that

Hafllz,, <Cillflle,, [ €Lpa(RY)/C,
and
Haflle,, +1Uaf)s | < Co (Iflle, +f.l), [ € LpARY),

respectively.

4. Proofs. In this section, we use the symbol A < B to denote that there exists a
positive constant C such that A < CB. If A < B and B S A, we then write A ~ B.
First, we state two lemmas to prove Theorems 2.1, 2.3 and 2.6.

LEMMA 4.1. Let 1 <p< oo and B, \,0 € R. If B+ +0 <0, then there exists a positive
constant C' such that

[f W)l o
Lo Ly < v

for all f € B°(Lp»\)(R") and r > 1,

p.A)

and

/ |f(y_)[|3 dy < CrPP fll o, oy for all f € B7(Ly»)(R") and r > 0.
re\B, [Y" P
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Proof. We prove only the case f € B7(L, )(R™) and r > 1.

/ 0 / S0l
R™\B,. |y| 07 Bajt1,\Boj . |yl

Gy, MWl
@y Il
(L irwra)”

S i Z(2ﬁ+/\)jHf”Lp,A(By'HT)
j=0

o0

ST S(@IN | £l oy
3=0

~ P fllpar, -

tnqg

J

A
Mg

<.

2/\
I
Mg o

7=0

'M8

(=)

The proof for f € B?(L,)(R™) and > 0 is the same as above. =

LEMMA 4.2. Let1<p< oo and \,c € R. If 3 <0 and B+ A+ o <0, then there exists
a positive constant C' such that

/ W?T;W;J;BM dy < Crﬁ+>\+ng||Ba(£p,/\) for all f € B (L, 2)(R") and r > 1,
]Rn\B

and

/ 1/ (y) —7J;Bzr| dy < CrP % flgore, ) for all f € BY(Ly\)(R™) and v > 0.
R"\B ly[™ 2

Proof. We prove only the case f € B7(L, »)(R™) and r > 1.

/ |f( )nfB2r d 72/ );_lQBQT'dy
R"\B ‘yl 2]+1 \3211 ‘yl

S 2 Giyp — fpa|d
NZ(QJr)n—ﬁ /sz+1 5 [f(y) = [Ba. | dy

SO 1)~ faldy
<SSV 1) = Fan,ldy+ > 1o, = i)
=0 2i+1, =

<r‘*”2 @Y (@) lley By RS piCO LI )

k=1
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oo Jt+1

SR @ @ I e 2,
j=0 k=1

= P ST @R ST 20V £ e,
k=1 j=k—1

SN QIO F o,
k=1

~ Tﬂ+>‘+a||f||30(z:

The proof for f € B?(L,)(R") and > 0 is the same as above. u

PA)”

Now we prove the theorems.
Proof of Theorem 2.1. Let f € B7(L, )(R™). We prove that I, f is well defined and that

[ f||L w(Br) <7‘ ||f||Bv(Lp 2)
for any ball B, with r > 1.
For x € B,, let
Lo f(x) = In(fx2r)(®) + Lo (f(1 = Xx2r))(@).
Then I,(fxz2r) is well defined, since fxo,. is in LP(R™). We show later that
I (f(1 — x2r))(x) is well defined for all x € B,. Moreover, if 0 < s < r, then, for
z € By,
Ia(fXZs)(‘T) + Ia(f(l - XQS))(x) = Ia(fX2r)(‘T) + Ia(f(l - XQT))('JJ)'

Therefore, I, f is well defined on R™.
Now, by the boundedness of I, from L, »(R") to Ly ,(R™) (Theorem 3.6) and (i) of
Lemma 3.5, we have

o (fX2r) Ly, (80 < Ha(fX2r)llL,, S 1 Xx2rllL, o
< ||fHLp,>\(B(5T) 5 TU”fHB”(Lp,A)' (41)

Since

[y
0 -an@is [
for x € B,, using Lemma 4.1, we have
[Ta(f(1 = x2r))(@)| S M fll o (n,0) = TN Fll Bo (20
Then I,(f(1 — x2r))(x) is well defined for all z € B, and
o (f (1 = x2r )Ly, < 77 HIa(f (1= x2r)llLo () S TN Bo(240)s

since < 0. Therefore, we have

[ f”Lq w(Br) NEA ||f||Bﬂ(Lp 2)

for any ball B,.. This shows the conclusion.
The proof of the boundedness from B?(L, »)(R") to B?(L,,)(R") is the same as
above. m
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Proof of Theorem 2.3. Let f € B?(L, )(R™). We first prove that I, f is well defined and
that

1Iafllz, 8 STONFlB (2,0
for any ball B, with r > 1. Next we prove that |(I,f)s,| < IfllBo(z
For x € B,, let

jaf(x) = Ioz(fX2r)($) + Ja(f(]- - X2T))(x) + Ca(f(Xl - XQT))a

pA)”

where ) )
Toi@) = [ 1=y ~ ) (42)
and
_ f(y)
Cof = /]Rn o dy. (4.3)

In the above, I,(fx2,) is well defined, since fya, is in LP(R™). Cy(f(x1—X2r)) is also well
defined, since (x1 — xzr)/| - |*~ is in L¥' (R™). Note that Co(f(x1 — X2r)) is a constant.
Moreover, if r = 1, then

X1 — X2

| . |n—a

Calita — ) < | W lrin) S Wlliwim S Iflseayn (44)

L

We show later that Jo(f(1 — x2))(z) is well defined for all z € B,. Then I f is well
defined on R™ by the same reason as in the proof of Theorem 2.1.

Now, in the same way as (4.1), by the boundedness of I, from L, y(R™) to £, ,(R™)
(Theorem 3.7) and (i) of Lemma 3.5, we have

o (fx2r)llz, . By + [Ta(Fx2r) By | S TN fllBo (L 0)- (4.5)
Using the inequality
1 1

|z —y[nm Jy|nm

|| r
~ |y|n7a+1 - |y|nfo¢+1

for € B, and y € R™ \ By,., we have

el [

By Lemma 4.1 we have

[Ja(f(1 = x2))@)] S 7N f B (,0) = PN e (20)- (4.6)
Then J,(f(1 — x2r))(z) is well defined for all x € B,.. If u <0, then we have

[ Ja(f(1 = x2: )z, By S N Ja(f(1 = x2r)L, (B,
< r Mo (f(1 = x2r ) () ST flIBo(Ly0)-

If & > 0, then, for any z,z € B,., we have by Lemma 4.1

a(F (1= X)) (@) — Ja(F — x2)(2)]
1 1
/Rn\Bzr 10 (==~ =) dy‘
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<-4 LWL,
Re\B,, Y7

Sla =2 TN fllpor, 0 = |2 = 2 P TN fll e,

and

alf(1 = x2))(@) = JalF(L = x2) ()] - (|2 —2]\1o0
P S(52) e
SN fllBo(Lya)-

By Theorem 3.2 we have
[Ja(f(1 = x2r )z, B0) ~ [1Ja(f(1 = x2rDLip, (B.) S TN Bo(,0)-

Therefore,

aflley, s = Ha(fxer) + Ja(f(1 = x20)) + Calf (1 = x2r))llz, . (5.)
S TUHf”B"(Lp,)\)
for any ball B,., that is,
ot B2y S IFIB(L,0)-
Finally, by (4.4), (4.5) and (4.6) with » = 1, we have

((Taf) B < [Ta(fx2)) 5|+ [(Ja(F (1= x2))) | + [Calf O = x2)))
SAlBe(,0)-

The proof of the boundedness from B?(L, »)(R™) to B?(L,,,)(R") is the same as
above. m
Proof of Theorem 2.6. Let f € B?(L, )(R™). We first prove that I, f is well defined and
that

1afllz, .5 SNl (2,0

for any ball B, with r > 1. Next we prove that |(I,f)s,| < 1 £l B, ) + Bl

Let h be defined by (3.2). For « € B, let f = f — fp,, and

Lo f(2) = Lo f(2) + La(fB,,) (@)
= Io(fh2e)(@) + Ja(F(L = h2p))(@) + Calf(x1 = h2r)) + fi,, (La1)(2),

where J, and C, are defined by (4.2) and (4.3), respectively. By Remark 2.1, I,lis a
constant function. By the same observation as in the proof of Theorem 2.3, we see that
Io(fhey) and Co(f(x1 — ha2r)) are well defined and, if » = 1, then by (2.1),

- x1—h - -
(CalF0a = h)| < |2 | Mo S 1 liron) S Ifle e, (A7)

|- [P
We show later that J,(f(1 — ho))(z) is well defined for all z € B,. Then I, f is well
defined on R™ by the same reason as the proof of Theorem 2.1.
Now, by the boundedness of I,, from £, y(R")/C to L, ,(R")/C (Theorem 3.8) and
(ii) of Lemma 3.5, we have

1o (fh2r)llz, ooy < MHa(Fh2e)lle,, S fh2rlle, .
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Sy s 8oy = 1z, 8o S 77 1F B cyn)- (48)
In the same way, by the boundedness of I, from £, \(R") to £, ,(R") and Lemma 3.5,
we have
o (Fhar)llz, (5, + Ta(Fhor)) Bl < Ha(Fh2r)lle, . + [(Ta(Fhar)) B,
S harlle, s +(Fh2e) B S 7N F B, ) + |(Fh2r) Byl (4.9)
By Lemma 4.2 we have

o (F(1 = o)) ()] < /

]Rn\Bzr

‘y|n—a+1

SN fllge ) = N Flle(c, 0. (410)

Then J,(f(1— ha,))(x) is well defined for all x € B,.. For each case u < 0 or u > 0, using
the same way as in the proof of Theorem 2.3, we have

1o (f (X = hor)lle, .y S 0B (2, 0)-

Therefore,

||jaf||ﬁq,M(B7-) = ||Ia(fh2r) + Ja(f(l - hQT)) + Ca(f(Xl - h27“)) + fB4T(I~a1)H£q,,L(BT)
SN fllBe e, )
for any ball B,., and
ot B2y ) S IFIB (2, 0)-

Finally, we estimate each term of the right hand side in the following:

((Taf)p: | < 1ol Fh2)) 0|+ (o (F(L = B2))) |+ [Ca(FOx = h2))| + | f, (TaD)]-
Taking r = 1 in (4.9) and (4.10), we have

(La(fh2))Bi| S 1f B2y ) + |(Fh2) B, | = 1 fllBo (2, 0) + | FB0 = fBi]

and

|(Ja(f(1 = h2)B, | < | fllBo(c,0)s

respectively. By (3.1) we have |fg, — fr,| S Ifllc, 8oy S IIfllBo(c, ). Using these
estimates and (4.7), we obtain

|Laf) Bl S W fllBoe, ) + /Bl
Then we have the conclusion.
The proof of the boundedness from B?(L, )(R™)/C to B?(L,,)(R")/C and from
B7(L,)(R™) to B?(L,,.)(R") is the same as above. =
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